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Abstract. Let G = (V(G), E(G)) be any connected graph. A function f : V(G) — {0,1,2,3}
is a modern Roman dominating function of G if for each v € V(G) with f(v) = 0, there exist
u,w € Ng(v) such that f(u) =2 and f(w) = 3; and for each v € V(G) with f(v) = 1, there exists
u € Ng(v) such that f(u) = 2 or f(u) = 3. In addition, if every subgraph induced by the set
{v e V(G) : f(v) > 0} is isolated-free, then we say that f is a total modern Roman dominating
function of G. The minimum weight w7 (f) = > vev(c) f(v) of a total modern Roman dominating
function f of G is called the total modern Roman domination number, v¢nr(G), of G. In this
paper, we initiate the study of total modern Roman domination. We characterize graphs with
smaller total modern Roman domination number and obtain the 74, r(G) of some special graphs.
Moreover, we investigate and characterize the total modern Roman domination in the join and

corona of graphs.
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1. Introduction

The concept of Roman domination was introduced by Cockayne et al. [1] in
2004, inspired by the strategies for defending the Roman Empire presented in the work of
ReVelle and Rosing[2] and Stewart [3]. Since then, it has become an active research field
in graph theory, with numerous studies exploring this concept (see [4],[5],[6],[7],[8],[9],][10],
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[11],[12],[13],[14]). A new model of graph domination is introduced in [5] based on the
Roman domination and is called modern Roman domination.

In this paper, we introduce the concept of total modern Roman domination domination
in graphs. It focuses on providing the total modern Roman domination number of some
special graphs and some characterizations for the total modern Roman domination of the
join and corona of graphs.

2. Terminology and Notation

The symbols V(G) and E(G) denote the vertex set and edge set, respectively, of a
graph G. For § C V(G), |S] is the cardinality of S. In particular, |V(G)| and |E(G)| are
the order and size, respectively, of G. All graph terminologies that are not introduced but
are being used here are adapted from [15].

The set of neighbors of a vertex u in G, denoted by Ng(u), is called the open neigh-
borhood of w in G. The closed neighborhood of u in G is the set Ng[u] = Ng(u) U {u}.

If S C V(G), the open neighborhood of S in G is the set Ng(S) = U Ng(u). The closed

ueS
neighborhood of S in G is the set Ng[S] = Ng(S)US. For S C V(G) of a connected graph

G, Ng(S) = U Ng(v) and Ng[S] = SU Ng(S). A set S C V(G) is a dominating set in
veS
G if Ng[S] = V(G). Thus, S is a dominating set in G if and only if for each v € V(G)\ S5,

there exists u € S, such that uv € E(G). The minimum cardinality of a dominating set
in G, denoted by v(G), is the domination number of G. A dominating set S of G with
|S| = v(G) is called a 7 - set of G. The authors always refer to [16] for the introduction and
more comprehensive discussion of the development of the concept of domination in graphs.

For a positive integer k, a set D C V(G) is called a k-dominating set if each
x € V(G) \ D is adjacent to at least k vertices in D. The k-domination number v (G) is
then defined to be the smallest cardinality of a k-dominating set of G.

For k = 2, we have D as 2-dominating set with 2-domination number denoted by v2(G)

8.

A Roman dominating function (RDF) on G is a function f : V(G) — {0, 1,2} such that
every vertex u € V(G) with f(u) = 0 is adjacent to at least one vertex v with f(v) = 2.
The weight of an RDF is the value wi(f) = >_,cy () f(u). The Roman domination num-
ber vr(G) is the minimum weight of an RDF on G. An RDF with wg(f) = vr(G) is
referred to as a ygr-function [8].

A modern Roman dominating function (MRDF) on G is a function
f:V(G) = {0,1,2,3} if

(P1) for each v € V(G) with f(v) = 0, there exist u,w € Ng(v) such that f(u) =2 and
f(w) = 3; and
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(P2) for each v € V(G) with f(v) = 1, there exists u € Ng(v) such that f(u) = 2 or
flu) = 3.

The weight of a modern Roman dominating function f of G is the sum

whB(f) = > vev(c) f(v) and its minimum weight is called the modern Roman domi-

nation number v,r(G) of G [5].

For a function f: V(G) — {0,1,2,3} on a graph G, let (Vy, V1, Va, V3) be the ordered
partition induced by f, where V; = {v € V(G) : f(v) =i} for i € {0,1,2,3}. Then we can
write f = (Vp, Vi, Va, V3). The weight of f is defined by wa(f) = |Vi| + 2|Va| + 3| V3.

3. Known Results

We make use of the following known results from [7].

Proposition 1. Let G be any graph with no isolated vertex. If f = (Vp,V1,Va,V3) a
YmRr-function of G, then the following holds:

(i) Vo = @ if and only if V3 = @ and Vo is a ~y-set of G.  Moreover,
Ymr(G) = [V(G)| +7(G).

(ii) Vi = & if and only if Vo U V3 is a 2-dominating set of G. Moreover, if V1 = &,
(Vo U V3) is connected and V3 is a y-set of G, then vympr(G) > v(G) + 272(G).

Proposition 2. Let G and H be any graphs and let f € (Vo, Vi, Va,V3) be a function on
V(G + H) with Vo # & and V3 # &. Then f € MRDF (G + H) if and only if one of the
following holds:

(i) fle € MRDF(G) and one of the following holds:

(a) VanV(G)| >1and |[VsNV(G)| > 1
(b) VaNV(G) = @ and each of the following holds:
(bl) V3 is a dominating set of G.
(b2) Vo NV (H) is a dominating set of Vo NV (H).
(c) VsNV(G) =@ and each of the following holds:
(cl) Vi is a dominating set of G.
(c2) Vs NV (H) is a dominating set of Vo NV (H).

(ii) flg € MRDF(H) and one of the following holds:

(a) VanV(H)|>1and |V3sNV(H)| >1
(b) Va NV (H) = & and each of the following holds:
(bl) V3 is a dominating set of H.



S. Ahamad et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6264 4 of 20

(b2) VaNV(G) is a dominating set of Vo NV (G).
(c) VaNV(H) =@ and each of the following holds:

(cl) V4 is a dominating set of H.
(c2) V3N V(G) is a dominating set of Vo NV (G).

(iii) fle € MRDF(G), flgu € MRDF(H) and each of the following holds:

(a) VaNV(H) # @ whenever Ng(z) N'Va = @ for some x € Vo NV (G).

(b) Vs NV (H) # @ whenever Ng(x) N Va =@ for some x € Vo NV (G).

(c) aNV(H) # @ or VaNV(H) # @ whenever 3x € Vi with Ng(x)NVa = & and
Ng(x) NVz3=go

(d) VaNV(G) # @ whenever Ng(z) N'Va =@ for some x € Vo NV (H).

(e) Vs NV(G) # @ whenever Ny (z) NVs =@ for some z € Vo NV (H).

() VanV(G) # @ or VsNV(G) # & whenever 3z € Vi with Ng(x)N'Ve = & and
NH(:E) NVy =g

4. Results

Definition 1. If f = (Vp,V1,V2,V3) is a modern Roman dominating function of a
non-isolated graph G, then it is said to be a total modern Roman dominating function
(TMRDF(G)) of G provided it satisfies the following additional property:

(P3) the set {v € V(G) : f(v) > 0} induces an isolated-free subgraph.

The minimum weight wirB(f) = >vev(c) f(v) of a total modern Roman dominating
function f of G is called the total modern Roman domination number vumpr(G) of G. A
total modern Roman dominating function of G with weight wa(f) = Yemr(G) is called a
Yemr-function of G.

Example 1. Consider the graph G in Figure 1. The function f : V(G) — {0,1,2,3}
given by f(a) =3, f(g) =2, f(b) =1 and f(c) = f(d) = f(e) = f(h) =0 is a total modern
Roman dominating function of G. It can be verified that, Vimr(G) = 6.

G: b

=

©
20
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Figure 1: Graph G of order 7 with v,r(G) = 6

Proposition 3. Let G be any isolated-free graph. Then

YG) +7(G) < %mr(G).
o
Moreover, this bound is sharp whenever, G = J,_, P»,, where i =1,2,---n.

Proof. Let G be a graph with no isolated vertex and f = (V, V1, Vo, V3) be a Y4mpr-
function on G. Then V5 U V3 is a dominating set of G. Moreover, V3 U Vo U V3 is a total
dominating set of G. Thus,

Yimr(G) =w@(f)
=[Vi| + 2[Va| + 3|V
=(Vil + [Va| + |[V3]) + (Va| + [V3]) + [V3]
>%(G) +7(G).

Hence, we obtained the desired lower bound. Moreover, the bound is sharp by considering
the disjoint union of copies of K. O

Proposition 4. Let G be any graph with no isolated vertex and f = (Vy,V1,Va,V3) a
Yempr-function of G. Then Vo = @ if and only if V3 = @ and V3 is a v-set of G.

Proof. The result follows immediately from Proposition 1. O

Proposition 5. Let G be any graph with no isolated vertex and f = (Vy,V1,Va,V3) a
Yempr-function of G. Then one of the following holds:

(i) If [Vl = 0, then [Vi] # 0;
(ii) If [Vi] = 0, then |Vp| # 0.

Proof. (i) Let |Vp| = 0 and suppose that |[Vi| = 0. Then v,r(G) = 2|Va| + 3|V3|
and (Vo U V3) is a total dominating set of G. Let D C Vo U V3 be a dominating set
of the induced subgraph (V5 U V3). Define a function h = (V, V{, V3, V3), where V| =
@, V{ = (VoUV3)\ D,Vy = D and V§ = @. Then h € TMRDF(G) and thus, w*f(h) =
VI| + 2|V3| < 2|Va| + 3|V3| = wirE(f), a contradiction. Hence, |V4| # 0.

(ii) Let |Vi| = 0 with |V3] # 0 and suppose that |Vp| = 0. Then vnr(G) = Wi (f) =
2|Va| + 3|V3| and since f is a yynr-function, (Vo U V3) is a total dominating set in G.
Consider the vertices z € V(G) such that z € Ng(V2) N Ng(V3). Let V| = @,V =
Na(Va) N Na(Vs),Vy, = Vo \ (Ng(Va) N Ng(V3)). Then the function defined by h =
(Vi Vi, Vi Vi) € TMRDF(G). Thus, wii(n) = 2|vy'| + 3|Vy'| < 2[Val + 3[V4]
w8 (£) = Yumpr(G), a contradiction. Hence, |Vp| # 0. O
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Remark 1. The converse of (ii) and (iil) need not be true.

Proposition 6. Let G be a nontrivial connected graph and f = (Vo,V1,V2,V3) a Yempr-
function of G. Then

(i) |Vo| =0 if and only if Vs is a y-set of G and V(G) is a total dominating set of G.
(ii) V1| = 0 if and only if Vo U V3 is both a v2-set and ~y-set of G.

Proof. (i) Suppose |Vp| = 0, then |V3] = 0 by Proposition 4, V3 is a y-set of G. It
remains to show that V(G) is a y-set of G. Note that V(G) = V4 U V5 and (V4 U V3) is
isolated-free. It follows that V(G) is a total dominating set of G. Conversely, since V(G)
is a total dominating set of G, f(v) # 0 for all v € V(G) by definition. Hence, |Vy| = 0.

(ii) Suppose |Vi| = 0. Then |Vy| # 0 by Proposition 5 (ii). By (P1), for every
v € Vo, [VaNNg(v)| > 1 and [V3N Ng(v)| > 1. This implies that V5 U V3 is a 2-dominating
set of G. Suppose Vo U V3 is not a yo-set of G. Then there exists D C Vo U V3 such
that D is a va-set of G. Define a function g = (Vj, Vi*, V5", V5¥), such that Vi = @, V" =
(VoUV3)\ D, V5= DNV, and Vi = DN V3. Then g € TMRDF(G) and so, wi(g) =
Vi +21V5 | 131V | = [(VaUVa)\ D]+ 2 DVa|+3|DAVs| < 2[Va +3[Va| —|(VaUVs)\ D] =
Wi () —|(VaUV3)ND| < wiB(f). This is a contradiction. Thus, VoUVj is a yo-set of G.
Now, by (P3) V2 U V3 is a total dominating set of G. Suppose V5 U V3 is not a 7-set of G.
Then there exists D C Vo UV such that D is a v, — set of G. Let V; = (VoUV3)\ D, V] =
2,V, = DNVyand V; = DNVs. Then g = (Vy,9,V,,V5) € TMRDF(G) and
wirl(g) = 2|V, | + 3|V5 | < 2|Va| + 3|V3] = wiE(f), a contradiction. Hence, Vo U V3 is a
~vi-set of G. Conversely, let V5 U V3 be a vo-set and ~y-set of G. Suppose |Vi| # 0. Then
there exists y € V; such that y € Ng(z) N Ng(z) where x € Vo and z € V3. Define a
function g = (Vy, Vi*, V5", V5F) for which Vo = Vi, Vi = V¥ # @,V = V5 and V3 = V.
Then g € TMRDF(G). Thus, wi®(g) = 3|V5| + 2|Vs'| + |Vi| < 3|V5| +2[Va| = wirE(f).
This contradicts the fact that f is a v, g-function of G. Hence, |V1| = 0. O

Proposition 7. Let G be a connected graph of order n > 2. Then

(1) ¥mr(G) = 3 if and only if G € { P2, Ka}.
(7i) vemr(G) =4 if and only if G € {Ps, K3}.

Proof. (i) WLOG, Suppose G = Ks. Let V(G) = {a,b}, then f = (&, {a}, {b},9) €
TMRDF(G + H). Thus, ymr(G) < wi? = 3. Since G cannot be trivial, ymr(G) > 3.
Hence, v4mr(G + H) = 3. Conversely, suppose Vimr(G) = 3 and f = (Vp, V1, Vo, V3) a
Yempr-function of G. Then V(G) = V4 UV, with |Vi| = V2| = 1 and so, |V(G + H)| = 2.
Moreover, (Vi U V3) is connected. Thus, G = K.

(i) WLOG, we assume that G = K3. Let V(G) = {z,y,z}. Define a function f =
(Vo, Vi, Vo, V3) where V) = @ = V3, Vi = {z,2} and V5 = {y}. Then f € TMRDF(QG)
and thus, ymr(G) < WM (f) = [Vi| + 2|Va| = 4. Since, G # Ka, vmr(G) > 4 by (i).
Hence, vimr(G) = 4. Conversely, suppose that v4,z(G) = 4 and f = (Vo, V1, Vo, V3) is a
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Yempr-function of G. Then v, r(G) = |Vi| + |Va| + |V3| = 4. If |V3| = 1, then V1| = 1.
This implies that |[V(G)| = 2 and so, G = K3 since (V1 U V3) must be connected. But
Yemr(K2) = 3. Thus, |V3] = 0. It follows that |Vp| = 0. Similarly, |Va2| # 2 and so, |Va| < 1.
Moreover, if Vo = @, that is V(G) = Vi, then (P2) is not satisfied. Thus, |V2| = 1 and
hence, |V1| = 2. Moreover, the induced subgraph (V; U V4) is isolated-free. This means
that since G is connected, |V (G)| = |V1 U V| = 3. Therefore, G = K. O

Proposition 8. For a connected graph G, Ymr(G) = 5 if and only if |V(G)| = 4 and
Y(G) =1 or 12(G) =2 and |V (G)| > 4.

Proof. If 4umr(G) = 5, then |V3| < 1 and 1 < |V3] < 2. Also, by Proposition 7 (ii),
|[V(G)| > 4. Now, if |V3| = 0, then |Vp| = 0. Hence, there are only two cases to consider,
namely, |Va| =1 and |Va| < 2. If |V3| = 2, then |Vi| = 1. Therefore, |V(G)| = 3 which is
not possible by Proposition 7 (ii). If |V2| = 1, then |Vi| = 3. By (P2), (V1 U V2) must be
connected and V5 is a dominating set in G, it follows that V5 is a y-set in G. Therefore,
[V(G)| = 4 and y(G) = 1. Now, suppose that V3| = 1. If |Va| = 0, then |V;| = 2.
Consequently, |V (G)| = 3. Thus, G € {K3, P3}, a contradiction by Proposition 7 (ii). If
|[Va] = 1, then |V;| = 0. It follows that |Vo U V3| = 2. By Proposition 6, Vo U V3 is a y2-set
in G. Hence, |V(G)| > 4 and v2(G) = 2.

Conversely, suppose |V (G)| = 4 and v(G) = 1. By Proposition 7 (ii), v(G) > 5. Let v
be a dominating vertex of G and define a function f = (Vp, V4, Va2, V3) on V(G) such that
Vo=2 ="V, Vo ={v}, Vi =V(G)\ {v}. Then f € TMRDF(G) and wZ"(f) = 5. This
implies that v, r(G) = 5. Next, suppose that v,2(G) = 2 and |V (G)| > 4. Let D = {u, v}
be the y2-set of G. Define a function g = (Vo, V1, Vi, V3) such that V) = @ and

3, if x = u.
glz)=<2, ifr=0v
0, ifzeV(G)\D.

Then g € TMRDF(G) and w*(g) = 5. Since G ¢ {K3, P3}, we must have w"(g) = 5.
Hence, yimr(G) = 5. O

Corollary 1. For a connected graph G of order 4, Ymr(G) = 5 if and only if
GE{K1+(K1UK2),K1+K3,K1+K3,K1+P3}.

Proof. The proof follows directly from Proposition 8. O
Proposition 9. Let G be a disconnected graph with nontrivial components G1,Ga, -+ ,G,.
Then

Vemr(G) = 320 Yemr(Gi).

Proof. Let G1,Go,---,G, be the components of G. Let fi, fs, -+, fn be Vimg-
functions of G1,Ga, -+ , Gy, respectively. Define a function f : V(G) — {0,1,2,3} given
by
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fl(ZE), ifx e V(Gl)

x), if x € V(Go).
= P s

fn(z), if x € V(G,).
Then f is a yunp-function of G. Thus Vymr(G) < D7 %mr(Gi). Conversely, let f

be a Ymp-function of G. Then the restriction f|g, of f to G;, where i = 1,2,--- ,n
is a yymp-function of G;. Thus, ymr(Gi) < Wi (f|g,) for all i = 1,2,--- ,n. Hence,
o1 vmr(Gi) < mr(G). Hence, combining the results, > " | Yimr(Gi) < Yemr(G) <
Z?:l Yimr(Gi). Therefore, vimr(G) = Z?:l Yimr(Gi)- O

Proposition 10. If G € {P,,C,}, then yumr(G) = n + {%W

Proof. Let G € {P,,C,}. Suppose G = [v1,v2, - ,v,]. If n = 0(mod 3). Put V5 =
{v2,v5,++ , Vn—7,Vn—a, 01}, V1 = V(G) \ Vo, [Vo| = 0 = [V3]. Then f = (Vp, V4, V2, Vi)
isa TMRDF on G. If n = 1(mod 3). Put Vo = {va, -+ ,vp—-8,Vn—5,0n—2,0n},V1 =
V(G) \ Vo, Vo] = 0 = |V5]. Then f = (Vo,V1,Va,V3) is a TMRDF on G. If n = 2(mod
3). Put Vo = {vo,v5,"+ ,Un—9,Vn—6,n-3,0n}, V1 = V(G) \ Va,|Vo| = 0 = |V3|. Then
f=Vo,V1,V2,V3) is a TMRDF on G. In any case, Yimpr(G) < winB(f) = [Vi| + |Va| =

n + {g—‘ Since |Vp| = 0, by Proposition 6, V5 is a v-set of G and V(G) is a y-set

| < (@) Thus,

of G. By Proposition 3, v(G) + 1(G) = |Va| + |[V(G)] = n + [3

n
mr(G) =n+ 3]
O
The n-barbell graph is a simple graph obtained by joining two copies of complete graph
K, >3 by a bridge and is denoted by B,,. Figure 2 shows the n-barbell graphs B3 and Bs,

respectively.

Figure 2: The graphs Bs and Bs with v,z(B3) = 8 and Yymr(Bs) = 10, respectively.

Proposition 11. For any n-barbell graph B, where n > 3,

8, if n=3.

m Bn =
Yimr(Bn) {10, if n > 4.



S. Ahamad et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6264 9 of 20

Proof. Let B, be any n-barbell graph and uwv € FE(B,,) be the bridge that joins the
two copies of K,,. If n = 3, define a function f = (Vp, V1, Va, V3) given by

2, x € {u,v}.
fz) = :
1, otherwise.

Then fisa TMRDF of Bs. Thus, vymr(Bs) < th”;R(f) = 8. Clearly v(B3) = 2 = v,(Bs).
Thus, by Proposition 3, vyunr(Bs) > 8. Therefore, yynr(Bs) = 8. If n > 4. Pick any
v u' € V(By) such that v' # w,u’ # v, and v'v,v'u € E(B,). Now, define a function
f= Vo, V1, Vo, V3) given by

0, x € V(Byp) \ {u,v,u,v'}.
flz) =43, x € {u,v}.
2, x e {u,v'}.

Then f is a TMRDF of B,. Thus, Ymr(Bn) < th”ZR(f) = 10. Clearly v(B,) = 2 =
v¢(Bp). Thus, by Proposition 3, vynr(Bn) > 10. Therefore, for all n > 4, yur(By) =
10. O

The windmill graph Wd(k,n)= G = Ky + nK}_1 is constructed for k¥ > 2 and n > 2
by joining n copies of the complete graph K} at a shared vertex. It has n(k — 1) + 1
vertices and %nk;(k‘ — 1) edges. The case k = 3 corresponds to the dutch windmill graph
(also called Friendship graph) G5 = K; + nKy and the case n = 2 corresponds to the
butterfly graph G2 = K; + 2K5. The graphs in Figures 3, 4, and 5 are the windmill graph
Wd(4,2), friendship graph G3 and butterfly graphs G2, respectively.

Figure 3: A windmill graph Wd(4,2) with v,,r(Wd(4,2)) =7

Figure 4: A Friendship graph G§ with v,r(G3) = 10
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Figure 5: A butterfly graph G3 with v4,r(G2) =6
Proposition 12. For any windmill graph G = K1 + nKi_1, where k > 4 and n > 2,

’thR(G) =2n+ 3.

Proof. Let G = Kj +nKj_1, where k > 4 and n > 2. Suppose V(K;) = {u} be the
central vertex in G, then pick a vertex v in each copies of the complete graph K 1 and
define a function f = (Vp, V1, Va, V3) given by

3, T = u.
flz) =<2, T =.
0, otherwise.
Then f € TMRDF(G). Thus, ymr(G) < wi(f) = 2n + 3. Now, since v(G) = 1
and v (G) = 2, by Proposition 3, v¢mr(G) > 2n + 3. Hence, yr(G) = 2n + 3. O

Proposition 13. For any friendship graph G, Ymr(G) = 2n + 2.

Proof. Let G = K1 +nKa, n > 2. Let V(K;) = {u} be the central vertex in G. Define
a function f = (&, V(G)\{u},{u},@). Then for all v; € V1,1 < i < n, f(Nglvi]) = 2n+2.
Thus, f € TMRDF(G) and vmpr(G) < wiM(f) = 2n + 2. Clearly, {u} is a y-set of
G, and so v(G) = 1. Moreover, 7:(G) = 2 and so, by Proposition 3, ymr(G) > 2n + 2.
Hence, yimr(G) = 2n + 2. O

Corollary 2. For a butterfly graph G, vmr(G) = 6.

Proof. The result follows from Proposition 13. O

A graph G is called bipartite if the vertex set V(G) of G can be partitioned into two
subsets V7 and V5 such that every edge in G joins a vertex in V; with a vertex in V. If G
is bipartite such that G contains every edge incident with any pair of vertices in V; and
Va, then G is a complete bipartite graph; in this case, G = Ky, 5, if |Vi| = m and |Va| = n.
Figure 6 shows the complete bipartite graph K7 5.

Proposition 14. For a complete bipartite graph Kp, ,, let p = min{m,n},m,n > 2.
Then

6, if p=2.
8, ifp=3
m Kmn =
YemR( ) 9, if p =4

10, ifp>5.
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Proof. Let G be a complete bipartite graph K,, , and X and Y be partite sets of K, ,,
where | X| = m and |Y| = n, m,n > 2. Let p = min{m,n}. If p = 2 and WLOG, we let
X = {x1,x2} and pick a vertex y; € Y and define a function f = (Vp, Vi, Vs, V3) given by

3, z={x1}.

_ 2, z = {1‘2}

f(Z) ]-7 Z = {yl}
0 Otherwise.

Then f is a TMRDF of G. Thus, vimr(G) < wMi(f) = 6.

VtmR(G) > 6. Thus, ’thR(G) = 6.

By Proposition 3,

If p = 3 and WLOG, we let X = {z1,29, 23}

and pick a vertex y; € Y and define a function f = (Vp, Vi, Vi, V3) given by

3,
2,
6 =1
0

)

Then f is a TMRDF of G. Thus, vimr(G) < wiM(f) = 8.

z={m}.
z € {xa, x3}.

z={y}

Otherwise.

By Proposition 3,

Yemr(G) > 8. Thus, vymr(G) = 8. If p = 4 and WLOG, we let X = {1,292, 23,24}
and pick a vertex y; € Y and define a function f = (Vp, Vi, Vi, V3) given by

3, z={m}.

27 zZ € {$2,y17}-
f(z) =

1, z € {1,‘3,.%4}.

0 Otherwise.

Y

Then f is a TMRDF of G. Thus, ymr(G) < wiB(f) = 9.
VtmR(G) > 9. ThUS, ’thR(G) =9. pr > 5a let X =

By Proposition 3,
K,, and Y = K,,. WLOG, let
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{21,292} € V(Kpm), {y1,y2} € V(K,) and define a function f = (Vp, Vi, Vo, V3) given by

3, ze{x,y1}
f(z) =12, z € {x2,y2}.
0, Otherwise.

Then f is a TMRDF of G. Thus, ymr(G) < wi®(f) = 10. By Proposition 3,
Yempr(G) > 10. Thus, vr(G) = 10. O

The star S, of order n + 1 is the graph K,, + K;. The graph in Figures 7 is the star
graph Sg.

Figure 7: A star graph Sg with v4,r(Ss) =7

Proposition 15. If G = S,, n > 1, then v4r(G) = n + 2.

Proof. Let G = S,, where V(G) = V(K; + K,,) and V(K1) = {u} is a central vertex
of G. Now, define a function f = (Vp, Vi, V3, V3) given by

Fa) = {2, = {u}.

1, otherwise.

Then f € TMRDF(G). It follows that v4,r(G) < n + 2. Now, suppose that g =
(Wo, W1, W, W3) is a yypr-function of G. If Wy = &, then W3 = &. Since g is a
Yemr-function of G, [Ws| = |[V(K1)| = 1 and |[Wy| = |V(K,)| = n. Hence, Vimr(G) =
wirf(g) > n+ 2. If [Wo| # 0, then [Wa| > 1 and [W3| > 1. It follows that vi,r(G) =

wirf(g) = 2|Wa| + 3|Ws| > n + 2. Therefore, Yimr(G) = n + 2.

O

Proposition 16. For a complete graph K, Yimr(Ky) =5 for alln > 4.

Proof. Pick any z,y € V(K,) with x # y. Clearly, g = (V(K,) \{z,y}, 2, {z},{y}) €
TMRDF(K,). It follows that vyu,r(K,) < 5. On the other hand, suppose that f =
(Vo, Vi, Va, V3) is a vy p-function of K,,. If Vj = @, then V3 = &. Since f is a y4, g-function
of Ky, |Va| = 1 and |Vi| = n — 1. Hence, yimr(Kp) = Wi (f) =n+1>5.If Vi # &,
then [Va| > 1 and [V3| > 1. It follows that ympr(Ky) = wi(f) = 2|Va| + 3|V3| > 5.
Therefore, vipmr(Ky,) = 5. O
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5. On the join of graphs

Given two graphs G and H with disjoint vertex sets, the join G+ H of graphs G and H,
is the graph with vertex-set V(G+ H) = V(G)UV (H) and edge-set E(G + H) = E(G)
UFEMH)U{uv:ueV(G)andve V(H)} [8].

In this section, the following proposition characterizes all TMRDF on the join of
graphs.

Proposition 17. Let G and H be any graphs and let f € (Vy, V1, Va2, V3) be a function on
V(G+ H) with Vo # & and V3 # @. Then f € TMRDF (G + H) if and only if one of the
following holds:

(i) fle €e TMRDF(G) and one of the following holds:

(a) [VanV(G)|>1 and V3NV (G)| > 1
(b) VaNV(G) = @ and each of the following holds:
(bl) V3 is a dominating set of G.
(b2) Vo NV (H) is a dominating set of Vo NV (H).
(¢) VaNV(G) = @ and each of the following holds:

(cl) Vi is a dominating set of G.
(c2) Vs NV (H) is a dominating set of Vo NV (H).

(ii) flg € TMRDF(H) and one of the following holds:

(@) VanNV(H)| > 1 and |[VsNV(H)| > 1
(b) VaNV(H) =@ and each of the following holds:
(b1) V3 is a dominating set of H.
(b2) Vo N V(G) is a dominating set of Vo NV (G).
(c) VsNV(H) =@ and each of the following holds:
(cl) Vo is a dominating set of H.
(c2) V3N V(G) is a dominating set of Vo NV (G).

(iii) fle € TMRDF(G), flu ¢ TMRDF(H) and each of the following holds:

(a) Vo NV (H) # @ whenever Ng(z) NVa =& for some z € Vo NV (G).
(b) Vs NV (H) # @& whenever Ng(x) N Va =@ for some x € Vo NV (G).

(c) VgﬂV(H)#@ or VsNV (H) # @ whenever 3z € Vi with Ng(x)NVa = & and
Ne(z) N Vs =

(d) VaNV(G) # @ whenever Ny (z) N'Va =@ for some x € Vo NV (H).
(e) VsNV(G) # & whenever Ng(z) NVs =& for some z € Vy NV (H).
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() VanV(G) # @ or VsNV(G) # & whenever Iz € Vi with Ng(x) NVe = & and
NH(:E) NV3=g

(g) For everyx € ViUVLUVs, (ViUVLUV)NV(H) # & whenever x € V(G) and
Ne(z) C V.

(h) For every x € ViUV UV, (ViUVLUV3)NV(G) # @ whenever x € V(H) and
Ny(z) C V.

Proof. Suppose flg € TMRDF(G). Assume that (i)(a) holds. Let v € V5 NV (G).
By assumption, there exist u € Vo NV(G) and w € V3N V(G) such that uv, wv € E(G) C
E(G+H). Let v e VyNV(H). Note that [VoNV(G)| > 1 and |[V3NV(G)| > 1. Take u €
VoNV(G) and w € V3NV(G). Then vu,vw € E(G+ H). Also, since f|g € TMRDF(G),
uw € E(G) C E(G+ H). Let v e ViNV(G). Since f|lg € TMRDF(G), there exists
u € (VaUVs)NV(G) such that wv € E(G) C E(G+H). Now, assume v € V1NV (H). Since
[VanV(G)| > 1 and [V3NV(G)| > 1, there exists z € Vo NV (G) or z € V3N V(G) such
that z € Ngimg(v). Thus, f € TMRDF(G + H). Similarly, if f|p € TMRDF(H) with
[VonV(H) >1and |[VsNV(H)| > 1, then f € TMRDF(G + H). Assume (i)(b) holds.
Since f|lg € TMRDF(G),VoNV(G) = @. Thus, Vo C V(H). Let v € Vj. By (b2), there
exists u € Vo NV (H) such that uwv € E(H) C E(G + H). Also, since V3 is a dominating
set of G, Vs NV(G) # @. Pick w € V3N V(G). Then vw € E(G + H). Moreover,
uw € E(G+ H). Let v € ViNV(G). By assumption, there exists u € V3NV (G) such that
w € E(G) C E(G+ H). Now, let v e Vi NV (H). By (bl), there exists u € V3N V(G).
Then wv € E(G + H). Therefore, f € TMDRF(G + H). Assume (i)(c) holds. Since
fle € TMRDF(G),VoNV(G) = @. Thus, Vy C V(H). Let v € V. By (c2), there exists
u e VsNV(H) such that wv € E(H) C E(G+ H). Also, since V5 is a dominating set of G,
VNV (G) # @. Pick w € VoNV(G). Then wv € E(G+H). Moreover, uw € E(G+H). Let
v € ViNV(G). By (cl), there exists u € VoNV(G) such that wv € E(G) € E(G+H). Now,
let v e ViNV(H). By (cl), there exists u € VoNV(G). Then uv € E(G + H). Therefore,
f € TMDRF(G + H). Similarly, if (ii) holds, then f € TMRDF (G + H). Suppose
(iii) holds, that is f|¢ € TMRDF(G) and f|lg € TMRDF(G). Let v € Vo NV (G). If
Ng(v)NVa = @ and Ng(v)NVs # @. Take u € V3NV (G) such that uwv € E(G) C E(G+H).
Since Ng(v)NV, = &, by assumption, there exists w € VoNV (H) such that vw € E(G+H).
Moreover, uw € E(G + H). If Ng(v) N'Va # @ and Ng(v) N Vs = @. Pick u € VaNV(G)
such that wv € E(G) C E(G + H). Since Ng(v) N V3 = &, by assumption, there exists
w € VaNV(H) such that vw € E(G + H). Moreover, uw € E(G+ H). If Ng(v)NVy = @
and Ng(v) N V3 = @. Then by assumption, Vo NV (H) # @ and V3NV (H) # @ and
so, there exist u € Vo NV (H) and w € V3N V(H) such that vu,vw € E(G + H).
Also, by assumption, there exists x € V(G) \ Vj such that ux,wzr € E(G + H). Now,
suppose f(v) = 1. If Ng(v) NVy = @ and Ng(v) N V3 = &. Then by assumption,
there exist z € VoNV(H) or z € V3N V(H) such that vz € E(G + H) satisfying (P2).
Therefore, f € TMRDF(G + H). Similarly, for v € V(H) such that f(v) € {0,1},
f € TMRDF(G+ H). Now, let v € Vi UVaU V3. If v € V(G) with Ng(v) C Vp, then
by (iii)(g), (Vi UVaUV3) NV (H) # @. This means that Ngig(v) N (V1 U VLU V3) # .
Similarly, Ngig(v) N (V1 UVaUV3) # @, for each v € V(H) with Ng(v) C Vy. Thus,
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(V1 U V5 U V3) has no isolated vertex. Therefore, f € TMRDF(G + H).

Conversely, suppose f € TMRDF(G + H). Consider the following cases:
Case 1: Suppose f|lg € TMRDF(G). If (i)(a) holds, we are done. Suppose (i)(a) does
not hold. Thus, either Vo N V(G) = @ or V3NV (G) = @. Suppose Vo NV (G) = @.
Necessarily, Vo NV (G) = @. Let v € Vi N V(G). Since flg € TM RDF(G), there exists
u € V3 such that uv € E(G). Thus, V3 is a dominating set of GG, and so, (b1) holds. Also,
since Vo NV(G) = @, then Vo C V(H). Hence, Vo NV (H) # @. Pick w € V5 and let
veVonNV(H). Since f e TMRDF(G+ H), vw € E(H) C E(G+ H). Thus, (b2) holds.
Also, since V3 is a dominating set of G, there exists u € V3NV(G) where uwv € E(G+ H).
Suppose V3 NV (G) = @, then similarly, (i)(cl) and (i)(c2) hold. Furthermore, the case
where f|g € TMRDF(H) is similar.
Case 2: Suppose f|g € TMRDF(H). This can be proven similarly with Case 1.
Case 3: Assume f|g ¢ TMRDF(G) and f|g ¢ TMRDF(H). Suppose Ng(x) NV =@
for some = € V. Since f € TMRDF(G + H), there exists y € Vo N Ngipg(x). Since
y ¢ V(G),y € V(H). Hence, y € Vo NV (H). Thus, Vo NV (H) # @ satisfying (iii)(a).
Following similar argument, if Ng(x) N V3 = & for some x € Vo, Vs NV (H) # @. Thus,
(iii)(b) holds. Suppose Ng(x) N Vo = & and Ng(x) NV = @ for some = € V;. Since
f € TMRDF(G + H), there exists y € V5 or y € V3 such that xy € E(G + H). Since
y ¢ V(G),y € V(H). Necessarily y € VaNV(H) or y € VaNV(H). Thus, VoNV(H) # &
or Vs NV (H) # @ satisfying (iii)(c). Moreover, assume that (V3 U Vo U V3) N V(Q))
has an isolated vertex. Let v € [(V3 U Vo U V3) NV (G)] such that Ng(v) € V. Since
f € TMRDF(G+H), (ViUVaUV3) is isolated-free vertex. Thus, (ViUVaUV3)NV (H) # .
Hence, (iii)(g) holds. Similarly, (iii)(d), (iii)(e), (iii)(f), and (iii)(h) follows. O

Corollary 3. Let G and H be any nontrivial graphs. Then

3 < Yimr(G + H) < 10,

Proof. Since G+ H is not a trivial graphs, v¢,,r(G+H) > 2. That is, y,r(G+H) > 3.
On the other hand, let V(G) = {v1,v2, -+ ,v,} and V(H) = {u1,ua, -+ ,u,}. Now, define
a function f = (Vo, V1, Va2, V3) on V(G + H) given by

2, if x € {v1,u1}.
f(x) =43, if x € {va,us}.
0, ifx e V(G+ H) \ {v1,v2,u1,u2}.

for every x € V(G+H). Then f € TMRDF(G+H). Thus, ymr(G+H) < wif, (f) = 10.
Hence, 3 < vymr(G + H) < 10. O

Corollary 4. Let G be any graph of order n, then Yymr(K1+G) < min{2+n,3+2v(G)},
and this upper bound is sharp.

Proof. Define a function g = (Vp, Vi, Vi, V3) for which V; = V(G), Vo = V(K;) and
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Vo=Vs=9. Then, g e TMRDF(K; + G). Thus,

Yimr(K1 + G) < wi(g)
= 2|Va| + V1
=2(1)+n
=2+ n.

Now, let V(K7) = {z} and D a 7-set of G. Define a function h = (V{, V{, V5, V4) for which
Vo =V(G)\D,V] =92,Vy =D and Vi = {z}. Then, h € TMRDF(K; + G). Thus,

Yimr(K1 + G) < wg(h)
= 3|V5| + 2|13
=3(1) + 2| D)
=3+ 29(G).

Moreover, for the sharpness, consider the graphs K1 + G, G € {K,,, K,,}. Strict inequality
may also be attained such as the graph K + Px. O

Example 2. Consider the graphs K1 + P; and K1 + K5 in Figure 8 and Figure 9,
respectively.

Figure 8: The graph K + Pr with vy,r(K1 + Pr) =8

In figure 8, the function f: V(K; + P7) — {0,1,2,3} given by f(u) =3, f(b) = f(f) =2
, fla) = f(c) = f(g) = f(e) =0, and f(d) = 1. Observe that {b,d, f} is a dominating
set of P;. Thus, the v(P7) = 3 and observe further that f is a total modern Roman
dominating function of G with weight 8. It can be verified that 8 = v,,r(K1 + Pr) <
min{2 +n,3 +2(y(Pr))} = 9.

Figure 9: The graph K; + K5 with vr(K; + K5) = 5.
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In figure 9, Observe that f is a total modern Roman dominating function of K; + K5 with
weight 5. It can be verified that ymr(K1 + K5) = min{2 + n,3 + 2(y(K;1 + K5))} = 5.

Corollary 5. Let G and H be any graphs. Then
(1) Ymr(G+ H) =3 if and only if G = K; and H = K.
(ii) Vemr(G+ H) =4 if and only if G = K1 and H € {Ky, K3} or vise versa.
(iil) ymr(G 4+ H) =5 if and only if one of the following holds:
(a) G=Ki and H € {P3, K3, K3, K1 U Ky} and vise versa.
(b) v(G) =1 and v(H) = 1.
(c) 72(G) =2 or y2(H) = 2.

Proof. The proof follows immediately from Proposition 17. 0

6. On the corona of graphs

Let G and H be graphs with disjoint vertex sets. The corona of G and H is the
graph G o H obtained by taking one copy of G and |V (G)| copies of H, and then joining
the " vertex of G to every vertex of the it" copy of H. For convenience, we adapt the
notation H" + v used in [8] to denote the subgraph of G o H corresponding to the join
HY 4+ ({v}),v € V(Q).

Proposition 18. Let G and H be nontrivial graphs. Let f = (Vo,Vi,Va,V3) be any
function on V(G o H). Then f € TMRDF(G o H) if and only if each of the following
holds:

(i) For everyv e (VoUVI)NV(QG), flur € TMRDF(H"). Moreover, ifve VoNV(G),
then the following holds:

(a) If VY| # 0 and |V| =0, then |Ng(v) N V3| > 1; and
(b) If |[Vy| =0 and |V§’| # 0, then |[Ng(v) N Va| > 1.

(ii) For every v € Vo NV (G), Vs NV (HY) is a dominating set of (Vo NV (HY)).
(iii) For everyv € VaNV(G),Va NV (HY) is a dominating set of (Vo NV (HY)).

Proof. (i) Suppose f € TMRDF(G o H) and let v € (Vb UV;)NV(G). Let u €
V. Then u € Vj and there exist w,z € Ngop(u) such that w € V5 and z € V3. But
Negom(u) = {v} U Ngv(u) and v € Vo U V;. Thus, w,z € Ngv(u). Moreover, let u € V).
Then u € V; and there exists z € Vo U V3 such that @ € Ngog(u), z € (V3 U VYY) and
so x € Nyv(u). Now, let w € V3’ UVY. By (P3), there exists 2/ € V(H") \ Vy such
that z € Ngog(u). Thus, flgv € TMRDF(H"). Now, let v € Vo NV (G). Suppose that
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V3| # 0 and |V5’] = 0. Then u € Ngom(v) and u € V3. Hence, u € Ng(v) N V3. Thus,
|Ng(v) N V3| > 1. Following similar argument, if |V3’| # 0 and |V5’| =0, |[Ng(v) N Va| > 1.
This proves (i). Suppose that v € Vo N V(G) and let u € Vi{. By definition, there exists
{z,y} € Ngom(u) = {v} + Npgv(u) such that z € V5 and y € V3. If v € V5 and take
x =wv, then y € V3’ and y € Nyv(u). Thus, V3 dominates Vjy. Hence, V3 N V(H") is a
dominating set of (Vo NV (H")). This proves (ii). Similarly, (iii) follows.

Conversely, suppose (i), (ii) and (iii) hold for f. Let u € Vj and v € V(G) for which
u € V(H" 4 v). Consider the following cases:

Case 1: Suppose v = v. By (i), flg» € TMRDF(H"). Thus, there exist w,z € Ngv(u)
such that w € V5 and z € V5. Hence, w € V3 and z € V3 and w, 2z € Ngop(u). Now, if
V¥ # 0 and |V5’| = 0, then by (i)(a), |[Ng(u) N Va| > 1. Hence, there exist z € V3’ and
w € Ng(u) NVa and w, z € Ngop(u). Similarly, if [Vy’| # 0 and |V5’| = 0, then by (i)(b),
|Ng(u) N'V3| > 1. So, there exist w € V5’ and z € Ng(v) N V3 such that w, z € Ngop (u).

Case 2: Suppose u # v. Thenu € V. Let v € VINV(G). By (i), flag» € TMRDF(GoH).
Thus, there exist w,z € Npgv(u) such that w € Vi’ and z € V3. If v € Vo N V(G). By
(i), V4’ dominates V. Hence, there exist w,v € Npgv(u) such that w € V5. Also, if
v e V3NV(G). By (iii), V5 dominates V{f. Thus, there exist w,v € Ngv(u) such that
w e Vy.

Case 1 and Case 2 shows that there exist w € V3 and z € V3 such that w, z € Ngog(u).

Now, let uw € Vi. If uw € V(G), then there exist z € V4 U V3" such that © € Nyu(u)
since f|gw € TMRDF(H"). This implies that € Vo U V3 and € Ngom(u). Suppose
u € V(HY) for some v € V(G). If v e (VoUV3)NV(G), then v € (Vo U V3) N Ngom (u). If
v € VpuUVy, then there exist w € Vi’ UVZ such that w € Nyw(u) since f|go € TMRDF(H")
by (i). It implies that w € VaUV3 and w € Ngop(u). Therefore, f € TMRDF(GoH). O

Corollary 6. Let G and H be any graph with |V(G)| = n and |V(H)| = m and let
= Vo, V1,Va,V3) be a vgmp-function of Go H. Then 3n < ZaeV(erH“) f(a) <2n+nm,
for each v € V(G).

Proof. Let v € V(G). If v € VU V3, then 3n < 3 ey (o) f(P) < Xoev(wrny) fla) <
2n + nm. Suppose that v € V. By Proposition 18, f|g» € TMRDF(H"). Thus, 3n <
> aev(wrnv) f(a) < 2n+nm. If v € Vi, then by Proposition 18, f|g» € TMRDF(H").
Thus, 3n < 3 cy ey [(p) < Zael(va) f(a) < 2n + nm. Moreover, the bounds are
sharp if H = K; and G € {P,,C,,, K, }. O

Corollary 7. Let G be a connected graph of order n > 1 and K,, be the complete graph,
then

dn, ifm=2.

mir(G o Kp) =
Vom( ) {5n, if m > 3.

Proof. If n =1, then Go K, = K, +1. Hence, if m = 2, y,r(G o K2) = yympr(K3) =4
by Proposition 7 (ii). If m > 4, then vunr(Km+1) = 5 by Proposition 8. Now, If n > 1,
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then for m = 2, let V(K3) = {z,y} and V(G) = {v1,va, - ,v,}. Define a function
f= o, V1,V2,V3) on V(G o K3) where Vo = @ = V3,Vi = U,ey(q) V(H?), Va2 = V(G).
Then f € TMRDF(G o K3). It follows that v4,r(G o K2) < 4n. Now, suppose that
g = Wy, Wi, Wa, W3) is a yynr-function of G o Ky. If Wy = @, then W3 = @. Since g is
a Yimr-function of G o Ky, ymr(G o Ka) = wgiit (g) > 4n. If [Wo| # 0, then |[Ws| > 1
and |W3| > 1. Tt follows that vi,r(G o Ka) = wggﬁ2 (9) = 2|Wa| + 3|W3| > 4n. Therefore,
Ympr(G o K3) = 4n. For m > 3, let V(G) = {v1,v2, -+ ,v,} and WLOG, pick a vertex
u € V(K,,). Define a function f = (Vp, V1, Vo, V3) on V(G o K,,,) by

3, if x € V(G).
f(l') = 2, lf T € U”UGV(G) V(UU)
0, if x S UUEV(G) V((H \ U)U)

Then f € TMRDF (G o K,,). It follows that v4,r(G o K;;,) < 5n. Now, suppose that
g = (Wo, W1, Wo, W3) is a Yy p-function of Go K,,,. If Wy = &, then W5 = &. Since g is a
Yempr-function of Go Ky, Yempr(Go Kp,) = wg’gf}m (g) = bn. If [Wy| # 0, then |[Ws| > 1 and
[Ws| > 1. It follows that vmr(G o Kp) = wii (g) = 2|Wa| 4 3|Ws| > 5n. Therefore,
Yemr(G o Kp,) = 5n. O

Corollary 8. If K,, is a complete graph of order n > 1, then
(i) Yemr(Kio0K,) =n+2.
(i) Ympr(Ky o K1) = 3n.
Proof. Statement (i) follows from the fact that K; o K,, = S,, and by Proposition 15,

Yemr(K1 0 Kp) = Yempr(Sn) = n + 2. For (ii), Note that K, o K; is the disjoint union n
copies of Ks. Using proposition 7 (i) and Proposition 9, we have vynr(K,0 K1) =3n. O
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