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1. Introduction

In variable exponent spaces, the Hardy-Littlewood maximal operator’s boundedness is
crucial. For instance, it is well known that if the Hardy-Littlewood maximal operator is
bounded in variable exponent Lebesgue space, then numerous conclusions from classical
harmonic analysis and function theory also apply for the variable exponent case; see [1-4].
Moreover, a variety of variable exponent spaces are presented, including: Bessel potential
spaces, Besov and Trieble-Lizorkin spaces, Hardy spaces, Herz spaces, grand variable Herz
spaces, grand variable weighted Herz spaces, Herz-Morrey spaces, grand variable Herz-
Morrey spaces, Morrey spaces, Morrey type Besov and Trieble-Lizorkin spaces, Trieble-
Lizorkin-Morrey spaces, Trieble-Lizorkin-Morrey spaces, and so forth; see [5-13, 13, 14,

*Corresponding author.
*Corresponding author.
DOL: https://doi.org/10.29020/nybg.ejpam.v18i3.6274

Email addresses: mehvishsultanbaz@gmail.com (M. Sultan),
babarsultan40@yahoo.com (B. Sultan), lucian.popa@uab.ro (I-L. Popaa)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



M. Sultan, B. Sultan, I-L. Popa / Eur. J. Pure Appl. Math, 18 (3) (2025), 6274 2 of 33

14, 14-35] and references therein. As you can see from [36-40], numerous conclusions
about the boundedness of sublinear operators in these spaces have been established.
A sublinear operator 1" satisfies the size condition

Tg(z)| < C /R & — 41 "g(w)\dy

for all g € LllOC (R™) with compact support and a.e. = ¢ suppg. Then, T' is bounded
on the grand variable Herz-Morrey spaces and the homogeneous and non-homogeneous
Herz spaces (see the monographs [41, 42]). L. Tang and D. Yang then expand these
conclusions for the weighted vector-valued situation in [43]. Herz type Besov and Triebel-
Lizorkin spaces with variable exponent K;’(q) (R™) were introduced by C. Shi and the second
author in [18]. . For the Besov and Triebel-Lizorkin spaces of constant exponent Herz
type, we direct the reader to [44-47]. M. Izuki [48] used variable exponent M Kg’;‘.) (R™)
to get the vector-valued boundedness for certain sublinear operators that meet’tﬁle size
requirement on Herz-Morrey spaces. Sultan et al. [49] presented the concept of grand
variable Herz-Morrey spaces; see [50-52] for additional findings on these spaces. The
boundedness of vector-valued Hardy-Littlewood maximal operators in Herz spaces with
variable exponents was established by the authors in [53]. Peetre’s maximal operators were
used to characterize Herz type Besov and Triebel-Lizorkin spaces with variable exponents.

The current research examines the boundedness of vector-valued Hardy-Littlewood
maximal operators on grand variable Herz-Morrey type Besov and Triebel-Lizorkin spaces,
drawing inspiration from the aforementioned publications. The paper is organised as
follows. We provide some conventions in the remainder of the section. Our primary
findings, which are a generalization of related findings in [48] and [53, 54], will be presented
in Section 2. We provide evidence for our findings in Section 3.

2. Main results

The n-dimensional real Euclidean space is denoted as R", as is customary. Let A be

a measurable subset of R”. Throughout this paper, C and ¢ are always positive constants

which may vary from line to line. For a measurable set S, |S| denote its Lebesgue measure

and 1g denote its characteristic function. We write v < v, if u < cv, and if v < v and

v < u, then u ~ v. By variable exponents we mean a measurable function on R"™. For

every | € Z, we denote B; = B(0,2!) = {x € R" : |z| < 2'}. After deducting B;_; from

Ri, 1r, = 1;. By P(R"™) we denote the subset of variable exponents with range [1,o0].
Let q— :=ess inf ¢(y) > 1 and ¢4 := esssup ¢(y) < oo, then we have

yeA yeA
1< q-(A) <q(y) < q4(A) < oo (2.1)

The notation B is the ball such that B(z,r) := {y € A : |z —y| < r}. Now variable
Lebesgue space L) (A) is given as

q(z)
LP(‘)(_A) = {g 1s measurable : / (|g()\z)\> dz < oo where X is a constant} .
A
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Lebesgue space is equipped with the norm

q(z)
HgHLQ(')(A)_inf{)\>O:/A<|g(>\Z)’> dzgl}_

The Hardy-Littlewood maximal operator M for g € L{ (A) is defined as

loc

1
Mg(z) := sup — / lg(2)|dz (= € A).
o<r T (o)
B(z,r

The notion of B(.A) denote the collection of ¢(-) € P(A) such that M is bounded on
LIO(A). Let z,y € A with |z —y| < 2 and ¢ : A+ (0,00). Now log-Hélder continuity
condition (or Dini-Lipschitz condition) is given as

C

> _ 2.2
Ty p—— lg(z) — a(y)], (2.2)
where C' is called log-Hélder continuity constant.

Let log-Dini-Lipschitz constant (or decay constant) C, > 0, ¢(-) satisfiy the decay
condition if lim ¢(x) = ¢o := q(00) such that

|z| =00

Coo
e g 2 1900 = gl (2.3)

Let Cy > 0, q(-) satisfy the log Holder continuity condition at 0 for |h| < %, such that

> [q(h) — q(0)]. (2.4)

Plog = Plog( A) consists of all functions ¢(-) € P(A) satisfying (2.1) and (2.2).

Poo(A) (resp. Pooo(A)) is the subset of P(A) consisting of functions which satisfy
condition (2.3) (resp. both conditions (2.3) and (2.4)). The set of positive integers is
denoted by Z.. For each tg € Z,14, = 1y; forto € Z4,1p, = 1; and so on. 14,, denote
the characteristic function of A;,. By a < b we denote a < Cb.

Moreover, we define P° (R™) to be the set of measurable functions p on R™ with the
range in (0,00) such that p_ > 0 and p; < oo. Given p(-) € P° (R"), one can define the
space LP() (R™). This is equivalent to defining it to be the set of all functions g such that

[P € 1,P()/po (R")

where

0<pg<p_, IﬁeP(R”).
Po

Then the quasi-norm is given as

1
gl 2o ey = NP0 0 gy -
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Lemma 1. [55]
Let f belong to the Lebesque space LPC)(R™) and g belong to LP'O)(R™), where p(-) €

P(R™). Then, the product function fg is integrable over R™, and the following inequality
holds:

Rn\f(l‘)g(x)l da < | fllpe gl ),

where 1, is defined as rp, =1+ p% — p—1+.
Lemma 2. [56] Let ¢(-) be a variable exponent defined as ﬁ —1_ ﬁ where (z € R™).

q
Then for all measurable functions f and g we have

1£9lln) < Cllgllyc llglle

Lemma 3. [57]
Let p(-) be a function within the class B(R™). For any ball B in R™, we get

1
@HlBHp'(-)HlBHp(-) <C,

where C' >0 .
Lemma 4. [57]
Assuming that p(-) is a function in the class B(R™), there exists a positive constant C

such that, for every ball B in R™ and every measurable subset S within B, the following
inequalities hold:

115, <@ 1Ll < (\S>wl 115l < (\S!)“’Q
1Lsllpey 1S 1Bl | B 115y |B|
here 0 < wy,ws < 1.

Lemma 5. [1/
Let {gj}jil be the sequences of locally integrable functions, 1 < r < oo and p(:) €
B (R™). Then
1/r 1/r

o0 [o¢]
> Mgl <O lgl"
j=1 j=1
p(*) p(-)

Definition 6. Let 0 < ¢ < oo,p(:) € P(R"),0 < XA <00, 6 >0 and n(-) : R” — R with
1€ L (R™).

i) The homogeneous grand variable Herz-Morrey space MK 1000 (RnY) s defined by
Ap(-)

. *)s 76 n ) n
ME]D? (R) = {g e L) (R™{0}) : 190 g g0 ny < OO}
P

where
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H H ) I 2kn( ) ) a(1+e) q(1+e)
9l 2 r (0,0 mny *= SUPSUD 2 E H g kH
MKZJ’('(; (R™) e>0 LeZ

(ii) The non-homogeneous grand variable Herz-Morrey space M K 0t )(()1) (R™) is defined
by

ME]D (R) = {g e LY (R"\{0}) : 19 ar sy ny < OO}
P

where

1+e) q(1+€)
L —Ix | 6 En(- a(
g (.0).0 (ny = SUP SUp 2 H2 glkH
| HMKZPJ CORR ( Z

Lemma 7. [17] Let D > 1 and q € Py,oo(R"™). Then

1
;OTQ(O) < HlB(O Dr)\B( OT)HLQ() < C()’l“ ), for0<r <1 (2.5)
and
1 _n_ n_
e < |Ls,om\BO ILa0) < coori<, forr 21, (2.6)
(o.0]

respectively, where co > 1 and coo > 1 depend on D but not depend on r.

Theorem 8. If 1 < r < oo and n(-) € L™ (R™)N P& (R™) N PLE (R™) with 7(0), e €
(—nw1, nwa), where wi,wy € (0,1) are constants appearing in (2.1). Let p(-) € B(R"™),
0<q<oo, and

0 < A <min{(nw; +n(0)) /2, (nw1 + Nxo) /2} .

Suppose that T is a sublinear operator satisfying vector-valued inequality on LP() (R™)

> Tyl <O gl ; (2.7)
j=1 j=1
p() p()
for all sequences {g]} _, of locally integrable functions on R"™. Then we have the

vector-valued inequality on MKn( )0)8 (R™)
- 1
(Z nglr>
k=1

Ap(-)
<Z ’Tgk‘r>
k=1

Remark 9. Here and below, we only declare our main results in the homogeneous grand
variable Herz-Morrey space because the proof for the non-homogeneous case can be treated
by the similar way and is much more easier.

+n(-),a),0 ~n(-),q),0
M) MR
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Lemma 10. (see [1]) Let p(-),r, and {gj};il are given in Theorem 2.8, then

s o0 s
<C > gl
=1
Lr() (Rn) J Lr() (Rn)

o0
> IMg;l"
j=1

From Theorem 2.5 and Lemma 2.7, we obtain the following result for the Hardy-
Littlewood maximal operator.

Corollary 1. Let n,r,q,p, are given in Theorem 2.8 and
0 < A < min{(nw; +n(0)) /2, (nw1 + No) /2},

then

Sl

(Z ngkV“) <C (Z w)
k=1 k=1

~n(+),q),0 1(-),q),0
MRS @) MA@

Let S (R™) denote the Schwartz functions and &’ (R™) the set of all tempered distribu-
tions. We define the Fourier transform of a function g € S (R™) by
Bl)y) =272 [ e g(a)da, y € R
RTL

while ¢V is the inverse Fourier transform. Let ¢y € S (R") with ¢o(y) = 0 then we have

W) L |yl <1
N0, =2
Let
©(y) = vo(y) — vo(2y)
and define

Pi(y) = ¢ (2“3/) , LeN.

Then {¢r} sy, be the resolution of unity, such that

o0
Z(pg(ac) =1, zeR"™
(=0

Definition 11. Let {‘Pj}jeNo be a resolution of unity as above, s € R,0 < k,q < 0o,p(-) €
P (R™) and n(-) : R™ — R with n(-) € L= (R").
(i) Then the grand variable Herz-Morrey type Besov space is defined by
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()7q) S ny . / ny .
MK B (R?) = {g eS (R ).\Ig\lgn(MKZ;)(,?,G(R,L)) < oo},

where

e = || {2%9pY % g1 .
Iolusigoos, = [ 226 <950 (g

(ii) For p4 < oo, the grand variable Herz-Morrey type Triebel-Lizorkin space is defined
by

MRS E ) 1= {0 € S ®): Mol yggpeg, < -
;P

where

sj
Iohuuigper = 079 010kt

Here we denote respectively by £, (M K;\]( )(3) ) and M K n( )(()1) 0 (¢) the spaces of all

sequences {g;} of measurable functions on R"™ with finite quasi-norms

K

[e.e]
taihy- H S D] iy
H J (MRG0 ]Z(:) Tk ’
and
- 1/k
H{g] HMK"()(?Q(&@) = ZO‘QJ’
7= MEICD

p(-)
Let S >0, e > 0 and ¥y, ¥ € S (R") such that

‘@O(Q)] >0 on{|o| <2} (2.8)
T(0) >0 on {5 <ol < 26} (2.9)
2
and R
D™¥(0) =0, for all |T| < S. (2.10)

Here, (2.8) and (2.9) are Tauberian conditions, while (2.10) expresses the vanishing
moment conditions in V.
In [58], J. Peetre introduced the classical Peetre’s maximal operator:
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Let a tempered distribution g € &' (R"), a > 0, and {Z¢},., C S (R"). Then system

of maximal functions are given as

_ [Zex g(z +y)|
= = sup LIETI R e
( E)a g(ZL‘) yseuIé?'L (1 + 2k‘y’)a €

Since Zy * g(y) makes sense pointwise, everything is well defined. We will often use dilates
Eilw) = 22 (2°)

of a fixed function Z € S (R™), where Zy(z) might be given by a separate function.
Continuous dilates are also needed. If

Then

Theorem 12. If k,q € (0,00],w >0, s € R with s < S+ 1, and n,q,p, are the same as
given in Lemma 2.9. Let p(-)/po € B (R™) with pp < min (p_,1). Let ©y,0 € S (R™) be
given by (2.8) and (2.9), respectively. Then

1) For a > n/pg, then the space ME"D9Bs (R can be characterized by
Ap() B

M5 B = {o € S @) 1ol 02 <00} i= L

¢ M Ap()
where
f— ) —SK
1910 = 190 # g+ (£ 100 00 F)
1 dt 1/N
— * SK
191 g0 = NGl 0 + ([ e 1ol g00 )
0o 1/k
(3) - skk
191 g0, = (kzzoz [CON )
1/k
4) — k
||9||MK;7<>q) Ops <Z2S HH‘I’k*gHMKn()(?)e) :
() k=0
4
Then {H H n(3:0).6 } are equivalent.
’ ME By )L
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(ii) If po < K, then for a > n/py the space MKn( )(’()1) EZ (R™) can be characterized by

(

MKn(),t)z) F3(R") = {g e S (R"): HQHMKn<>q) 0 s

<oo},z':1,...,5

Ap() K
where
HgH METOD 0 = |0 * gll,, MR
1 1/k
dt
+ (/ 55|y x g t) (2.11)
: R
*
[l C O e
1 1/k
_ dt
([ e (2.12)
0 MK"]()Q)
Ap(+)
1
—SK
191y, =10 % 3l < /X
1/k
L dt
X (@ % ) (- +2)[" dz iy (2.13)
|2|<t t
MEOD
o) 1/k
k K
g1y encr o, = (Z 2 S“@zg)a}) (2.14)
Ap(+) r~ k=0 MK:\YS,)(’.(;)’Q
[e's] 1/k
— k K
HgHMKn()(§>9F£ = (ZQ "k x gl ) - (2.15)
k=0 MR D0

p(-)

5
Then, {H H } are equivalent.
1

n(-),9),60
MKAP(> Es

3. Proofs of the main results

We need the following lemmas to prove our main results.

Lemma 13. Let p,q, \,n, are given in Theorem 2.8 and 6 > 0, then

L q(1+e)
x| 6 kn(0)g(14-€) q(1+e)
g (),9),6 = max<{ sup sup 27 € E 2 gl
s MELE >0 L<0,LEZ ( ol

k=—o0



M. Sultan, B. Sultan, I-L. Popa / Eur. J. Pure Appl. Math, 18 (3) (2025), 6274 10 of 33

-1 (149 q(11+e) L " 7q(11+6)
—Lx | 0 kn(0)q(1+¢) a(l+e —Lx [ 0 krooq(1+¢) q(l+e
sup_sup |2 e’y 2 9Lkl +2 > 2 g1V
L>0,LEZ >0 ( lgLello, ] I ()

k=—o0
Lemma 3.1 is similar to Proposition 3.8 in [5]. Indeed, when n(-) € L™ (R™)N
P(I)Og (R™)N P})%g (R™), there exist positive constants C,Cy such that if £ < 0 and z € Dy,
then C;2F100) < 2kn(x) < C,9k1(0). if | > 1 and z € Dy, then €281 < 2kn(z) < (C,2keo
where Dy, := By \ Bg_1. Thus, we obtain Lemma 3.1.
Proof.

Now we will give the proof of Theorem 2.8. Let (3,2, \gk\r)% € MKZ(Z;)(’_?)’Q (R™).
Using the Lemma 3.1 we get

1
T

o0
> ITgsl"
j=1

1(),a),0
MEL (Y

1 (e waro
L 00 T
~max{sup sup 2 |é Z 2kn(0)g(1+¢) Z Tg;|" | 1k
e>0 L<0,LEZ k——00 i—1
el j_
()
1 qa(te 0o
_1 00 ”
sup sup |25 | €f Z 9kn(0)q(1+e) Z Tg;|" | 1k
e>0 L>0,L€Z Fa —
= ]_
p(*)
1 q(1+e€) ﬁ
L 0o T
_'_2—L)\ 69 Z 2knooq(1+5) Z ‘Tg] ’7’ 1k
k=0 j=1
p()
=:max{FEp, Fr}.
We also denote Fr by Fr:=sup sup [Gr + Hr] with
e>0 L>0,L€Z
1
1 q(14€)) a+e
-1 00 T
GT — 2—L)\ 69 Z 2k77(0)q(1+5) Z ‘ng’r 1k
k=—0oc0 7=1
p()
1 g(1+6) ) a0
L 0o T
Hy o= 27528 8y obmedH I N " 7,7 | 1
k=0 j=1
p(*)
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We need to prove that Er S Ey,Gr S Gy and Hr S Hj respectively, where

1
1119(1+€) ) a(i+e)

L 00 T
Ef:=sup sup 2 LA L 0 Z 21(0)a(1+e)k |19, Z lg;|"
e>0 L<0,LET e —
= J_
p(°)
( 1 g(1+€) ) 70170
71 00 T
Gy = 9—LA ) 0 Z 9kn(0)g(1+e) Z g | 1%
k=—o00 7j=1
p(*)
( 1 q(1+e) eE=)
L o) T
Hf = 2_L>‘ 69 Z anooq(l-‘re) Z ’gj|r 1
k=0 j=1
\ p(°)

Hence we get Er < Ey and Fr S F, where F; denote sup sup [Gy+ Hy|. From

>0 L>0,LEZ
above all and using Lemma 3.1 again, we have
oo B
Z ‘ng’T ~ max {ET,FT}
j=1

2n(-),a),0
MEL 0
Smax{Ey, Fy}

. ,
=D lgsl
j=1

T

n(),0),0
MEY 0

Estimate of G < Gy is similar to Exq S Ef so omit the details.
By using the size condition and Minkowski’s inequality, for Ep we get

1
1119(1+€) ) a@+e)

L
Ep=sup sup 27 Z 21(0)a(i+e)k | Z]Tgﬂr

>0 L<O0,LEZ M =

p(°)
1
119(1+€) Y qi+e

T ™

L [e.e]
=Ssup sup 2—L)\ 66 Z 277(0)q(1+5)k; 1k Z
>0 L<O0,LEZ

k=—00 j=1

p(")
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1

0o 0o "

<sup sup 27° Z R S D
e>0 L<0,LEZ k=—o00 i=—o0 \j=1

1
2 oo r

p— i /r.

<sup sup 271 Z on(Oa(i+ek |17, Z’Tgﬂ

e>0 L<0,LEZ k=—o00 i=—00

1
k+1 %) r

+sup sup 27FAL Z on(Oa(i+ak g,
e>0 L<0,LEZ oo i=k—1

Yo |Tgil
j=1

S =

L 00

+sup sup 27 E on(0)a(1+e)k |19, E
>0 L<O0,LEZ i s
=—00 1=k-+2

Y |rgl

j=1

(
;

=:Ep + Ef + Ep.

By the same way we consider Hrp.

12 of 33

1
q(1+€) Y a(i+o

1
q(1+€) ) a+o

p(°) )

q(1+€) Y ai+e

p(*)
q(14+€) Y q(+o

p() )

1
1119 a(1te)
L 2 o p q(1+e€)
HT 2 L\ 69 Z 27]ooq(1+6)k2 ]—k Z Z ‘Tg; ‘T
k=0 i=—oo \ j=1 0
p(-
7 1 19(1+e€) ﬁ
L k+1 [es) T
+ 2—L/\ 60 Z 2nooq(l+5)k 1, Z Z ‘Tg]
k=0 i=k—1 \j=1 0
p( )
119(1+e€) q(11+e)
L 0o 0o T
4 27L/\ 60 Z 2nooq(1+e)k 1k Z Z ‘ng
k=0 i=k+2 \ j=1
\ p() y,

=:Hp + Hj + H3.

Secondly, we will prove E} and Hi, i = 1,2, 3.
Step 1. For E%, we have
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1
q(1+€) Y a(i+o

Sl

k+1 9]
— i |7
E% <sup sup 2714 Z 21(0)a(1+e)k Z Z}gﬂ
e>0 L<O0,LeZ k——o00 i=k—1 j=1 8
(-
1
1ja(1+e) Y aG+e
k+1 [ r
—sup sup 2 LA{€ Z n(O)a(1+e)k Z 1 Z|gj\r
e>0 L<L0,LEZ k=—o00 i=k—1 Jj=1
L p(-)
1
/ 119(1+€) ) a(ite

Ssup sup 27L)\ 0 Z 217 q(14+€)k 1, 4 Zw]
e>0 L<0,LEZ k= —o0 j=1

(")
1
q(1+€) ) a(i+e

S =

oo
“Ix ) 6 (0)q(1+e)k o
+sup sup 2 € 21 1 lg;l
>0 L<0,LEZ Z Z !

p()
1
119(14€) ) q+eo

00
+sup  sup o—LXx ) 0 Z 2n(0)q(1+e)k 1 P Z |gj|r
e>0 L<0,LEZ j=1

p(*)
1
q(1+€) Y a(i+o

S =

<sup sup 271M{ € Z 2n(0)a(1+e)k Z]gj
>0 L<0,LEZ Pt

=: Ey.

Then turn to H%, similarly, we have

1
119(1+€) Y a+e

L
2 —LA 9 0o 1 k
H2 <2 > omeditak iy, Z\g]
k=0 j=1
()
1 ja(1+46) ) 709

L 00
+ 27L)\ 69 Z 2nooq(1+6)k 1; Z |g]’7“
k=0 j=1

p(*)
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1
119(1+€) Y a(i+e

L 00
+ 2—L)\ 66 Z 27’]ooq(l+€)k 1k+1 Z |g]|7‘
B p()
< Hy.

Step 2.
Let Vi < k— 2,2 € Ri,1 < r < oo, by the size condition and the generalized

Minkowski’s inequality, we obtain

3=

jf;T’“(gj-) ()] = i(z—kn/Rn }g;.(y)’dy>T

oo
S 2’“”/ Yol ] dw
R\ S5

By Holder’s inequality we get

7 1 q(1+€) q(11+e)
L k—2 0 "
EL<sup sup 2704 Z on(@a(i+e)k ||g Z an/ Z‘gﬂr dy
>0 L<0,LEZ oo =00 R™ \ =1
(")
1 q(1+¢€) q(11+6)
00 s
=sup sup 2—L)\ 0 Z 277 1+e)k ’1 ||q (1+e€) Z 2—kn/ Z’g;‘r dy
>0 L<0,LEZ P i=—o00 R \j=1
1 q(1+e)
L k—2 0o
_ 1+ _
Ssup sup 27EA Sl N gn@alroky g attd N gk ST g m ) 1) L
>0 L<O0,LET oo = — o0 j=1
p(-)
(3.1)

On the other hand, by using Lemma 2.4, we have

(i=Kk)n
275 | Lkl 1Lill oy S 27 nga® 270 < 2700 (3.2)

We put (3.2) into (3.1) and get

—~

w‘»—
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1
1 q(1+€) Y a(i+o
I3 k—2 00 " (i—k)n
Ep Ssup sup 27 N on@kalre RN g ) 1) 270
e>0 L<0,LeZ k=—o00 i=—00 J=1
p(-)
1
1 q(14+€) Y q(i+eo
L k—2 00 " (i—k)n
=sup sup 275y | B0 2O Tgyl" | 1) 200
e>0 L<0,LET o0 \ im—oo j=1
\ p(*)
1
1 q(14+€) Y a(i+e
L k-2 0o "
—sup sup 22 Z Z 9n(0)i Z gl | 1 ob(i—k) ,
>0 L<L0,LEZ k=—o00 \ i=—o00 Jj=1
p(-)
(3.3)
here b := % —n(0) > 0.
Let 1 < g(1 + €) < oo, then the Hoélder’s inequality yields
1 q(1+6)
L k=2 0 ' ba(1+e)(i—k)
. q € 11—
E% <sup  sup 2 LA L 0 Z Z 2n(0)ia(1+e) Z ygj‘r 1 27 7
>0 L<0,LEZ k=—00 | i=—o0 Jj=1
p(-)
1
q(1+e€) €
-2 . (a(1+e)) A
b(a(1te)) (i=k)
o 3 2
1=—00
1
1 q(1+e) q
L k=2 ° " ba(1+e)(i—k)
. q € 11—
<sup sup 2 AL b Z Z 2n(0)ia(1+e) Z 951" L 2
>0 L<0,LEZ k= —o00 i=—00 Jj=1
p(-) Y,
1
" 1 q(1+e) q(1+e)
L—2 i " L pgasat-)
. q €)1—Kk
:Sup sup 2_L)\ 60 Z 277(0)@(](14-6) Z|gJ’T 1'L Z 2f
e>0 L<0,LeZ = —o0 j=1 k=i+2
p(-)
1
1 q(1+€) ) 7(ite
L—2 0 "
Ssup sup 27A L N 9n@ia(i | N g ) g
>0 L<0,LeZ = oo j=1
p(*)

< Ey.
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If 0 < ¢(1+¢) <1, then we have

00 q(1+e€) 0o
(Z ai> < Zag(1+e), 1 €Nya; >0, (3.4)
i=1 i=1

and obtain
1
1 q(1+4¢€) q(1+e)
L k—2 00 "
EL<sup sup 27LM{f Z Z 9n(0)q(1+¢€)i ij,r 1, 9bg(1+e€)(i—k)
>0 L<O0,LEZ k=—o00 i=—00 j=1
p() J
1 q(1+e) Fleesy
L—2 00 " L
—sup sup 2—L)\ 66 Z 2n(0)zq(1+6) Z|gj’T 1; Z 2bq(1+e)(z—k)
e>0 L<0,LET oo = k=i+2
\ (")
r 1 q(1+¢) q(11+€)
L-2 oo "
S Sup Sup 27[/)\ 60 Z 277(0)Zq(1+€) Z |g_]’r 1Z
(")

S Ey.
Similarly, by using Lemmas 2.5 and 3.2, we have

—k —k -1 i—k
27N [ Lillyy 1Ll s S 27 Bl s [l L8, Iy S 272079

1
1 q(1+€) Y ai+o

T

k—2
Hl < 27[/)\ 0 S 27]00i > T 1 2b1(’i7k)
TS SN g | i
k=0 \ i=—o0 j=1 0
p(-

here by = nws — 1M > 0.
For 1 < q(1 + €) < oo, using Holder’s inequality, we have
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1
1 q(1+e) q(14¢) ) a0dFe)
Lok > " bo-n) [ F22 y earayar | CFY
- i CAS. b1(a(1+e))" (i—k)
HZI“SJQ L 602 Z 21700111(1+e) Z|gj|r 1; 915 Z 9 =
k=0i=—00 j=1 i=——oco
\ p(+)
1
1 q(14¢) PIEETS)
) 08 S a0 || [ bla(+e)(i=K)
SEGEY Y o Slgl'| u| 2
k=0i=—00 j=1
p(")
1 q A(l
= q(1+e€)
a ) v A igtae || [ bla(itai=h)
SUGLY D o Mgl n| 23
k=0i=-2 j=1
p(*)
1
Y Q(1+€) q(1+e€)
—Lx ) 0 b iq(1+e) - r bra(te)(izk)
IR CODD DL Sgl| 1| 2™
k=01i=—o00 j=1
p(-)

=0 + I5.

Now we consider I; and I respectively. Due to b; > 0, we have

1
y 1 q(1+¢€) q(1+e)
L—2 [e's) r L by a(14e)(imk)
. . 19 €)(i—
I =2 L) 60 Z 217001q(1+e) Z ’gj|r 1; Z ot
i——2 =1 k=i t2
(")
1
1 19146 q+o
L—2 [e's) T
< 2—L)\ 60 Z aniq(l-‘re) z ’g,|7“ 1,
~ J (]
i=—2 j=1

< Hy.

Because L > 0,b; > 0 and X\ > 0, we obtain

1
q(1+e) a(1+e

3=

L

-3 - 7 00
I <2 b eez Z QM Z 9Meoma(1-+c) Z‘gﬂr 1,
m=o00 J=1

k=0i=—o0
p(+)

1

—L) ) 8 . PSS e iq(1+e)X pra(l+e) e
_ri a3 5 e oy

k=01i=—o00
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1

L —3 q(1Fe)
— 9—LA {69 (Z 2kb1q(1+6)/2> ( Z 2(b1/2+)\)q(1+e)i> H]g(lJre)}q

k=0 i=—00

L L )
< 9—LX {69 (Z 2—kb1q(1+e)/2> ( Z 2(b1/2+/\)q(1+e)i> H}](l-ﬁ-e)}

k=0 1=—00

S 2—L)\2—Lb1/22(b1/2+)\)LHf
~ Hy.

For 0 < ¢(1+¢) < 1, using (3.4)

1 q(1+e) ﬁ
oo k-2 )
Hjlﬂ 5 2—L)\ 69 Z Z Qr]ooiq(l—i—e) Z ‘gj’r 1; 2b1(i—k)
k=0 i=—c0 j=1
p(-)
1 q(1+4€) ﬁ
L k-2 00 r
S 2714/\ 69 Z Z Qﬁooiq(1+6) Z ‘g]|7" 12 2b1(i7k)
k=0i=—2 j=1
\ p(+)
1 q(1+e) e
L -3 00 T
k=0i=—0o0 7j=1
p(-)

=:J1+ Jo.

Similar to Step 2 H2 < Hy is also true for 0 < ¢(1 +¢) < 1.
Step 3. Let Vi > k + 2,z € Ry, then we get

T T

g:lTT’ (95) (@) ] < g:l (Q—in /Rn l9:(y)] dy)r
=27" (; </Rn !gﬁ'(y)\dy>r ;
< g in . 2 lgi]" ; dy.

By Holder’s inequality we get
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1
q(1+€) Y a(i+o

L
E3 <sup sup 271 Z gn(@a(l+ek g, Z 2_”‘/ Z|gj dy

e>0 L<0,LEZ k=—00 i=k+2
p()

1
q(1+€) Y q(i+e)

S =

oo
—sup sup 2T Z gn(0)a(1+)k | 1, ”q(1+€) Z 2—“"0/ Z\gﬂT dy
j=1

>0 L<0,LEZ oo i=k+2

1
q(l+€) ) ¢+

3=

o0 oo
Ssup sup 27 Z 2§ VYl I SO YO 77 T R H [P
>0 L<0,LeZ k——oo =k 42 j=1
()
(3.5)
Using Lemmas 2.5 and 3.2 again, we obtain
27 [ Lkl Ll o r < 27 1l 1184l
-1
S 27 mH1Bk|| ’Bi|HlB¢Hp()
< g (k—i), (3.6)
We put (3.6) into (3.5) and get
1
1 q(1+€) ) a+9
L 00 o] r
E3 <sup sup 2710 Z 21(0)kq(1+c) Z Z|gj|r 1| 2
>0 L<0,LEZ k=—o00 i=k+2 j=1 0
e
( 1 g(1+e) ) 719
L 00 [e'¢) '
LTI IRy 0D oll B SELC | g WY T
>0 L<O,L€Z k=—oo \ i=k+2 j=1
p(*)
( 1 q(1+€) Y ati+o
L [e'e) ‘ 0 T ‘
=sup sup 27 Z Z 2n(0)s Z]gjr 1, 2d(k=1)
e>0 L<0,LEZ oo \ imht2 =
p(")
(3.7)

where d := nwy +n(0) > 0.
Let 1 < ¢(1 + €) < 0o, then we get



M. Sultan, B. Sultan, I-L. Popa / Eur. J. Pure Appl. Math, 18 (3) (2025), 6274 20 of 33

1 ai+e)
L - > ' dq(1+e) (k=) X a1 (i)
. q e)(k—1i q € —1q
E3 <sup sup 27EAL ¢ Z Z 2n(0)ia(1+e) Z lg;I" | 1 2 2 Z 2 2
>0 L<0,LeZ k=—o0 | i=k+2 i=1 i=k+2 /
p()
1
1 al+e) a(i+e)
Lo Nt ' da(1+¢)(k—i)
. q € —1
5 sup sup 9—LA 60 Z Z 27](0)zq(1+6) Z |gj|'r 1; 9 =
>0 L<0,LEZ P arar =
\ p(*)
1
1 je(l+e) a1+
L L+2 0 r dg(1te)(k—i)
_ . q € —1
=sup sup 27 1MQ¢ Z Z 2n(0)ig(1+e) Z lg;|" | 1s 2 P
€>0 L<0,LeZ ke — o0 ik t2 j=1
p()
1
1 a(l+e) a(+e)
Lo > ' dg(1-+) (k=)
. q € —1
+sup sup 27LA{ ¢ Z Z on(0)ia(1+e) Z lg;I" | 1 27 2
e>0 L<0,LEZ b0 L3 =
p()
=13+ I4.
Now we consider Is and I respectively. For d > 0, we get
1
1 e(i+e) a(1+e)
L+2 ) v 22 s
. q € —1
Iy=sup sup 270 Z 2n(O)ia(1+e) Z lg;|" | 1 Z 2 2
e>0 L<0,LEZ i——o00 j=1 k=—o0
\ p(*)

1
q(1+€) ) a+o

1
s

L+2

o0
<sup sup 27 Z on(0)ig(1-+e) Zygjr“ 1;
e>0 L<0,LEZ e

i=—00

< Ey.
If d >0 and A —d/2 <0, then we get

1
1 q(1+€) a(1+e)

T

Lo & aaron—n | o >
Iy <sup sup 27 AL Z Z 273 Z on(0)mg(1+e) Z‘gﬂr 1,,
>0 L<0,LEZ P o= =

p(*)

1

- > dg(1+e)(k—1i) ) 1 q(1+e)
g sup sup 2*L/\ 69 Z Z 275 . 21q(1+e))\E?-( +e€)
e>0 L<0,LEZ b0 143



e>0 L<0,LEZ

<sup sup
e>0 L<0,LEZ
= E/.

k=—o0

Hence we get B3 < .
For 0 < ¢(1 +€) < 1, then using (3.4) in (3.7) we get

E3 <sup sup 2~ LA

e>0 L<0,LeZ

<sup sup
e>0 L<0,LEZ

2—L)\

+sup sup 9~ LA

e>0 L<LO0,LeZ

=:J3+ Js.

\

zL: i 9n(0)ia(1+¢)

k=—o00 1=k+2

L L+2

Y 20+
k=—o00i=k+2

EL: i 9n(0)ig(1+e)

k=—o00 i=L+3

o

i=L+3

o0}

> gl
j=1

o0

> gl
j=1

[e.9]

S =

Z lgil" | L
j=1
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1
L q(1+e
sup  sup 9—LX {59 ( Z 2dq(1+e)k/2> < Z 2()\d/2)q(1+e)i> E;lc(1+f)}

{27Lq(1+6))\2dq(1+e)L/22()\fd/2)q(1+e)LE;!v(1+€) } TeED)

q(1+e)

p(*)
q(1+4¢€)

p(")
q(1+¢€)

p(°)

Similarly we conclude that E3 < Ef holds for 0 < g¢(1 +¢€) < 1.
Then we consider H% Similarly, we have

HS S
k

L %)
S DOEN

=0

1=k+2

here d; = nwi + Moo > 0.
If 1 < q(1+ €) < oo, then Holder’s inequality yields

L o) A o0
H} 527 P20 efy | Y gmeealitail [N
k j=1

=0

i=k+2

p(+)

1
T

lgil" | 1

0o r .
Z |gj|r 1, 2d1(k—z)
j=1

q(1+4¢)

(")

21 of 33

)

1
q(1+e)

odg(1+6)(k—i)

odg(14¢)(k—i)

1
q(1+€) Y a(i+e

d1q(14e€)(k—i)
2 2

_1
q(1+e)

_1
q(1+e)
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1
a(1+e) q(ite)
R i) (k=) | 0T
T
i=k+2
1
1 1 q(1+¢€) q(1+e)
q r
L\ 6 - S 1 ; > d1g(1+e€)(k—1)
STl d Ty et Tgi" ) 1 27
k=0 i=k+2 j=1 0
p(- )
1
1 q(1+5) q(1+e€)
—LXx ) 0 = Nooq(1-4-€)i - r d1a(+e)(k—i)
ST DD Slgl| 1| 2™
k=0i=k+2 j=1 0
(-
1
1 q(1+e) PIGETS)
L T
—-Lx ) 6 .- (1+e)i - r d1g(te)(k=i)
+ 2 € Z Z 2ot e Z|gj‘ 1; 2 2
k=0i=L+3 j=1 0
(-
=15+ Is.
Because d; > 0, we have
1
1 q(14¢) PIEES)
L+2 00 T -2 (o—i)
— . 19(k—1
I5 -9 L\ 69 Z 277<>oq(1+6)z Z ‘gj|r 1; 2242
=2 j=1 k=0
p(*)
1
( 1 9146 ato
L+2 o0 ;
g 2—L/\ 60 Z 27700q(1+6)z Z ‘gj|7‘ 1;
i=2 j=1
\ p(°)
S Hy.
Since di > 0 and A\ — d1/2 < 0, we obtain
)
1
1 q(14¢) ad+o
T
—Lx ) 0 ShS (14€)i S T d1a(to)(k=i)
=279y > 2 Slglt] ul| 27
k=0i=L+3 j=1

p(°)

L
_ diq(1+e)k _ .
<2 LX) 0 22 5 Z 2()\ d1/2)q(1+€)i
k=0 i=L+3
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1

[ 00
~ ZQUOOQ(1+E)W 9—iA Z|gj|r 1,,
m=0 Jj=1

p(+)

< 2—L>\2d1/2L2(>\—d1/2)LHf

— Hy.

1
q(1+e) q(1+e)

For 0 < ¢(1+¢€) <1, we use (3.4) in (3.8) and have

;

o0

k=0 i=k+2

L o)
g O3 S it |3 ) 1,
j=1

L L+2 0

< 27L)\ 60 Z Z 27700q(1+e)i Z ‘gj|7“
k=0 i=k+2 j=1
L o0 )

+ 27L)\ 60 Z Z 2nooq(1+e)’i Z |g]’7“
k=0i=L+3 j=1

=:1;4+ Jg.

Similarly we can get H3. < Hy where 0 < g(1+¢€) < 1.

Hence we completes our proof.

1
T

<=

3=

q(1+4¢)

2d1¢1(1+e)(k—i)
p(*)
q(1+4¢)

2d1q(1+6)(k7i)
p(*)
q(1+e€)

9d1q(1+€)(k—i)

23 of 33

_1
q(1+e)

1
q(1+e€)

_1
q(1+e)

Now we turn to prove Theorem 2.13. Because the proofs of B-parts and F-parts are
similar, we only prove F-parts below. Our proof will use the idea that comes from [59].

To continue, we recall some lemmas.

Lemma 14. [60]
Let p,v e S(R"), -1 < M € Z,

D71i(0) =0 for all

Then for any N > 0 there is a constant Cn such that

|T| < M.

sup | * v(2)| (1 + |2V < OntMHL,

z€R™

where py(x) =t7"u (%) for all 0 <t < 2.
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Lemma 15. [60] If w > 0 and ¢ € (0, 00]. Then for a sequence {g;},°, we have

o0

Gj = Z 2—|€—j|wg£'
=0
Then
K&53a N, < € Haidecll, (3.9)

Lemma 16. If k,q € (0,00],w > 0, s € R, and n,q,p, are same as given in Theorem 2.8.
For a sequence {g;}, , we have

x) = 22*|k*j‘“gk(:ﬂ), xr € R".

Then there are some constants C1 = C1(q,w) and Cy = Ca(p(-), q,w) such that

O Y e NP A
and

H{Gj};io ZK(MK;’,(I;)(’,?’G) gC?H{gj};io ZK( K"“(‘i) 9)' (3.11)
Proof.

Firstly, (3.10) follows immediately from Lemma 3.3. Next we prove (3.11) for p(-) €
PY (R") and we separate it into two cases.
Case 1. p_ > 1,q > 1. Because || - HMK”(‘)(";W is a norm, we have

1l i < 3 27830 98l 02
A,p(0) k—0

Using Lemma 3.4, we get (3.11).
Case 2. If ¢ < 1, let py < min (p_,q) then we get

Ppo
MK”( ):q),0 H |G | ”MKPSTP)( ;1//5(;)) ,pof

A,p(+)

o0

Z 9—lk—jlpow | gl
k=0

MKPOT'O(‘ q//po>,p09

< 22 0 gk Py gemontsa/p0.m00
— poA:p(+)/Po

Consequently we get
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”{G }Hp0< Kn( q)9) - ”{’G ‘pU}H (MKpon() q/po)p09>

) poX,p(*)/Po

S IHlge ™3, o (MEZO7) 9700 700)

= ”{gkz}Hp (MK”()Q) e) .

A,p(0)

By using the power 1/pg, we get (3.11).

Lemma 17 ([61], Theorem 6 ). Let {¢;}, g, is the resolution of unity, R € N. Then
there exists functions 6y, 0 € S (R™) which satisfy

supp @, supp by C {y € R" : |y| < 1},
Bolo)| >0 on {la] < 22},

-~ g
6() >0 on {2 <ol <2},
/ y9(x)dy =0, V7,0 <|y| <R,

such that

Proof. Now we will give the proof of Theorem 2.13.
Step 1. Let g € &' (R™), then

2
< gl

<
MEC D0 ps HQHMKno(«)z)eFS MEO DRy

Using Lemmas 3.2 and 3.5, and the fact » < min{p_,x} for N € N. Then for
g € S(R™), then

([ ] @),

gl

r dt r/K
> 5 Z 2(lfk)(Nrfn+rs)2krs

x M [( / (@), +9) <~>\”df)r/ﬁ] (@),
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IfleN,po=r¢€ (n/a,<min{p_,x}),N > max{0,—s}+aand w:= N+s—d/r > 0,

then we get
21 s (o w )"
</1 ’2z (@519), (x) t)

9 r/k
< Y grerli-Hglrs g [( [ @0 or %) ]m.

kel+Ng

Using Lemma 3.5 in MK:;;)(i;I//:)’ra (En/r), we obtain

(o))
{M !( [ @00 OD/] }ZEN
Theorem 2.8 yields
H{ </12 2 (@519),, (@) N ?)T/n}leN
TR
S {(/12 ‘ka((@)t*g) () Cit) }IGN METIO /00

rAp()/r
i { </12 ‘21% (@), %9) ()] ?)UR}l

N MKT](')’(I)’O(ZK)
Hence, we have
n(-),0),0
MK

A,p(+)
LN A"
H(/O = @50, O )
,p(+)

00 2 s . r dt 1/k
(;/1 ‘2’ (®5_1,9), () t)

{ (/12 )218@2—zt xg(+) it) 1/5}

e A AR (A

<

~

MR e, )

MR (0,)

Q

=n(+),q),0
MKy 50

N

eNIMETO D (0y,)
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1 . ,gdA 1/k
(/0 [AT5®y % g(-)] )\)

MEC DO gy N HQHMKn< 00y
Step 2. Suppose that Uy, ¥ eS8 (R”) and g € §' (R"™).

+n(),a),0
MK)\,ID(J

This proves ||g H

< [lgll® (3.11)

||g|| MK"I()‘Z) er(Rn7(I>)

n(-),q),0
MK Fs(Rn, W) ™~ p()

A,p(0)

By applying Lemmas 3.5 and 3.2, and the fact w = min{1,S + 1 — s},then for g € S,
we get,

21 (Ujg), (v) < C Y 27Wleok (@5, ) (x),2 € R" and t € [1,2]. (3.12)
keNy

1/k
If kK > 1. By using the (fl . ”dt/t) , we get

ls * |k—l|lwoks w dt v
2! (U}g S Y 2ty /\ ), @)

keNy

Applying Lemma 3.5, we obtain

a\"
TN S I <Z2’““ [ 1@00), I“t>

Ap(+) -n(),q),0
MKA,p(')

Hence we obtain the requlred result.

If K <1, then <f1 ”dt/t) is not the norm. Thus we get

s * K woksk "”vdt
(i, ) = 3 et [ o5, 0

keNp

Convolution (v * 1)y of the sequences yields

2
e =2"Frand = 2m/1 (25 x09), ()] —

For z € R™, using ¢1-norm gives as

K
|2 (wig), @], <Ille - Il

<22ksn/ ‘ ktg ‘n%



M. Sultan, B. Sultan, I-L. Popa / Eur. J. Pure Appl. Math, 18 (3) (2025), 6274 28 of 33

By taking (---)'/* and using Kg((.'))’q)’e-norm. We obtain desired result (3.11).
Similarly, for any g € &’ (R™), we obtain

gl < Nl

MEPD0 ps (R B)

o .
wo MK D0 ps (R w)

Ap()
Step 3. Using t =1 in Step 1, we get
(5)
HQH Kn()q)OFS N HQH K"()‘”"Fs N HQHMKn (-),),0
p() K p(:) Ap(+)

Step 4. We show (2.15) is equivalent to the rest.
First, we will show that for any g € S’ (R")

3)
< HgHMK;’()(‘i) s (3.13)
P K

HgHMKW( )( 14, OFS(RT’I

For 0 < r < min{p_, K}, see [59], there exists a positive constant C' such that for any
ge S (R,

</12 [(¥5-19), (@)]" cit)r/ﬁ

. r/K
evontostn [ UL Scamony [(@ei), +.9) (2 + )" der)

<C ) 27N l - dy.

n (1+ 2tz —y|)

keNy

Let ar > n, we get

2nl
@ vy € R™

9(y) == W

Hence we get

r/k
®dt
ls * e
(/ ‘2 (q) 19 >a($) t)
§ 3 e g / (@rsd), %.9) (2 + ) do—y " ()
~ g1 o k+1)t * 9 g+l .

keNy

By applying the majorant property see [62] to obtain

</12 ‘QZS (@;,ltg)a () P it>r/n
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< 2lsr2k(—Nr+n / / (I) .
<) S (Pryr), *9) (2 + )" dztnﬂ (z)

keNp

An index shift on the right-hand side gives

</12 ‘2ls (‘ngzg)a () K it>r/n

< Z glsro(k—1)(—=Nr+n) p4 (// ) (Pr); xg) (2 + )" dzthrl ]
|z|<2—kt
r/K

kel+Ng

_ Z 2(l k)(Nr— n+rs)2krsM (/ /||<2 . ((I)k:) *g) (2—|— )‘ dzt”+1> (l’)

kel+No
. (3) .
It is simple to note that HgHMKZf:(’g)’QFS < Hg”MK"( 2010y’ since for any t > 0
1 (@e% g) (z +2)
o (@1 % g) (x + 2)[dz S sup S (P9), (2)-
" )zt o<t (L4 1/t[z])* t4a

Hence, we complete the proof.

4. Conclusion

In this paper, we proved the boundedness results for vector-valued sublinear operators
on grand variable Herz-Morrey spaces. Then we define the idea of grand variable Herz-
Morrey type Besov and Triebel-Lizorkin spaces and proved equivalent quasi-norms by
Peetre’s maximal operators in these spaces under some proper assumptions.
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