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Abstract. The main objective of this research paper is to explore further generalization of conflu-
ent hypergeometric and Whittaker functions by introducing a new parameter k > 0, in generalized
extended confluent hypergeometric and Whittaker functions defined by Khan et al. [1]. We also
investigate the Mellin transformations, inverse Mellin transformations, Hankel transformations,
Laplace transformations, and derivative of the newly defined generalized extended confluent hy-
pergeometric and Whittaker k-functions. We also obtain Riemann-Liouville fractional integral and
Riemann-Liouville k-fractional integral of these new generalized extended Whittaker k-function.
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1. Introduction and Preliminaries

Special functions play a compelling role in different fields such as statistics, physics,
mathematics and engineering etc. The hypergeometric, beta, gamma functions and Leg-
endre polynomial play a remarkable role to solve complex mathematical problems. In
the solutions of partial differential equation to control the physical phenomena such as
wave propagation and heat flow, the special functions are contiguously arrive. The hy-
pergeometric functions are used in the calculation of Feymann integrals. The confluent
hypergeometric has many applications in probability, statistics, approximation theory, so-
lution of differential equation and physics. The confluent hypergeometric function helps
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in the solution of Schrodinger equation in quantum mechanics and the heat conduction
equation in the thermodynamics. It also helps in the study of random process, stochastic
model statistical distributions, in the calculation of Laplace transform and Fourier trans-
form. Nasa uses generalized Whittaker functions to model spacecraft re-entry plasma
sheaths. Due to generalization of such hypergeometric and Whittaker functions we can
solve closed-form solutions to differential equations with non-polynomial coefficients. In
quantum field theory and fractional calculus models higher-order differential equations can
be solved by using such generalizations.

The generalization and extension of special functions such as hypergeometric, gamma,
beta, Bessel functions etc. play a central role in mathematical modeling, economics,
physics and mathematical analysis. In mathematical analysis such as integral transforms,
and special function theory generalizes the Mellin and Barnes integral representations for
functions with branch cuts. Various researches introduced the generalizations, extensions,
integral representations and properties of various special functions for parameter k£ > 0,
(see [2-7] and [8-14]). In [15], Diaz and Pariguan investigated gamma, beta, hypergeomet-
ric k-functions and Pochhammer’s k-symbol. Nasar et al.[16], introduced some inequalities
involving extended gamma and confluent hypergeometric k-functions. In [17], Mubeen et
al. investigated the extensions of beta, gamma, and beta distribution. In [18], Qayyumm
et al. introduced extended conformable k- beta and hypergeometric functions by using
Mittag-Leffer k-function. In [19], Kokologiannaki proved some properties and inequalities
of gamma, beta and zeta k- functions. In [20], Mubeen et al. introduced integral rep-
resentations of k-hypergeometric functions. Rahman et al. [21] investigated inequalities
involving extended gamma and beta k-functions.

Many other researchers introduced the generalizations, extensions, integral represen-
tations and properties of various special functions without & > 0 parameter, (see [1, 4, 10—
12, 22]). In 2004, Chaudhary et al. [23] extended the Gauss, confluent hypergeometric
functions by using the extended beta functions. Further, Parmar [24] introduced a new
generalization of extended Gauss, confluent hypergeometric functions by using generalized
extended beta functions. In [25], Ozregion et al. gave the extension of gamma, beta, and
hypergeometric functions. Sarivastava et al. [26] introduced a new generalized extended
Gauss hypergeometric functions. Issenova et al. [27] gave some generalizations of Whit-
taker, Horn, Bessel, Legendre functions, discussed some related properties and examples
as applications. Paula et al. [28] investigated the generalization of some special functions
and discussed related application in probability distributions in the field of statistics. The
Whittaker function which was introduced by Whittaker in (1903) is a unique solution of
Whittaker equation. It is a modified form of confluent hypergeometric function. It has
many applications in physics, engineering and mathematics. Whittaker function helps
in the signal processing, and to solve the differential equations. The Whittaker function
introduced by whittaker in [29]. After that various researchers introduced the generaliza-
tions and extensions of Whittaker function in terms of £ > 0 parameter and without &
parameter. In [30], Nagar et al. introduced extended Whittaker function and its prop-



S. A. H. Shah et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6279 3 of 23

erties. Khan et al. [31] generalized extended whittaker function. In [32], Khan et al.
investigated the analysis of extended Whittaker function. In [33], Khan et al. also in-
troduced multi-index Whittaker function. In [34], Panwar and Rai introduced Whittaker
k-function and investigated the fractional integral of Whittaker k-function. In [1], Khan et
al. investigated generalized extended Whittaker function introducing an extra parameter.

The main objective of this research paper is to provide a further generalization of
confluent hypergeometric and Whittaker functions by introducing k > 0 parameter in
generalized extended confluent hypergeometric and Whittaker functions defined by Khan
et al. [1]. We also investigate some properties such as integral representations, Mellin
transform, inverse Mellin, Hankel, laplace transformations and derivative of these new
generalized extended confluent hypergeometric and Whittaker k-functions. We also ob-
tain Riemann-Liouville fractional integral and k-Riemann-Liouville fractional integral of
these new generalized extended Whittaker k-function. The laplace transformations helps
us in solving complex mathematical problems, design and analyze the control systems,
analyzing and optimizing communications signals in telecommunications and used in fi-
nancial modeling. Mellin and Hankel transformations are important mathematical tools
in the field of integral transforms. For the simplifying complex problems, dealing with spe-
cial functions, in number theory and probability theory Mellin and Hankel transformations
play a key role.

In [15], Diaz and Pariguan investigated gamma, beta, hypergeometric k-functions and
Pochhammer’s k-symbol as follows:

Let w € C (C is a set of complex numbers), then

oo vk
Ip(w) = /vw_le_kdv (1)
0
If R(s1) >0, R(s2) >0, k>0, then
L(s1)Tk(s2)
- [Z RATAT 2
Br(s1, s2) T4 (51 + 52) (2)
. 1
= k/sskll(l — )% lds (3)
0
If ,u e C;k > 0, then
_ T(7 + uk)
Mot =215 (renipo)

T(r+k)---(t+(1—-1)k) (u=1€eN).
The Gauss hypergeometric k-function is defined as

> A n A nk 2"
2 FrxOh doiAai2) = 3 Wn’

n=0

- {1 = ()

(A3 € C\Fyilz| < 13k e RT). (5)



S. A. H. Shah et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6279 4 of 23

In [16], confluent hypergeometric k-function is defined as

o0
01 k tm
1 ko1, 093t) = ) TVt 17

L= (02)mge ml

where [t| < £, R(o1) > R(02) >0, k> 0.

In [34], Savita Panwar and Prakriti Rai introduced a new form of confluent hypergeo-
metric k-function as

Z,Bk 31+mk 82—81) m (7)

F, .

In [2], Mubeen introduced the following k-analague of Kummer’s first formula

1F1 1(51,82;0) = exp(v)1F k(52 — 51,525 —v). (8)

In [17], Mubeen et al. defined extended gamma k-function as follows:

oo tk wk
v—1
—)dt
/t 1F1k P,qa k? ]{Ztk) ) (9)
0

where R(w) > 0, R(q) >0, R(v) >0, R(p) >0, k> 0.

In the same paper [17], extended beta k-function is defined as

k
P_1q — €
(1-— F —_—
Sk 8 1 1k(51’52’k: (1 3)

B (pq )ds, (10)

?v\»—‘
o _

where R(d1) > 0, R(52) >0, R() >0, R(p) >0, R(q) >0, k> 0.

Let k£ > 0, € (0,1), then extended («, k)-beta function defined in [18] as

Q

1
1 24 —QF
ﬂk‘,pl P2 p, 7]{; Sak ]_ — S E(k,pl,pQ) m daS, (11)
0

where R(p),R(q) >0, s€C, Q>0.

In the same paper [18], («, k)- hypergeometric and confluent hypergeometric functions
respectively, defined as

a7Q
kahpz

io: v1 mkﬁkp1p2(1}2+mka vg — v2) g™

Bk (7}2,1}3 2) m! ’ (12)

(/Ulv V2,03, T
m=0
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where (v, R(v2), R(vs > 0), a€(0,1), k>0,|z¢ <1,Q >0
and
ﬁk P12 (1)2 + mka, vy — 1)2) pom

B (v, v3 — v2) m!’ (13)

¢k‘ ,P1,P2 (UQ’ v3; xa) - Z

m=0

where R(vq), R(v3) >0, a € (0,1), k£>0,[v* <1,Q > 0.

By using equation (11) in (12) and (13), we obtain following integral representations

1
Fipt (02 v 2%) - = = kB (o2, v — 0/ st (1 — 8) L1 — ka®s) F
X E(kp1,p2) (,%(_162_3)) das, (14)
where R(v1) > 0, R(v2),R(v3) >0, a € (0,1), £>0,[z% <1,Q > 0.
1
¢k o (V2,035 2%) ozkﬂk o vn 0/ 21 (1—s) Uga—kvz_leatas
X Bk pr p2) (ks(_lQ_ks)> das, (15)

where R(vy),R(v3) >0, a€(0,1), k> 0,]z% <1,Q > 0.

Khan et al. [1], introduced the generalized extended confluent and beta functions as

§1,02,01,12)
ﬂ(l 2 2( 2 +m, 03 — 0g) tm

B(o2,03 — 03) m!’ (16)

61,02,01:1
wé 1,02,l1 2)(02,03;0 Z

m=0

where |t| < 1, min{R(d1), R(d2), R(l1),R(l2)} > 0,R(c3) > R(o2) > 0,R(E) >0 11,12 > 1,
and
—£

m)dz. (17)

1
B o) = [ 2711 R
0

By using equation (17) into (16), we obtain the following integral representation of gener-
alized extended confluent hypergeometric function

. 1 !
wéﬁl,dz,ll.b)(al’ 09, 03; t) — 5(0-2 p— 02) / to’gfl(l _ t)o’;gfo’zflezt
—<£

><1F1(51;52§ m)

dt. (18)
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Srivastava et al. [26], introduced the generalized extended Gauss hypergeometric as follow:

5(51’62 2 (55 + m, o3 — ag) gm

B(o2, 03 — 02) m!’

where |t| < 1, min{R(d1), R(d2), R(l1),R(l2)} > 0,R(c3) > R(o2) > 0,R(01) > O,w >
0,11,1p > 1.

o0
B o o) = 3 (o (19)
m=

By using equation (17) into (19), we obtain the following integral representation of
generalized extended confluent hypergeometric function

. 1 !
F£(51,62,l1.lz)(0_1’ 09, 03 t) _ / tag—l(l . t)ag—ag—l
B(o2,03 —a2) Jo
-0 LS. —£
X(]. — Zt) llFl((Sl, (52, m)dt (20)

Khan et al. [1] introduced the extension of Kummer’s first formula as follows:
(61,62,01:12) (61,02,l1;l2)
w£ 02ll2) () o t) = expl(t )w£ po2lil) (0 gy g —t). (21)

Remark 1. If we take Iy = ly into (16), (17), (18), (19), (20), we get the extended
Gauss, confluent and beta function and their integral representations respectively which
introduced by Parmar [24]. Further if we take o1 = o2 and Iy = la = 1 into (16), (17),
(18), (19), (20), we get the extended Gauss, confluent, beta functions and their integral
representations respectively which introduced by Chaudhry et al. [23]. Further if we take
li = la = 1 into (16), (17), (18), (19), (20), we get extension of gauss, confluent beta
functions and their integral representations respectively which was defined by Ozergin et
al. [25].

For some p > 0, Mellin transform introduced by Mellin in 1897 (see [35]) as

o

M(f(s);p] = F(p) = / 1 f(s)ds. (22)

0
The Laplace trasformation of f(v) for R(s) > 0 is defined (see [35]) as

F(s) = L{f(1v)} = /0 e fw)do. (23)

The Riemann-Liouville k-fractional integral of order —pu is defined as follows (see [3])
1 /U ;}l«_l

= v—t)F Lf)dt, (keRT;NR(u) <0). 24

FTn (=) 0( ) (t)dt, (1) <0) (24)

Remark 2. If we take k = 1 into (24), then k-Riemann-Liouville fractional integral of
order —p 1s reduced to Riemann-Liouville fractional integral of order —u which defined in

[36].
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The classical Whitttaker function introduced by Whittaker [29] is

M) = 2 exp (<) 0 (b= 74 a2+ 1) (25)

2
where R(p) > L R(p£7) > —1.

Nagar et al. [30], investigated the extended whittaker function as follows
My 7p(2) = P2 exp (—%) o ( -7 + —:2p+1: z> , (26)

where A > 0,R(p) > —3;R(p£7) > —3.

The generalized extended Whittaker function is defined as in [1]

(91,02,l1:12) _ ou+i AN (61,02,h2) 1 .
MO () = S exp (=2 ) of (W=—p+5:20+1:2),  (27)

where l1,ly > 1,€ € Ry, R(u) > -3, R(p£p) > -1/2,z € Cl(—o0,0, R(01) > 0, R(d2) > 0
In [34], Savita Panwar and Prakriti Rai introduced Whittaker k-function as
M, k(2) = P2 exp (—g) 1F1 ( -7+ 5 2p+1: z> (28)

where R(p) > —%; Rp£tT) > —%, z € C|(_e0,0)-
Remark 3. If we take k=1 into (28) then (28), reduces to (25).

By keeping in view the direction of the researchers in the field of special functions, we
generalize some known functions like confluent hypergeometric, and Whittaker functions,
prove some of their related properties as follows:

2. Generalized Extended Confluent Hypergeometric And Beta
k-Function

In this section, first we generalize the beta function in terms of new parameter k > 0,
then we use definition of these generalized extended beta k-function to generalize the con-
fluent hypergeometric in term of &£ > 0. We also investigate some properties like as integral
representation, Mellin transforms, inverse Mellin transforms, Laplace transformation and
derivative of these new generalized extended confluent hypergeometric k-functions.

Definition 1. If £ > 0, min{R(d;),R(d2),R(l1),R(l2)} > 0,R(&) > 0,R(p),R(q) >
0,11,lo > 1, then we define the generalized extended beta k-function as

1
b _ q__
/sk 11—sk 1
0

ﬁ 51752,l17l2
&k

?v\»—l
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_fk
ksti(1 — s)k
Definition 2. By using above definition (29), we extend the confluent hypergeometric

function in terms of new parameter k > 0 as follows:
If min{%((sl),%(52),?]%@1),%([2)} > 0,%(5) >0, R(p ) §R(q) > 0,11,l0 > 1, then

61,02,01,1
00 5§1212)(

01,02,l1:12)
w(l 212(02703;t)22

m=0

Remark 4. If we take k = 1, then (29), (30) reduces to generalize extended beta and
confluent hypergeometric functions which defined by Khan et al. [1]. If we take k = 1
and 1y = ly into (29), (30), we get extended beta and confluent hypergeometric functions
which introduced by Parmar [24]. If we take o1 = 09 and ly = la = 1 and k = 1 into
(29), (30), we get extended beta and confluent hypergeometric functions which introduced
by Chaudhry et al. [22, 23]. Further if we take k=1 and l; = la = 1 into (29), (30), we
get extension of beta and confluent hypergeometric functions which defined by Ozergin et

al. [25].

X1F17k(51;52; )ds. (29)

oy +mk, o3 — 03) ™ 30
Br (02,03 — 02) m!’ (30)

3. Integral Representations of Generalized Extended Confluent
Hypergeometric k-Function

Theorem 1. If £ > 0, min{R(d1),R(d2),R(l1),R(l2)} > 0,w > 0,R(c3) > R(0o2) > 0,
then following integral representations hold true

1

1/}661,62,11 i12) (09, 03; 2) kﬁk Eo / 7l (1—25) 03;02 "exp(zs)
0
X1 F1 (013 623 m)d (31)
o 92
(61,62, 112) 1 / (u)® U
092,03; 2 = o3 &X
¢£ ( 2,03 ) kﬁk(027‘73_‘72) (1+u) k3 p(1—|—u>
k i+l
_ + q)latle
(010 = kuh) )ds (32)
) bl
209 2(ocg3—09)
¢§61 ) (g 032) = kBi(o2, 03 — 02) /COS “ 1 gsinT x ! exp(zcos’ 6)
0
—&Fsec? fesc?2 9
SO (33)
92 7
¢§51,52,l1 l2) (02, 03; 2) — R )/tanh2k - Qsech Qexp(ztanh2 0)
k(02,03 — 02
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—¢k coth2l1 0 cosh?2 9

X 15 k(015 623 )do (34)
G-pF ey (u—p)
(81,02,11:12) ) _ z / oz -1 o3—0y 4 [z uU—p }
09,03} % g—u) & exp | —%
wg (02 05:2)  kBr(o2,03 — 09) ) Plra=»
p
k li+l2
X151 1 (015 62; e —p) )du (35)

F(u ﬁ) (q—u)"=
)/Gﬁﬂﬁ?lﬂ—uf%@%m{du+n]

ol-%
~ kB(02, 03 — o9
k()
F(u+ D) (1—u)e

(81,02,01:12)
¢£1 212(0_2’0_3;2)

><1F17k(51;62; )du

(36)
Proof. From equation (29), we have
1
1 T r3—T
B (ry Lk, — 1) = k/85+m_1(1 —s)E !
0
_gk
X111 (015 02; )ds. (37)

ksti(1 — s)k

By using equation (37) into (30) and by changing the order of integration and summation,
we get

1
72 7377"2_
Tb(dl’&z’h ) (g9, 03; 2) Z kB (02,03 — 02 /8 R () o
0

_f zm
X1F1,k(51;525m)m1
1
o2 _ 7802
S k 1—3
kﬁk 02,03 — 02) 0/ mz:O m!
><1F1k(51,52am)d

o —0o

1
2 93-92
st 1 (1+s) * Lexp(zs
" kBi(02, 03 — 02) 0/ (25)

)ds.

x1F k(51, d2; m

u+1

2L and s = Y=

which is (31) further by putting s = %, s = cos?0, s = tanh? 6, s =
into equation (31), we get equations (32), (33), (34), (35), and (36)
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Remark 5. If we put k = 1 into equations (31), (32), (33), (34), (35), (36), we get integral
representations of generalized extended confluent hypergeometric functions.

4. Mellin Transform And Transformation Formula of Generalized
Extended Confluent Hypergeometric k-Function

Theorem 2. If k > 0, R(r) > 0, R(01 +7) > 0, R(d2 +7) > 0, R(&) > 0, R(61) > 0,
R(d2) > 0, ly,ly > 1, then following Mellin tranformations holds true
[l (0,0 )¢

0

_ F;(jl’(b)(/\)ﬂk(ffz + 1,03 — 02 + lor)
Br (02,03 — 02)

x1F) (o2 4+ lir, 03 4 (I + l2)7; 2). (38)

Proof. Multiplying equation (30) by ¢"~! on both sides and integrate w.r.t ¢ from
& =0 to £ = oo and by changing the order of integraton and summation, we get

1
r—1,,(01,02,l1:12) d T2 _ 1_ 03*02 1 d
/f Ve i (U 03; z)d§ kﬁk Ea——" O/ g s)"F exp(zs)ds
r 1 51:6 _gk
L F . > \dE.
X/é- 1 l,k( 1,02, kSll(l —8)12) 5 (39)
0
By substituting A = ﬁ into (39), we get
sk (1—s)k
/[ST Y (61;0 Aggggéflggf)dg =5 (1—s)% L Fy (o1, 0 -:lgﬁ)dA
111k 1; 27]47 ll( —S)l2 - 14£'1,k\01,02, Lk
=sF -5 P,(jl"’?)(A). (40)
By substituting equation (40) into equation (39), we get
(p1,91) 1
b ) / 724l g (o3=09)trly g
= sk 1-—s k exp(zs)ds
kB (02,03 — 03) / ( ) p(2s)

r0192) (\ +lir,03 — 09 + lor
— _k ( )%k((a(; 031—77?;) 2T )1F17k(02 +Uhr,o3 4 (1 + l2)r; 2).

Corollary 1. By the Mellin inversion formula, we have following integral of genetalized
extended confluent hypergeometric k-function

c+1oo
oot 1/rﬁmum@ﬂwn@—@+w)

-y —
92,935 ) 27 Bk(0'270'3_0'2)
c—1L00
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x1Fy (o2 + iy o3 + (11 + 12)r; 2)€ 7" d€. (41)

Proof. By taking Mellin inverse of equation (38) on both sides, we get the required
result.

Remark 6. If we take k = 1 into equation (38), (41), then we get Mellin and inverse
Mellin transforms of generalized extended confluent hypergeometric function which intro-
duced by Khan et al. [1].

Theorem 3. If k > 0, min{R(d1),R(d2),R(l1),R(l2)} > 0,R(E) > 0,R(d2), R(d3) >
0,11,lo > 1, then following transformation formula holds for generalized extended confluent
hypergeometric k-function

(81,02,01:l2) (91,02,l1:l2)
1/’,5 1,02,01:12) (09, 05;t) = exp(t )1/},5 1,02,01:12) (03 — 09,03; —t). (42)

Proof. By using integral representation of generalized extended confluent hypergeo-
metric k-function, we have

(51,62,01:12)
% A (92,03 2) k/Bk 02,03 — 02)
)

1
/sk2 (1—2s) - Lexp(zs)
0
—&*

X1 1 (015 62; m)d&

Replace s by s — 1, we get the required result.

Remark 7. If we put k = 1 into equation (42), we get generalized extended Kummar’s
first fomula defined by Khan et al. [1]. Further if we take m=n, then (42) reduces to
extended Kummar’s first fomula defined by Parmar in [24]. If we take & =0, then we get
classical Kummar’s first fomula.

5. Laplace Transformation of Generalized Extended Confluent
Hypergeometric k-Function

Theorem 4. If k > 0,min{R(51), R(d2),R(l1),R(l2)} > 0,w > 0,R(03) > R(o2) >
0,R(d) > 0, then

o

oo

r d

/ LRI PP P o (Zbr:d)
0 m=0

B§§1,52,l1,12 ( o9 + mk:, o3 — 0-2) oM (43)
Br(o2,03 — 02) m!
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Proof. Consider left hand side of equation (43), we have

® o0 0o 51,52,11,52) (

/ o—stpd— 1¢(51’52’h l2)(02,ag;vt)dt :/e—sttd 1 Z

0 0
M
dt.
m)!

o9+ mk,03 — 03)

Br(02,03 — 02)

X

By changing the order of integration and summation, we have

o0 o0

51 92,01 lg
_ B SR (ag—i—mk,ag—ag)vm
/e_Sttd_lﬂ)g’i’éQ’ll'lQ)(02,0'3;Ut)dt Z &k /G_Sttm+d_1dt
’ = Br(02,03 — 02) m!
0 _
51,601,
- — ml +d
=0 6k(02703 02) m: sm
(61,02,11,0
B i I(m + d) Bg V) (o ik, o5 — 03) g
B e s Br(o2,03 — 02) m!’

Theorem 5. If k > 0,min{R(51), R(d2), R(l1),R(l2)} > 0,w > 0,R(03) > R(o2) >
0,R(d) > 0, then

o0

(81,02,01,l2)
—St 7_1 51,52,l1 lz . _ S ( ) 5{ p (02 + mk 03 - UQ)Fk(d + mk)
Lk 1,[)6 (O'Q,O'g,Ut)dt = Z r
0 m=0 Bi(02, 03 — 0ok T gkt
U’m
Proof. Consider left hand side of equation (44), we have
o0 o0 (61762)l17l2) ]{; mim
o st d_1 1 (01,02,01:l2) . _ / —styd—1 (02 +mk, 03 — 02) v™t
tk 09, 03;vt)dt tk dt.
0/ d)g (02,95;v1) ) Z Br(o2, 03 — 02) m!

By changing the order of integration and summation, we have

7 (01,02,l1,l2) )
ﬂ T (09 + mk, 03 — 02) g™
/ —sttg—lwgéhéz,h l2)(027 o3 Ut)dt Z &k ( ) v /e_SttZ+m—1dt
0 m= J
i ﬂéiiﬁQ,llle)(O’ + mk g3 — 02)Fk(% —|— m)k Um
m=0 ﬁk(02,0'3 - Uz)kk+m ISZ"‘m m)
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6. Derivative of Generalized Extended Confluent Hypergeometric
k-Function

Theorem 6. If k > 0, min{R(51), R(d2),R(l1),R(l2)} > 0,w > 0,R(03) > R(o2) >
0,l1,l1o > 1, then

(61,0 02)1k  (61,02,l1:
dvl [¢£ 1,02,l1:12) ( 2’0.3;1))] - Egz§l7k éj; 2,01 12)(0.2 + 1k, o5 + lk;v).
(45)
Proof. From equation (30), we have
oo pl61,62,01,l2) I
(51 JB2,01: 12 55 ( 2+lk,0'3—0'2)v
; = —. 46
¢5 (027037U) lz_; /Bk(02703 — 0_2) ! ( )
After taking derivative of (46) w.r.t v and simlification, we obtain
81,82,01,1
W Opohita) )] Z B( ) 0y 4 Uk, 05 — 0) 1t
o9,03;0)] =
ok >0 e Bi(02,03 — 02) l!
i BV (5 1k 05 — ) ol
& Br (02,03 — 02) (=1
=1
By replacing ! by [+1, we get
oo p(01,02,01,02)
B £ (14 1)k, 03 — g9) o
[Qz)gisl,ég,ll lz)(O’Q,O’g;’l})] _ Z g, ( 02 ( ) 3 2)1
— Br(02,03 — 02) I!
(47)
By using following property
o
Br(o2,03 —02) = Eaz;iﬂk(02+k703—02),
then equation (47) can be written as
51,02,01,1
W, (5r.020:82) () )k i BE 1 (03 + (L+ Dk, 05 — 02) o}
&k 2,03V [ ,Bk(ag—l—k,ag—ag) I
Suppose result is true for [-1, then
A1 (618a0nda) (02, )i-1,k
dvz-ﬂw( Lot (02,03;0)] = m (48)
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d)gél,ég,h l2 ( o9 + (l _ l)k’ o3 + (l — 1)]€,’l))
By taking derivative of equation (48) w.r.t. v, we get
(02)i-1,k(02 + (I = 1K)
(03)i—1,k(03 + (I — 1)k)
1/](51,52,11 l2) ( o1+ lk7 o9 + lk, o3+ lk’, ’U)

_ (UQ)Z,k (51,52,11:l2)(
(o3)1 &F

(61,02,01:12)
[,(/}g 1,02,01- 2 (0_2’0_370)] —

dvl

o9 + Uk, 03 + lk;v).

Remark 8. If we take k = 1 into equation (45), we get derivative of generalized extended
confluent hypergeometric function which investigated by Khan et al. [1].

7. Generalized Extended Whittaker k-Function

In this section, we introduce generalized extended whittaker k-function with the help of
generalized extended confluent hypergeometric k-function. Further, we investigate Mellin
transforms, Hankel transformation, Laplace transformation, fractional integral and deriva-
tive of these new generalized extended Whittaker k-function.

Definition 3. If ¢ > 0,01,1> > LR, R(G) > 0,k > 0,R(n) > ~4 R(u +p) >

f%, R(p —p) > —% ,then generalized extended Whittaker k-function we define as follows
. 1
Mf(f?];ﬁilh.b)(z) _ Zu+% exp ( ) ¢£§1,52711 l2)( —p+ 7; 2'u + 1; Z). (49)

where w (01,02,01: lQ)(u v; ) is generalized extended confluent hypergeometric k-function which

is deﬁned in (30).

Remark 9. If we take k = 1 into (49), we get generalized extended Whittaker function
defined by Khan et al. [1]. If we take lo = 1, then we get extended Whittaker function
defined in [32],also see[33]. Further by putting 61 = 2, and Iy = la, we get extended
Whittaker function which investigated by Khan and Ghayasuddin in [31]. Further for
la = 1, we get extended Whittaker due to Nagar et al. [30]. For & = 0 gives classical
Whittaker function defined in [29]

8. Integral Representation of Generalized Extended Whittaker
k-Function

Theorem 7. [f£ > O> %(M +p) > _%7%(M _p) > _%)allab > 17%(51)7%(52) > ka > 07
then following integral representations hold true

1

) Z“+ 2 e
Mg z) 2L A
" kBelp— p+2,u+p+

H+p+%

2 *1(1 — 1) F - Lexp(zt)
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5. &
x1F1 1015 62; m)dt. (50)
A e —z\ § il it l
My LU L E R [, ot
kBk(p —p+ 3 n+p+3) )
Z(u — 8) _(q _ S)l1+l2€k
xexp[ — ]1 16(013 Q’k(u—s)ll(q—u)lz)u (51)
(61,02,01:12) Z/j‘+% eXp(%Z) by M—P+%_1 —(2u+1)
Mo (2) = 1 vk (u+1)"F
kKoolu —p+z.n+p+3))
zZu —gk(y 4 1)t
x exp(y—— 1 Fik(py, ai; ( k:ull) )du. (52)
1264 /H‘* ! 1
M(51’52’l1:l2) _ (2) ko Z 1 u+p+§_1
&.k.pp () - (I—u) =
kBu(p—p+ 3, u+p+3
_(2)l1+12§k
Fy (615 02; d 53
p+l ;
(61,02,11:12) 272 exp(3 / N s
z (1 —wu) k u)  F exp(—zu
§k,p,p (2) kﬁk(/ﬁ p+2,u+p+ 0 ( p( )
_gk
x 151 (015 02; Ydu (54)

Proof By using equation (31) in (49), we get (50) and further by putting ¢ = Z:j,
t= 1y, t=1—wu, in (50), we get (51), (52), (54). If we take s = —1 and ¢ = 1 in (51

we get (53)

9

Remark 10. If we take k = 1 in (50), (51), (52), (53), and (54), we get integral rep-
resentation of generalized extended Whittaker function investigated by Khan et al. [1].
Further by putting 61 = 02, and Iy = lo we get integral representation of extended Whit-
taker function which investigated by Khan and Ghayasuddin in [31], further for ly =1, we
get integral representation of extended whittaker due to Nagar et al. [30].
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9. Integral Transform of Generalized Extended Whittaker k-Function

Theorem 8. If k > 0, R(r) > 0, R(01 +r) > 0, R(o2 +7) > 0 R(E) >0, R(01) >
R(02) >0, li,lo > 1, R(p+lor + k) > S, R(u+lir — k) > 3L, then following Mellm
transforms holds true

61,0
/6’" I hb) (g = TE ) ()22 exp(F)Be(p —p+ 3+ lirp+p+ 3+ bor)
Vet B(M—p+§,u+p+%)
1
ka(“_p"‘i"‘llrﬂﬂ—i—(h+l2)r+1). (55)

Proof. Consider left hand side of equation (55) then using (50) and changing the order
of integration, we get

oo 1

1
S oxp( =2 —pt3 +p+3
/ér Iag g(éklﬁzll lz)(Z)df _ )§p< 2 ) T /SH Z 2_1(1 —s)u Z 41 exp(zs)
) ’ kBr(p—p+ 3, m+p+35)
r— —&"
Fy ;. (01;02; —————)d
/5 1 lk‘ 13 2’]{3l1(1—8)l2)§
By substituting A = —m7 £ w1, We get
sk (1—-s) k&
13,7(01.02,1:02) F/E;phql)(?")zwr% exp(5°) / poptgtmar protgimr
/fr 5137,1)2/171 (e = - ; /sk_ (1—s)" *  “exp(zs)ds
kB(h—p+ 7, 0+p+3)

ngpl,m)( )z“+2exp( Z) Br(p—p+ 5 +mar,p+p+ 5 +mnr)

kB —p+ 5 u+p+3) Blu—p+ 3 +mur,p+p+ 5 +mr)
1

p—ptitmyr ptp+S4ngr
x/s — 11 -s) — exp(zs)ds.

0

By using the integral representation of generalized extended confluent hypergeometric
k-function we get the above result.

Remark 11. If we take k = 1 in (55), then we get Mellin transfrmation of generalized
extended confluent hypergeometric function which was investigated by Khan et al. [1].

Theorem 9. If£ >0, 2p>b>0, R(a+p) > —3, k>0, then we have following integral
transfom holds true
e,
[ exp(cpa)e a0 0y —
0

()3T (a+ p+ 1)
(p+3)ts
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1 1 2b
XFglkﬁ%llyb(a_i_M_i_f’u—p—i— ,2/,L+1

2 2 i) (56)

Proof. Consider the left hand side of equation (56), then using integral representation
of generalized extended Whittaker k-function and by changing the order of interation and
summation, we get

81,02,01,1
< B (4 — p+ Lk, g+ p + L)

/exp(—p a—1 g (8102.0a: l2)(bz)dz
0

Shph = Brlp—p+5,n+p+3)
XW /exp(—(p + g)z)z(“+”+m+%)_1dz.
0
By using the following formula
00
ng) = /exp(—st)t“_ldt,

0

we get the above result.

Corollary 2. If we put a=b=1 in (56), then we get following integral transform

/exp £(skl,(sz,zl 2)(2)dz = (2)" 20 (u + 3)
D p,+§
4 (Zp+1)F7>
FoL02,01,l 3 1 9 1;
xFey (ptgm=p+g2n+ Em il

Theorem 10. If k > 0, R(u +p) > —%, R(pw—p) > —%, R(pw+v) >0, l1,lo > 1, then
following Hankel transformation holds true

Tt o+3) & o ﬁ(dl’&"’ll’lz (h—p+L+mhk,pu+p+3)

(a2+i)5+g Belp—p+ 35, 0+p+3)
Tt ot Sy 1

(a2 + 1T m! ptmt+3N /Aa? + 1

o
/zMg(S,;’sQl;ll il2) (2)Jyp(az)dz
0

m=0
)- (57)

Proof. By using (26) and (46), then by changing the order of integration and summa-
tion, we get

(51,6201,
B (1 —p 4 Sk, p+ 3
Br(u—p+ 5.5+ p+3)m

m=0

(81,02,01:12)
/zMé Kpon 2) (2)Jy(az)dz Z
0
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X/ (pmt-3 exp(%z)Jv(az)dz.
0

By using the following formula

o0

/exp(—pz)z“Jv(az)dz =I(p+v+ 1)7“7“71]3;”(2).

r
0

R(p+v) > —1,r=+/p? +a?, P;"(z) is Legendre function.
By taking p = %, w=pu+m+ % and after simlification, we get requir result.

Theorem 11. For generalzed extended Whittaker k-function the following relation holds
true

MO (—z) = (m1pta M (), (58)

where § > 0,R(pu) > —3,R(p+p) > —5,R(p—p) > =50, o > 1.
Proof. By replacing z by —z in equation (49), we get
61,00,11:1 1 (81,02,11:12) 1
MEED (—z) = (et (5) o (= p+ 5 2+ =), (59)
Now using (30) in (59) and after simplication, we get desired result.
10. Laplace Transformation of Generalized Extended Whittaker
k-Function

Theorem 12. Ifk >0, R({+p) > 4, R(E—p) > 3, li,lo > 1, then

> 3
(01,02,01:12) _ w
Llexp(= SIMcgpn = mzo o

51,0200,
ﬂ1212m—p+§+mhu+p+?
Brlu—p+ g, u+p+g) ml

Proof. By using equation (49) and definition of Laplace transform, we get

(60)

oo
1
exp(GIMU Y @) = [exp(-snet G p s ik 152z,
0

By using (26) and by changing the order of integration and summation, we have

-y

m=0

,8(61’52’11’12 ( —p+%+mk,,u+p+%)
Be(p—p+ 5,1+ p+ 5)m!
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00
X /exp (“+m+ )=z,
0
By using the definition of classical gamma function, we get desired result.

11. Riemann-Liouville Fractional Integral of Generalized Extended
Whittaker k-Function

Theorem 13. If R(A\) <0, £ € Ry, R(p+p) > —%, R(p—p) > —%, k>0,1l,lpb >1,

then
00 01,02,01,1
2 (61,02, 1:l2) o E B (i pt Ll pp+ ) 2
[exp(z)M5 b D@ = Fy 2 : 1 :
(=2) 1=0 Be(p—p+ 5, p4+p+3) !
3

Proof. By using definition of Riemann-Liouville fractional integral, we get

(51,52711 l2) _ 1 S4u (01,02,01:l2) o 1 . A1
WD @] = g [l e+ g i -0
0

2lexp(~ 5

Now using equation (49), then use (31) and by changing the order of integration and
summation, we have

51,89,01,l2)
2 (61.020112) R S R R )
[e><p<2)Mé R ()] Z '
Be(p—p+ 5. u+p+ 3!
1 !
-[/-.U‘+ + —A— ldt
o
By substituting t = vz, we get
A 2\ x r(81,02,l:l2) LA / el i
1,02,01:62 1 oy
jz [eXp(i)M&k’p“u (Z)] = F(_)\) /UN 2(1 o ’l)) dv
0

676 7l 7l
Xiﬁgl 2 2)( _p+l+lk u+p+%)zi

By using definition of beta function, we get desired result.
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12. Riemann-Liouville k-fractional Integral of Generalized Extended
Whittaker k-Function

Theorem 14. If k >0, R(\) <0, £ € Rf, R(p+p) > -3, R(p—p) > =3, L, o > 1,

then
(5 5
/6( 1, 2,l1712 (H_p+l+lk7u+p+l) l

+1
:2\ ex E M(617627l1:l2) Py _ 2
k2 [ P(Q) o )] ka(—)\)g B (N*p+%,u+p+%) i
3 =)
R (62)

Proof. By using definition of Riemann-Liouville k-fractional integral, we get

z
1 1oy (61,02,0:02) 1 =2
e R (T —2u+1:t)(z —t dt.
R A)/ 2T (h=p+5:2n+Lit)(z —1)F

0

(Dlexp(H) M (2)]

First use equation (49), then using (31) and by changing the order of integration and

summation, we have
51,02,01,0
© BV (o —p+ L+ Uk p+ 5)

A (01,62,11:12)
[ouie [eXp( )M, (2)]
Shopk = Blp—ptgutpt )l
— /Zt“+1+§(z — ) at
kTk(—A) '
0

By substituting t = vz, we get
1

Al
81,82,01:1 2Rt 1 AL
k:l)‘[exp(Q)Mg( b 2)(,2)] = IM—A)/U#+Z+2(1 — )% tdv
0
i 5§51’52’l1’12)(u —ptztikptptg)
X ’ o
e K(u—p+ 5. +p+g) i

By using definition of beta k-function, we get desired result.

13. Derivative of Generalized Extended Whittaker k-Function

Theorem 15. If £ > 0, R(u+p) > —5,R(p—p) > —3), 11,12 > 1,R(61), R(d2) > 0,k > 0,

then
d' z 1 (61,62,01:) (h=p+ 3k
—h—3 pyl01.02:41:82 = F 2/
dil [eXp(2)Z &k,p,u (2)] (2,u, + 1)l,k
2y U1
xexp(g)z K= QMg,p—%,qul,f,k(z) (63)
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Proof. From equation (45), we have

Tl Wgéh&z,ll 1) (02,03;v)] = EZ;;?: wéfé’%’h:b)(ag + lk, o3 + lk;v).
(64)
(61,02,1:12) _ +1 z
M{,p,u,k (Z) - (Z)u 2 exp <_§)
(81,02,01:12) 1
¢§1,212(M_p+§,2u+1:z). (65)

Now consider left hand side of (63) and using definition of generalized extended Whit-
taker k-function, we have
dl

ez H MO )]

(61,062,011 1
&popsk W’gl . 2)( —p+ 5,2u+1+:z)].

dzl

Now applying (64) in above equation and after simplification, we get desired result.

14. Conclusion

In this paper, we have introduced the generalizations of extended hypergeometric, beta,
and Whittaker functions in terms of new parameter k£ > 0. We have also proved some
integral representations, Mellin transforms, Laplace transformation, Hankel transforma-
tion, Riemann-Liouville fractional and Riemann-Liouville k-fractional integral for these
generalized extended k-functions. We have also investigated the derivative of generalized
extended hypergeometric and Whittaker k-functions. In future, further we generalized the
Confluent and Whittaker functions by introducing another parameters. We can define a
fractional operator by using above generalization.
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