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Abstract. This study investigates the 3D motion of a rigid body (RB) rotating around a fixed
point, focusing on Lagrange’s case while considering the effects of a gyrostatic moment (GM) and
a Newtonian force field (NFF). It is notably that the center of mass is displaced very much from
the principal dynamic symmetry axis. Utilizing the fundamental principle of angular momentum,
the equations of motion (EOM) are formulated and solved applying the large parameter approach
(LPA) to determine approximate solutions (AS) for the irrational frequencies’ case. Euler’s angles,
which define the body’s orientation at any moment, are explicitly calculated. Additionally, to
assess the impact of applied moments on motion stability, we utilize advanced computational tools
to generate graphical representations of the achieved solutions and the related Euler’s angles. This
work enhances the understanding of RB dynamics in complex motion scenarios, emphasizing the
interaction between external forces and GMs in shaping stability and behavior. The study is
poised to greatly influence the aerospace industry by advancing our understanding of rotational
motion and the dynamics of celestial bodies, with direct applications in the design and operation
of spaceships, spacecraft, and satellites.
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Table 1: List of abbreviations and famous symbols.

RB Rigid body
GM Gyrostatic moment
NFF Newtonian force field
EOM Equations of motion
LPA Large parameter approach
AS Approximate solutions
DEs Differential equations
OXY Z Fixed frame
Oxyz Rotating frame
M Mass of the body
λi Gyrostatic moment vector

ω = (p, q, r) The body′s angular velocity vector
I1, I2, I3 Principal moments of inertia

ϵ Large param

1. Introduction

For over two centuries, the study of a RB dynamics has been a focal point of research
due to its diverse real-world applications. Gyroscopes, for example, play a critical role in
stabilizing and guiding the motion of aircraft, submarines, and spacecraft by maintaining
balance and determining orientation. The difficulty of the problem is influenced by the
initial conditions, particularly the initial angular velocity, center of mass position, and prin-
cipal moments of inertia. Moreover, external factors-such as gravitational influences from
various centers, whether symmetric or asymmetric, and applied external moments-further
complicate the analysis, requiring different mathematical and computational approaches
tailored to specific scenarios.

These issues are described by the Euler-Poisson’s equations [1], which define the body’s
angular velocity and orientation at any given time. Extensive research has explored this
topic from various perspectives [2–17]. In [2], the motion of the RB subjected to a combi-
nation of gyroscopic and axisymmetric potential forces is analyzed, with two integrals of
the system provided. In [3], the authors presented a fourth integral associated with the
RB motion around a fixed point under the influence of a gravitational moment. Exact
solutions to similar problems necessitate a fundamental fourth first integral, which is only
derived in specific well-known cases, such as [2–7]. These cases depend on the location
of the body’s center of mass and the values of its main moments of inertia. In [8] and
[9], the authors propose specific conditions for solving the equations of Euler-Poisson and
simplify them by transforming the system into three nonlinear differential equations (DEs)
involving angular velocity components.

In [10], an innovative method is introduced for solving the Euler-Poisson system, which
is well known for its analytical solution challenges. This new method effectively overcomes
these difficulties. In [11], the dynamics of a charged the RB rotating about a fixed point
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with a rotor attached along a principal axis are examined. The study evaluates sufficient
conditions for equilibrium instability using the method of linear approximation. In [12],
the spatial rotational motion of a charged symmetric the RB about a stationary point is
analyzed, resembling Lagrange’s formulation, where the center of mass is displaced slightly
from the body’s dynamic symmetry axis. In [13], the rotational motion of asymmetric
the RB influenced by stationary torques in its body-fixed frame, directed on the first
component of the gravitational moment, is analyzed. The study presents analytical results
and simulations for two scenarios, where a constant torque is applied along the middle and
minor axes. The results are interpreted through separatrix surfaces, periodic and non-
periodic solutions, equilibrium manifolds, and the extreme values of periodic solutions.
The studies in [14] and [15] focus on the motion of a rotating gyro about a fixed point,
analyzed using Lagrange-like criteria. By applying the averaging method, a simplified
averaged system for the EOM is derived, taking into account a small parameter. This
approach yields AS for two scenarios involving different perturbing moments. The author
in [16] further explored the rotational behavior of a symmetric gravitational moment near
Lagrange’s case, considering the effects of a perturbed torque vector, the third projection
of a gravitational moment, and a restoring torque vector. In [17], the PSPM is employed
to obtain AS for the motion of the RB in a NFF.

Perturbation methods are highly effective in obtaining AS for similar problems; refer
to monographs [18–33]For more details, the Krylov-Bogoliubov-Mitropolski technique is
extensively utilized in [18] to derive AS for the EOM of a RB’s motion in a gravitational
field. However, these solutions include singular points, which are addressed in [19]. In
[20–25], the averaging approach is utilized to derive an averaged system for the motion
of a symmetric RB from different perspectives. This method is particularly effective in
solving the system when the body rotates in a uniform field [20, 21], experiences the GM
[22, 23], or involves a charged body [24, 25]. Additionally, in [26], this approach is applied
when the center of mass is offset slightly from the axis of dynamic symmetry.

The LPA plays a crucial role in studying symmetric rigid bodies experiencing signif-
icant rotational or translational displacements. By defining a dominant parameter that
characterizes the motion’s scale, AS can be developed to describe the system’s core dynam-
ics. This method has been widely applied in fields such as celestial mechanics, robotics,
and structural mechanics, where large displacements significantly impact system behavior.
In [27, 28], the problem of large RB displacements is examined as a fundamental challenge
in classical mechanics and engineering, particularly in relation to nonlinear dynamics and
stability. The asymptotic approach based on LPA serves as an effective analytical tool
when traditional perturbation methods are insufficient due to strong nonlinearities.

The presented works in [29–31] center broadly on the field of dynamics, with a par-
ticular emphasis on the motion of rigid bodies. It covers the core principles of analytical
dynamics, spacecraft attitude dynamics, robotics mechanics, perturbation techniques for
finding AS, and numerical methods for solving the governing DEs. In [32, 33], the authors
solved Euler’s equations using three novel approaches to analyze the rotational motion of
a charged RB about a fixed point under the influence of GM. Whereas in [34], the authors
derived the angular velocity solutions for a RB model, similar to the Lagrange’s scenario



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 4 of 35

with constant torque and GM, by decoupling the EOM and expressing them in complex
form. In [35], the authors demonstrate the influence of GMs and the electromagnetic field
on the body’s motion. In [36], the averaging technique is used to obtain the averaging
system of the EOM for a symmetric RB. Notably, this system has been successfully solved
for various scenarios, especially when the body moves in a uniform field. The vibrational
motions of RBs are studied in several works, e.g. [37–40]. The planar dynamics of an
elastic spring connected to a RB are analyzed in [37], leading to a dynamical model with
three-degree-of-freedom that follows the same path as its point of suspension. In [38], a
particular case is explored where the suspension point remains fixed. The study in [39]
examines linear damped spring that carry a RB, with the pivot point tracing an elliptical
path. These works employ the method of multiple-scales to obtain the AS of the EOM.
Consequently, solvability requirements are derived by eliminating secular terms, and po-
tential resonance cases are defined. In [40], the vibrational behavior of a rigid body around
its equilibrium position is investigated numerically using the ode45 solver, based on the
fourth-order Runge-Kutta method [41]. The comparison between numerical solutions and
asymptotic solutions for the pendulum motions of RBs is presented in [42], demonstrating
their reliability and the high accuracy of the perturbation approach utilized. A general-
ization of this problem is discussed in [43]. Additionally, the Routh-Hurwitz criteria [44]
are applied to confirm the stability of steady-state solutions and to assess their various
stability regions.

The presented works in [45–48] demonstrate innovative approaches to solving intricate
mechanical systems, enhancing the precision and applicability of mathematical models
in physics and engineering. In [45], a comparative study of analytical and numerical
solutions for a mass-spring system on a massless cart, revealing dynamic interactions
that enhance understanding in mechanical engineering contexts is presented. In [46], the
authors explored a pendulum situated between two springs using the Ms-DTM method,
shedding light on complex dynamic behaviors and the efficacy of this analytical technique.
A theoretical study of harmonic oscillators applying the optimal and modified homotopy
method is examined in [47] to address time dependence, contributing valuable insights
into dynamic system analysis. Moreover, examine a pendulum’s response to vibratory
influences using semi-analytical solutions formed through the aforementioned method is
examined in [48]. A comprehension of pendulum dynamics and validating sophisticated
perturbation techniques within mechanical problems is presented.

The work explores the 3D motion of a symmetric the RB with a very much displace-
ment of its center of mass from the axis of dynamic symmetry. The system is subjected to
the GM and a NFF. The LPA is employed to obtain AS for the EOM in cases of irrational
frequencies. Such solutions are then visualized to highlight the influence of various body
parameters on the motion over time, serving as a generalization of earlier work [16]. The
use of the LPA enables the derivation of AS remain valid even for significant deviations
from equilibrium. Recent advancements in asymptotic methods have proven effective in
addressing highly nonlinear the RB problems. Euler’s angles for the motion are deter-
mined, and graphical representations provide insight into the motion at any given instant.
The significance of this work explores the mathematical formulation, derivation, and ap-
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plications of the LPA in solving large displacement problems for symmetric the RBs. By
leveraging asymptotic approximations, we aim to provide practical and computationally
efficient solutions to highly nonlinear the RB problems, contributing to both theoretical
and applied mechanics.

The RB dynamics play a significant role in the theory of gyroscopes, particularly for
symmetric RBs that rotate rapidly around their axis of symmetry. Gyroscopes are crucial
in numerous engineering applications. For instance, in racing vehicles, the engine itself
acts like a large gyroscope, influencing performance and stability. In aviation, gyroscopes
help maintain stability and control orientation; when an aircraft turns right or left, the
gyroscopic effect can cause the nose or tail to rise or dip accordingly. Similarly, gyroscopes
are essential for steering and pitching in ships. There are various types of gyroscopes used
to measure angular velocity, including optical, vibrating, and mechanical gyroscopes. Mi-
cromechanical gyroscopes are widely used in consumer electronics, as well as in compasses,
computer pointing devices, and other systems requiring orientation detection.

2. Overview of the problem

This section aims to offer a deeper insight into the dynamic behavior of a heavy
symmetric RB with massM , such as the conditions of Lagrange’s gyroscope are satisfied.
The body is anchored at a point O, which serves as the origin for two coordinate systems:
a stationary one OXY Z and a rotating one Oxyz that is rigidly attached to the body,
with its axes aligned along the inertia’s main axes at O. We will suppose that the body is
influenced by a GM λ, whose components (λj ; j = 1, 2, 3) are directed on the principal axes
Ox, Oy and OZ. Additionally,in which λ1 = 0 and a NFF originating from an attracting
center O1, located along the downward fixed axis OZ and far away the origin O, at a
significant distance R (see Fig. (1)).

Figure 1: The RB’s problem.
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The EOM are formulated according to the equations Euler-Poisson’s [1], as follows

I1ṗ− (I2 − I3)qr + qλ3 − rλ2 =Mg(γyG − βzG)−N(I2 − I3)βγ,
I2q̇ − (I3 − I1)rp− pλ3 =Mg(αzG − γxG)−N(I3 − I1)γα,
I3ṙ − (I1 − I2)pq + pλ2 =Mg(βxG − αyG)−N(I1 − I2)αβ,

α̇ = rβ − qγ, β̇ = pγ − rα, γ̇ = qα− pβ.

(1)

It is important to note that the inertia principal moments are denoted by Ij along the
principal axes. The over dots indicate derivatives regarding time t, g denotes gravitational
acceleration, N = 3g/R and ϵ represent a large parameter. In this context, (p, q, r)
, (α, β, γ), and xG, yG, zG) refer to the angular velocity’s components, the unit vector
along the vertical Z-axis, and the center of mass coordinates in the principal axis frame,
respectively. The given EOM have three first integrals associated with energy, area, and
geometric one [1]

I1p
2 + I2q

2 + I3r
2 − 2Mg(αxG + βyG + γzG) +N(I1α

2 + I2β
2 + I3γ

2)
= I1p

2
0 + I2q

2
0 + I3r

2
0 − 2Mg(α0xG + β0yG + γ0zG) +N(I1α

2
0 + I2β

2
0 + I3γ

2
0),

I1pα+ (I2q + λ2)β + (I3r + λ3)γ = I1p0α0 + (I2q0 + λ2)β0 + (I3r0 + λ3)γ0,
α2 + β2 + γ2 = 1,

(2)

where p0, q0, r0, α0, β0 and γ0 represent the values of p, q, r, α, β and γ and t = 0, respec-
tively.

Taking the following parameters and variables into consideration:
√
εp = p1

n ,
√
εq = q1

n , r = r1
n ,

√
εα = α1,

√
ε β = β1,

γ = γ1,
√
ε λ2 =

I2
n λ́2, λ3 =

I3
n λ́3, t = nτ,

n =
√
I1/MgzG, a = (I1 − I3)/I1, b = I3/I1,

I1 = I2 ̸= I3,
√
εxG = zG, yG = 0, k = Nan2.

(3)

Upon substituting (3) into (1) and (2), the following equivalent system is obtained

dp1
dτ = aq1r1 + r1λ́2 − q1λ́3 − β1 − kβ1γ1,
dq1
dτ = −ap1r1 + p1λ́3 + α1 − γ1 + kα1γ1,

εdr1dτ = −(p1λ́2 − 1
bβ1),

dα1
dτ = r1β1 − q1γ1,

dβ1

dτ = p1γ1 − r1α1, ε dγ1
dτ = (q1α1 − p1β1),

(4)

p21 + q21 − 2α1 + ε(br21 − 2γ1 − kγ21) = p210 + q210 − 2α10 + ε(br210 − 2γ10 − kγ210),

p1α1 + (q1 + λ́2)β1 + ε(br1 + λ́3)γ1 = p10α10 + (q10 + λ́2)β10 + ε(br10 + λ́3)γ10,
α2
1 + β21 + εγ21 = ε.

(5)

3. The used approach

This section aims to apply the LPA [27, 28] to achieve the solutions for the RB under
investigation. To achieve this aim, we can use the above first integrals to represent r1andγ1,
as follows

εr1 = εr10 − u2, εγ1 = ε− u1, (6)
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where

u1 =
1
8(4U1 + ε−1U2

1 ) + ...,

u2 =
1

8br10
{r210[4(U2 − U20) + ε−1(U2

1 − U2
10)] +

ε−2

br210
(U2 − U20)

2 + ...},
U1 = α2

1 + β21 , U2 = p21 + q21 − 2α1 + U1(k + 1).

(7)

Here, Us0; (s = 1, 2) stands for the values of Us at t = 0 , whereas the dots represent small
terms of higher-order powers of ε−1 .

To refine system (4) into a more practical form, we remove r1 and γ1 from (4). By
incorporating (6) into (4), yields the following nonlinear system of first-order differential
equations

εdp2dτ = ελ́2r10(1 + χδ) + ερ1q2 +N1, εdq2dτ = −ερ1p2 +N2,

εdα2
dτ = εδλ́2r10 + ερ2β2 +N3, εdβ2

dτ = −ερ2α2 +N4,
(8)

where
p1 = p2 + χα2 + d1,
q1 = q2 + χβ2,

α1 = (1 + χδ)α2 + δp2 + d2,
β1 = (1 + χδ)β2 + δq2,

χ = −(1 + k)/±
√

(br10 + λ́3)2 + 4(1 + k),

δ = [−(br10 + λ́3)±
√
(br10 + λ́3)2 + 4(1 + k)]/2(1 + k),

d1 = r10/(1 + k + r10λ́3 − ar210), d2 = d1/r10,

ρ1 = χ(1− r10δ) + (ar10 − δ(1 + k)− λ́3)(1 + χδ),

ρ2 = χ[δ(λ́3 − ar10)− 1] + (r10 + δ(1 + k))(1 + χδ),

N1 = χ(u2β1 − q1u1)− (1 + χδ)[(aq1 + λ́2)u2 − ku1β1],
N2 = χ(u1p1 − u2α1) + (1 + χδ)[ap1u2 + u1 − kα1u1],

N3 = δ[(aq1 + λ́2)u2 − ku1β1]− (u2β1 − u1q1),
N4 = −δ[ap1u2 + u1 − ku1β1]− (u1p1 − u2α1).

(9)

To better understand the distribution of frequencies ρs; (s = 1, 2),we choose a suitable
value for r0. Consequently, ρ1/ρ2 may be treated as a rational number, leading to a
solution of system (8) that is periodic with a period (T0 = 2πns/ρs; s = 1, 2).

Next, we reformulate the problem to identify the τ0(ε) solutions of system (8) with a
significantly large value of ε. In this context, ε→ ∞ should approach a solution of period
T0 of the generating system (8). Therefore, we introduce the following substitution:

ετ = (ε+ µ)T, (10)

in which µ = µ(ε) that will be estimated latter.
Consequently, the problem under investigation is simplified to finding the solutions for

the period T0 of the following system

εdp2dT = ε(1 + χδ)λ́2r10 + ερ1q2 + V1, εdq2dT = −ερ1p2 + V2,

εdα2
dT = εδλ́2r10 + ερ2β2 + V3, εdβ2

dτ = −ερ2α2 + V4,
(11)



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 8 of 35

where
εV1 = ε[(1 + χδ)λ́2r10 + ρ1q2]µ+ (ε+ µ)N1,

εV2 = −ερ1µp2 + (ε+ µ)N2,

εV3 = ε(δλ́2r10 + ρ2β2)µ+ (ε+ µ)N3,
εV4 = −ερ2α2µ+ (ε+ µ)N4,

Vi = V
(1)
i + ε(−1)V

(2)
i + ε−2V 3

i + ....

(12)

We will now proceed to derive the solutions for system (11). Upon closer examina-
tion, we observe that this system constitutes a dynamical system comprised of first-order
nonlinear DEs involving the variables p2, q2, γ2 and β2. By differentiating these equations
once more, we can generate a new system of second-order DEs, which can be expressed as
follows

ε(d
2p2
dT 2 + ρ21p2) = ρ1V2 + V̇1,

ε(d
2q2
dT 2 + ρ21q2) = (−ρ1V1 + V̇2)− ε(1 + χδ)ρ1λ́2r10,

ε(d
2α2
dT 2 + ρ22α2) = (ρ2V4 + V̇3),

ε(d
2β2

dT 2 + ρ22β2) = (−ρ2V3 + V̇4)− ερ2δλ́2r10.

(13)

The aforementioned system comprises four distinct nonlinear DEs, each containing a
single variable. With this analysis in mind, we can pursue the solutions of this system as
follows

p2(T, ε) = A1 cos ρ1T +A2 sin ρ1T +
∑

1,

q2(T, ε) = −A1 sin ρ1T +A2 cos ρ1T − [(1 + χδ)λ́2r10]/ρ1 +
∑

2,
α2(T, ε) = A3 cos ρ2T +

∑
3,

β2(T, ε) = −A3 sin ρ2T − δλ́2r10/ρ2 +
∑

4,

(
∑

d =
∑∞

n=1 ε
−nD

(n)
d (T ); d = 1, 2, 3, 4),

(14)

with the following initial conditions

p2(0, ε) = A1 = A
(0)
1 + a1,

q2(0, ε) = A2 − [(1 + χδ)λ́2r10]/ρ1 = A
(0)
2 + a2 − [(1 + χδ)λ́2r10]/ρ1,

α2(0, ε) = A3 = A
(0)
3 + a3,

β2(0, ε) = −δλ́2r10/ρ2.

(15)

In this context,A
(0)
j and aj ; (j = 1, 2.3) represent the unperturbed and perturbed compo-

nents Aj , respectively.
It is notably that the solutions of system (8), which have T0-periodic solutions in

system (13), exhibit a period of εT1 = (ε + µ)T0 . We will assume that µ = µ0 + a4 has
solutions of the form (14) that are periodic, seeking ad = ad(ε); d = 1, 2, 3, 4 as a function
of the large parameter ε that approaches zero as ε → ∞. In accordance with the LPA
procedure, we modify the initial conditions to correspond with the arbitrary constants in
the generating system’s solutions. Utilizing equations (9) and (7), we obtain the following
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results

U
(0)
1 = d22 + δ2(A2

1 +A2
2) + (1 + χδ)2A2

3 + 2δd2(A1 cos ρ1T +A2 sin ρ1T )
+2d2(1 + χδ)A3 cos ρ2T + 2δ(1 + χδ)A3[A1 cos(ρ1 − ρ2)T +A2

× sin(ρ1 − ρ2)T ] + 2δ2(1 + χδ)λ́2r10(
ρ1+ρ2
ρ1ρ2

)(A1 sin ρ1T −A2 cos ρ1T )

+2δ(1 + χδ)2λ́2r10(
ρ1+ρ2
ρ1ρ2

)A3 sin ρ2T + δ2(1 + χδ)2(λ́2r10)
2

×(ρ1+ρ2
ρ1ρ2

)2,

U
(0)
2 = d21 + (A2

1 +A2
2) + χ2A2

3 − 2d2 + 2(d1 − δ)(A1 cos ρ1T +A2 sin ρ1T )

+2(d1χ− 1− χδ)A3 cos ρ2T + U
(0)
1 (1 + k) + 2χA3[A1 cos(ρ1 − ρ2)T

+A2 sin(ρ1 − ρ2)T ] + λ́2r10[
χδ(ρ1+ρ2)+ρ2

ρ1ρ2
][2(A1 sin ρ1T −A2 cos ρ1T )

+2χλ́2r10
ρ1χδ+ρ2(1−χδ)

ρ1ρ2
A3 sin ρ2T + (λ́2r10)

2(χδ(ρ1+ρ2)+ρ2
ρ1ρ2

)2].

(16)

The expressions for Nd; (d = 1, 2, 3, 4) in (9) can be reformulated in the form

N1 = Λ1q2 + Λ2β2 + Λ3, N2 = −(Λ1p2 + Λ2α2) + Λ4,
N3 = Λ5q2 + Λ6β2 + Λ7, N4 = −(Λ5p2 + Λ6α2) + Λ8,

(17)

where
Λ1 = −a(1 + χδ)u2 + χ(δu2 − u1) + kβ(1 + χδ)u1,

Λ2 = −χa(1 + χδ)u2 − χ[χu1 − (1 + χδ)u2] + kβ(1 + χδ)2u1,

Λ3 = −(1 + χδ)λ́2u2,
Λ4 = (1 + χδ)[ad1u2 + u1(1− kd2)] + χ(d1u1 − d2u2),

Λ5 = δu2(a− 1) + u1(1− kδ2),
Λ6 = χ(δau2 + u1)− (1 + χδ)(u2 − ku1),

Λ7 = δλ́2u2,
Λ8 = −δ[au2d1 + u1(1− kd2)]− (d1u1 − d2u2).

(18)

Using the aforementioned equations, the unperturbed notations of Λl; (l = 1, 2, ..., 8)are
written as:

Λ
(0)
l =

[
Γl1 + Γl2

(
A2

1 +A2
2

)
+ Γl3A

2
3

]
+ Γl4 (A1 cos ρ1T +A2 sin ρ1T )

+ Γl5A3 cos ρ2T + Γl6A3 [A1 cos (ρ1 − ρ2)T +A2 sin (ρ1 − ρ2)T ]

+ Γl7 (A1 sin ρ1T −A2 cos ρ1T ) + Γl8A3 sin ρ1T

(19)

Where Γlr represents elements of the square matrix∥ Γlr ∥; (l, r = 1, 2, 3, ..., 8). To

determine these elements, substitute U
(0)
1 , U

(0)
2 into equation (7) to obtain u

(0)
1 and u

(0)
2 .

Consequently, Γ1r,Γ2r, ...,Γ8r can be obtained smoothly (see Appendix I).
By examining the solutions in equation (14), it becomes clear that these solutions can

be achieved if D
(n)
d (T ) are calculated. By inserting the solutions (14) into system (11) and

equaling the coefficients of corresponding powers of ε−1 on both sides, we derive a system
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that defines the coefficients D
(n)
d (T ) in (14) as follows

dD
(n)
1

dT = ρ1D
(n)
2 (T ) + V

(n)
1 (T ),

dD
(n)
2

dT = −ρ1D(n)
1 (T ) + V

(n)
2 (T ),

dD
(n)
3

dT = ρ2D
(n)
4 (T ) + V

(n)
3 (T ),

dD
(n)
4

dT = −ρ2D(n)
3 (T ) + V

(n)
4 (T ),

(20)

where the conditions D
(n)
d (0) = 0, are considered and V

(n)
d (T ) represent known func-

tions, if D
(e)
d is estimated for e < n.

At n = 1: Introducing Vd from (12) into (20), matching the coefficients of similar
powers of ε−1 on both sides, and differentiating the resulting equations regarding T , we

obtain the following equations that determine D
(1)
d (T )

d2D
(1)
1

dT 2 + ρ21D
(1)
1 (T ) = Θ11(T ),

d2D
(1)
2

dT 2 + ρ21D
(1)
2 (T ) = Θ21(T ),

d2D
(1)
3

dT 2 + ρ22D
(1)
3 (T ) = Θ31(T ),

d2D
(1)
4

dT 2 + ρ22D
(1)
4 (T ) = Θ41(T ),

(21)

where,

Θ11(T ) = −2ρ1(ρ1µ0 + Λ
(0)
1 )p

(0)
2 − (ρ1 + ρ2)Λ

(0)
2 α

(0)
2 +

dΛ
(0)
1

dT q
(0)
2

+
dΛ

(0)
2

dT β
(0)
2 + ρ1Λ

(0)
4 +

dΛ
(0)
3

dT ,

Θ21(T ) = −2ρ1(ρ1µ0 + Λ
(0)
1 )q

(0)
2 − (ρ1 + ρ2)Λ

(0)
2 β

(0)
2 − dΛ

(0)
1

dT p
(0)
2

−dΛ
(0)
2

dT α
(0)
2 +

dΛ
(0)
4

dT − 2ρ1λ́2r10(1 + χδ)µ0 − λ́2r10(1 + χδ)Λ
(0)
1

−δλ́2r10Λ(0)
2 − ρ1Λ

(0)
3 ,

Θ31(T ) = −2ρ2(ρ2µ0 + Λ
(0)
6 )α

(0)
2 − (ρ1 + ρ2)Λ

(0)
5 p

(0)
2 +

dΛ
(0)
5

dT q
(0)
2

+
dΛ

(0)
6

dT β
(0)
2 + ρ2Λ

(0)
8 +

dΛ
(0)
7

dT ,

Θ41(T ) = −2ρ2(ρ2µ0 + Λ
(0)
6 )β

(0)
2 − (ρ1 + ρ2)q

(0)
2 − 2ρ2δλ́2r10µ0 − δλ́2r10Λ

(0)
6

−λ́2r10(1 + χδ)Λ
(0)
5 − ρ2Λ

(0)
7 − dΛ

(0)
5

dT p
(0)
2 − dΛ

(0)
6

dT α
(0)
2 +

dΛ
(0)
8

dT .

Knowing that Θd1(u), the solutions of the previous system(21) take the form

D
(1)
1 (T ) = ρ−1

1

∫ T
0 Θ11(v) sin ρ1(T − v)dv,

D
(1)
2 (T ) = ρ−1

1

∫ T
0 Θ21(v) sin ρ1(T − v)dv,

D
(1)
3 (T ) = ρ−1

2

∫ T
0 Θ31(v) sin ρ2(T − v)dv,

D
(1)
4 (T ) = ρ−1

2

∫ T
0 Θ41(v) sin ρ2(T − v)dv,

(22)
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where,

ρ−1
1 Θ11(T ) = G10 +G11 (A1 cos ρ1T +A2 sin ρ1T ) +G12 (A1 cos ρ1T −A2 sin ρ1T )

+G13 cos 2ρ1T +G14 sin 2ρ1T +G15A3 cos ρ2T

+G16A3 [A1 cos(ρ1 − ρ2)T +A2 sin(ρ1 − ρ2)T ]

+G17A3 [A1 cos(ρ1 − ρ2)T −A2 sin(ρ1 − ρ2)T ]

+G18A3 [A1 cos(ρ1 + ρ2)T +A2 sin(ρ1 + ρ2)T ]

−G19A3 [A1 cos(ρ1 + ρ2)T −A2 sin(ρ1 + ρ2)T ]

+G110 cos(2ρ1 − ρ2)T +G111 sin(2ρ1 − ρ2)T

+G112A
2
3 [A1 cos(ρ1 − 2ρ2)T +A2 sin(ρ1 − 2ρ2)T ]

+G113A
2
3 [A1 cos(ρ1 − 2ρ2)T −A2 sin(ρ1 − 2ρ2)T ]

+G114 cos 2ρ2T +G115 sin 2ρ2T +G116A3 [A1 sin(ρ1 − ρ2)T −A2 cos(ρ1 − ρ2)T ]

+G117A3 [A1 sin(ρ1 − ρ2)T +A2 cos(ρ1 − ρ2)T ]

+G118A3 [A1 sin(ρ1 + ρ2)T +A2 cos(ρ1 + ρ2)T ]

+G119A3 [A1 sin(ρ1 + ρ2)T −A2 cos(ρ1 + ρ2)T ]

+G120A3A2 [cos(ρ1 + ρ2)T + cos(ρ1 − ρ2)T ]

+G121 (A1 sin ρ1T −A2 cos ρ1T ) +G122A3 sin 2ρ2T

+G123 sin(ρ1 − ρ2)T,

ρ−1
1 Θ21(T ) = G20 −G21 (A1 sin ρ1T −A2 cos ρ1T )

+G22 (A1 sin ρ1T +A2 cos ρ1T ) +G23 (A1 cos ρ1T +A2 sin ρ1T )

−G24A3 sin ρ2T −G25A3 [A1 sin(ρ1 − ρ2)T −A2 cos(ρ1 − ρ2)T ]

+G26A3 [A1 cos(ρ1 − ρ2)T −A2 sin(ρ1 − ρ2)T ]

+G27A3 [A1 cos(ρ1 − ρ2)T +A2 sin(ρ1 − ρ2)T ]

+G28A3 [A1 sin(ρ1 − ρ2)T +A2 cos(ρ1 − ρ2)T ]

−G29A3 [A1 sin(ρ1 + ρ2)T −A2 cos(ρ1 − ρ2)T ]

+G210A3 [A1 sin(ρ1 + ρ2)T +A2 cos(ρ1 + ρ2)T ]

+G211A3 [A1 cos(ρ1 + ρ2)T −A2 sin(ρ1 + ρ2)T ]

+G212A3 [A1 cos(ρ1 + ρ2)T +A2 sin(ρ1 + ρ2)T ]

+G213 sin(2ρ1 − ρ2)T +G214A
2
3 [A1 sin(ρ1 − 2ρ2)T +A2 cos(ρ1 − 2ρ2)T ]

+G215A
2
3 [A1 sin(ρ1 − 2ρ2)T −A2 cos(ρ1 − 2ρ2)T ]

−G216 sin 2ρ2T +G217A3 cos ρ2T

+G218A
2
3 cos 2ρ2T,

ρ−1
2 Θ31(T ) = G30 +G31A3 sin ρ2T +G32A3 cos ρ2T

+G33A
2
3 sin 2ρ2T +G34A

2
3 cos 2ρ2T,
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ρ−1
2 Θ41(T ) = G40 −G41 (A1 sin ρ1T −A2 cos ρ1T )

+G42 (A1 sin ρ1T +A2 cos ρ1T ) +G43 (A1 cos ρ1T +A2 sin ρ1T )

−G44 sin 2ρ1T +G45 cos 2ρ1T −G46A3 sin ρ2T

−G47A3 [A1 sin(ρ1 − ρ2)T −A2 cos(ρ1 − ρ2)T ]

+G48A3 [A1 sin(ρ1 − ρ2)T +A2 cos(ρ1 − ρ2)T ]

+G49A3 [A1 cos(ρ1 − ρ2)T +A2 sin(ρ1 − ρ2)T ]

+G410A3 [A1 cos(ρ1 − ρ2)T −A2 sin(ρ1 − ρ2)T ]

−G411A3 [A1 sin(ρ1 + ρ2)T −A2 cos(ρ1 + ρ2)T ]

+G412A3 [A1 sin(ρ1 + ρ2)T +A2 cos(ρ1 + ρ2)T ]

+G413A3 [A1 cos(ρ1 + ρ2)T +A2 sin(ρ1 + ρ2)T ]

+G414A3 [A1 cos(ρ1 + ρ2)T −A2 sin(ρ1 + ρ2)T ]

+G415 sin(2ρ1 − ρ2)T +G416 cos(2ρ1 − ρ2)T

−G417A
2
3 [A1 sin(ρ1 − 2ρ2)T −A2 cos(ρ1 − 2ρ2)T ]

+G418A
2
3 [A1 sin(ρ1 − 2ρ2)T +A2 cos(ρ1 − 2ρ2)T ]

−G419 sin(2ρ2)T +G420A3 cos(ρ2T )

+G421 cos(2ρ2)T.
Here G1h(h = 0, 1, 2, ..., 23), G2z(z = 0, 1, 2, ..., 18), G3k(k = 0, 1, 2, 3, 4) and (G4u;u =

0, 1, 2, ..., 21) are constants can be acquired easily (see Appendix 2).
Substitution of Θd1(u) into (22), yields

D
(1)
1 (T0) = (E11 +R11)T0,

D
(1)
2 (T0) = (E21 +R21)T0,

D
(1)
4 (T0) = −(E31 +R41)T0,

(23)

where
E11 = −1

2 [(G11 −G12)A2 +G121A1],
E21 = −1

2 [(G23 −G21)A1 +G22A2],
E31 = −1

2G46A3.
(24)

It is evident that, T0-periodic solutions of (14)must satisfy the following conditions of
periodicity for necessity and sufficiency [23].

ψ1 = p2(T0, ε)− p2(0, ε) = 0,
ψ2 = q2(T0, ε)− q2(0, ε) = 0,
ψ3 = α2(T0, ε)− α2(0, ε) = 0,
ψ4 = β2(T0, ε)− β2(0, ε) = 0,

(25)

Here ψd( d = 1, 2, 3, 4) are treated in terms of (Aj ; j = 1, 2, 3), µ and ε . The conditions

in (25) that determine A
(0)
j , µ0 and aj are not mutually exclusive due to the presence of

the first integrals in equations (11) [20]. Furthermore, if A3 ̸= 0 , the third condition is

expected to follow directly from the others. It is preferable to treat either A
(0)
j or α0 as a



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 13 of 35

constant, and express one of the ad as a function of ε which can be removed when ε→ ∞
[31].

Multiplying conditions (25) by ε and setting the free terms of ε to zero, the required

conditions for periodicity of D
(1)
h ( h = 1, 2, 4) are obtained in the form

D
(1)
h (T0) = D

(1)
h (A1, A2, A3, µ) = 0. (26)

To further understand the previous conditions, we utilize equalities (23) to derive:

E11 +R11 = 0, E21 +R21 = 0, E31 +R41 = 0. (27)

It is evident that if the ratio of the frequencies ρ1 and ρ2 equals 2, 1/2, 1 or −1, the
resulting expressions for R11, R21 and R41 are non-zero, as shown below

i) for ρ1ρ
−1
2 = 2,

R11 = −G111

2
,

R21 =
G216

2
,

R41 = A3 [A1 (G48 −G47) +A2 (G49 −G410)] /2.

ii) for ρ1ρ
−1
2 =

1

2
,

R11 = −1

2
[A2A3 (G17 −G16)−A1A3 (G116 +G117)−G123] ,

R21 = −A3

2
[A1 (G25 −G28) +A2 (G26 −G27)] ,

R41 = −G44

2
.

iii) for ρ1ρ
−1
2 = 1,

R11 = −1

2

[
A2A

2
3 (G113 −G112) + (G111 +G122A3)

]
,

R21 = −1

2

[
G213 −G24A3 − (G214 +G215)A1A

2
3

]
,

R41 =
1

2

[
(G43 −G41)A1 +G42A2 +G415 + (G417 −G418)A1A

2
3

]
.

iv) for ρ1ρ
−1
2 = −1,

R11 =
G122A3

2
,

R21 = −G24A3

2
,

R41 =
1

2
[A1 (G41 −G43)−G42A2] .

(28)

Assuming A
(0)
j ( j = 1, 2, 3) and µ0 satisfy (27), we consider Jacobi’s matrices of

Dh(T0)( h = 1, 2, 4) in terms of Aj and compute both of µ for Aj = A
(0)
j , µ = µ0, and
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ψd in terms of ad vanishes at ε → ∞ .Computing the second matrix independently of ε .
Allowing us to substitute ε → ∞ . Since Aj , µ and ad are carried out in the solutions as
related sums, the resulting matrices are identical and can be denoted by J . The solutions
of (25) establish a specific case in which periodic solutions exist.

4. The scenario of irrational frequencies

This section explores the periodic solutions of the investigated problem when the ratio

of ρ1 to ρ2 is irrational. Notably, these solutions arise when A
(0)
1 = A

(0)
2 = E21 = E31 =

0, E11 ̸= 0, A
(0)
3 Γ53 ̸= 0 (where A3 is an arbitrary quantity) [16], J has a third rank, and

µ0 =
1

4ρ2
{Γ85 + Γ78 − 2(Γ61 + Γ63A

(0)2
3 ) +

λ́2r10
ρ2

[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58} (29)

are met, and equalities (25) have solutions expressed as power series in terms of the large
parameter a1, a2 and a4 where a3 can be set to zero. These solutions approach zero as ε
tends to infinity.

Based on the above, the periodicity conditions are expressed as follows

a1(cos ρ1T0 − 1) + a2 sin ρ1T0 + ε1D
(1)
1 (T0) + .... = 0,

−a1 sin ρ1T0 + a2(cos ρ1T0 − 1) + ε1D
(1)
2 (T0) + .... = 0,

D
(1)
4 (T0) + .... = 0.

(30)

According to (29), the unperturbed solutions p20, q20, α20 and β20 have the forms

p2(T, 0) = 0,

q2(T, 0) = − λ́2r10(1 + χδ)

ρ1
,

α2(T, 0) = A
(0)
3 cos ρ2T,

β2(T, 0) = −A(0)
3 sin ρ2T − δλ́2r10

ρ1
.

(31)

Based on the area integral in (5) and the conditions (15), we obtain

A
(0)
3 = 1

2G
−1
1 [−G2 ± (G2

2 + 4G1G3)
1/2];

G1 ̸= 0, (G2
2 + 4G1G3) > 0.

(32)

Here Gj(j = 1, 2, 3) are dependently on of h, β, p20, q20, α20 and β20 which can be deter-
mined. Utilizing (29) and (30), a1 and a2 are obtained in the forms
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4εa1 = −T0A(0)
3 {(2 csc2 ρ1

2 T0 − 1)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ25 − (1 + χδ)

×Γ15)] + 2A
(0)
3 [Γ45 +

δλ́2r10
ρ2

Γ28 − (1 + 2λ́2r10
ρ1

(1 + χδ)Γ18)]}+ ....,

4εa2 = −T0A(0)
3 {(cot ρ1

2 T0)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)]

+2A
(0)
3 [Γ45 +

δλ́2r10
ρ2

Γ28 − (1 + 2λ́2r10
ρ1

(1 + χδ)Γ18)]}+ .....

(33)

It is worth noting that, the form of a4 is of order O(ε−2).
Utilizing (3), (6), (9), (14), (22), (23), (29), and (33), the desired solutions are expressed

as power series of ε−1 in the following forms

p = ε−1/2n−1[d1 + χA
(0)
3 cos(ρ2n

−1t)] + ε−3/2n−1{ χ
2ρ2

[2(Γ81 + Γ83)− Γ65A
(0)2
3 ]

+ 1
2ρ1

[2Γ41 − Γ27 − Γ18 + (2Γ43 − Γ25)A
(0)2
3 ] + { χt

2nA
(0)
3 [Γ88 − Γ75 +

λ́2r10
ρ2

×(δΓ65 − (1 + δχ)Γ55)]− χ
2ρ2

[2Γ81 + (2Γ83 − Γ65)A
(0)2
3 ]− χ

6ρ2
Γ65A

(0)2
3 }

× cos(ρ2n
−1t) + {− χ

2ρ2
A

(0)2
3 [Γ88 − Γ75 +

λ́2r10
ρ2

(δΓ65 − (1 + χδ)Γ55)]

+ χt
2nA

(0)
3 [−2(Γ61 + Γ63A

(0)2
3 )] + Γ85 + Γ75 − 2ρ2µ0 − λ́2r10

ρ2
(δΓ68 − (1 + χδ)

×Γ58) +
χ
ρ2
Γ68A

(0)2
3 ]} sin(ρ2n−1) + {−T0

4 A
(0)
3 (2 csc2 ρ1

2 T0 − 1)[Γ48 + Γ35

+ λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)]− [ 1
2ρ1

[2Γ41 − Γ27 − Γ18 + (2Γ43 − Γ25)A
(0)2
3 ]

+ t
2nΓ46A

(0)
3 ] + T0

2 A
(0)2
3 [Γ45 − Γ18 +

λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)]}
× cos(ρ1n

−1t) + {1
4 [

2
ρ1

− T0A
(0)
3 (cot ρ1

2 T0)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ28

−(1 + χδ)Γ15)] +
1
2A

(0)2
3 T0[Γ45 +

δλ́2r10
ρ2

Γ28 − (1 + 2λ́2r10
ρ1

(1 + χδ)Γ18)]

+1
2A

(0)2
3 T0[Γ45 − Γ18 +

λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)]− t
6nρ1

A
(0)2
3 T0Γ28

+A
(0)
3 T0[Γ45 − Γ38 − λ́2r10

ρ1
(δΓ28 − (1 + χδ))]} sin(ρ1n−1t) + χ

6ρ2
[A

(0)2
3 Γ65

× cos(2ρ2n
−1t)− 3Γ68 sin(2ρ2n

−1t)] + χ
6ρ1
A

(0)2
3 Γ28 sin(2ρ1n

−1t)}+ ....,



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 16 of 35

q = −ε−1/2n−1{χ[ δλ́2r10
ρ2

+A
(0)
3 sin(ρ2n

−1t)]− λ́2r10
ρ1

(1 + χδ)}+ ε−3/2n−1{− 1
ρ2

{χ[2δλ́2r10µ0 − Γ71 +
λ́2r10
ρ2

[δ(Γ61 + Γ63A
(0)2
3 )− (1 + χδ)(Γ51 + Γ53A

(0)2
3 )]

+1
2A

(0)2
3 (Γ68 − 2Γ73)] +

1
ρ1
[−2(1 + χδ)λ́2r10µ0 − Γ31 +

1
2A

(0)2
3 (Γ28 − 2Γ33)]

− λ́2r10
ρ1

[δ(Γ21 + Γ23A
(0)2
3 )− (1 + χδ)(Γ11 + Γ13A

(0)2
3 )]}+ χ{− t

2nA
(0)
3 [Γ85 + Γ78

−4ρ2µ0 − 2(Γ61 + Γ63A
(0)2
3 ) + λ́2r10

ρ2
[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58]] +

1
ρ2
[δλ́2r10µ0

−(Γ71 + Γ73A
(0)2
3 ) + λ́2r10

ρ2
[δ(Γ61 + Γ63A

(0)2
3 )− (1 + χδ)(Γ51 + Γ53A

(0)2
3 )]]}

× cos(ρ2n
−1t) + χ

2A
(0)
3 { t

n [Γ88 − Γ75 +
λ́2r10
ρ2

[δΓ65 − (1 + χδ)Γ55]]− 2
ρ2
Γ65A

(0)
3

+ 1
ρ2
[Γ85 + Γ78 − 4ρ2µ0 − 2(Γ61 + Γ63A

(0)2
3 ) + λ́2r10

ρ2
[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58]]}

× sin(ρ2n
−1t) + χ

2ρ2
A

(0)2
3 [Γ68 cos(2ρ2n

−1t) + Γ65 sin(2ρ2n
−1t)] + T0

4 A
(0)
3 {(2

× csc2 ρ1
2 T0 − 1)[Γ48 + Γ35 +

λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)]− T0
2 A

(0)
3 [Γ45 − Γ18

+ λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)]− 1
2ρ1

[Γ18 − Γ45 +
λ́2r10
ρ1

(δΓ28 + 2(1 + χδ)Γ18)]

− 1
3ρ1

Γ25A
(0)
3 + t

2n [Γ15 + Γ18 +
λ́2r10
ρ1

(δΓ25 + 2(1 + χδ)Γ15)]} sin(2ρ1n−1t)

+{−T0
4 A

(0)
3 cot(ρ12 T0)[Γ48 + Γ35 +

λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)] +
1
2A

(0)2
3 T0[Γ45

−Γ18 +
λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)]− 1
ρ2
[−2(1 + χδ)λ́2r10µ0 +

1
2Γ28A

(0)2
3

−(Γ31 + Γ33A
(0)2
3 )]− λ́2r10

ρ1
[δ(Γ21 + Γ23A

(0)2
3 )− (1 + χδ)(Γ11 + Γ13A

(0)2
3 )]

+ t
2nA

(0)
3 [Γ18 − Γ45 +

λ́2r10
ρ1

(δΓ28 + 2(1 + χδ)Γ18)] +
1

6ρ1
Γ28A

(0)2
3 )} cos(ρ1n−1t)

+ 1
6ρ1
A

(0)2
3 [Γ25 sin(2ρ1n

−1t)− Γ28 cos(2ρ1n
−1t)]}+ ...,

r = r0
n − ε−1

nbr10
A

(0)
3 {[(1 + χδ)(d2 − 1) + χd1](cos(ρ2n

−1t)− 1)

+ λ́2r10
ρ1ρ2

[δ(ρ1 + ρ2)[χ
2 + (1 + χδ)2] + ρ2χ] sin(ρ2n

−1t)}+ ....,

α = ε−1/2[d2 + (1 + χδ)A
(0)
3 cos(ρ2n

−1t)] + ε−3/2{ (1+χδ)
2ρ2

[2Γ81 + (2Γ83 − Γ65)

×A(0)2
3 ] + δ

2ρ1
[2Γ41 − Γ27 − Γ18 + (2Γ43 − Γ25)A

(0)2
3 ] + (1 + χδ){ t

2nA
(0)
3

×[Γ88 − Γ75 +
λ́2r10
ρ2

(δΓ65 − (1 + χδ)Γ55)]− 1
2ρ2

[2Γ81 + (2Γ83 − Γ65)A
(0)2
3 ]

− 1
6ρ2
A

(0)2
3 Γ65} cos(ρ2n−1t) + (1 + χδ){− 1

2ρ2
A

(0)
3 [Γ88 − Γ75 +

λ́2r10
ρ2

(δΓ65

−(1 + χδ)Γ55)] +
t
2nA

(0)
3 [Γ85 + Γ78 − 2ρ2µ0 − 2(Γ61 + Γ63A

(0)2
3 − λ́2r10

ρ2
(δΓ68

−(1 + χδ)Γ58)] +
1
ρ2
A

(0)2
3 Γ68} sin(ρ2n−1t) + (1+χδ)

6ρ2
A

(0)2
3 [Γ65 cos(2ρ2n

−1t)

−Γ68 sin(ρ2n
−1t)]− {T0δ

4 A
(0)
3 (2 csc2 ρ1

2 T0 − 1)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ25

−(1 + χδ)Γ15)]− T0
2 A

(0)2
3 [Γ45 − Γ18 +

λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)] +
δ
2 [

1
ρ1
(2Γ41

−Γ27 − Γ18) +
1
ρ1
(2Γ43 − Γ25)A

(0)2
3 + t

nΓ46A
(0)
3 ]} cos(ρ1n−1t)− δ{−1

4 [
2
ρ1

−T0A(0)
3 (cot ρ1

2 T0)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)] +
1
2A

(0)2
3 T0[Γ45

−Γ18 +
λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)] +
t

6ρ1
Γ28A

(0)2
3 +A

(0)
3 [Γ45 − Γ38 +

λ́2r10
ρ1

×(1 + χδ − δΓ28)]} sin(ρ1n−1t) + δ
6ρ1
A

(0)2
3 sin(2ρ1n

−1t)}+ ....,
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β = −ε−1/2(1 + χδ){ δλ́2r10
ρ1ρ2

(ρ1 + ρ2) +A
(0)
3 sin(ρ2n

−1t)}+ ε−3/2{− (1+χδ)
2ρ2

[2δλ́2r10

×µ0 + λ́2r10
ρ2

[δ(Γ61 + Γ63A
(0)2
3 )− (1 + χδ)(Γ51 + Γ53A

(0)2
3 )]− (Γ71 + Γ73

×A(0)2
3 ) + 1

2A
(0)2
3 Γ68] +

δ
ρ1
[−2(1 + χδ)λ́2r10µ0 +

1
2A

(0)2
3 (Γ28 − 2Γ33)− Γ31

− λ́2r10
ρ1

[δ(Γ21 + Γ23A
(0)2
3 )− (1 + χδ)(Γ11 + Γ13A

(0)
3 )]] + (1 + χδ){− t

2n}[Γ85

+Γ78 − 4ρ2µ0 +
λ́2r10
ρ2

[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58]] +
1
ρ2
[2δλ́2r10µ0 − Γ71

−Γ73A
(0)2
3 + λ́2r10

ρ2
[δ(Γ61 − Γ63A

(0)2
3 )− (1 + χδ)(Γ51 + Γ53A

(0)2
3 )]]}

× cos(ρ2n
−1t) + (1 + χδ){ t

2nA
(0)
3 [Γ88 − Γ75 +

λ́2r10
ρ2

[δΓ65 − (1 + χδ)Γ55]]− 1
ρ2

×Γ65A
(0)2
3 + 1

2ρ2
A

(0)
3 [Γ85 + Γ78 − 4ρ2µ0 +

λ́2r10
ρ2

[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58

−2(Γ61 + Γ63A
(0)2
3 )]]} sin(ρ2n−1t) + (1+χδ)

2ρ2
A

(0)2
3 [Γ68 cos(2ρ2n

−1t) + Γ65

× sin(2ρ2n
−1t)] + δ{T0

4 A
(0)
3 (2 csc2 ρ1

2 T0 − 1)[Γ48 + Γ35 +
λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)]

+T0
2 A

(0)2
3 [Γ18 − Γ45 − λ́2r10

ρ1
(δΓ28 − 2(1 + χδ)Γ18)]− 1

3ρ1
A

(0)2
3 Γ25 − 1

2ρ1
A

(0)
3 [Γ18

−Γ45 +
λ́2r10
ρ1

(δΓ28 + 2(1 + χδ)Γ18)] +
t
2nA

(0)
3 [Γ18 + Γ15 +

λ́2r10
ρ1

(δΓ25

+2(1 + χδ)Γ15)]} sin(ρ1n−1t) + δ{−T0A
(0)
3

4 (cot ρ1
2 T0)[Γ48 + Γ35 +

λ́2r10
ρ1

(δΓ25 − (1 + χδ)Γ15)]

+1
2A

(0)2
3 T0[Γ45 − Γ18 +

λ́2r10
ρ1

(δΓ28 − 2(1 + χδ)Γ18)] +
1
ρ1
[2λ́2r10(1 + χδ)µ0 − 1

2Γ28

×A(0)2
3 + Γ31 + Γ33A

(0)2
3 + λ́2r10

ρ1
[δ(Γ21 + Γ23A

(0)2
3 )− (1 + χδ)(Γ11 + Γ13A

(0)2
3 )]] + t

2n

×A(0)
3 [Γ18 − Γ45 +

λ́2r10
ρ1

(δΓ28 + 2(1 + χδ)Γ18)] +
1

6ρ1
Γ28A

(0)2
3 } cos(ρ1n−1t)

+ δ
6ρ1
A

(0)2
3 [Γ25 sin(2ρ1n

−1t)− Γ28 cos(2ρ1n
−1t)]}+ ...,

γ = 1− 1
2ε

−1{(1 + χδ)2[ δλ́2r10
ρ2

+A
(0)
3 sin(ρ2n

−1t)]2 + [d2 + (1 + χδ)A
(0)
3 cos(ρ2n

−1t)]2}+ ....,

µ0 =
1

4ρ2
{Γ85 + Γ78 − 2(Γ61 + Γ63A

(0)2
3 ) + λ́2r10

ρ2
[δ(Γ65 − 2Γ68) + (1 + χδ)Γ58]},

T0 = 2πρ−1
2 .

(34)
As a result of the fact that the rotatory motion of a RB in 3D is governed by non-

linear differential equations, it is frequently difficult or even impossible to obtain exact
solutions in many practical scenarios [1, 3, 7]. Therefore, the AS play an essential role in
comprehending, predicting, and optimizing the rotational behavior of such systems. The
following are the primary reasons why that are important:

This problem is governed by Euler’s equations [49], which are highly nonlinear due to
the interdependence of angular velocities and moments of inertia. The nonlinear nature of
the problem makes finding exact solutions for arbitrary initial conditions or external forces
nearly impossible, necessitating the use of approximate methods such as perturbation
techniques, numerical simulations, or asymptotic analysis [50].

The use of the AS make it possible to do computations in an effective manner, which
makes them suited for real-time applications in which exact results are not feasible. For the
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purpose of providing feedback control, numerous control systems in the fields of robotics,
aircraft, and navigation require extremely quick and real-time estimates of rotational mo-
tion [51].

By analyzing small perturbations, AS facilitate the assessment of rotational stabil-
ity, enabling engineers to predict whether a system will sustain stable motion or shift
into chaotic behavior. The evolution of rotational motion in RBs over extended periods,
including effects like precession and nutation, can be computationally demanding [52].
The AS provide an efficient alternative for studying these dynamics. Rotating systems
are often susceptible to resonance, where periodic external forces intensify oscillations.
Approximate approaches like multiple-scales method and averaging one [50] help detect
critical frequencies and optimize system design to prevent instability.

RBs in engineering applications frequently undergo compound rotational motion, in-
cluding spinning and chaotic dynamics. AS provide computationally efficient models that
retain essential physical insights. Numerical simulations, including finite element analysis
and Runge-Kutta integration, provide precise results but are computationally demanding
[53]. Approximate analytical methods offer initial insights, serving as a foundation for
further refinement using computational techniques. As benchmark models, the AS help
validate experimental data, allowing researchers to compare predictions, refine models,
and detect discrepancies.

Therefore, the nonlinear nature of the governing EOM makes obtaining AS RB ro-
tation essential. These approximations enable real-time computation, stability analysis,
and long-term motion prediction, providing practical benefits across aerospace, robotics,
biomechanics, and structural engineering.

5. Euler’s angles and interpretation of motion

This section is dedicated to analyzing Eulerâ€™s angles for the motion of the given
body within the context of the obtained solutions, offering a geometrical interpretation of
motion through at any moment. These angles are crucial for determining the orientation
of a RB in 3D space. They offer a structured approach to defining a RBâ€™s orientation
in 3D space through three sequential rotations relative to a fixed reference frame, ensur-
ing a clear and systematic representation of rotation [54]. With only three parameters,
these angles provide a simpler and more computationally efficient alternative to rotation
matrices and quaternions, making them easier to interpret in engineering contexts.

Euler angles are essential in aerospace for defining the orientation of aircraft, satellites,
and spacecraft, supporting navigation, attitude control, and stabilization. In robotics,
they facilitate precise positioning and motion planning for robotic arms and autonomous
systems [55]. They are fundamental to RB dynamics, aiding in the formulation and
solution of Eulerâ€™s EOM. They offer a simplified representation of angular velocity
and acceleration, enhancing mechanical and aerospace studies.

Numerous sensors, such gyroscopes are useful for motion tracking and control systems
in the real world because they measure orientation in terms of these angles. For smooth and
organic object orientation control, Euler angles are frequently utilized in computer graphics
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and animation. Additionally, they are employed in simulation and game development
physics engines. They provide a structured approach to analyzing rotational behaviors,
including precession, nutation, and spin, which are essential in planetary motion, satellite
dynamics, and gyroscopic systems [55].

A fundamental approach involves applying the expressions for Eulerâ€™s angles θ, ψ
and ϕ as in [1].

θ = cos−1 γ,

ψ̇ =
pα+ qβ

1− γ2
,

ϕ̇ = r − ψ̇ cos θ,

ϕ0 = tan−1

(
α0

β0

)
;

(
·̇ ≡ d

dt

)
.

(35)

Substituting the achieved solutions (34) into expressions (35) to obtain θ, ψ and ϕ as
follows

θ = θ0 + ε−1(1 + χδ)A
(0)
3 csc θ0

[
δλ′

2r10
ρ2

(1 + χδ)
[
sin

(
ρ2n

−1(t+ χ)
)
− sin

(
ρ2n

−1χ
)]

+d2
[
cos

(
ρ2n

−1(t+ χ)
)
− cos

(
ρ2n

−1χ
)]]

+ · · · ,

ψ = ψ0 + εn−1 csc2 θ0

{
d1d2 + (1 + χδ)

[
δ(λ́2r10)2

ρ21ρ2
(ρ1 + ρ2)

[
δχ
ρ2
(ρ1 + ρ2) + 1

]
+ χA

(0)2
3

]
t

+
nA

(0)
3

ρ2
[d2χ+ d1(1 + χδ)] sin

(
ρ2n

−1t
)
− nλ́2r10

ρ1ρ2
(1 + χδ)A

(0)
3

[
2χδ
ρ2

(ρ1 + ρ2) + 1
]

×
(
cos

(
ρ2n

−1t
)
− 1

)}
+ · · · ,

ϕ = ϕ0 +
r10
n t−

ε−1

n

{
εA

(0)
3

nbr10
[(1 + χδ)(d2 − 1) + χd1]

[
n
ρ2

sin
(
ρ2n

−1t
)
− t

]
−nλ́2r10

ρ1ρ22

[
δ(ρ1 + ρ2)

(
χ2 + (1 + χδ)2

)
+ ρ2χ

] (
cos

(
ρ2n

−1t
)
− 1

)}
+csc2 θ0 cos θ0

{
d21 + (1 + χδ)

[
δ(λ́2r10)2

ρ21ρ2
(ρ1 + ρ2)

[
χδ
ρ2
(ρ1 + ρ2) + 1

]
+ χA

(0)2
3

]
t

+
nA

(0)
3

ρ2
[d2χ+ d1(1 + χδ)] sin

(
ρ2n

−1t
)
− nλ́2r10

ρ1ρ2
(1 + χδ)A

(0)
3

[
2χδ
ρ2

(ρ1 + ρ2) + 1
]

×
(
cos

(
ρ2n

−1t
)
− 1

)}
+ · · ·

(36)
where

ϕ0 =
π

2
− ρ1n

−1χ.

Equation (36) clearly shows that the Euler angles of the examined motion are depen-
dent on the arbitrary constants θ0, ψ0 and r0.
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6. Evaluation of the outcomes

This section primarily focuses on presenting and analyzing the results outlined in (34)
and (36) using the graphical representations of the obtained solutions to highlight the
influence of various parameters on the body’s motion over time and to emphasize the
significance of the GM. Accordingly, the following data are considered

I1 = I2 = 103kg.m2, I3 = 800kg.m2, ε = 1000, xG = 1m,
M = 50kg, g = 9.8kg.s−2, r0 = 1.2, θ0 = 10−10

λ2, λ3 = (10, 30, 60)kg.m2.s−1.

Fig.2, and Fig.4 illustrate the temporal progression of the outcomes obtained from the
system of equations (34) under different values of λ2 and λ3 , respectively. Meanwhile,
the corresponding phase plane diagrams, generated using the same parameter settings,
are depicted in Figs. Fig.3, and Fig.5. These visualizations are derived from the data
previously presented.

Fig.2 illustrates the variation of the time-dependent functions p, q, r, α, β and γ when
λ2 has distinct values of (10, 30, 60)kg.m

2.s−1 . Certain sections of this figure are computed
at λ3 = 10kg.m2.s−1 .

The main purpose of the curves in Fig.2 is to examine the positive effects of the selected
values of the gyro’s second projection λ2 = (10, 30, 60)kg.m2.s−1 on the body’s behavior.
As anticipated, periodic waves appear in certain portions of this figure. The solutions p
and α show only small variations with different values of λ2 , as demonstrated in Fig.2 in a
and d respectively. This behavior arises from the governing equations, which either do not
explicitly depend on it or encompass it within a bracket alongside λ2. However, the other
potions (b), (c), (e), and (f) are significantly influenced by changes in values. Notably,
the wave amplitudes increase as increases, as shown in Fig.2 in e and f respectively.
Additionally, neither the number of fluctuations nor the wavelength of the waves undergoes
any change.

The body’s steady behavior is depicted through the phase plane graphs of the obtained
solutions when λ2(= 10, 30, 60)kg.m2.s−1 , as shown in Fig.3. The plotted curves represent
the solutions via their first derivatives, with time being excluded. Notably, symmetric
closed curves emerge, highlighting and validating the stability behavior of the body’s
motion.

Curves in Fig.4 show how the solutions p, q, r, α, β and γ change for distinct values
of λ3 (e. g.10, 30 and 60). These solutions are affected by variations in λ3 , producing
periodic waves with distinct amplitudes, as shown in parts of Fig.3. As values increase,
the amplitudes of these waves decrease. The plots of phase plane of these waves, shown
in portions of Fig.5, further demonstrate the stable nature of the results. The results
indicate that the solutions maintain stability, without any chaotic characteristics.

It is evident that Euler’s angles θ, ψ and ϕ significantly contribute to determining
the orientation of the RB. To investigate this aspect, relations (37) are plotted in Figs.6
and Figs.7, considering the previously provided data to analyze the impact of different
values of λ2, and λ3 on the body’s dynamic behavior. Notably, Figs.6 are plotted at
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λ2(= 10, 30, 60)kg.m2.s−1 and λ3 = 10 respectively, while Figs. (7) are computed at
λ2 = 10 and,λ3(= 10, 30, 60)kg.m2.s−1 respectively.

Notably, the behavior of the nutation angle θ positively influences λ3 as it increases
over time, as illustrated in Fig.6 and Fig.7, in panel a . This effect arises from the
first approximate term, which depends on ρ1, ρ2, χ and δ . It is apparent that the wave
amplitude grows moderately, while the oscillation count remains constant. On the other
side, the behavior of the waves representing the precession angle ψ changes gradually as
λ2 increases, as shown in panel b of Fig.6 and Fig.7. However, there is no noticeable
variation in the waves describing the self-rotation angle ϕ , as seen in panel c of Fig.6 and
panel c of Fig.7. The negative values of ϕ arise due to the difference between the first
and second terms in the equation, where the second term is significantly larger than the
first. Additionally, it should be noted that the inaccuracy in ϕ plays a crucial role in these
results.

Figure 2: Presents the variations of p(t), q(t), r(t), α(t), β(t) and γ(t) when λ2 = (10, 30, 60) kg ·m2 · s−1 and
λ3 = 10 are considered.



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 22 of 35

Figure 3: Depicts the phase plane representations of time dependent functions in Fig.2.

Figure 4: Shows the variation of p(t), q(t), r(t), α(t), β(t) and γ(t) when λ3 = (10, 30, 60)kg.m2.s−1 and
λ2 = 10 .
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Figure 5: Reveals the phase plane plots of time dependent functions in Fig.4.

Figure 6: Presents the temporal histories of: (a) θ, (b) ψ, and (c) ϕ at λ2(= 10, 30, 60) and λ3 = 10.
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Figure 7: Shows the time histories of the angles (a) θ, (b) ψ, and (c) ϕ when λ3(= 10, 30, 60) and λ2 = 10
are consided.

7. Conclusion

This work analyzes the three-dimensional motion of a new RB according to La-
grange’s gyroscope model, considering a new condition by giving the body a very much
displacement of the center of mass from the axis of dynamic symmetry. The body is in-
fluenced by a GM along the main inertia axes and a NFF. The governing EOM and their
first integrals are reformulated as a nonlinear dynamical system of four first-order DEs,
which are solved via the LPA. Advanced computational tools are employed to analyze the
solutions and visualize the influence of varying applied moments and NFF on the body’s
motion. These solutions extend and generalize previous findings by Elfimov [26], which
considered the absence of external moments and forces, and by Amer [16], which exam-
ined the case of a uniform field. The stability of the obtained solutions is evaluated using
computational methods, generating diagrams of the phase plane which confirm the motion
remains free of chaotic behavior. Additionally, geometric interpretations are conducted to
determine the body’s orientation over time, utilizing Euler’s angles. Time-histories plots
of these angles further illustrate the effects of different physical parameters on motion.
This research is highly relevant due to its wide-ranging applications in celestial mechanics,
physics, and gyroscopic systems, offering valuable insights into the dynamics of rigid bod-
ies subjected to complex force interactions. This study is expected to significantly impact
the aerospace industry by enhancing our understanding of rotational motion and celestial
dynamics, with direct applications in the design and operation of spacecraft, satellites,
and other space vehicles.
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Appendix 1

Γ11 = −1
2d

2
2[χ− kδ(1 + χδ)]− 1

br10
{A1[b(1 + χδ)− 1][d1 − δ + δd2(k + 1)]

−A3[b(1 + χδ)− 1][d1χ− 1− χδ + d2(k + 1)(1 + χδ)]

−A1A3[b(1 + χδ)− 1][χ+ δ(1 + χδ)(k + 1)]}+ λ́2
ρ1ρ2

{A2
b [b(1 + χδ)− 1]

×[ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(ρ1 + ρ2)(k + 1)]− 1
2ρ1ρ2

δ2χλ́2r
2
10(1

+χδ)2(χ− (k + 1)(1 + χδ))(ρ1 + ρ2)
2},

Γ12 = −1
2δ

2[χ− kδ(1 + χδ)],
Γ13 = −1

2(1 + χδ)2[χ− k(1 + χδ)],
Γ14 =

1
br10

[b(1 + χδ))− 1][d1 − δ + δd2(k + 1)]− δd2[χ− kδ(1 + χδ)],

Γ15 =
1

br10
[b(1 + χδ))− 1][d1χ− 1− χδ + d2(1 + k)(1 + χδ)]− d2(1 + χδ)[χ− kδ(1 + χδ)],

Γ16 =
1

br10
[b(1 + χδ))− 1][χ+ δ(1 + k)(1 + χδ)]− δ(1 + χδ)[χ− kδ(1 + χδ)],

Γ17 =
λ́2
ρ1ρ2

{ [b(1+χδ))−1]
b [ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(1 + k)(ρ1 + ρ2)]

−δ2r10(1 + χδ)(ρ1 + ρ2)(χ− kδ(1 + χδ))},
Γ18 =

λ́2
ρ1ρ2

{ [b(1+χδ))−1]
b {χ[ρ2(1 + χδ) + χδρ1] + δ(1 + k)(1 + χδ)2(ρ1 + ρ2)}

−δλ́2r10(1 + χδ)2(ρ1 + ρ2)(χ− δk(1 + χδ))},
Γ21 =

1
2d

2
2[k(1 + χδ)2 − χ2]− 1

r10
{A1[χ(1 + χδ)][d1 − δ + δd2(1 + k)]

−A3[χ(1 + χδ)− 1][d1χ− 1− χδ + d2(1 + k)(1 + χδ)]−A1A3[χ(1 + χδ)][χ+ δ(1 + χδ)(k + 1)]}

+ χλ́2

ρ1ρ2
{A2(1 + χδ)[ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(1 + k)(ρ1 + ρ2)]− 1

2ρ1ρ2
δ2λ́22r

2
10(1 + χδ)2(ρ1

+ρ2)
2)(k(1 + χδ)2 − χ2)},

Γ22 = −1
2 [k(1 + χδ)2 − χ2]δ2,

Γ23 = −1
2(1 + χδ)2[k(1 + χδ)2 − χ2],

Γ24 =
χ
r10

{(1 + χδ)[d1 − δ + δd2(1 + k)] + δr10d2[k(1 + χδ)2 − χ2]},
Γ25 =

χ(1+χδ)
r10

{[d1χ+ (1 + χδ)(d2(1 + k)− 1)] + d2r10[k(1 + χδ)2 − χ2},
Γ26 =

χ
r10

(1 + χδ){[χ+ δ(1 + χδ)(1 + k)]− δr10[(1 + χδ)2 − χ2̂]},
Γ27 =

χ(1+χδ)λ́2

ρ1ρ2
{[ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(ρ1 + ρ2)(1 + k)] + δ2

χ [k(1 + χδ)2]

−χ2]r10(ρ1 + ρ2)},
Γ28 =

λ́2χ(1+χδ)
ρ1ρ2

{[χ(ρ2(1 + χδ) + χδρ1) + δ(1 + k)(1 + χδ)2(ρ1 + ρ2)] + δr10(1 + χδ)2

×[k(1 + χδ)2 − χ2](ρ1 + ρ2)},
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Γ31 =
1

br10
{A1(1 + χδ)λ́2[d1 − δ + δd2(1 + k)] +A3[(1 + χδ)λ́2[d1χ

−1− χδ + d2(1 + χδ)(1 + k)]] +A1A3[(1 + χδ)λ́2[χ+ δ(1 + χδ)(1 + k)]]} − A2
bρ1ρ2

×[(1 + χδ)λ́2
2
[ρ2(1 + χδ) + χδρ1 + δ2(1 + k)(1 + χδ)(ρ1 + ρ2)]],

Γ32 = 0,
Γ33 = 0,

Γ34 = − λ́2
br10

(1 + χδ)[d1 + δ(d2(1 + k)− 1)],

Γ35 = − λ́2
br10

{(1 + χδ)[d1χ+ (1 + χδ)(d2(1 + k)− 1)]},
Γ36 = − λ́2

br10
(1 + χδ)[χ+ δ(1 + k)(1 + χδ)],

Γ37 = − λ́2
bρ1ρ2

(1 + χδ){(1 + χδ)[ρ2 + δ2(ρ1 + ρ2)(1 + k)] + χδρ1},
Γ38 = − λ́2

bρ1ρ2
(1 + χδ){χ[ρ2(1 + χδ) + χδρ1] + δ(1 + k)(1 + χδ)2(ρ1 + ρ2)},

Γ41 =
1
2d

2
2[χd1 + (1 + χδ)(1− kd2)]− 1

br10
{A1[ad1(1 + χδ)− χd2]

×[d1 − δ + δd2(k + 1)]−A3[ad1(1 + χδ)− χd2][d1χ− 1− χδ + d2(1 + k)(1 + χδ)]

−A1A3[ad1(1 + χδ)− χd2][χ+ δ(1 + χδ)(1 + k)]}+ λ́2
ρ1ρ2

{A2
b [ad1(1

+χδ)− χd2][ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(ρ1 + ρ2)(1 + k)] + 1
2ρ1ρ2

δ2λ́21r
2
10(1 + χδ)2

×[χd1 + (1 + χδ)(1− kd2)](ρ1 + ρ2)
2},

Γ42 =
1
2 [χd1 + (1 + χδ)(1− kd2)]δ

2,
Γ43 =

1
2 [χd1 + (1 + χδ)(1− kd2)](1 + χδ)2,

Γ44 =
1

br10
{[ad1(1 + χδ)− χd2][d1 + δ(d2(k + 1)− 1)]}+ δ[χd1 + (1 + χδ)(1− kd2)]d2,

Γ45 =
1

br10
{[ad1(1 + χδ)− χd2][d1χ+ (1 + χδ)(d2(k + 1)− 1)]}+ (1 + χδ)[χd1

+(1 + χδ)(1− kd2)]d2,
Γ46 =

1
br10

{[ad1(1 + χδ)− χd2][χ+ δ(1 + χδ)(1 + k)]}+ δ(1 + χδ)[χd1 + (1 + χδ)(1− kd2)],

Γ47 =
λ́2

bρ1ρ2
{[ad1(1 + χδ)− χd2][(1 + χδ)(ρ2 + δ2(1 + k)(ρ1 + ρ2)) + χδρ1]

+δ2(1 + k)br10(1 + χδ)(ρ1 + ρ2) + [d1χ+ (1 + χδ)(1− k)d2]},
Γ48 =

λ́2
bρ1ρ2

{[ad1(1 + χδ)− χd2]{χ[ρ2(1 + χδ) + δχρ1] + δ(1 + χδ)2(ρ1 + ρ2(1 + k))

+δbr10(1 + χδ)2(ρ1 + ρ2)[χd1 + (1 + χδ)(1− kd2)]},
Γ51 =

1
2d

2
2(1− δ2k) + δ

r10
{A1[(d1 + δ((1 + k)d2 − 1)] +A3[(d1χ− 1− χδ) + (1 + k)(1 + χδ)d2]

+A1A3[χ+ (1 + χδ)δ(1 + k)]} − λ́2δ
ρ1ρ2

{A2[ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(ρ1 + ρ2)(k + 1)]

+ 1
2ρ1ρ2

δr210λ́
2
2(1 + χδ)2(ρ1 + ρ2)

2(1− kδ2)},
Γ52 =

1
2δ

2(1− kδ2),
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Γ53 =
1
2(1 + χδ)2(1− kδ2),

Γ54 =
δ
r10

[d2(r10(1− kδ2)− δ(k + 1)) + δ − d1],

Γ55 = d2(1 + χδ)(1− kδ2)− δ
r10

[(1 + χδ)(d2(1 + k) + 1)− d1χ],

Γ56 =
δ
r10

[(1 + χδ)(1− δ(1 + k))− χ] + δ(1 + χδ)(1− kδ2),

Γ57 =
λ́2δ
ρ1ρ2

{[ρ2(1 + χδ) + χρ1 + δ(ρ1 + ρ2)(1 + χδ)(k + 1)]] + δr10(1 + χδ)(ρ1 + ρ2)(1− kδ2)},
Γ58 =

λ́2δ
ρ1ρ2

(ρ1 + ρ2){δr10(1− kδ2)(1 + χδ)2 − [(1 + χδ)2(1 + k) + χδ[ρ2(1 + χδ) + χδρ1]]},
Γ61 =

1
br10

{[d1 + δ(d2(k + 1)− 1)](1 + bχδ)A1 + (1 + bχδ)[(1 + χδ)(d2(k + 1)− 1) + d1χ]A3

+(1 + bχδ)[χ+ δ(k + 1)(1 + χδ)]A1A3}

+
d22
2 (χ− kδ(1 + δχ))− λ́2

bρ1ρ2
(1 + bχδ)[ρ2(1 + χδ) + χδρ1 + (ρ1 + ρ2)

×δ2(1 + χδ)(k + 1)]A3 +
δ2

2 (χ− kδ(1 + χδ))( λ́2A2r10
ρ1ρ2

)2(1 + χδ)2(ρ1 + ρ2)
2],

Γ62 =
δ2

2 (χ− kδ(1 + χδ)),

Γ63 =
(1+χδ)2

2 (χ− kδ(1 + χδ)),
Γ64 = − 1

br10
[d1 − δ(1− d2(1 + k))](1 + bχδ) + δ(χ− kδ(1 + χδ))d2,

Γ65 = − 1
br10

(1 + bχδ)[(1 + χδ)(d2(k + 1)− 1) + χd1] + (1 + χδ)(χ− kδ(1 + χδ)))d2,

Γ66 = − 1
br10

[χ+ δ(k + 1)(1 + χδ)](1 + bχδ) + δ(1 + χδ)(χ− kδ(1 + χδ)),

Γ67 = − λ́2
bρ1ρ2

{(1 + bχδ)[ρ2(1 + χδ) + χδρ1 + δ2(1 + χδ)(ρ1 + ρ2)(k + 1)]

−δ2br10(1 + χδ)(χ− kδ(1 + χδ))(ρ1 + ρ2)},
Γ68 = − λ́2

bρ1ρ2
{χ(1 + bχδ)[(ρ1 + ρ2)χδ + ρ2] + δ(1 + χδ)2(k + 1)(ρ1 + ρ2)]

+δbr10(1 + χδ)2(χ− kδ(1 + χδ))(ρ1 + ρ2)},
Γ71 = − δλ́2[d1−δ+δd2(k+1)]

br10
A1 − δλ́2[d1χ−(1+χδ)(d2(1+k)−1)]

br10
A3

− δλ́2[χ+δ(1+k)(1+χδ)]
br10

A1A3 +
δλ́2

2

bρ1ρ2
[δχρ1 + (1 + χδ)ρ2 + δ2

×(1 + χδ)(ρ1 + ρ2)(k + 1)]A2,
Γ72 = 0,
Γ73 = 0,

Γ74 =
δλ́2[(d1−δ)+δd2(k+1)]

br10
,

Γ75 =
δλ́2[d2(1+χδ)(k+1)+(d1χ−(1+χδ))]

br10
,

Γ76 =
δλ́2
br10

[χ+ δ(1 + χδ)(k + 1)],

Γ77 =
δλ́2

2

bρ1ρ2
[χδρ1 + ρ2(1 + χδ) + δ2(1 + χδ)(k + 1)(ρ1 + ρ2)],

Γ78 =
δλ́2

2

bρ1ρ2
{χ[χδρ1 + ρ2(1 + χδ)] + δ(1 + χδ)2(ρ1 + ρ2)(k + 1)},
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Γ81 = − [(d1−δ)+δd2(k+1)][d2−δad1)]
br10

A1 − 1
br10

[(d1χ− (1 + χδ))

+d2(1 + χδ)(k + 1)][d2 − δad1]A3 − 1
2(d1 + δ(1− kd2))d

2
2

+ [χ+δ(1+χδ)(k+1)][d2−δad1]
br10

A1A3 +
λ́2

bρ1ρ2
[χδρ1 + ρ2(1 + χδ) + δ2

×(1 + χδ)(ρ1 + ρ2)(k + 1)][d2 − δad1]A2 − 1
2
δ2λ́2

2
r210(1+χδ)2

(ρ1ρ2)2
(d1

+δ(1− kd2))(ρ1 + ρ2)
2,

Γ82 = − δ2

2 (d1 + δ(1− kd2)),

Γ83 = − (1+χδ)2

2 (d1 + δ(1− kd2)),

Γ84 =
[(d1−δ)+δd2][d2−δ(ad1+λ́1)]

br10
− δd2(d1 + δ),

Γ85 =
1

br10
[(d1χ− (1 + χδ)) + (1 + χδ)d2(k + 1)][d2 − δad1]− d2(1 + χδ)

×(d1 + δ(1− kd2)),

Γ86 =
[χ+δ(k+1)(1+χδ)][d2−δad1]

br10
− δ(1 + χδ)(d1 + δ(1− kd2)),

Γ87 =
λ́2

bρ1ρ2
[(1 + χδ)ρ2 + χδρ1 + δ2(k + 1)(1 + χδ)(ρ1 + ρ2)][d2 − δad1]

− δ2λ́2r10
ρ1ρ2

(1 + χδ)(ρ1 + ρ2)(d1 + δ(1− kd2)),

Γ88 =
λ́2

bρ1ρ2
{χ[ρ1χδ + (1 + χδ)ρ2] + δ(1 + χδ)2(ρ1 + ρ2)(k + 1)}[d2 − δad1]

− δλ́2r10(1+χδ)2

ρ1ρ2
(ρ1 + ρ2)(d1 + δ(1− kd2)),
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Appendix2

G10 = Γ41 +
1
2 [(2Γ42 − Γ41)(A

2
1 +A2

2) + (2Γ43 − Γ25)A
2
3]− 2Γ17A1A2,

G11 = Γ44 − 2Γ11 − 2(A2
1 +A2

2)Γ12 − 1
2 [4Γ13 +

1
ρ1
(ρ1 + ρ2)Γ26]A

2
3 − 2

×ρ1µ0 − λ́2r10(1+χδ)
ρ1

Γ17 − λ́2r10δ
ρ2

Γ27 + Γ37,

G12 =
1

2ρ1
(ρ1 − ρ2)A

2
3Γ26,

G13 = −3
2(A

2
1 −A2

2)Γ14 +A1A2Γ17,
G14 = −3A1A2Γ14 − 1

2Γ17(3A
2
1 −A2

2)− 1
2ρ1

(ρ1 + ρ2)A1A2Γ27,

G15 = Γ45 − 1
2(3−

ρ2
ρ1
)(A2

1 −A2
2)Γ16 − 1

ρ1
(ρ1 + ρ2)[Γ21 +A2

3Γ23

+(A2
1 +A2

2)Γ22]− λ́2r10δ
ρ1

Γ28 +
ρ2
ρ1
[Γ38 − λ́2r10(1+χδ)

ρ1
Γ18],

G16 = Γ46 − 1
2 [2Γ15 +

1
ρ1
(ρ1 + ρ2)Γ24],

G17 = −1
2(Γ24 +

ρ2
ρ1
Γ15),

G18 = −1
2 [2Γ15 +

1
ρ1
(ρ1 + ρ2)Γ24),

G19 =
ρ2
2ρ1

Γ15 +
1
2Γ24,

G110 =
1
2Γ61A3[

1
ρ1
(ρ1 − ρ2)A

2
1 − 2(A2

1 +A2
2)],

G111 = −(3− ρ2
ρ1
)A1A2A3Γ16,

G112 = − 1
2ρ1

(ρ1 + ρ2)Γ26,

G113 = − 1
2ρ1

(ρ1 − ρ2)Γ26,

G114 = − 1
2ρ1

(ρ1 + ρ2)A
2
3Γ25,

G115 = − 1
2ρ1

(ρ1 + 2ρ2)A
2
3Γ28,

G116 = − 1
ρ1
(ρ1 − ρ2)Γ36 − (1 + ρ2

2ρ1
)Γ18 +

1
2ρ1

(ρ1 − ρ2)
λ́2r10δ

ρ2
Γ26,

G117 = −1
2 [

1
ρ1
(ρ1 − ρ2)− 1]Γ27,

G118 = −1
2Γ27 − 1

2ρ1
(ρ1 + ρ2)Γ27 − Γ18,

G119 = − ρ2
2ρ1

Γ18,

G120 = − 1
2ρ1

(ρ1 + ρ2)Γ27,

G121 = Γ47 +
λ́2r10δ

ρ2
Γ24 +

λ́2r10(1+χδ)
ρ1

Γ14 − Γ34,

G122 = Γ48 +
λ́2r10δ

ρ1
Γ25 +

ρ2
ρ1

λ́2r10(1+χδ)
ρ1

Γ15 − ρ2
ρ1
Γ35,

G123 = (1− ρ2
ρ1
) λ́2r10(1+χδ)

ρ1
A1A3Γ16,
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G20 = −2r10λ́2µ0(1 + χδ) + [Γ11 + (A2
1 +A2

2)Γ12 +A2
3Γ13]

λ́2r10(1+χδ)
ρ1

+ 1
2A

2
3Γ28 + [Γ21

+(A2
1 +A2

2)Γ22 +A2
3Γ23]

λ́2r10δ
ρ2

− [Γ31 + (A2
1 +A2

2)Γ32 +A2
3Γ33]− (A2

1 +A2
2)Γ17,

G21 = −2ρ1µ0 − 2[Γ11 + (A2
1 +A2

2)Γ12 +A2
3Γ13]− λ́2r10δ

ρ2
Γ27 − 1

2(1−
ρ2
ρ1
)A2

3Γ26

+Γ37 + Γ44 − 2λ́2r10(1+χδ)
ρ1

Γ17,

G22 = −Γ34 + Γ47 +
λ́2r10δ

ρ2
Γ24 − 2(1+χδ)λ́2r10

ρ1
Γ14,

G23 =
1

2ρ1
(ρ1 + ρ2)A

2
3Γ26,

G24 =
ρ2
2ρ1

(A2
1 +A2

2)Γ16 +
ρ2
ρ1
Γ45 − λ́2r10δ

ρ2
Γ28 +

2(1+χδ)λ́2r10
ρ1

Γ18 + Γ38
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