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point, focusing on Lagrange’s case while considering the effects of a gyrostatic moment (GM) and
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Table 1: List of abbreviations and famous symbols.

RB Rigid body

GM Gyrostatic moment
NFF Newtonian force field
EOM Equations of motion

LPA Large parameter approach
AS Approximate solutions
DEs Dif ferential equations

oOXYZ Fixed frame
Ozxyz Rotating frame

M Mass of the body
Ai Gyrostatic moment vector
w = (p,q,r) The body's angular velocity vector
1,15, I3 Principal moments of inertia
€ Large param

1. Introduction

For over two centuries, the study of a RB dynamics has been a focal point of research
due to its diverse real-world applications. Gyroscopes, for example, play a critical role in
stabilizing and guiding the motion of aircraft, submarines, and spacecraft by maintaining
balance and determining orientation. The difficulty of the problem is influenced by the
initial conditions, particularly the initial angular velocity, center of mass position, and prin-
cipal moments of inertia. Moreover, external factors-such as gravitational influences from
various centers, whether symmetric or asymmetric, and applied external moments-further
complicate the analysis, requiring different mathematical and computational approaches
tailored to specific scenarios.

These issues are described by the Euler-Poisson’s equations [1], which define the body’s
angular velocity and orientation at any given time. Extensive research has explored this
topic from various perspectives [2-17]. In [2], the motion of the RB subjected to a combi-
nation of gyroscopic and axisymmetric potential forces is analyzed, with two integrals of
the system provided. In [3], the authors presented a fourth integral associated with the
RB motion around a fixed point under the influence of a gravitational moment. Exact
solutions to similar problems necessitate a fundamental fourth first integral, which is only
derived in specific well-known cases, such as [2-7]. These cases depend on the location
of the body’s center of mass and the values of its main moments of inertia. In [8] and
[9], the authors propose specific conditions for solving the equations of Euler-Poisson and
simplify them by transforming the system into three nonlinear differential equations (DEs)
involving angular velocity components.

In [10], an innovative method is introduced for solving the Euler-Poisson system, which
is well known for its analytical solution challenges. This new method effectively overcomes
these difficulties. In [11], the dynamics of a charged the RB rotating about a fixed point
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with a rotor attached along a principal axis are examined. The study evaluates sufficient
conditions for equilibrium instability using the method of linear approximation. In [12],
the spatial rotational motion of a charged symmetric the RB about a stationary point is
analyzed, resembling Lagrange’s formulation, where the center of mass is displaced slightly
from the body’s dynamic symmetry axis. In [13], the rotational motion of asymmetric
the RB influenced by stationary torques in its body-fixed frame, directed on the first
component of the gravitational moment, is analyzed. The study presents analytical results
and simulations for two scenarios, where a constant torque is applied along the middle and
minor axes. The results are interpreted through separatrix surfaces, periodic and non-
periodic solutions, equilibrium manifolds, and the extreme values of periodic solutions.
The studies in [14] and [15] focus on the motion of a rotating gyro about a fixed point,
analyzed using Lagrange-like criteria. By applying the averaging method, a simplified
averaged system for the EOM is derived, taking into account a small parameter. This
approach yields AS for two scenarios involving different perturbing moments. The author
in [16] further explored the rotational behavior of a symmetric gravitational moment near
Lagrange’s case, considering the effects of a perturbed torque vector, the third projection
of a gravitational moment, and a restoring torque vector. In [17], the PSPM is employed
to obtain AS for the motion of the RB in a NFF.

Perturbation methods are highly effective in obtaining AS for similar problems; refer
to monographs [18-33]For more details, the Krylov-Bogoliubov-Mitropolski technique is
extensively utilized in [18] to derive AS for the EOM of a RB’s motion in a gravitational
field. However, these solutions include singular points, which are addressed in [19]. In
[20-25], the averaging approach is utilized to derive an averaged system for the motion
of a symmetric RB from different perspectives. This method is particularly effective in
solving the system when the body rotates in a uniform field [20, 21], experiences the GM
[22, 23], or involves a charged body [24, 25]. Additionally, in [26], this approach is applied
when the center of mass is offset slightly from the axis of dynamic symmetry.

The LPA plays a crucial role in studying symmetric rigid bodies experiencing signif-
icant rotational or translational displacements. By defining a dominant parameter that
characterizes the motion’s scale, AS can be developed to describe the system’s core dynam-
ics. This method has been widely applied in fields such as celestial mechanics, robotics,
and structural mechanics, where large displacements significantly impact system behavior.
In [27, 28], the problem of large RB displacements is examined as a fundamental challenge
in classical mechanics and engineering, particularly in relation to nonlinear dynamics and
stability. The asymptotic approach based on LPA serves as an effective analytical tool
when traditional perturbation methods are insufficient due to strong nonlinearities.

The presented works in [29-31] center broadly on the field of dynamics, with a par-
ticular emphasis on the motion of rigid bodies. It covers the core principles of analytical
dynamics, spacecraft attitude dynamics, robotics mechanics, perturbation techniques for
finding AS, and numerical methods for solving the governing DEs. In [32, 33|, the authors
solved Euler’s equations using three novel approaches to analyze the rotational motion of
a charged RB about a fixed point under the influence of GM. Whereas in [34], the authors
derived the angular velocity solutions for a RB model, similar to the Lagrange’s scenario
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with constant torque and GM, by decoupling the EOM and expressing them in complex
form. In [35], the authors demonstrate the influence of GMs and the electromagnetic field
on the body’s motion. In [36], the averaging technique is used to obtain the averaging
system of the EOM for a symmetric RB. Notably, this system has been successfully solved
for various scenarios, especially when the body moves in a uniform field. The vibrational
motions of RBs are studied in several works, e.g. [37-40]. The planar dynamics of an
elastic spring connected to a RB are analyzed in [37], leading to a dynamical model with
three-degree-of-freedom that follows the same path as its point of suspension. In [38], a
particular case is explored where the suspension point remains fixed. The study in [39]
examines linear damped spring that carry a RB, with the pivot point tracing an elliptical
path. These works employ the method of multiple-scales to obtain the AS of the EOM.
Consequently, solvability requirements are derived by eliminating secular terms, and po-
tential resonance cases are defined. In [40], the vibrational behavior of a rigid body around
its equilibrium position is investigated numerically using the ode45 solver, based on the
fourth-order Runge-Kutta method [41]. The comparison between numerical solutions and
asymptotic solutions for the pendulum motions of RBs is presented in [42], demonstrating
their reliability and the high accuracy of the perturbation approach utilized. A general-
ization of this problem is discussed in [43]. Additionally, the Routh-Hurwitz criteria [44]
are applied to confirm the stability of steady-state solutions and to assess their various
stability regions.

The presented works in [45-48] demonstrate innovative approaches to solving intricate
mechanical systems, enhancing the precision and applicability of mathematical models
in physics and engineering. In [45], a comparative study of analytical and numerical
solutions for a mass-spring system on a massless cart, revealing dynamic interactions
that enhance understanding in mechanical engineering contexts is presented. In [46], the
authors explored a pendulum situated between two springs using the Ms-DTM method,
shedding light on complex dynamic behaviors and the efficacy of this analytical technique.
A theoretical study of harmonic oscillators applying the optimal and modified homotopy
method is examined in [47] to address time dependence, contributing valuable insights
into dynamic system analysis. Moreover, examine a pendulum’s response to vibratory
influences using semi-analytical solutions formed through the aforementioned method is
examined in [48]. A comprehension of pendulum dynamics and validating sophisticated
perturbation techniques within mechanical problems is presented.

The work explores the 3D motion of a symmetric the RB with a very much displace-
ment of its center of mass from the axis of dynamic symmetry. The system is subjected to
the GM and a NFF. The LPA is employed to obtain AS for the EOM in cases of irrational
frequencies. Such solutions are then visualized to highlight the influence of various body
parameters on the motion over time, serving as a generalization of earlier work [16]. The
use of the LPA enables the derivation of AS remain valid even for significant deviations
from equilibrium. Recent advancements in asymptotic methods have proven effective in
addressing highly nonlinear the RB problems. Euler’s angles for the motion are deter-
mined, and graphical representations provide insight into the motion at any given instant.
The significance of this work explores the mathematical formulation, derivation, and ap-
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plications of the LPA in solving large displacement problems for symmetric the RBs. By
leveraging asymptotic approximations, we aim to provide practical and computationally
efficient solutions to highly nonlinear the RB problems, contributing to both theoretical
and applied mechanics.

The RB dynamics play a significant role in the theory of gyroscopes, particularly for
symmetric RBs that rotate rapidly around their axis of symmetry. Gyroscopes are crucial
in numerous engineering applications. For instance, in racing vehicles, the engine itself
acts like a large gyroscope, influencing performance and stability. In aviation, gyroscopes
help maintain stability and control orientation; when an aircraft turns right or left, the
gyroscopic effect can cause the nose or tail to rise or dip accordingly. Similarly, gyroscopes
are essential for steering and pitching in ships. There are various types of gyroscopes used
to measure angular velocity, including optical, vibrating, and mechanical gyroscopes. Mi-
cromechanical gyroscopes are widely used in consumer electronics, as well as in compasses,
computer pointing devices, and other systems requiring orientation detection.

2. Overview of the problem

This section aims to offer a deeper insight into the dynamic behavior of a heavy
symmetric RB with mass M , such as the conditions of Lagrange’s gyroscope are satisfied.
The body is anchored at a point O, which serves as the origin for two coordinate systems:
a stationary one OXY Z and a rotating one Oxyz that is rigidly attached to the body,
with its axes aligned along the inertia’s main axes at O. We will suppose that the body is
influenced by a GM A, whose components (A;; j = 1,2, 3) are directed on the principal axes
Oz, Oy and OZ. Additionally,in which Ay = 0 and a NFF originating from an attracting
center O1, located along the downward fixed axis OZ and far away the origin O, at a
significant distance R (see Fig. (1)).

>

¥ |

Figure 1: The RB’s problem.
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The EOM are formulated according to the equations Euler-Poisson’s [1], as follows

Iip — (T2 — I3)qr + qAs — rAe = Mg(vye — Bzg) — NIz — 13) 7,
Ig — (I3 — Ii)rp — pAs = Mg(azg — vra) — N(I3 — I)vye, (1)
I3t — (I — I)pq + pr2 = Mg(Bag — aya) — N (I — I2)ap,
a=rf—qy, B=py—ro, J=qa—pp.

It is important to note that the inertia principal moments are denoted by I; along the
principal axes. The over dots indicate derivatives regarding time ¢, g denotes gravitational
acceleration, N = 3¢g/R and € represent a large parameter. In this context, (p,q,r)
, (a,8,7), and zg,yq, 2c) refer to the angular velocity’s components, the unit vector
along the vertical Z-axis, and the center of mass coordinates in the principal axis frame,
respectively. The given EOM have three first integrals associated with energy, area, and
geometric one [1]

Lp? + L@ + Isr? = 2Mg(axg + Bya + vza) + N(110? + 167 + I37?)
= Ipd + g3 + Isr — 2Mg(aoze + Boya + Y02¢) + N(Lad + LB3 + I373),
Lipa + (Iaq + A2) 8 + (I3r + X3)y = Lipoao + (L2q0 + A2)Bo + (L3770 + A3)70,
a?+p2+9% =1,

(2)

where po, qo, 70, 0, Bo and 7y represent the values of p,q,r, o, 8 and v and t = 0, respec-
tively.
Taking the following parameters and variables into consideration:
ﬁp:%v \Eq:%a rZ/%? \/EOA :’0417 \/55:615
Y=y, VEX=2X, MN=DBX; t=nr
n = \/Il/MgZG, (I:(Il—l3)/]1, bzlg/Il,
IlZIQ#I,?,, \/ng:ZGa yG:O7 ]{ZZNCLTIZ.

Upon substituting (3) into (1) and (2), the following equivalent system is obtained

PL = agiry + 11X - @Xs — B — kB,
ddi; = —ap1r1 + p1A3 + a1 — 71 + ko, (4)

Ed% = —(p1Xa — $51), .
D — By — gy, B =piy — e, e D = (qran — i),

pi+af — 201 +e(br} — 291 — k7)) = pio + afo — 200 + (brfy — 2710 — k),
praa + (g1 + A2)B1 + e(bri + A3)y1 = proio + (qio + A2)Bi0 + e(brio + Az)yio,  (5)
ai + B +ef =e.

3. The used approach

This section aims to apply the LPA [27, 28] to achieve the solutions for the RB under
investigation. To achieve this aim, we can use the above first integrals to represent rand~y;,
as follows

ET] = Eryg — U2, €71 = €& — U1, (6)
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where

= é(4U1 + 871U12) =+
_ —2
Uy = %{T%0[4(U2 —Uyp) +e¢ 1(U12 - UIQO)] erfo(Ug —Us)? + ...}, (7)
U = ai + i, Uy =pi +qi — 201 + Ur(k+1).

Here, Uyo; (s = 1,2) stands for the values of U at ¢t = 0 , whereas the dots represent small
terms of higher-order powers of !

To refine system (4) into a more practical form, we remove r and y; from (4). By
incorporating (6) into (4), yields the following nonlinear system of first-order differential
equations

8% = eXorio(1 + x0) + £p1g2 + N, ECSH = —ep1p2 + Na, (8)

e%2 = cX\or10 + £pafa + N3, e = —epyaz + N,
where
p1 = p2 + xa2 + di,
@ = g2+ xP,
a1 = (1+ xd)ag + dp2 + da,
B = (14 x0)B2 + dgo,

X = (L4 k) £ 1/ (brio + Xa)? +4(1 + k),

§ = [—(brio + X3) £ \/(bno +X3)2 4+ 4(1 + k)]/2(1 + k),
d1 = 7"10/(1 + k+ 7“10)\/3 — CLT’%O), d2 = dl/Tlo, (9)
pP1 — X(l ,— 7‘10(5) + (CLTl() — 5(1 + k?) — Xg)(l + X(S),
P2 = X[5(/\3 — a’l”lo) — 1] + (7“10 + (5(1 +/k‘))(1 + X(S),
Ny = x(u2p1 — qru1) — (1 +x6)[(aqr + A2)uz — kuy B1],
Ny = x(uipr — ugal) (1 + x0)[apruz + vy — kaquy],
N3 = 8[(aqr + Xo)uz — kui 1] — (uafi — u1q),
Ny = —6laprug + vy — kui 1] — (uip1 — ugon).

To better understand the distribution of frequencies ps; (s = 1,2),we choose a suitable
value for rg. Consequently, p1/p2 may be treated as a rational number, leading to a
solution of system (8) that is periodic with a period (Tp = 27ns/ps; s =1,2).

Next, we reformulate the problem to identify the 74(¢) solutions of system (8) with a
significantly large value of €. In this context, € — oo should approach a solution of period
Ty of the generating system (8). Therefore, we introduce the following substitution:

er = (e + )7, (10)

in which p = p(e) that will be estimated latter.
Consequently, the problem under investigation is simplified to finding the solutions for
the period T of the following system

e =e(1+x0) Xm0 +epraz + Vi, €92 = —epipy + Vi, (11)

5%07‘3 = 65)\’27‘10 +epafa + V3, 562372 —epaaa + Vi,
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where ,
eVi = e[(1 4 x0)Xar10 + p1ge)p + (€ + ) N1,
eVa = —epipp2 + (€ + p)No,
eVz = e(0Xario + p2f2)pt + (€ + p) N3, (12)
eVy = —epaaap + (e + ) Ny,
Vi = Vi(l) + 6(*1)%(2) +e VB 4

We will now proceed to derive the solutions for system (11). Upon closer examina-
tion, we observe that this system constitutes a dynamical system comprised of first-order
nonlinear DEs involving the variables po, g2,v2 and $2. By differentiating these equations
once more, we can generate a new system of second-order DEs, which can be expressed as
follows

(S8 + pip) = mVa+ Vi,
(Cfngzz + pig ) (—p1Vi+ Vo) —e(1 + X08)p1Aario; (13)
(ddTQ + p2a2) (PQ‘Q + ‘/3>7

(121«522 + p3B2) = (—paVs + Vi) — epadXario.

The aforementioned system comprises four distinct nonlinear DEs, each containing a
single variable. With this analysis in mind, we can pursue the solutions of this system as
follows

p2(T,e) = Arcospi T + Aasinpi T + )4,
¢2(T, ) = —Aysinpy T + As cos p1 T — [(1 + x8)Xar10]/p1 + 3o
as(T,e) = AgcospaT + > s, (14)
Bo(T,€) = —Azsin poaT — SXar10/p2 + X4,
(>a=2nt1 E_nDt(in) (T);d=1,2,3,4),

with the following initial conditions

pg(O,E) =A = Ago) +aq,
@(0,2) = 42 = [(1+x0)Xariol /o1 = A3 + a2 = [(1+ X Xarol o1, (5
az(0,e) = A3z = Ago) + ag,
52(0, 8) = —5X2T10/p2.

In this context,Ago) and a;; (j = 1,2.3) represent the unperturbed and perturbed compo-
nents A; , respectively.

It is notably that the solutions of system (8), which have Ty-periodic solutions in
system (13), exhibit a period of €T} = (e + )Ty . We will assume that u = pg + a4 has
solutions of the form (14) that are periodic, seeking ay = aq4(¢);d = 1,2, 3,4 as a function
of the large parameter ¢ that approaches zero as ¢ — oo. In accordance with the LPA
procedure, we modify the initial conditions to correspond with the arbitrary constants in
the generating system’s solutions. Utilizing equations (9) and (7), we obtain the following
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results

U = @2 + 62(A2 + A2) + (1 + x6)2 A2 + 25da(A; cos ;1 T + Ay sin p1 T)
+2da(1 + x0) Az cos poT + 20(1 + x0) As[A1 cos(pr — p2)T + A

x sin(p; — p2)T] + 26%(1 + X5))\/2r10(p;1—;22 J(Aysin 1T — Ag cos piT)
+25(1 + X5)2)\2T10(%)A3 sin pzT + 52(1 + X5)2()\2T10)2
(p1+p2)2
P1p2 ’

U = a2 + (A2 + A2) + x2A2 — 2dy + 2(dy — 6)(Ay cos p1 T + Ay sin pyT)
+2(d1x — 1 — xd)Asz cos poT + UI(O)(l + k) + 2xAs[A1 cos(p1 — p2)T

+Azsin(py — p2)T + A’ero[%]p(zﬁ sin 1T — Agcos p1T)
2 Xorin 202 4 sin o+ (Ngrio P(AXE 222

The expressions for Ng; (d = 1,2,3,4) in (9) can be reformulated in the form

N1 = A1g2 +Aofa + A3, No= —(A1p2 + Azaz) + Ay,
N3 = Asqa + Afa+ A7, Ny= —(Asp2 + Agaz) + Asg,
where
Ay = —a(l + xd)uz + x(duz — u1) + kB(1 + x6)ua,
Ay = —xa(1+ x8)ug — x[xu1 — (1 + x0)us] + kB(1 + x6)%uq,
A3 = —(1 + X(;))\/QUQ,
Ay = (1 + X&)[adl’lm + u1(1 — k‘dg)} + X(d1U1 — dQUQ),
A5 = (SUQ(CL — 1) + U1(1 — k52),
A = x(6auy +u1) — (14 x6)(uz — ku),
A7 = doua,
Ag = —5[CLUQd1 + u1(1 — k‘dz)] — (d1u1 — dg’le).

Using the aforementioned equations, the unperturbed notations of Aj; (I = 1,2,
written as:
AZ(O) = [T” + I (A% + A%) + F13A§] + Ty (A cos p1T + Agsin piT)
+ I'i5 Ag cos poT + Tig Az [A1 cos (p1 — p2) T + Agsin (p1 — p2) T
+ T'y7 (Al sin p1 T — A cos ,01T) + g Az sin p1 T

Where T}, represents elements of the square matrix|| I'y. ||; (I, = 1,2,3, ...
determine these elements, substitute U1(0)7 UQ(O) into equation (7) to obtain ugo) and u

Consequently, I'1,, 'y, ..., I's, can be obtained smoothly (see Appendix I).

9 of 35

(16)

(17)

,8). To
(0)
5 .

By examining the solutions in equation (14), it becomes clear that these solutions can

be achieved if Dc(ln) (T') are calculated. By inserting the solutions (14) into system (11) and
equaling the coefficients of corresponding powers of e~! on both sides, we derive a system
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that defines the coefficients Dgn) (T') in (14) as follows

7 L = p1 DS (T) + V"(T),
B = —pD{" ><T>+v< (1),

(20)

ap™
it = e DT + V™ (T),
i = pzD<"><T>+v< (1),

(n)

where the conditions D;”(0) = 0, are considered and Vd(”) (T') represent known func-

tions, if Dée) is estimated for e < n.
At n = 1: Introducing V; from (12) into (20), matching the coefficients of similar
powers of 7! on both sides, and differentiating the resulting equations regarding 7' , we

obtain the following equations that determine Dl(il)(T)

2 (1)
Sk + iDL (T) = (D),
d?D
gri + PEDS ) (T) = 021(T), 1)
2
ddl;% + p2DS(T) = ©51(T),
00+ 3D{(T) = 0 (T),
where,
(0)
011(T) = —2p1(p1uo+A( )) D — (1 + p2) Al 4 P gl

dA©
e dT 5(0)+P1A4(1)+ ar
dA® (o)

©21(T) = —2p1(p1po + A§ ))Q§ ) — (p1+ P2)A(20)5§O) — —ar P2
dA (0 4 g (0)
——qr QT g7 (L 4+ x6)po — Aar10(1 + x6)A;
—5>\2T10A(0) - PlA(O),
dA? (o)

031(T) = —2pa(papio + A )) Y~ (m +p2)A((oz py) + Ll
+dTﬁ(0>+ Q) 4 A
O041(T) = —2p2(p2p0 + A )52 —(p1+ 02)615 ) — 2096 Xar10010 — 5)\2T10Aé0)

(0) (0) (0)
~arao(14 DAL g — B0 — B 4 2

Knowing that ©4;(u), the solutions of the previous system(21) take the form

DT = pt Ji ©11(v) sin pi (T — v)dv,
DS(T) = py* J ©21(v) sin py (T — v)dv, (22)
DINT) = py* [T ©31(v) sin pa(T - w)dv,
DN(T) = p3 [y ©a1(v) sin po(T — v)d,
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where,

p1_1®11(T) =G0+ G11 (A1 cospiT + AgsinpiT) + G2 (Ay cospi T — Agsinpy T))
+ Gz cos2p1T + Giysin 21T + G15A3 cos po T
+ GieA3 [A1 cos(p1 — p2)T + Agsin(pr — p2)T]
+ G17A3 [A1 cos(pr — p2)T — Agsin(pr — p2)T
+ G1gAs [A1 cos(p1 + p2)T + Aasin(pr + p2)T
— G19A3 [A1 cos(p1 + p2)T — Agsin(py + p2)T]
+ G110 cos(2p1 — p2)T + Gii11sin(2p; — p2)T
+ G112A3 [A; cos(p1 — 2p2)T + Agsin(py — 2p2)T]
+ G113A§ [A1 cos(p1 — 2p2)T — Agsin(py — 2p2)T)
+ G114 €08 2p2T + G115 8in 2p2T + G643 [A1sin(p1 — p2)T — Az cos(pr — p2)T)
+ G117A3 [A1 sin(pr — p2)T + Az cos(p1 — p2)T]
+ G118A43 [A1sin(py + p2)T + Az cos(p1 + p2)T]
+ G119A3 [A1sin(pr + p2)T — Az cos(p1 + p2)T]
+ G120A43As [cos(p1 + p2)T + cos(pr — p2)T]
+ G121 (A sinp1 T — Agcos p1T) 4+ Gao Az sin 2poT
+ Giagsin(p1 — p2)7T,
P11 O21(T) = Gog — Go1 (A1 sinp1 T — As cos p1T)
+ Gag (Aysin 1T + Az cos p1T) 4+ Gag (Ay cos pi T + Agsin p 1)
— Gy A sin poT — Gos Ag [A sin(py — p2)T — Az cos(p1 — p2)T]

+ GogAs [A1 cos(p1 — p2)T — Agsin(py — p2)T
+ Ga7 A3z [Ag cos(pr — p2)T + Az sin(pr — p2)T]
+ GogAs [A1 sin(p1 — p2)T + Az cos(pr — p2)T
— Glag A3 [Aysin(p1 + p2)T — Az cos(pr — p2)T

+ G210A3 [A1 sin(p1 + p2)T + Az cos(p1 + p2)T]
+ Ga1143 [A1 cos(p1 + p2)T — Agsin(py + p2)T]
+ G212A3 [A; cos(p1 + p2)T + Az sin(pr + p2)T]
+ Go13sin(2p1 — p2)T + G214A§ [A1sin(p; — 2p2)T + Az cos(p1 — 2p2)T
+ G215A5 [A1sin(p1 — 2p2)T — Az cos(pr — 2p2)T)
— Ga168in 22T + Go17A3 cos poT
+ GglgA§ cos 2poT,
p31031(T) = Gso + G313 sin poT + G32A3 cos poT
+ Gi33 A2 sin 2p9T + G34 A% cos 2po T,
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p3 04(T) = Gag — Ga1 (A1 sinp1 T — Ascos piT)
+ Gaa (Arsinp1 T + Az cos p1T) + Gys (Ar cos pi T + Agsinp 1)
— Guqsin 21T + Gy5cos 2p1T — GygAs sin po T
— Gy7As [Arsin(pr — p2)T — Agcos(pr — p2)T
+ GugAs [Arsin(pr — p2)T + Az cos(pr — p2)T
+ GuoAs [A1 cos(p1 — p2)T + Agsin(pr — p2)T
+ Gu10As [A1 cos(pr — p2)T — Agsin(pr — p2)T
— Gu11 A3 [Arsin(p1 + p2)T — Az cos(pr + p2)T]
+ G12A3 [Ar sin(p1 + p2)T + Az cos(p1 + p2)T]
+ Gai3Asz [Aj cos(p1 + p2)T + Az sin(pr + p2)T]
+ Ga14A43 [Aj cos(p1 + p2)T — Azsin(pr + p2)T
+ Gai58in(2p1 — p2)T + Gy cos(2p1 — p2)T
— G417A [A1sin(p1 — 2p2)T — Az cos(pr — 2p2)T)
+ Gu18 A3 [Ay sin(pr — 2p2)T + As cos(pr — 2p2)T]
— Ga198in(2p2)T + Gy20As cos(p2T)

+ G421 cos(2p )
Here Gip(h =0,1,2,...,23),G2,(2 = 0,1,2,...,18),G3x(k = 0,1,2,3,4) and (Gyy;u =
0,1,2,...,21) are constants can be acquired easily (see Appendix 2).
Substitution of O41(u) into (22), yields

D§1 (To) = (B + Rin)To,
Dé (To) = (E21 + R21)To, (23)
Dz(xl)(To) = —(Es1 + Ra)To,

where
E1 = —1[(G11 — G12) Az + G121 A1),
Ea1 = —3[(Gag — G21) A1 + G Ag), (24)
B3 = —3Gu6As.

It is evident that, Tp-periodic solutions of (14)must satisfy the following conditions of
periodicity for necessity and sufficiency [23].

(T07€> p2( ): 0,
wz —qz(To,e)—qz( g) =0,
Y3 = az(Tp,€) — az(0,e) =0,
Yy = Ba(To,e) — B2(0,e) =0,

Here 94( d = 1,2,3,4) are treated in terms of (4;; j = 1,2,3), and € . The conditions

n (25) that determine A§O), to and a; are not mutually exclusive due to the presence of

the first integrals in equations (11) [20]. Furthermore, if Az # 0 , the third condition is
0)

expected to follow directly from the others. It is preferable to treat either AE. or agp as a

(25)
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constant, and express one of the ag as a function of € which can be removed when ¢ — oo
[31].

Multiplying conditions (25) by ¢ and setting the free terms of ¢ to zero, the required
conditions for periodicity of D,(ll)( h =1,2,4) are obtained in the form

D(Ty) = DY (Ay, Az, As, ) = 0. (26)

To further understand the previous conditions, we utilize equalities (23) to derive:

Ey + R =0, Es + Ry =0, E31 + Ry = 0. (27)

It is evident that if the ratio of the frequencies p; and p2 equals 2,1/2,1 or —1, the
resulting expressions for Ri1, Ro1 and R4 are non-zero, as shown below

G
Rll - _%7
Roy = G;w’
Ry = A3[A1 (Gag — Gar) + A2 (Gag — Ga10)] /2.
1
i) for pipyt = 5
1
Ry = 9 [A2A3 (G117 — Gi6) — A1 43 (Giie + Guir) — Ghzs)
A
Roy = _73 [A1 (G25 — Gag) + Az (G — Gar)],
==
1 (28)
iii) for pipy- =1,
1
Ry = -3 [A243 (G113 — Gi12) + (Gii1 + Gi2243)]
1
Ry = —3 [G213 — G24Az — (G214 + Ga15) A1A§] )

1
Ry =3 [(Gaz — Ga1) A1 + Ga2As + Gais + (Garr — Gais) A1 A3 .

) for pipy =—1,

A
R11:G122 3.
2
Gy A
Ry = — 2; 37

1
Ry = B [A1 (Ga1 — Gaz) — G2 As].

(0)
J
Dy(To)( h = 1,2,4) in terms of A; and compute both of u for A; = AE-O),,U, = 1o, and

Assuming A:7( j = 1,2,3) and po satisfy (27), we consider Jacobi’s matrices of
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g in terms of ag vanishes at ¢ — oo .Computing the second matrix independently of ¢ .
Allowing us to substitute e — oo . Since A;, 1 and ag4 are carried out in the solutions as
related sums, the resulting matrices are identical and can be denoted by J . The solutions
of (25) establish a specific case in which periodic solutions exist.

4. The scenario of irrational frequencies

This section explores the periodic solutions of the investigated problem when the ratio
of p1 to po is irrational. Notably, these solutions arise when Ago) = Ago) = Fy = E3 =
0, F11 #0, AéO)F53 # 0 (where Aj is an arbitrary quantity) [16], J has a third rank, and

A2710

1
po = 472{F85 +T'78 — 2(Te1 + F63A§,0)2) + [6(T'e5 — 2T'68) + (1 4+ xd)I'ss}  (29)

P2

are met, and equalities (25) have solutions expressed as power series in terms of the large
parameter a1, ao and a4 where as can be set to zero. These solutions approach zero as ¢
tends to infinity.

Based on the above, the periodicity conditions are expressed as follows

ay(cos p1To — 1) + ag sin p1 Ty + 51D§1)(T0) + ... =0,
—ay sin p1 T + as(cos p1Th — 1) + DSV (T) + ... = 0, (30)
D\V(Ty) + ... = 0.

According to (29), the unperturbed solutions pag, g20, 20 and fag have the forms

pQ(Ta O) =0,

Xario(L + x4
@(T,0) = _27”10(p+X)’

o (31)
as(T,0) = Ay~ cos paT,

oX
B2(T,0) = —Ago) sin po T — ;7’10‘
1
Based on the area integral in (5) and the conditions (15), we obtain
AY = 16TV -G £ (G} +4G1G3)?); (32)

G1 #0, (G% + 4G1G3) > 0.

Here G;(j = 1,2,3) are dependently on of h, 3, pag, g20, 20 and B2p which can be deter-
mined. Utilizing (29) and (30), a; and ag are obtained in the forms
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deay = ~Ty A {(2esc? BTy — 1)[Tas + Ia5 + 2209 (6T5 — (1 + x9)
xT5)] + 240 [Tys + ‘”2’“10 Tos — (1 + ”2”10 (1 +x8)Tis)]} + ..

deay = —TOA(O){(COt & To)[F48 + T35 + ’\mo (0T95 — (1 + X5)F15)]
+240 [Ty + ‘”ZHOF —(1+ ”;1”0 (1+ Xx0)T1s)]} + ..oee

(33)

It is worth noting that, the form of a4 is of order O(s72).
Utilizing (3), (6), (9), (14), (22), (23), (29), and (33), the desired solutions are expressed
as power series of ! in the following forms

p=c2n"d + XAi())O) cos(pan ™) +e73/%n *1{2p [2(T'g1 + I'sg) — F65A(0)2]
+ﬁ[2f41 —To7 —Tg + (2F43 - 1125)14 ) + X A(O) [T'gg — I'z5 + 2ar10
X (8065 — (1 + 6x)Ts5)] — 22051 + (253 — F65)A( %) — s A(°§2
x cos(pan't) + {—55 X A2 Pgg — Trs + Amo (6T65 — (1 4+ x0)'s5)]
+3 AP [—2(Te; + F63A( )] + Tss + F75 - 2P2M0 Amo (6T¢s — (1 + x0)
xT'58) + X F68A ]} sin(pon~1) + {= 1o (2 csc? ,o1 TO 1)[T4s + I'ss
+’\2”° (5F25 — (14 x0)T'15)] — [ [2F41 F27 —I'ig + (243 — F25)A;(30)2]
T AV + L APy — rlg + 22710 (95 — 2(1 + x8)T'1s)]}
x cos(pin~1t) + { [ TOA( )(cot pl To)[F4g +T'35 + >‘2”° (0T
1+ X)) + AT D 1 Baner, (14 25ne(1 s )T
—i—%A( PTo[Tus — Tus + AQ”O (0T'28 — 2(1 + x6)I'g)] — GJplA(O)QTOP%
+ AT [La5 — Tag — A2t (5r28 — (1+ x0)]} sin(prn't) + 5[4 Tgs
x cos(2pan 1) — 3Tgg sin(2pan~1t)] + ﬁAgO)QF% sin(2p1n~ )} + ...,
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g =~ 20 ([P 4 AP sin(ponH)] — 20 (14 x8)} e
{x[20X5r1010 — Tyt + 2220 [5(T1 + Doz AS"%) — (14 x6) (51 + T AL?))
LA Ty — 97)] 4+ 1 [-2(1 + x0)Noromo — Tt + 5L (s — 20)]
Am“ [6(Ta1 + To3AL?) — (14 x0) (P11 + T13 AL} + x{ o5 AL [Ts5 + Trs
—4P2M0 —2(Te1 + FGSA( 2 )+ /\mo [6(T'65 — 2¢s) + (1 + X5)F58]] p%[é)\,ero,UO
—(Tr1 + T3 AS?) 4 220 [5(F61 + Des AL?) — (14 x8) (a1 + Dss AL}
x cos(pant) + §AS{£[Dsg — Dz5 + 2200 [6T5 — (1 + x8)Dss] — 2Tg5 AL
[F85 + 75 — 4popo — 2(T'61 + F63A( 2 ) )‘2”0 [0(T65 — 2I'63) + (1 + x0)'sg]]}
x sin(pan~1t) + 2X A( )2 [Tgs cos(2pan~1t) + F65 sin(2pan~1t)] + %Ago){(Q
x cse? 8Ty — 1)[Tys + L5 + 2200 (5r25 — (14 x0)T5)] — LAV [Tys — Tig
+A’g10 (5r28 - 2(1 + x0)T1s)] — g [is — Tas + A;ﬁw (6T98 + 2(1 + x0)T'18)]

— 3T A + [Py + Dys + 22099 (6T5 + 2(1 + x8)T'15)]} sin(2pyn =)
+{—To A cot(pl To)[Cas + 5 + Mw (6T25 — (1+ x0)T1s)] + AT [T s
—Tis + ’\2“0 (62 —2(1 + X5)F18)] — =201+ X8) Xariopio + STasAY?

—(T31 + F33A(0)2)] ’\2”0 [6(T21 + F23A( 2 )—(1 + X5)(F11 + F13A( N )]

4+ AV g — Tus + Mw (5r28 +2(1+ x0)T1s)] + - TasAS %)} cos(prn ')
+6p1A( 2 [F25 sin(2p1n~1t) — Tog cos(2p1n )]} + ...,

r=10— =2 A1 4 x8)(dy — 1) + xdi](cos(pan=1t) — 1)

n nbrig

+2210 5oy + p)[x2 + (1 + X8)] + pax] sin(pan ')} + ..

a=c"12[dy+ (1+ X&)Aéo) cos(pan )] + 5*3/2{(1;7’355)[21“81 + (2T's3 — T'ss)
x AS?] + 52 (2041 — Doz — Dys + (203 — F25)A(0)2] + (14 x0){ ;43

x[Tgs — T'75 + 2289 (6T 65 — (1 + X0)T's5)] — 555 (2081 + (2T's3 — F65)A( &
6/1)2 A( )2 F65} COS(pgn_lt) + (1 + X&){ A(O) [Fgg — F75 + )‘QTlO (5F65

—(1+ x0)T's5)] + ﬁA;(z,O) g5 + 'z — 2p2M0 - 2(F61 + F63A( 2 ,\2pr10 (0T6s
—(1+ x0)Ts8)] + p%AgO)QF%} sin(pgnflt) + (lg;,Xé)A(O)Q[F% cos(2pan~1t)
—Tes Sin(pgn_lt)] {TO(SA (2 csc? 2L TO — 1)[1_‘48 +I'ss + /\QTIO (5F25
—(1+ x0)T15)] — AP [Tys — Tos + *2/;'10 (8T8 — 2(1 + Xé)rlg)} +3[L(2rn
—Ta7 — T1g) + L (2043 — Ta5) AS” + LTu6 AL ]} cos(prn ') — 6{— [m
—Tp AL (cot & To)[mg 4 Ts5 + *2’“10 (5r25 — (1 + x6)T15)] + %AéO)QTO Tas
“Tys 4 A?”O (0Tas — 2(1 + X(S)Flg)] — LT AV + AP — Tyg + d211g

(1 —|— X0 — 0T98)]} sin(pin~1t) + 6p1A(0) sin(2p1n ")} + ...,
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8= —1/2(1 + X&){sz;;o (p1 + pg) + A( ) sin(pgn_lt)} + 8_3/2{—%[25)\’27"10
X o + %WFM + F63A( ) — (1 4 x6)(Ts1 + F53A(0)2)] (I'71 + 73
XAi(aO)Q) lA( 2 Fﬁs} [ 2(1 + x8)Xariopo + 114(0)2(F28 —2I'33) — I'sy

—%mm £ TosA%) = (14 )Ty + TiaAD)] + (1 + x8){— o} Tes
+T78 — 4pajio + Aif"m[ (T65 — 2Ts) + (1 + x6)Tss]] + = [20Xar10080 — 1
~T7A” + + A2 [§(Tgy — F63A( ) — (1 + x0)(Ts1 + L5z AY)]])
x cos(pan 1) + (1 + x0){ & AV [Tgg — T'zs + *2"10 [6T65 — (1 4 x6)Ts5]] — &
XF65A:(),0)2 + ﬁA( )[Tgs + Trg — 4popio + ’\mo [5(P65 —2T6g) + (1 + x0)I's8
—2(T61 + F63A( 2 )]} sin(pan—1t) + (HX‘”A( )2[F68 cos(2pan~t) + Tes
x sin(2pan 1)) + 6{ 2 AL (2 cse? BT — )[mg + D35 + 2210 (695 — (1 + x0)T15)]
+ 2 AP [Py — Tus — 22010 (6Tg5 — 2(1 + x0)T1s)] — 55 A§0)2r — AP
—Iy5 + ’\2”0 (0T 28 + 2(14 x6)T'g)] + A(O) T8 +T5 + Xmo (0T25
+2(1 4 x8)T15)]} sm(p1n 1) 4 5 (B0 (ot To)[P4g T + Yarig (5r25 — (14 x0)T15)]
+ LA TPy — Tus + Mw (5r28 —2(1 4 yo)Ts)] + [2)\27"10(1 + x0)po — ATag
XA(O) + I3 + F33A( 2 Amo [0(T21 + FQSA( 2 ) — (1 + X5)(F11 + F13A(0)2)]] + £
x AV Mg — Tys + mo (ms +2(1+ x0)T18)] + g5 TasAS} cos(pin~'t)
+6P1A( )2 [F25 sin(2p1n~1t) — Tog cos(2p1n~ )]} + ...,

y=1-1"H1+ X@%% + Ago) sin(pan~1)]? + [da + (1 + Xd)AéO) cos(pan )2} + ...,
po = 75 {Ts5 + Trs — 2(Te1 + Pz AY?) + 2220 5(Tg5 — 2Ts) + (1 + x8)Tss]},

Ty = 2mpy 1
(34)

As a result of the fact that the rotatory motion of a RB in 3D is governed by non-
linear differential equations, it is frequently difficult or even impossible to obtain exact
solutions in many practical scenarios [1, 3, 7]. Therefore, the AS play an essential role in
comprehending, predicting, and optimizing the rotational behavior of such systems. The
following are the primary reasons why that are important:

This problem is governed by Euler’s equations [49], which are highly nonlinear due to
the interdependence of angular velocities and moments of inertia. The nonlinear nature of
the problem makes finding exact solutions for arbitrary initial conditions or external forces
nearly impossible, necessitating the use of approximate methods such as perturbation
techniques, numerical simulations, or asymptotic analysis [50].

The use of the AS make it possible to do computations in an effective manner, which
makes them suited for real-time applications in which exact results are not feasible. For the



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 18 of 35

purpose of providing feedback control, numerous control systems in the fields of robotics,
aircraft, and navigation require extremely quick and real-time estimates of rotational mo-
tion [51].

By analyzing small perturbations, AS facilitate the assessment of rotational stabil-
ity, enabling engineers to predict whether a system will sustain stable motion or shift
into chaotic behavior. The evolution of rotational motion in RBs over extended periods,
including effects like precession and nutation, can be computationally demanding [52].
The AS provide an efficient alternative for studying these dynamics. Rotating systems
are often susceptible to resonance, where periodic external forces intensify oscillations.
Approximate approaches like multiple-scales method and averaging one [50] help detect
critical frequencies and optimize system design to prevent instability.

RBs in engineering applications frequently undergo compound rotational motion, in-
cluding spinning and chaotic dynamics. AS provide computationally efficient models that
retain essential physical insights. Numerical simulations, including finite element analysis
and Runge-Kutta integration, provide precise results but are computationally demanding
[53]. Approximate analytical methods offer initial insights, serving as a foundation for
further refinement using computational techniques. As benchmark models, the AS help
validate experimental data, allowing researchers to compare predictions, refine models,
and detect discrepancies.

Therefore, the nonlinear nature of the governing EOM makes obtaining AS RB ro-
tation essential. These approximations enable real-time computation, stability analysis,
and long-term motion prediction, providing practical benefits across aerospace, robotics,
biomechanics, and structural engineering.

5. Euler’s angles and interpretation of motion

This section is dedicated to analyzing Eulera€™s angles for the motion of the given
body within the context of the obtained solutions, offering a geometrical interpretation of
motion through at any moment. These angles are crucial for determining the orientation
of a RB in 3D space. They offer a structured approach to defining a RBa€™s orientation
in 3D space through three sequential rotations relative to a fixed reference frame, ensur-
ing a clear and systematic representation of rotation [54]. With only three parameters,
these angles provide a simpler and more computationally efficient alternative to rotation
matrices and quaternions, making them easier to interpret in engineering contexts.

Euler angles are essential in aerospace for defining the orientation of aircraft, satellites,
and spacecraft, supporting navigation, attitude control, and stabilization. In robotics,
they facilitate precise positioning and motion planning for robotic arms and autonomous
systems [55]. They are fundamental to RB dynamics, aiding in the formulation and
solution of Eulera€™s EOM. They offer a simplified representation of angular velocity
and acceleration, enhancing mechanical and aerospace studies.

Numerous sensors, such gyroscopes are useful for motion tracking and control systems
in the real world because they measure orientation in terms of these angles. For smooth and
organic object orientation control, Euler angles are frequently utilized in computer graphics
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and animation. Additionally, they are employed in simulation and game development
physics engines. They provide a structured approach to analyzing rotational behaviors,
including precession, nutation, and spin, which are essential in planetary motion, satellite
dynamics, and gyroscopic systems [55].

A fundamental approach involves applying the expressions for Eulera€™s angles 6,1
and ¢ as in [1].

0 =cos 17,
. patgp
b="
. . 35
¢=r—1cosb, (35)

— -1 (20}, ::i
v (3): (+5)

Substituting the achieved solutions (34) into expressions (35) to obtain 0,1 and ¢ as
follows

0 =60 +=1(1+x0) AL esc by [‘”2”0 (1+ x9) [sin (pan~ ' (t + X)) — sin (pan~'x)]
+do [Cos (pgn Lt + X)) — Cos (p27’L_]‘X):|:| 4+

W =y +en~Lesc? o {dldg + (1 + x9) [75“;”“) (p1 + p2) [‘LX(pl +p2) + 1} + XAE,,O)Q} t
nA® . _ nXor
+ 15 (dyx + di (14 x8)]sin (o) — 222220 (1 4 x6) AT [ 2 () + ) +1]

x(cos(pgnfl)—l)}—i----,

6= o0+ 5t = {04102 = 1)+ 3] [ 5in (o 10) —

_%;%10 [5(,01 + p2) (X +(1+ X5)2) + pzx] (cos (pgn_lt) — 1)}

+esc? 0 cos 0o { &3 + (1+x0) | *CH (o1 + po) | X2 (py + po) + 1] + AL ¢

nA® . _ nXor
i [dox + di (1 + x8)] sin (pan ) — Memo( 4 xé)A(O) (22 (o1 + o) +1]

X (cos (pgn_l ) — 1)} + -

+

(36)
where
U _
g0 =5 —pn x.

Equation (36) clearly shows that the Euler angles of the examined motion are depen-
dent on the arbitrary constants 6y, ¢y and rq.
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6. Evaluation of the outcomes

This section primarily focuses on presenting and analyzing the results outlined in (34)
and (36) using the graphical representations of the obtained solutions to highlight the
influence of various parameters on the body’s motion over time and to emphasize the
significance of the GM. Accordingly, the following data are considered

I, = I, = 10%kg.m?, I3 =800kg.m?, &=1000, zg= 1lm,
M =50kg, ¢g=9.8kg.s72, ro=12, 6,=10"10
A2, A3 = (10,30,60)kg.m?.s7L.

Fig.2, and Fig.4 illustrate the temporal progression of the outcomes obtained from the
system of equations (34) under different values of Ao and A3 , respectively. Meanwhile,
the corresponding phase plane diagrams, generated using the same parameter settings,
are depicted in Figs. Fig.3, and Fig.5. These visualizations are derived from the data
previously presented.

Fig.2 illustrates the variation of the time-dependent functions p, ¢, 7, a, 8 and v when
A2 has distinct values of (10, 30,60)kg.m?.s~% . Certain sections of this figure are computed
at A\3 = 10kg.m?.s7 ! .

The main purpose of the curves in Fig.2 is to examine the positive effects of the selected
values of the gyro’s second projection Ao = (10, 30,60)kg.m?.s~" on the body’s behavior.
As anticipated, periodic waves appear in certain portions of this figure. The solutions p
and « show only small variations with different values of Ao , as demonstrated in Fig.2 in a
and d respectively. This behavior arises from the governing equations, which either do not
explicitly depend on it or encompass it within a bracket alongside A\o. However, the other
potions (b), (¢), (e), and (f) are significantly influenced by changes in values. Notably,
the wave amplitudes increase as increases, as shown in Fig.2 in e and f respectively.
Additionally, neither the number of fluctuations nor the wavelength of the waves undergoes
any change.

The body’s steady behavior is depicted through the phase plane graphs of the obtained
solutions when A2 (= 10,30, 60)kg.m?.s~! | as shown in Fig.3. The plotted curves represent
the solutions via their first derivatives, with time being excluded. Notably, symmetric
closed curves emerge, highlighting and validating the stability behavior of the body’s
motion.

Curves in Fig.4 show how the solutions p,q,r, «, 8 and v change for distinct values
of A3 (e. g.10,30 and 60). These solutions are affected by variations in A3 , producing
periodic waves with distinct amplitudes, as shown in parts of Fig.3. As values increase,
the amplitudes of these waves decrease. The plots of phase plane of these waves, shown
in portions of Fig.5, further demonstrate the stable nature of the results. The results
indicate that the solutions maintain stability, without any chaotic characteristics.

It is evident that Euler’s angles 6,1 and ¢ significantly contribute to determining
the orientation of the RB. To investigate this aspect, relations (37) are plotted in Figs.6
and Figs.7, considering the previously provided data to analyze the impact of different
values of Ao, and A3 on the body’s dynamic behavior. Notably, Figs.6 are plotted at



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6281 21 of 35

Xao(= 10,30,60)kg.m?.s~1 and A3 = 10 respectively, while Figs. (7) are computed at
A2 = 10 and,\3(= 10, 30, 60)kg.m?.s~! respectively.

Notably, the behavior of the nutation angle # positively influences A3 as it increases
over time, as illustrated in Fig.6 and Fig.7, in panel a . This effect arises from the
first approximate term, which depends on p1, p2,x and § . It is apparent that the wave
amplitude grows moderately, while the oscillation count remains constant. On the other
side, the behavior of the waves representing the precession angle i changes gradually as
Ao increases, as shown in panel b of Fig.6 and Fig.7. However, there is no noticeable
variation in the waves describing the self-rotation angle ¢ , as seen in panel c of Fig.6 and
panel ¢ of Fig.7. The negative values of ¢ arise due to the difference between the first
and second terms in the equation, where the second term is significantly larger than the
first. Additionally, it should be noted that the inaccuracy in ¢ plays a crucial role in these
results.

@ p —A=10—A:=30 —A:=60 @) @ — A=10— A:=30 — A2=60
0.006 0.000015
0.004 0.00001
0.002 5.x107

20| [40] [e0| [so0 —5.%10~6

—0.00001

~0.000015

—=0.002
—0.004
—0.006

%_
S
3

"~

)

N

S

=

3,

'~

®) g — 2=10— A=30—A:=60

0.005] ©  p —A=10— A:=30 — A:=60
0.004] X A A

0.003| - \ \
0.002 VB r Y 8
0.001 A i i Y 1V

0.000F 20 40 60 80 100

Figure 2: Presents the variations of p(t), q(t),r(t), a(t), 8(t) and v(t) when Az = (10, 30,60) kg - m* -s™* and
A3 = 10 are considered.
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Figure 3: Depicts the phase plane representations of time dependent functions in Fig.2.

@ p—As=10—A=30 — =60 (@) @ — A3=10— A3=30 — As=60
| 0.000015)

0.00001

5.x107°

-5.x107¢
—0.00001
~0.000015

© B ——A3=10—— A3=30 — A3=60
0.00002,

0.00001

—0.00001

—0.00002!

(f) v ——As=10—— A:=30 — A3=60

© r —A3=10— ;=30 — A:=60

0.0008 1
0.0006 1
0.0004
1
0.0002
oot /\

t
20 40 60 80 100

Figure 4: Shows the variation of p(t),q(t),r(t),a(t), B(t) and ~(t) when A3 = (10,30, 60)kg.m>.s~" and
A2 =10 .
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©

[ —
000015 0.00015

Figure 5: Reveals the phase plane plots of time dependent functions in Fig.4.

Y — A2=10 — A,=30 —— A2=60

(@ 8 —— A2=10 — A,=30 — A>=60 8 x 10°

®
6x10°

4%10°

2x10°

20 40 60 80 100

Figure 6: Presents the temporal histories of: (a) 6, (b) ¢, and (c) ¢ at A2(= 10,30, 60) and A3 = 10.
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1’4 As=10 A3=30 —— A3=60
@ g —— A3=10—— A3=30 A3=60 85 10° ®
1.004 x 107° 5
6x10
1.002x10°° .
1L.x107° 1x10°
=1
9.06% 1071 [ 2x100

9.94x1071°
9.92x1071°

20 40 60 80 100

Figure 7: Shows the time histories of the angles (a) 6, (b) %, and (c) ¢ when As(= 10, 30,60) and X2 = 10
are consided.

7. Conclusion

This work analyzes the three-dimensional motion of a new RB according to La-
grange’s gyroscope model, considering a new condition by giving the body a very much
displacement of the center of mass from the axis of dynamic symmetry. The body is in-
fluenced by a GM along the main inertia axes and a NFF. The governing EOM and their
first integrals are reformulated as a nonlinear dynamical system of four first-order DEs,
which are solved via the LPA. Advanced computational tools are employed to analyze the
solutions and visualize the influence of varying applied moments and NFF on the body’s
motion. These solutions extend and generalize previous findings by Elfimov [26], which
considered the absence of external moments and forces, and by Amer [16], which exam-
ined the case of a uniform field. The stability of the obtained solutions is evaluated using
computational methods, generating diagrams of the phase plane which confirm the motion
remains free of chaotic behavior. Additionally, geometric interpretations are conducted to
determine the body’s orientation over time, utilizing Euler’s angles. Time-histories plots
of these angles further illustrate the effects of different physical parameters on motion.
This research is highly relevant due to its wide-ranging applications in celestial mechanics,
physics, and gyroscopic systems, offering valuable insights into the dynamics of rigid bod-
ies subjected to complex force interactions. This study is expected to significantly impact
the aerospace industry by enhancing our understanding of rotational motion and celestial
dynamics, with direct applications in the design and operation of spacecraft, satellites,
and other space vehicles.
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Dy = 5)\2[d1 (Zjlid2(k+1)]14 SNo[d1x— (1+2(Tz2)(d2(1+k)71)]A3

oA § k 0
sbor LD 4, 4, 4 f,ﬁ’j,z [Oxp1 + (1 + x0)p2 + &7

X (14 x6)(p1 + p2)(k + 1)] Az,
F72 — 07
I'7s =0,

r 5X2[(d1—8)+8d2 (k+1)]
4= brio ’
i X2 [d2(1+x5)(k417r7}1)0+(d1x—(1+x5))] ’

D = 22 [y + §(1 + x8)(k + 1],
I'77 = bpm [x0p1 + p2(1 + x8) + 6%(1 + x0)(k + 1) (p1 + p2)],

Trs = 2% {x[x0p1 + pa(1 + x8)] + (1 + x0)2(p1 + p2)(k + 1)},
P1P2

brlo
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Ty = — (=8B (it D=l 5, 1y — (14 x8))

+do(1 + x0)(k + 1)][do — Sadi]As — 3(d1 + 6(1 — kda))d3

Dt Dllde =00 Ay Ag - 322 [x6p1 + pa(1 + X3) + 67

X (14 x0)(p1 + p2)(k + 1)][dg — dady] As — %W(dl
+3(1 ~ kda))(p1 + p2)?.

g2 = —% (dy + 8(1 — kda)),

T = — 0 (dy + 6(1 — kdy)),

Tgy = [(dy —5)+5d2;)[d2 S(ad14+X1)] — Sda(dy +6),

[s5 = brlo [(dlx ( + Xd)) (1 + X(S)dg(k + 1)”d2 — 5ad1] — dg(l + X(S)

x(dy + 6(1 — kda)),
T = [x+0(k+1)(1+x6)][d2—badi] 51+ x0)(dy + 8(1 — kdy)),

brio
L7 = gt [(L+x0)p2 + X0p1 + 8(k + 1)(1+ X9) (p1 + po)llde — Sach]

5,22};10 (14 x8)(p1 + p2)(dr + 6(1 — kda)),

o {x[p1x8 + (14 x6)p2] + 6(1 + x6)*(p1 + p2)(k + 1)}[d2 — Sad]

['gg =

’,r. 2
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Appendix2

Gio=T4 + %[(2P42 — F41)(A% + AZ) + (2P43 — F25)A2] —2T"7A1 A,
Gi1=Ty4 — 2T — 2(A? + A3)Dyp — 1[4T13 + o (Pl + p2)Ta6] A% —

Xar10(14x0 Xar106
Xp1po — = 1051 Xy — 20elo7 + Ly,

G2 = 55 (p1 — p2) A3l 26,
Gz = —35(A} — AD)D14 + A1 Aoy,

Gia = —3A1AsT14 — iT17(3AF — A43) — L(,01 + p2) A1 Azl a7,
Gis =Tu5 — 3(3 — £2)(AF — A3)T'16 — *(,01 + p2)[L21 + A3D23
AT+ A3)ag] — 0Ty B0 — RRERy)

p1
G =Tu6 — 5[2T'15 + o (Pl + pQ)F24]

Gi7 = —*(F24 + p2F15)
Gis = —3[2I'5 + o (p1 + p2)24),
G = Qplfls + 11247

G0 = *1161143[,)1 (p1 = p2) AT — 2(A7 + A3)],
Gin = —(3 - £2)A1 A2 A3l

G2 = 2p1( p1 + p2)l'26,

G113 = 2},1 (p1 — p2)T26,

Gia = =5, (p1 + p2) A3l 25,

G115 = —271,1(/71 + 2p2) A3T a3,

Guie = —p%(pl p2)l6 — (14 £2)T1s + 50 (p1 —
Giir = *l[pj(m pz) — 1)o7,

Gus = —5027 — g5 (p1 + p2)la7 — i,

Gy = 2p1F18>

Gr20 = —g5, (p1 + p2)Tar,

Gio1 =Ty7 + /\QTIO(SF + /\QTlop(}+X§)F14 — Ty,
Gizo = Tug + AQ”O‘;F + 22 7)‘2”°‘Ei+xé)F 15 — £2T's5,

Gigs=(1-1£2 )7)\2”0;1“6) A1 Azle,

Xor106
p2) 27102 g,
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Gao = —2r10X2p0(1 + x0) + [T11 + (A} + A3)Ty, + A?m]W + 3A%T9s + [T
+(AT + ATy + AZT23] 220100 — [Ty + (A] + A3)T'a2 + A3Tss] — (AT + A3)T1y,

Go1 = —2p1po — 2[T11 + (AT + A5)T12 + A3T13] — A2;72”’%27 — g(1 = £2)A3T's

+F37 _|_ F44 2)\27'10p(ll+X5)1—\

Gz = —F34 +Tyr + )‘/2’"10511 (HX;)MHOF

Gaz = gpl (p1 + 02)A3F267 ’

Goy = 2 (A7 + A3)T16 + 2205 — XQTIO&F + ans + I'ss
(1 =+ p2)[r21 —+ (A2 —+ AQ)FQQ —+ A2F23]

Gas = §(F15 —Tas) + - ~(p1 — p2)Ta6,

Gos = 3[T1s — (1+ Zf)rw]

Gom = _?(F27 + p2)F18) + AQ;;O‘sF (1+X;1)/\27"10F .

Gag = —5(1 + pZ)F24 — 32 Ts,

Gag = (T15 - F24)

G210 = gpl [(p1 + p2)T2s + paT'i5],

Gor = 5[-Ths+ (1+ B2 )Tar],

Ga12 = _%[02F18 + F27]

Gai3 = 22)1 (2,01 p2) (A5 — A7) AsT 16,

Gaia = 2p1 (p1+ 02)F26>

Gais = 2p1 (p1 — p2)T'2,

Ga16 = A2F25,

Garr = o L(p1 — p2)A1 AT 6 — BTs + 6’\2T1°P %F —I'ss,
Gois = —5(1+ 2p2)r28,

G2 = T'ss — 2(papo + D1 + D3 A3) — 5’\5%1%8 - mxfjwlﬂsg + I'zs,
Gss = —3T¢s,

Gas = —3T6s,

Gy = 25A2T10/L0 + 5/\2“0 [FG + (A2 + A2)I‘62 + A2F63] ( + %)7(1+X2)1/\2T10

7(14_)(?)\2“0 [F —|- (A2 + AZ)FE,Q + A2F53] [F71 + (A% + A%)Pm + A§F73]
+3 AT g8] — T (A7 + A3)Tsr,
Gay = —22nopg, — (14 o) 4 QEdbonopy 4 11— 61y 21
+I77 4+ B Ts,

Gao = A3lg, ,
Gy3 = 5’\3”0I‘ (HX(SP)Q’\QTIO Fs4+ 0Dy — I'rg,
Gu = pl (A2 A3)Ts4 + pl ~ A1 AoT 57,

Gis = —4,- (A2 ADT57 — *A1A2F54,

Gae = —4papo — 2[Te1 + (A2 + A3)Tgo + A3Tg3] + 5)\27‘10 (Ts6
~2Ws) + Tss +Trs = (1= §)(AF + AP0 + %r s,

Gar = —4-Tea — (1 — B2)T'sg,

Gas = _*(2F64 +I's5),

X 1 14+x8) Xor
Gag = 22066 — (I'r6 + 31's8) — dtxdamio p)2 =856 — 47- Lo,
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Gao
Gan
Ga2
Gai3
Gag
Gas
Gaie
Ga7
Gais
Ga19
G20
Ga21

—ILg7,

:%FG%

5(264 + I's5),
—3(Tss + £ Tg7),

*F677

—g5; (P2 = p1) (AT — A3) A3T 56,
0,

i%;(ﬂ2'_'Pl>F667

—I'66,

—3 A30s,

82m0 T | Tgg — Dy — UEXDAemop oy

P2 p1
5% 12
—5 A3 s,

(1= £2) A1 AoT's6,
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