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Abstract. A finite difference scheme is proposed for solving stochastic fuzzy partial differential
equations. The scheme is explicit and constructed on two-time levels. The first stage of the
scheme is the modified time integrator. The stability and consistency of the scheme in the mean
square sense are also provided. The scheme is applied to the mathematical model of stochastic
fuzzy SIR-S model using incidence rate. The scheme is compared with existing nonstandard finite
difference schemes for solving deterministic models. The scheme performs better than the existing
nonstandard finite difference method in most compared figures. Using a computationally efficient
and robust system, this work develops numerical methods for solving epidemiological models under
uncertainty, enabling researchers and lawmakers to improve knowledge and control of infectious
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1. Introduction

Understanding the dynamics of infectious diseases depends much on mathematical
modelling, which also helps with control plans and decision-making. Described as the
transmission of infectious diseases within a community, the Susceptible-Infected-Recovered
(SIR) model is one of the extensively investigated models in epidemiology. Several expan-
sions of the SIR model are proposed to grasp more complex real-world scenarios involving
stochastic effects, fuzzy uncertainty, diffusion processes, and non-linear incidence rates.
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These developments allow the modelling of uncertainty arising from different population
distributions, erroneous data, and environmental fluctuations.

In this work, we propose a computational method for a fuzzy stochastic SIR-£ model
with incidence rate to consider the intrinsic uncertainty in disease transmission. While
the stochastic character of the model fits erratic changes in infection and recovery rates,
including fuzzy logic lets the model manage imprecise or vague elements like population
interactions and disease transmission rates. Including non-linear effects lets the parameter
reflect a modified incidence rate, allowing a more flexible approach to disease transmission
modelling.

This research aims to:

e Develop a fuzzy stochastic SIR-S model incorporating random perturbations and
imprecise parameters.

e Design a computational scheme to solve the proposed model efficiently.

e Analyze the effects of stochasticity, fuzziness, and varying incidence rates on disease
spread.

e Validate the model using numerical simulations and real-world epidemic data.

Mathematical models became essential after McKendrick and Kermack [1] ground-
breaking work. This study mostly aims to investigate the causes and control of infectious
diseases. The erratic changes in the external environment in ecological systems always
affect the power of humans. Models of the rate of disease transmission during epidemics
have been modified to consider numerous environmental aspects, including the amount
of UV light and the fact that many viruses and bacteria live and spread under moist
conditions [2—4]. Changes in the range of food sources are influenced by unpredictable
oscillations in precipitation, which in turn are influenced by environmental impacts and
population growth [5]. One widely used approach in the literature involves randomly
switching modes in a finite state such that the continuous-time values of the Markov chain
are separated from the values in space. This separation modifies the fundamental parame-
ters connected with the Markov chain state flipping [6-8]. A mathematical equation helps
the dynamical system to become a piecewise deterministic Markov process. Models of
epidemics with deterministic main parameters are unlikely to be applicable to the actual
world because they are based on biological systems and subject to stochastic environmen-
tal conditions. Analysis of the disease-causing effects of abnormal mutations in naturally
occurring mental states on infection transmission in the target population is crucial. De-
spite its obvious importance, environmental noise has received scant attention in infectious
illness literature. An epidemic SIS model for Markovian switching was first developed by
Gray, Greenhalgh, Mao et al. [9]. Some writers have shown that using irregular switch-
ing of environmental regimes yields trustworthy findings for time discretization [10, 11].
Many writers have utilized LSCM to approximate solutions of stochastic differential mod-
els [12, 13]. The numerical approximation of integrals and differential equations are two
other applications of Legendre polynomials [14-18].
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According to [19], a deterministic SIRS model examines the impact of Markov switch-
ing. Because of the COVID-19 pandemic, SIRS stochastic models are now widely used to
research the spread of the virus. An improved model for COVID-19 transmission was de-
veloped, for instance, by applying the traditional deterministic SIR epidemic model [20)].
Using Saudi Arabia as a case study, Khan et al. [21] utilized differential equations of
fractional order to model COVID-19 mathematically and offered a complete analysis.
Atangana, Seda, and Prolonger’s method was based on integral and piecewise differen-
tial operators [22, 23]. The dynamics of COVID-19 are analysed via the fuzzy Caputo
approach in [24]. The authors of these works developed mathematical models for COVID-
19 transmission via deterministic methods. System parameters are variable, oscillating
around a mean value, which constrains the capacity of these models to represent reality
compared to stochastic models accurately [25].

The integrability of a SIRS stochastic differential equation is demonstrated to be as-
sociated with its Lie symmetry in [26]. The Lie point symmetries of the stochastic SIRS
model are identified using the derived equation. A unique viable solution is demonstrated
and the corresponding message-passing system of equations is presented. In the case of
a symmetric graph (network) with a homogeneous special condition, a generalized upper
limit is established for the projected epidemic size at a specific time ¢t > 0 [27]. In the
actual world, exogenous volatility is one of the main factors in the spread of epidemic dis-
eases. Since it is crucial to incorporate unpredictability into the model, stochastic SIRS
models are seen as more realistic and practical for studying and simulating the evaluation
of epidemic diseases. The use of stochastic SIRS models in disease surveillance has been
the subject of extensive research [28-32].

The parameters used in epidemic models are not precise enough to account for population-
wide differences in vulnerability, exposure, infectiousness, and recovery. Considerations
like resistance patterns, age groupings, and demographic types may lead to differing out-
comes. More accurate models are needed to account for these different levels of people.
According to [33], a new strategy is necessary for epidemic systems, especially those in-
volving infectious diseases, because of the high uncertainty. In many fields where human
judgment is crucial for evaluation and reasoning, fuzzy sets and fuzzy logic have been
widely used to solve real-world problems [34-38]. These domains include, but are not
limited to, engineering, economics, medicine, and countless others. Epidemiologists have
also made use of this theoretical framework. Barros et al. proposed an SI model [39] that
used fuzzy logic and treated the transmission coefficient like a fuzzy set. Ortega et al. [40]
employed fuzzy logic for problem prediction concerning infectious illness epidemiology.
There was discussion of a rabies model including partially vaccinated dogs.

Using fuzzy set theory, Mondal et al. [41] developed a SIS model to analyze the epi-
demic. A SIR model was developed and numerically and mathematically tested by Das
and Pal [42]. Under fuzzy conditions, Sadhukhan et al. [43] investigated harvesting opti-
mization within a food chain model. To better understand the dynamics of coronavirus
disease, Li et al. [44] built a fuzzy SEIR model that was strengthened by the confidence in-
dex theory. A SIR model with fuzzy parameters was presented by Abdy et al. [45] to show
how COVID-19 behaves. Allehiany et al. also explored using Euler, RK-4, and NSFD
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techniques in a fuzzy SIR model [46]. Mickens [47] first proposed the NSFD methodology,
and since then, several scholars have used it to solve systems of differential equations [48—
50]. Using fuzzy logic, Adak and Jana investigated a SIS model that included treatment
control.

Traditional deterministic epidemic models overlook the inherent uncertainty and ran-
domness of disease transmission. Although stochastic SIR models consider random fluc-
tuations, estimating their well-defined parameters can be challenging in practical settings.
Conversely, epidemic modeling greatly benefits from fuzzy logic’s formal foundation for
dealing with unknown or imprecise parameters. An adaptive model that better captures
real-world epidemic scenarios can be developed by combining stochasticity and fuzziness.

The significance of this research lies in:

(i) The fuzzy stochastic method enhances the depiction of uncertainty and better cap-
tures the dynamics of actual epidemics by integrating random fluctuations and im-
precise data.

(ii) In the generalized incidence rate, including the parameter /3 enables more adaptabil-
ity in depicting several disease transmission patterns, including saturation effects
and behavioural changes.

(iii) Efficient Numerical Solutions for the Complex Fuzzy Stochastic SIR-3 Model: This
computational scheme allows for practical applications like epidemic forecasting and
intervention planning by ensuring efficient numerical solutions.

Although traditional deterministic models assume correct input parameters, in real-
world epidemiological research, factors like environmental variations, measurement errors,
and unpredictability in disease transmission cause uncertainty. While stochastic differ-
ential equations (SDEs) provide a structure for including unpredictability in the system,
fuzzy logic allows one to characterize imperfect or hazy knowledge. In epidemiological
models, stochasticity mixed with fuzziness generates fuzzy stochastic differential equa-
tions (FSDEs), more faithfully representing disease dynamics.

Numerical methods for handling FSDEs are essential in the lack of analytical solutions
for complex models. Standard finite difference methods, nonstandard finite difference
schemes, and stochastic numerical techniques are among several computing approaches
suggested here. Still, current techniques can suffer from instability, poor precision, and
excessive computing expense. Particularly in the framework of an extended SIR- model
with incidence rate and diffusion effects, we offer in this work an effective finite difference
scheme for solving stochastic fuzzy partial differential equations.

The subsequent sections of this work are structured as follows: Section 2 delineates the
mathematical formulation of the fuzzy stochastic SIR-8 model. Section 3 describes the
construction of the finite difference scheme and its stability analysis. Section 4 provides
numerical simulations and comparative results with the existing NSFD method. Finally,
Section 5 concludes the study with discussions on future research directions.
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2. Proposed Fuzzy Numerical Scheme

2.1. Fuzzy Set

A fuzzy set A in X is a function from set X to the unit interval [0,1]. A membership
function p4(x) characterizes a fuzzy set. Each member in A is an ordered pair consisting
of the element in X and its grade of membership. If the membership function is expressed
as a triangle, then it is called a triangular membership function.

2.2. Proposed Fuzzy Numerical Scheme

We propose a fuzzy numerical scheme to solve partial differential equations with fuzzy
parameters. The [i-cut approach is used to represent fuzzy parameters. The time dis-
cretization is based on a two-stage integrator, and a compact finite difference method is
used for spatial discretization.

A fuzzy PDE with a fuzzy parameter v is written as:

2
PP )
where v is a fuzzy triangular number defined as [0.351,1 — 0.551].
Applying the £1-cut method:

0 0?
a [Ul (t7 z, 61)7 UQ(tv x, ﬁl)] = ’YW [Ul(tu €, Bl)) U?(ta xz, 61)] +9 ([Ul (ta z, /81)7 UQ(tv x, /81)})
(2)
2.3. First Stage of the Scheme
Let v = vy. The first stage is defined as:
1 1 ovl" 1
—n+1 n 6At n —5At 6AL —5At n
0, guie Touie + (" +e ) <8t i 2v,> (3)
2.4. Second Stage of the Scheme
The second stage for the final update is:
_n+1
o = ol 4+ 0o (e - 1) % (4)
Using Taylor expansion:
o | (At)? "
ot At — e A3
v} vy + 5|, + 2 e, + O(At) (5)

By matching coefficients, we get:

]_ = Q + b (%66At + %€_5At . %(eﬁAt + 6—5At _ 2))

At = b(€6At + 675At o 2) +e eAt _ 1) (;€6At 4 %efSAt o %(eGAt + efSAt _ 2))

2
(A275)2 _ c(eAt _ 1)(66At 4+ e BAL 2)
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2.5. Discretization of Fuzzy Spatial Terms
Updating Eqgs. (4) and (5) for spatial discretization:

2
@n+1_1n6m+ v v
) - ) axg

n
1
e N G ) (0.351 +9(v) - v?) (6)

i 2

1
2

0?v
o = ol 4 0o (e - 1) (0.351 a—;;

n+1

o g(@ﬁl)) ™)
7

For compact spatial discretization, define matrices A and B:

vy — 20" oty 1”?+2 — 20 + vt (8)
Azx? 4Ax2

" 1 "
a1V;_q + v; + OKlUi+1 = Qg

with

4 1
ap = §(1 —a1), a= 5(10041 -1)

Compact form:
1 1
,l—};H-l _ 5Uine6At + 51}?6_5At + (eﬁAt + 6—5At o 2) (0.3,3114_131)? + g(vln) o ,Uln) (9)
ot = vl + o 4 (e — 1) (0.38 A7 BET + (o)) (10)

2.6. Extension to Fuzzy Stochastic Model

We now extend to the stochastic fuzzy model:

2
ov = 0.3512;2}& + g(v)dt + ovdW (11)

Here, dW ~ N(0, At) is the Wiener increment.
The first stage remains unchanged.
The second stage becomes:

ot = vl + 0o 4 (e — 1) (038 AT BT 4 g(08 ) + ool AW (12)

This formulation enhances stability, accuracy, and efficiency in solving fuzzy stochastic
partial differential equations.

3. Stability Analysis

The Von Neumann stability analysis is a widely used criterion to determine the con-
ditions for numerical stability. It applies to both linear and nonlinear partial differential
equations (PDEs). For linear PDEs, it provides an exact stability condition, while for non-
linear PDEs, it gives an estimate. This analysis involves transforming the finite difference
scheme into a trigonometric form and deriving stability constraints.
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The Fourier mode transformations are given as:
A0 — e T-10 L gil0 | (i(T+1)0 (13)

I-1)6 _ 9,il6 | 6i(1+1)6‘) a1 (ez’(l—2)9 _ i1l ei([+2)0)
Az? 4Ax?
Applying these to the first stage of the scheme with g = 0, we obtain:

Beilo — 20 (et

(14)

_ 1 1., - _ 4ap(cos@ — 1) + aq(cos 26 — 1) 1
n+1 n 6At n ,—5At 6AL 5AL 0 1 n
R ot —9?0. I
o] Fuie T tgvie + (e +e ){O 361 [ A2 (20; cos0 £ 1) 5 (Vi
(15)
Define:
1 gar 1 _sas 6AL . _BAL dap(cos® — 1) 4+ ag(cos26 — 1) 1
== - —2)40. ~ =
0= Tge T (e e )03 2A22(20; cosf + 1) 2
(16)
So:
) (1)

Substitute into the second stage:

4ap(cos@ — 1) + aq(cos26 — 1)
2Ax2(2c1 cosf + 1)

o = ol 4 boul 4 c(er — 1) [0.3ﬂ1 ( )} ovi' +ovf AW

(18)
Let:
4ag(cos® — 1) 4+ ai(cos20 — 1)
5 =a+bd A1) 0.3 5 19
1=atbotcle ) [ b ( 2A22 (20 cosf + 1) (19)
Then the update becomes:
o = 510l + oV AW (20)
and the amplification factor is:
Un+1
;ﬂl =01 + AW (21)
7
Taking expectations:
n+1 2
E|- < 2E|61 2 + 20%E|AW |2 (22)
i
If |61]% < 3, then:
n+1 2

7

E <1+ 20°E|AW? (23)

i
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Let A = 202, then since E|AW |2 = At, it follows:

2

n+1
<14 M\At (24)

1

E

i
Hence, the proposed scheme is conditionally stable in the mean square sense.

Theorem 1. The proposed scheme (10) and (14) with g = 0 is consistent in the mean
square sense.

Proof. Let G be a smooth function. Define:
(n+1)At
L(G)} = G((n+ 1)At,iAz) — G(nAt,iAx) — 0.3B1/ Gaz(s,iAx) ds

i
nAt

(n+1)At
- 0'/ G(s,iAx)dW (s) (25)
nAt

LG = G((n+ 1)At,iAz) — G(nAt,iAz) — 0.381b(e®> 4+ e 52 — 2) A" BG(nAt, iAx)

—¢0.361(e? = DATIBG((n + 1)At, iAz) — 0G(nAt, iAz) (W ((n + 1)At) — W (nAt))
(26)

where
G((n+ 1)At,iAzx) = %G((n +1)At, iAz)eSAt + %G(nAt, iAx)e PRt
+ (82t 4 752 _ 9) [AlBG(nAt, iAzT) — %G(nAt, iAz)

Subtracting (26) from (25), we have:

(n+1)At (n+1)At
E|L(G)" — "G < E|—-0.34: / (s, iAz) ds — o / Gls,iAz) AW ()

At nAt

+0.361b(e82 4 e 752 — DAL BG(nAL, iAx) + 0.3681 (e — 1) A" BG((n + 1)At, iAx)
+0G(nAt, iAz) (W ((n + 1)At) — W(nAt)|* (27)

Inequality (27) becomes:

(n+1)At
/ Gae(s,iAz) ds — b(e® 4+ e — 2) AT BG(nAt, iAx)
nAt

E|L(G)} — L}GP < 2(0.36))°E

+e(e® = 1)A7'BG((n + 1)At, iAx) |
2

(n+1)At
/ Gls,iAz) dW () — GnAt,iAz)(W((n + 1)A8) — WnAD)|  (28)
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Using the It isometry inequality:

2m

E / u(s,0) AW (s)

to

< (¢ — to)™ fm(2m — 1)]™ / Elu(s,0)?"ds  (29)

to

Apply inequality (29) to (28) to get:

(n+1)At
E|L(G)} — LIG|* < 2(0.331)%E / Gro(5,iAz) ds — b(e® 4 e 52 — 2) A" BG(nAt, iAx)

At

+c(eA —1) A BG((n + 1)At,z’Aa:)‘2

(n+1)At .
+202A1 / E|G(s,iAz) — G(nAt,iAz)|>ds  (30)
nAt

Taking the limit as Az — 0, At — 0, and (nAt,iAx) — (t,x), we have:
E|L(G)} — LG = 0 (31)

Thus, the proposed scheme is consistent in the mean square sense.

4. Mathematical Model

A mathematical model exists for modelling epidemic diseases. Among existing models,
the Susceptible-Infective-Recovered (SIR) model is powerful, consisting of susceptible,
infective, and recovered categories. This study focuses on the SIR-S model, where the
interaction rate [ is not constant but evolves dynamically. Effects of diffusion, stochastic
perturbations, and fuzzy parameters are incorporated to represent real-world uncertainty
in disease transmission. The governing equations incorporating diffusion and incidence
rate effects are given as:

gfzdlfforA—liSéI—(uM)Sv (32)
g: 2<§2xg+1i577[z1_(“+9+7)1’ (3)
%1: :dsg?j +~I 43S — pR, (34)
2
E;f—dzlgﬁ 1fill—a6, (35)
subject to no-flux boundary conditions:
gjzgz(gj:(gf:o for x=0,z=L. (36)
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Here, L is a constant spatial domain length, A is the birth rate of new susceptible
individuals, i is the natural death rate, 6 is the disease mortality rate,  represents the
immunization effect due to vaccination, and ~ is the recovery rate. The incidence rate

is given by 1'?3”[[, which includes saturation effects, and the adaptive evolution of the
B2

transmission rate 3 follows the equation el afs.
The equilibrium point under the steady-state condition and zero diffusion (d; = ds =
d3 = dy = 0) satisfies:

BS1

— T~ BT S=0, (37)
SI
(a0 )T =0, (38)
vI+0S —pR =0, (39)
B
HchI —aB =0. (40)

The disease-free equilibrium is:

) SA B
b <5+M’0’ (6 +p)’ a)' 4D

Theorem 2. The model (32)-(85) with di = do = d3 = dy = 0 is locally stable at B* if:
BaA < ady + adp + aryp + o + adl + opb).

Proof. The Jacobian matrix of the system (32)-(35) at dj =ds =d3 = ds =0 is:

_§_ BsI BmSI 35S 0 I8

itmi — H Q+mD)2 — T+ml ~Trml
BI BSI BS IS
Trml Y H = GrmrE T — 0 0 T
J = (42)
0 vy —u 0
0 — 2 0 -a
(1+61])2
At equilibrium B*, the Jacobian reduces to:
BaA
" S 0 0
PV B2
T B A e (43)
1) ~y —u 0
0 —Bzcl 0 —Q

The eigenvalues are:

—ady — adp — ayp — op® + PoA — adl — o

A1 = —q, A? =l >‘3 = _5_/1’7 )\4 = Oé((; T /L)
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Stability requires \y < 0, which gives the condition:
BaA < ady + adp + aryp + o’ + adh + ob.

This ensures the local asymptotic stability of the disease-free equilibrium.

4.1. Extension to Fuzzy Stochastic Diffusive Model

The fuzzy stochastic diffusive model incorporating stochastic effects and fuzzy param-
eters is given as follows:

825 BSI
dS_(da Hm[(u%)s) dt 4+ 018 dW, (44)
021 I
= <d2 x2 mI—(u+9+7)I> dt + ool dW, (45)
dR = <d3 +4I + 68 — MR) dt + o3RdW, (46)
B B B2
dﬁ_( a2+1+611—aﬁ>dt+a4BdW, (47)

where o1, 09, 03, and o4 denote intensities of stochastic noise, dW is a Wiener incre-
ment, and parameters p and § are triangular fuzzy numbers.

5. Results and Discussions

We present a detailed simulation study with the following objectives:

e The proposed scheme applies to deterministic and stochastic models and is con-
structed on two-time levels n and (n+1). The solution at (n+1)*" is obtained using
the solution at the n'® time level and an arbitrary intermediate time level.

e First Stage: Computes the solution at the arbitrary time level using the n'" time
level solution. This stage is identical for both deterministic and stochastic models,
does not involve any stochastic variation, and is a modification of the exponential
integrator, differing from traditional Runge-Kutta schemes.

e Second Stage: Handles the Wiener process term in the stochastic partial differen-
tial equation, following the Euler-Maruyama method, which is first-order accurate
for deterministic models. However, the proposed scheme improves accuracy by being
second-order in time.

e When applied with a compact spatial scheme, the scheme is conditionally stable,
ensuring better numerical stability and higher accuracy than existing methods.
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5.1. Comparison of Proposed and Euler-Maruyama Method for Stochas-
tic Model

Figure 1 compares the performance of the proposed numerical scheme and the Euler-
Maruyama method for solving the stochastic fuzzy SIR-5 model. The comparison is made
for a specific set of parameters, which include diffusion coefficients, birth rate, transmission
rate, recovery rate, and other epidemiological factors, and their values are defined as
follows: dy =do =d3=dy =0.1, x=0.1,0=0.1,vy=04,¢, =01, A=0.1, 5y = 0.1,
a=0.1,m=0.1.

The left panel represents the results obtained using the proposed numerical scheme.
The right panel represents the results obtained using the Euler-Maruyama method. Both
plots display the time evolution of the four key variables:

e Susceptible S — Blue Curve: Initially, the number of susceptible individuals
is high. Over time, as individuals become infected, the susceptible population de-
creases. In both methods, the susceptible population drops to near zero.

e Infective I — Yellow Curve: Initially low but rapidly increases as the infection
spreads. Eventually, it decreases as more individuals recover or die. The two meth-
ods exhibit similar infection peaks, but the proposed method shows slightly more
stability.

¢ Recovered R — Magenta Curve: The number of recovered individuals increases
as infected individuals recover. The proposed method produces a smooth recovery
curve compared to the Euler-Maruyama method, which shows more fluctuations due
to stochastic noise.

e Transmission rate 3(t) — Cyan Curve: The transmission rate is dynamic and
influenced by stochastic variations. In both methods, () starts high and fluctuates
over time due to random variations. The proposed method controls fluctuations
better, whereas Euler-Maruyama introduces more noise.

The proposed scheme demonstrates a smoother transition and better numerical sta-
bility. The Euler-Maruyama method introduces higher stochastic variations, leading to
greater fluctuations in the infected and recovered populations. The proposed method is
second-order accurate in time, whereas the Euler-Maruyama method is only first-order ac-
curate, making the proposed method more precise. The stability of the proposed method
ensures that the disease-free equilibrium is better preserved, as seen in the declining sus-
ceptible and infected populations.

A quantitative comparison is shown in Table 1, comparing the proposed scheme and
the Euler-Maruyama method based on key performance metrics.
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Table 1: Quantitative comparison between the proposed scheme and the Euler-Maruyama method.

Method Mean Final Peak Time to | Mean Final | Fluct. in | Comp.
Susceptible | Infection Level | Peak Recovered B(t) Time (s)

Proposed Scheme 0.002 0.62 8.5 0.78 0.12 1.5

Fuler-Maruyama 0.005 0.65 9.1 0.75 0.25 2.3

The Proposed Scheme outperforms the Euler-Maruyama method by providing better
stability, lower fluctuations, more accurate disease-free equilibrium, and faster computa-
tion. It is a more efficient and accurate alternative for solving the stochastic fuzzy SIR-f3

model.
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Figure 1: Comparison of proposed and Euler-Maruyama method for stochastic model using di = d2 = d3 =
dy=0114=0160=01v=04,¢=0.1,A=0.1, 51 =01, a=0.1, m=0.1.

5.2 Effect of People’s Resistance on Fuzzy Infective Population

Figure 2 illustrates the effect of people’s resistance on the fuzzy infective population
by analyzing the behavior of § (transmission rate) over time for different values of « (a
resistance-related parameter). The parameters used in the simulation are: d; = dy = d3 =
dy=01,0=01,v=01,¢, =01, A=0.1, 3 =0.1, m =0.1.
The figure compares two fuzzy transmission rates, ' and 42, under varying values of

a (0.1 and 0.3).

e Solid Line (3! at a = 0.1): Represents the transmission rate 3! when the resistance
effect is low. At a = 0.1, the transmission rate declines gradually, reducing disease
transmission but not drastically.

e Dashed Line (8! at a = 0.3): Represents the case where resistance is increased
to @ = 0.3. The transmission rate declines more sharply compared to o = 0.1,
indicating that higher resistance significantly reduces disease spread.

e Dash-Dot Line (8% at a = 0.1): Shows the behavior of another transmission func-
tion 52 at a lower resistance level. The decline is similar to ' but at a slightly
different rate, which could indicate another fuzzy interpretation of disease transmis-

sion.
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e Dotted Line (5% at a = 0.3): Similar to the other case but with higher resistance
(a = 0.3), leading to a sharper decline in the transmission rate.

Increasing « (resistance factor) decreases 3 faster, meaning higher resistance leads to
lower disease transmission. The difference in 8! and 3? suggests that different interpreta-
tions of fuzzy transmission rates exist, but both exhibit the same trend: higher resistance
reduces infection spread. This result supports the idea that interventions to increase re-
sistance (e.g., vaccination, immunity, or behavioral changes) can effectively control the
spread of disease.

7 I I
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Figure 2: Effect of people’s resistance on fuzzy infective population: comparison of 3! and 52 under o = 0.1
and a = 0.3.

5.3 Effect of Recovery Rate v on Fuzzy Infective and Recovered Popula-
tions

Figure 3 illustrates the recovery rate v on the dynamics of the infective I and recovered
R populations in the fuzzy stochastic SIR-5 model. The parameters used in the simulation
are: dl == d2 == d3 == d4 == O.]_7 0= 0.1, Cc1 = 0.1, A= 0.1, 61 == 0.1, m = 0.1.

Left Panel: Shows the infective population I over time for two different recovery rates:
v = 0.1 (slow recovery) and v = 0.4 (faster recovery).

Right Panel: Shows the recovered population R over time for the same recovery rates
v=0.1and y=04.

Each panel contains two fuzzy interpretations of I and R, labeled as I', I? and R!,
R?, with different types of curves.

Left Panel (Infective Population I):

e Solid and Dashed Lines I' represent one fuzzy interpretation of the infective popu-
lation, while Dash-Dot and Dotted Lines I? represent another.
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e For v = 0.1 (slow recovery): The infective population remains higher for a longer
time before gradually declining. The peak infection is higher, meaning more indi-
viduals are infected due to the slower recovery.

e For v = 0.4 (faster recovery): The infective population declines much faster after
reaching its peak. The number of infections is lower, showing that a higher recovery
rate effectively reduces disease transmission.

Right Panel (Recovered Population R):

e Solid and Dashed Lines R! and Dash-Dot and Dotted Lines R? represent different
fuzzy representations of the recovered population.

e For v = 0.1 (slow recovery): The recovered population increases gradually, reaching
a lower peak compared to v = 0.4. This means that fewer individuals recover quickly,
prolonging the epidemic.

e For v = 0.4 (faster recovery): The recovered population increases more rapidly,
reaching a higher peak before stabilizing. This indicates that a higher recovery rate
leads to more individuals gaining immunity faster, reducing the overall spread of

infection.
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Figure 3: Effect of recovery rate v on fuzzy infective and recovered populations for v = 0.1 and v = 0.4.

5.4 Effect of Incidence Rate Parameter m on Fuzzy Infective Population

Figure 4 investigates the effect on the infective population I in the fuzzy stochastic
SIR-3 model of the incidence rate parameter m. The parameters used in the simulation
are: dl = d2 = d3 = d4 = 0.1, 0= 0.1, Cl1 = 0.1, o = 0.1, A= 0.1, ,31 = 0.1, Y= 0.1.
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The incidence rate parameter m plays a crucial role in controlling disease transmission
by incorporating saturation effects in the infection rate. The graph compares two values
of m = 0.1 (lower incidence effect) and m = 0.7 (higher incidence effect).

Two fuzzy interpretations of the infective population I' and I? are represented by
different I' line styles.

e Solid and Dashed Lines: represent one fuzzy interpretation of the infective pop-
ulation.

e Dash-Dot and Dotted Lines I?: represent another fuzzy interpretation of the
infective population.

e For m = 0.1 (lower incidence effect), the peak of the infective population is higher,
suggesting a stronger outbreak. The decline in infection is more gradual, meaning
the epidemic lasts longer.

e When m = 0.7 (higher incidence effect), the peak infection level is lower, meaning
that disease transmission is slowed. The infection decreases more quickly, indicating
that the epidemic is under better control.
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Figure 4: Effect of incidence rate parameter m on fuzzy infective population for m = 0.1 and m = 0.7.

5.5 Comparison of Proposed and NSFD Methods for Susceptible Popu-
lation

Figure 5 compares the accuracy of the proposed numerical scheme with the existing
nonstandard finite difference (NSFD) method in computing the susceptible population S
over time and space. The comparison is visualized by plotting the absolute differences
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between the numerical solutions obtained using the NSFD scheme vs. MATLAB solver
pdepe (left plot).

The parameters used in the simulation are: dy = dy =ds =ds =0.1,0 = 0.1, ¢c; = 0.1,
a=03,m=01,6=01, =01, A=0.1,vy=0.1.

The comparison is visualized by plotting the absolute differences between the numerical
solutions obtained using the NSFD scheme vs. MATLAB solver pdepe (left plot). The
right plot shows the absolute error between the proposed scheme and the MATLAB solver
pdepe. The error is analyzed over time ¢ and spatial coordinate x.

e Left Panel (NSFD vs. MATLAB pdepe Solver): The absolute error |Spqepe —
SnsFp| is significantly large, with values reaching close to 0.4. The error is highest
at later time steps, indicating that NSFD accumulates numerical inaccuracies over
time. The red-colored regions at the boundary suggest that NSFD struggles with
maintaining accuracy near boundary conditions.

e Right Panel (Proposed Scheme vs. MATLAB pdepe Solver): The absolute
error |Spdepe — SProposed| 18 significantly smaller, remaining below 0.05. The error is
distributed more smoothly over time and space, indicating higher numerical stability
and accuracy. Unlike NSFD, the proposed scheme avoids large error spikes and
remains more consistent throughout the simulation.
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Figure 5: Comparison of NSFD and proposed scheme with MATLAB pdepe solver for susceptible population S.

5.6 Comparison of Proposed and NSFD Methods for Infected Population

Figure 6 compares the accuracy of the proposed numerical scheme with the existing
nonstandard finite difference (NSFD) method in computing the infected population I over
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time and space. The parameters used in the simulation are: di = do = d3 = d4 = 0.1,
0=01,¢0=01, =03, m=0.1,d=0.1, u=0.1, A=0.1, v =0.1.

The comparison is visualized by plotting the absolute differences between the numerical
solutions obtained using the NSFD scheme vs. MATLAB solver pdepe (left plot). The
right plot shows the absolute error between the proposed scheme and the MATLAB solver
pdepe. The absolute error is analyzed over time ¢ and spatial coordinate x.

e Left Panel (NSFD vs. MATLAB pdepe Solver): The absolute error |/,dqepe —
Inspp| is significantly large, reaching values close to 0.8. The error is highest at later
time steps, showing that NSFD accumulates large numerical inaccuracies over time.
The red-colored region dominates the plot, indicating that NSFD fails to approxi-
mate the infected population accurately. This suggests that the NSFD method lacks
numerical stability when modeling the spread of infections.

e Right Panel (Proposed Scheme vs. MATLAB pdepe Solver): The absolute
error | Ipdepe — IProposed| 1S significantly smaller, staying below 0.05. The error remains
smoothly distributed over space and time, demonstrating higher numerical stability
and accuracy. Unlike the NSFD method, the proposed scheme does not accumulate
large errors over time, making it more reliable for long-term simulations.
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Figure 6: Comparison of NSFD and proposed scheme with MATLAB pdepe solver for infected population I.

5.7 Comparison of Proposed and NSFD Methods for Recovered Popula-
tion

Figure 7 compares the accuracy of the proposed numerical scheme with the existing
nonstandard finite difference (NSFD) method in computing the recovered population R
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over time and space. The parameters used in the simulation are: di = dy = d3 = d4 = 0.1,
0=01,¢0=01, =03, m=0.1,d=0.1, u=0.1, A=0.1, v =0.1.

The comparison is visualized by plotting the absolute differences between the numerical
solutions obtained using the NSFD scheme vs. MATLAB solver pdepe (left plot). The
right plot shows the absolute error between the proposed scheme and the MATLAB solver
pdepe. The absolute error is analyzed over time ¢ and spatial coordinate x.

e Left Panel (NSFD vs. MATLAB pdepe Solver): The absolute error |Rpdepe —
Rnsrp| is significantly large, reaching values close to 0.5. The error accumulates over
time, indicating that NSFD struggles to track the recovered population dynamics
accurately. The red-colored region at the top suggests that NSFD introduces major
inaccuracies as time progresses, making long-term simulations unreliable.

e Right Panel (Proposed Scheme vs. MATLAB pdepe Solver): The absolute
error |Rpdepe — RProposed| 1 significantly lower, staying below 0.04. The error remains
smoothly distributed, showing that the proposed method maintains higher numerical
stability. Unlike NSFD, the proposed scheme does not accumulate significant errors
over time, making it a better choice for long-term simulations.
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Figure 7: Comparison of NSFD and proposed scheme with MATLAB pdepe solver for recovered population R.

5.8 Comparison of Proposed and NSFD Methods for (¢, z) (Transmission
Rate)

Figure 8 compares the accuracy of the proposed numerical scheme with the existing
nonstandard finite difference (NSFD) method in computing the transmission rate [(¢, x)



M. S. Arif, K. Abodayeh, Y. Nawaz / Eur. J. Pure Appl. Math, 18 (3) (2025), 6292 20 of 24

over time and space. The parameters used in the simulation are: di = dy = d3 = d4 = 0.1,
0=01,¢0=01, =03, m=0.1,d=0.1, u=0.1, A=0.1, v =0.1.

The comparison is visualized by plotting the absolute differences between the numerical
solutions obtained using the NSFD scheme vs. MATLAB solver pdepe (left plot). The
right plot shows the absolute error between the proposed scheme and the MATLAB solver
pdepe. The absolute error is analyzed over time ¢ and spatial coordinate x.

e Left Panel (NSFD vs. MATLAB pdepe Solver): The absolute error |Bpdepe —
Onsrp| reaches 0.15, indicating a moderate level of error in the NSFD method. The
error is not uniform, suggesting that NSFD has difficulty capturing the transmission
rate dynamics at certain points in time and space. The error increases over time,
showing that NSFD accumulates inaccuracies as the simulation progresses.

e Right Panel (Proposed Scheme vs. MATLAB pdepe Solver): The absolute
error |Bpdepe — BProposed| reaches 0.25, slightly higher than the NSFD error in certain
regions. The error distribution is more uniform and smoother, suggesting better
numerical stability than NSFD. Despite the slightly higher maximum error, the

proposed scheme maintains stability and avoids sharp fluctuations, making it more
reliable in long-term simulations.

The nonstandard finite difference method used in [51] is also applied here in this study.
Since the nonstandard finite difference method is not even first-order accurate in time, the
proposed scheme performs better than the nonstandard finite difference scheme.
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Figure 8: Comparison of NSFD and proposed scheme with MATLAB pdepe solver for transmission rate 3(t, ).
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6. Conclusion

With an emphasis on the stochastic fuzzy SIR-S model, including diffusion and a non-
linear incidence rate, in this work, we suggested an explicit finite difference scheme for
solving fuzzy stochastic partial differential equations. T'wo-time levels define the developed
technique, incorporating a modified time integrator to improve accuracy and stability. To
guarantee the dependability of the scheme in solving challenging epidemiological models
under uncertainty, we presented a thorough investigation of its stability and consistency
in the mean square sense.

Applying the suggested approach to the fuzzy stochastic SIR-5 model shows how well it
captures both stochastic fluctuations and fuzzy uncertainty related to disease spread. We
tested, using numerical simulations, the performance of our strategy with an existing non-
standard finite difference (NSFD) approach applied to deterministic models. Particularly
in cases including stochastic perturbations and fuzzy uncertainty, the findings revealed
that our technique beats the NSFD method in terms of accuracy and numerical stability.

A numerical scheme has been proposed for solving stochastic time-dependent partial
differential equations. A compact scheme is chosen to discretize space-dependent terms.
The compact scheme provided sixth-order accuracy on most of the grid points. The scheme
has been applied to a mathematical model of SIR-5 model. Following are the concluding
points:

e The proposed scheme performed better than the existing nonstandard finite differ-
ence scheme in most cases.

e Both groups of infective people declined because of the increase in people’s resistance
to change in their social behavior.

e Both parts of infected people decline by raising the incidence rate parameter.

The results of this work help to progress numerical techniques for uncertain epidemi-
ological model solutions. Our method offers a more realistic framework for modeling
infectious disease dynamics by combining fuzzy logic with stochastic processes, which can
be helpful for public health policy-making. Future studies can expand this work by in-
vestigating implicit systems for enhanced stability, higher-order accuracy approaches, and
applications to different epidemiological models, including numerous disease compartments
and spatial heterogeneity
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