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1. Introduction

In the open unit disk D = {Θ ∈ C : |Θ | < 1}, A often denotes the class of normalized
and analytic functions f (Θ) of the form

f (Θ) = Θ +
∞∑

k=2

akΘ
k (1)

and S act as a subclass of all functions in A. As stated by Koebe one-quarter theorem [1],
if f ∈ S is a univalent function, then the image of unit disk under f will contain a disk of
radius 1

4 . As a results, for all univalent functions f ∈ S, there exists an inverse function
f −1 that satisfies f −1[f (Θ)] = Θ and f [f −1(Φ)] = g(Φ) for |Φ| < r0 (f ) : r0 (f ) ≥ 1

4 . A
power series in f (Θ) given by Equation (1) can be used to define the inverse function,
where a2, a3, . . . are complex coefficients. If both a function f and a function f −1 are
univalent in D, the function is said to be bi-univalent in the unit disc. Let Σ signify the
class of bi-univalent functions in D written by (1). Some familiar function for the class Σ

are specified below: Θ
1−Θ , 1

2 log
(
1+Θ
1−Θ

)
, −log(1 −Θ).

Lewin [2] initially derived the bi-univalent functions class Σ, and found that |a2| < 1.51.
For the generalized subclass of class Σ Brannan and Clunie [3] later enhanced this outcome
as |a2| ≤

√
2. Brannan and Taha [4] focused on a specific subclass of class Σ, also estimate

the initial coefficients |a2| and |a3|. For convex and starlike functions, Ma Minda [5]
employed a number of subclasses that meet the requirement that either 1 + Θf ′′(Θ)

f ′(Θ) or
Θf ′(Θ)
f(Θ) is subordinate to a more comprehensive subordinate function. In order to do this,

Ma Minda looked at an analytic function φ, it uses the unit disk to map D onto an
area that is starlike with regard to 1 and also meets the requirements given that it is
symmetrical relating to the real axis, also full files the conditions φ(0) = 1 and φ′(0) > 0.
The function f in the Ma Minda starlike class satisfies subordination Θf ′(Θ)

f(Θ) ≺ φ(Θ).
The Ma Minda convex class , in a similar vein, consists of functions f that fulfill the
subordination 1 + Θf ′′(Θ)

f ′(Θ) ≺ φ(Θ).

A large number of integer number sequences have surfaced due to the elegance of their
recurrence relations, including Fibonacci, Jacobsthal, Lucas, Fermat, Pell, Chebyshev,
Telephone and others. The Lucas numbers are a brand-new integer series that Behera
and Panda [6] revealed.In recent years,[7–11] several authors have explored subclasses of
biunivalent (or univalent) functions Over the past few decades, the features of this unique
number sequence have been intensively investigated, and certain generalizations have been
developed. A definition and a number of interesting properties of the polynomials are given
by Lee et al. [12] and Ray [13]. The polynomials are a innate consequence of the Lucas
numbers and Balancing Lucas numbers. Due to their applications in fluid dynamics, ge-
ometric function theory, and conformal mapping, bi-univalent functions have attracted a
lot of attention in complex analysis. These functions have intriguing geometric proper-
ties that can provide important information on growth behavior, distortion, and mapping
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properties. A greater comprehension of the structural characteristics of bi-univalent func-
tions and how they interact with classical inequalities can be gained by studying their
subclasses. Lucas polynomials are one such class of functions, and their special charac-
teristics can be used to study how these functions behave. In recent years, a multitude of
writers have made great strides in implementing sharp bounds for a variety of bi-univalent
function subclasses that commonly interact with specific polynomial families, including
Lucas and balancing Lucas polynomials [14–24] and [25] .

The primary objective of this work is to determine the Taylor-Maclaurin coefficients |a2|
and |a3| and their influence on the geometric and analytic features of the bi-univalent
subclass of Lucas and Lucas balancing polynomial functions. By presenting new results
and building on previous work, this study contributes to our understanding of bi-univalent
functions.

The main objective of this study is to provide upper bounds and initial coefficients for
the Taylor-Maclaurin and Fekete-Szegö functionals of the function of the stated subclass.
This research is divided into three parts. In the first section, some basic concepts of
bi-univalent function theory are discussed, including information on Lucas and balancing
Lucas polynomials. Parts two and three introduce new subclasses of bi-univalent functions
using the Lucas and balancing Lucas polynomials, respectively.

The motivation for this study stems from the need to better understand the intricate geo-
metric and analytic properties of bi-univalent functions. These functions play a crucial role
in complex analysis, particularly in areas such as conformal mappings and fluid dynamics,
where the behavior of functions near boundaries and their growth rates are of significant
importance. By focusing on the Taylor-Maclaurin coefficients and their implications, this
work aims to provide deeper insights into how these functions behave in the unit disk and
their connections to other classes of functions.

In addition to their theoretical significance, the initial coefficients have practical implica-
tions. These include calculating the degree to which bi-univalent functions can resemble
other kinds of functions, creating numerical algorithms to find bi-univalent functions using
the initial coefficients, and using these functions in complex analysis, particularly when
examining boundary behavior of mappings from the unit disk and conformal mappings.
Furthermore, a function’s growth rate is frequently estimated using the initial coefficients.
In particular, they help define limits on the function’s maximum modulus and behav-
ior near the unit disk’s edge. By setting upper constraints for these coefficients, we can
regulate how much the function ”spreads” or ”compresses” inside the unit disk.
The structure of the paper is organized systematically to facilitate a coherent flow of ideas
and results. Section 2 presents the initial coefficient estimates for the subclass GΣ,G

u,v (τ),
laying the foundation for the subsequent analysis. Building on this, Section 3 derives the
Fekete-Szegö inequality for the same subclass, highlighting important functional bounds.
In Section 4, attention shifts to a related subclass GΣ,G(τ), where initial coefficient es-
timates are again established. Following this, Section 5 investigates the Fekete-Szegö
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inequality for GΣ,G(τ), offering a comparative view of the functional behavior. Section 6
is dedicated to a discussion on the influence of the parameter s, supported by surface plot
interpretations that provide visual insights into the parameter’s effect. Finally, Section 7
concludes the paper by summarizing the key findings and highlighting potential directions
for future research.

2. The initial Coefficient estimates for the subclass GΣ,G
u,v (τ)

The Lucas polynomials Ln(u(s), v(s), s) are defined by the recurrence relation that
follows:

Ln(s) = u(s)Ln−1(s) + v(s)Ln−2(s)

with initial conditions:
L0(s) = 2, L1(s) = u(s),

The generating function for Ln(s) is given by:

G(s,Θ) =
2− u(s)Θ

1− u(s)Θ− v(s)Θ2
.

The generating function G(s,Θ) is related to the sequence Ln(u(s), v(s), s) by the expan-
sion:

G(s,Θ) =
∞∑
n=0

Ln(u(s), v(s), s)Θ
n

Thus, we can express the generating function as:

G(s,Θ) =
2− u(s)Θ

1− u(s)Θ− v(s)Θ2
= 2+u(s)Θ+(2v(s)+u2 (s))Θ2+(3u(s)v(s)+u3 (s))Θ3+...,

(2)

∴ G(s,Θ) =

∞∑
n=0

Ln(u(s), v(s), s)Θ
n.

where

L0(s) = 2, L1(s) = u(s), L2(s) = 2v(s) + u2 (s) L3(s) = u3 (s) + 3u(s)v(s), ...

Remark 1.
It should be noted that the (u, v)-polynomial Ln(s) leads to different polynomials for certain
values of u and v. Here, we highlight a few examples from those:

(i) For u(s) = 2s and v(s) = 1, then obtain the polynomials of Pell-Lucas Qn(s).

(ii) For u(s) = 1 and v(s) = 2s, then acquire polynomials of Jacobsthal-Lucas jn(s).

(iii) For u(s) = 3s and v(s) = −2, then obtain the polynomials of Fermat-Lucas fn(s).
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(iv) For u(s) = 2s and v(s) = −1, then acquire first kind Chebyshev polynomials Tn(s).

The following lemma is to be kept forefront in order to get at our primary conclusions.

Lemma 1. [26] If p(Θ) ∈ P , then |pn | ≤ 2 for each n, where P is the family of all
functions p analytic in D for which

Re (p(Θ)) > 0, p(Θ) = 1 + p1Θ + p2Θ
2 + ...; Θ ∈ D.

In the following, it is assumed that G(s,Θ) is form of Taylor series nature

G(s,Θ)−1 = 1+u(s)Θ+2v(s)+u2 (s))Θ2+(3u(s)v(s)+u3 (s))Θ3+(u4 (s)+4u2 (s)+2v(s))Θ4+...,
(3)

G(t,Φ)−1 = 1+u(t)Φ+2v(t)+u2 (t))Φ2+(3u(t)v(t)+u3 (t))Φ3+(u4 (t)+4u2 (t)+2v(t))Φ4+...,
(4)

Definition 1. If the function f ∈ Σ is considered to be in the class GΣ,G
u,v (τ), then the

resulting subordination holds,

(1− τ)

(
Θf ′(Θ)

f(Θ)

)
+ τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
≺ G(s,Θ)− 1 (5)

and

(1− τ)

(
Φf ′(Φ)

f(Φ)

)
+ τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
≺ G(t,Φ)− 1 (6)

Example 1. When replacing τ = 0 in definition (1) then the particular subordination is
hold for the class GΣ,G

u,v (0). (
Θf ′(Θ)

f(Θ)

)
≺ G(s,Θ)− 1

(
Φf ′(Φ)

f(Φ)

)
≺ G(t,Φ)− 1

Example 2. When replacing τ = 1 in definition (1) then the particular subordination is
hold for the class GΣ,G

u,v (1). (
1 +

Θf ′′(Θ)

f ′(Θ)

)
≺ G(s,Θ)− 1

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
≺ G(t,Φ)− 1
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Theorem 1. If f (Θ) defined by the equation (1) is belongs to the class GΣ,G
u,v (τ). Then

|a2| ≤

√
u2 (s) + u2 (t) + 2(v(s) + v(t))

(2 + 2τ)

and
|a3| ≤

u2 (s) + u2 (t)

2(1 + τ)2
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)
(7)

Proof. Let f ∈ GΣ,G
u,v (τ). Then there are two analytic functions f, g : D → D given by

(5) and (6) such that

(1− τ)

(
Θf ′(Θ)

f(Θ)

)
+ τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
= G(s,Θ)− 1

and
(1− τ)

(
Φf ′(Φ)

f(Φ)

)
+ τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
= G(t,Φ)− 1

Since

(1−τ)

(
Θf ′(Θ)

f(Θ)

)
+τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
= 1+(1+τ)a2Θ+(2(1+2τ)a3− (1+3τ)a22)Θ

2+ ...

(8)
and

(1−τ)

(
Φf ′(Φ)

f(Φ)

)
+τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
= 1− (1+τ)a2Φ+((3+5τ)a22−2(1+2τ)a3)Φ

2+ ...

(9)
From the equations (3) and (8), By comparing coefficients of Θ and Θ2 respectively, we
get coefficient of Θ :

(1 + τ)a2 = u(s) (10)

coefficient of Θ2 :
2(1 + 2τ)a3 − (1 + 3τ)a22 = u2 (s) + 2v(s) (11)

From the equations (4) and (9), equating the coefficients of Φ and Φ2 respectively, we get
coefficient of Φ :

−(1 + τ)a2 = u(t) (12)

coefficient of Φ2 :
(3 + 5τ)a22 − 2(1 + 2τ)a3 = u2 (t) + 2v(t) (13)

Now, Adding the equations (10) and (12), we have

u(s) = −u(t) (14)

Squaring and adding the equations (10) and (12), we get

2(1 + τ)2a22 = u2 (s) + u2 (t)



S. Thangamani et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6294 7 of 19

a22 =
u2 (s) + u2 (t)

2(1 + τ)2
(15)

subtracting the equations (11) and (13), we get

2(1 + 2τ)a3 − 4(1 + 2τ)a22 + 2(1 + 2τ)a3 = u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)a3 = 4(1 + 2τ)a22 − u(t)2 + u2 (s) + 2(v(s)− v(t))

a3 = a22 +
u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)
(16)

substituting the equations (11) in equation (13), we get

(2 + 2τ)a22 = u2 (s) + 2v(s) + u2 (t) + 2v(t)

a22 =
u2 (s) + u2 (t) + 2(v(s) + v(t))

(2 + 2τ)
(17)

|a2| ≤

√
u2 (s) + u2 (t) + 2(v(s) + v(t))

(2 + 2τ)
(18)

substituting the equations (15) in equation (16), we get

|a3| ≤
u2 (s) + u2 (t)

2(1 + τ)2
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)
(19)

substituting the equation (17) in (16), we attain

a3 =
u2 (s) + u2 (t) + 2(v(s) + v(t))

(2 + 2τ)
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)

|a3| ≤
u2 (s) + 2v(s)

(2 + 2τ)
(20)

Hence,

|a2| ≤

√
u2 (s) + u2 (t) + 2(v(s) + v(t))

(2 + 2τ)

and
|a3| ≤

u2 (s) + u2 (t)

2(1 + τ)2
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + 2τ)

Specializing the parameter values of τ = 0 and τ = 1 in the above theorem (1), then
the subsequent corollaries are obtained, in that order.
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Corollary 1. If f (Θ) is derived by (1) which is belongs to class GΣ,G
u,v (τ). Then

|a2| ≤
√

u2 (s) + u2 (t) + 2(v(s) + v(t))

2

and
|a3| ≤

u2 (s) + u2 (t)

2
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4

Corollary 2. If the function f (Θ) ∈ GΣ,G
u,v (τ). Then

|a2| ≤
√

u2 (s) + u2 (t) + 2(v(s) + v(t))

4

and
|a3| ≤

u2 (s) + u2 (t)

8
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

12

3. Fekete-Szegö inequality for the subclass GΣ,G
u,v (τ)

Theorem 2. Assume f (Θ) is provided by (1) and is a member of the class GΣ,G
u,v (τ). Then

|a3 − ηa22| ≤

{
v(s)

(2+2τ) if 0 ≤ |h1(η)| ≤ 1
(2+2τ) ,

v(s)| 2(1−η)
(2+2τ)−4(1+τ)2

| if |h1(η)| ≥ 1
(2+2τ) ,

(21)

where
h1(η) =

(1− η)

(2 + 2τ)− 4(1 + τ)2
.

Proof. From the equation (16) and (17), we get

a3 − ηa22 = a22 +
u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + τ)2
− ηa22

a3 − ηa22 = (1− η)a22 +
u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + τ)2

a3 − ηa22 = (1− η)
2(v(s) + v(t)

(2 + 2τ))− 4(1 + τ)2
+

u2 (s)− u2 (t) + 2(v(s)− v(t))

4(1 + τ)2

a3 − ηa22 = (1− η)
2v(s)

(2 + 2τ)− 4(1 + τ)2
+

u2 (s)− u2 (t)

4(1 + τ)2
+

2(v(s)− v(t))

4(1 + τ)2

a3 − ηa22 = v(s)

(
2(1− η)

(2 + 2τ)− 4(1 + τ)2
+

1

2(1 + τ)2

)
+ v(t)

(
2(1− η)

(2 + 2τ)− 4(1 + τ)2
− 1

2(1 + τ)2

)
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+
u2 (s)− u2 (t)

4(1 + τ)2

a3 − ηa22 = v(s)

(
h1(η) +

1

2(1 + τ)2

)
+ v(t)

(
h1(η)−

1

2(1 + τ)2

)
where

h1(η) =
2(1− η)

(2 + 2τ)− 4(1 + τ)2
(22)

Hence,

|a3 − ηa22| ≤

{
v(s)

(2+2τ) if 0 ≤ |h1(η)| ≤ 1
(2+2τ) ,

v(s)| 2(1−η)
(2+2τ)−4(1+τ)2

| if |h1(η)| ≥ 1
(2+2τ) .

Specializing the parameter values of τ = 0 and τ = 1 in the theorem (2), we obtain
the following corollaries respectively.

Corollary 3. Suppose that f (Θ) belongs to the class GΣ,G
u,v (τ) and is provided by (1). Then

|a3 − ηa22| ≤

{
v(s) if 0 ≤ |h1(η)| ≤ 1

2 ,

v(s)|(1− η)| if |h1(η)| ≥ 1
2 ,

where
|h1(η)| =

(1− η)

2
.

Corollary 4. Suppose that f (Θ) is belonging to the class GΣ,G
u,v (τ) and is provided by (1).

Then

|a3 − ηa22| ≤

{
v(s)
4 if 0 ≤ |h1(η)| ≤ 1

4 ,

v(s)| (1−η)
6 | if |h1(η)| ≥ 1

4 ,

where
|h1(η)| =

(1− η)

6
.

4. The initial Coefficient estimates for the subclass GΣ,G(τ)

For u(s) = s and v(s) = 1 in (2), the following Lucas polynomials Ln(s) were produced.
In the following, it is assumed that G(s,Θ) is a Taylor series of the form

G(s,Θ)− 1 = 1 + sΘ+ (2 + s2)Θ2 + (3s+ s3)Θ3 + (s4 + 4s2 + 2)Θ4 + ..., (23)

G(t,Φ)− 1 = 1 + tΦ+ (2 + t2)Φ2 + (3t+ t3)Φ3 + (t4 + 4t2 + 2)Φ4 + ..., (24)
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Definition 2. If a function f ∈ Σ is regarded as a member of the class GΣ,G(τ), then the
resulting subordination is valid.

(1− τ)

(
Θf ′(Θ)

f(Θ)

)
+ τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
≺ G(s,Θ)− 1 (25)

and

(1− τ)

(
Φf ′(Φ)

f(Φ)

)
+ τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
≺ G(t,Φ)− 1 (26)

Example 3. For the function f to be classified as belonging to the class GΣ,G(τ) when
τ = 0, it must meet a subordination condition. This constrains how f behaves in relation
to other functions, frequently in terms of growth, distortion, or mapping properties in the
unit disc. (

Θf ′(Θ)

f(Θ)

)
) ≺ G(s,Θ)− 1

and (
Φf ′(Φ)

f(Φ)

)
≺ G(t,Φ)− 1

Example 4. A function f ∈ Σ is regarded as belonging to the class GΣ,G(τ) when τ = 1
in definition (2) if it meets the subsequent subordination condition:(

1 +
Θf ′′(Θ)

f ′(Θ)

)
≺ G(s,Θ)− 1

and (
1 +

Φf ′′(Φ))

f ′(Φ)

)
≺ G(t,Φ)− 1

Theorem 3. If a function f ∈ Σ is regarded as belonging to the class GΣ,G(τ), then the
resulting subordination condition is valid:

|a2| ≤

√
s2 + t2 + 4

4(1 + 2τ)
(27)

and
|a3| ≤

s2 + t2

8(1 + τ)2
+

s2 − t2

4(1 + 2τ)
(28)

Proof: Let f ∈ GΣ,G(τ). Then f, g : D → D given by (25) and (26) such that

(1− τ)

(
Θf ′(Θ)

f(Θ)

)
+ τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
= G(s,Θ)− 1 (29)
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and
(1− τ)

(
Φf ′(Φ)

f(Φ)

)
+ τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
= L(t,Φ)− 1 (30)

Since

(1−τ)

(
Θf ′(Θ)

f(Θ)

)
+τ

(
1 +

Θf ′′(Θ)

f ′(Θ)

)
= 1+(1+τ)a2Θ+(2(1+2τ)a3− (1+3τ)a22)Θ

2+ ...

(31)
and

(1−τ)

(
Φf ′(Φ)

f(Φ)

)
+τ

(
1 +

Φf ′′(Φ))

f ′(Φ)

)
= 1− (1+τ)a2Φ+((3+5τ)a22−2(1+2τ)a3)Φ

2+ ...

(32)
From the equations (23) and (31), By comparing coefficients of Θ and Θ2 respectively, we
get coefficient of Θ :

(1 + τ)a2 = s (33)

coefficient of Θ2 :
2(1 + 2τ)a3 − (1 + 3τ)a22 = 2 + s2 (34)

From the equations (24) and (32), equating the coefficients of Φ and Φ2 respectively, we
get coefficient of Φ :

−(1 + τ)a2 = t (35)

coefficient of Φ2 :
(3 + 5τ)a22 − 2(1 + 2τ)a3 = 2 + t2 (36)

Now, adding the equations (33) and (35), we have

s = −t (37)

Squaring and adding the equations (33) and (35), we get

2(1 + τ)2a22 = s2 + t2

a22 =
s2 + t2

2(1 + τ)2
(38)

subtracting the equations (34) and (36), we get

2(1 + 2τ)a3 − (1 + 3τ)a22 − (3 + 5τ)a22 + 2(1 + 2τ)a3 = s2 − t2

4(1 + 2τ)a3 = s2 − t2 + (4 + 8τ)a22

a3 = a22 +
s2 − t2

4(1 + 2τ)
(39)

substituting the equations (38) in equation (39), we get

a3 =
s2 − t2

4(1 + 2τ)
+

s2 + t2

2(1 + τ)2
(40)
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substituting the equations (34) in equation (36), we get

2(1 + 2τ)a3 − (1 + 3τ)a22 + (3 + 5τ)a22 + (2 + 2τ)a3 = 2 + t2

(2 + 2τ)a22 = 2 + t2 + 2 + s2

a22 =
s2 + t2 + 4

2(1 + τ)
(41)

substituting the equation (41) in (39), we get

a3 =
s2 + t2 + 4

(2 + 2τ)
+

s2 − t2

4(1 + 2τ)

|a3| ≤
s2 + 2

2(1 + τ)
(42)

Hence,

|a2| ≤

√
s2 + t2 + 4

(2 + 2τ)

|a3| ≤
s2 + t2

2(1 + τ)2
+

s2 − t2

4(1 + 2τ)

The next couple of consequences are obtained by specializing the parameter values of
τ = 0 and τ = 1 in the theorem (3), respectively.

Corollary 5. The function f (Θ) satisfies a couple of conditions to be included in this
subclass of bi-univalent functions if it is provided by (1) and is a member of the class
GΣ,G(τ). Then

|a2| ≤
√

s2 + t2 + 4

2

and
|a3| ≤

s2 + t2

2
+

s2 − t2

4

Corollary 6. The function f (Θ) satisfies a couple of conditions to be included in this
subclass of bi-univalent functions if it is provided by (1) and is a member of the class
GΣ,G(τ). Then

|a2| ≤
√

s2 + t2 + 4

4

and
|a3| ≤

s2 + t2

8
+

s2 − t2

12
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5. Fekete-Szegö inequality for the subclass GΣ,G(τ)

Theorem 4. If f (Θ) is given by (1) be in the class GΣ,G(τ). Then

|a3 − ηa22| ≤

{
s2

(1+2τ) if 0 ≤ |h1(η)| ≤ 1
4(1+2τ) ,

2s2| (1−η)
2(1+τ)2

| if |h1(η)| ≥ 1
4(1+2τ) ,

(43)

where
h1(η) =

(1− η)

2(1 + τ)2
.

Proof. From the equations (38) and (39), we get

a3 − ηa22 = a22 +
s2 − t2

4(1 + 2τ)
− ηa22

a3 − ηa22 = (1− η)a22 +
s2 − t2

4(1 + 2τ)

a3 − ηa22 = (1− η)
s2 + t2

2(1 + τ2)
+

s2 − t2

4(1 + 2τ)

a3 − ηa22 = s2
(

(1− η)

2(1 + τ)2
+

1

4(1 + 2τ)

)
+ t2

(
(1− η)

2(1 + τ)2
− 1

4(1 + 2τ)

)

a3 − ηa22 = s2
(
h1(η) +

1

4(1 + 2τ)

)
+ t2

(
h1(η)−

1

4(1 + 2τ)

)
where

h1(η) =
(1− η)

2(1 + τ)2
(44)

Hence,

|a3 − ηa22| ≤

{
s2

(1+2τ) if 0 ≤ |h1(η)| ≤ 1
4(1+2τ) ,

2s2| (1−η)
2(1+τ)2

| if |h1(η)| ≥ 1
4(1+2τ) .

The two subsequent consequences are obtained by changing the parameter values in
the theorem (4) to τ = 0 and τ = 1, respectively.
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Corollary 7. If the function f (Θ) is defined by (1) and belongs to the class GΣ,G(τ), then
it exhibits specific geometric and analytic property |a3−ηa22| that characterize this subclass
of functions. i.e.,

|a3 − ηa22| ≤

{
s2 if 0 ≤ |h1(η)| ≤ 1

4 ,

2s2| (1−η)
2 | if |h1(η)| ≥ 1

4 ,

This implies

|a3 − ηa22| ≤

{
s2 if 0 ≤ |h1(η)| ≤ 3

4 ,

s2|(1− η)| if |h1(η)| ≥ 3
4 ,

where
h1(η) =

(1− η)

2
.

Corollary 8. The function f (Θ) possesses particular geometric feature |a3 − ηa22| of
function f (Θ), it is defined by (1) and it is a member of the class GΣ,G(τ). Then

|a3 − ηa22| ≤

{
s2

3 if 0 ≤ |h1(η)| ≤ 1
12 ,

2s2| (1−η)
8 | if |h1(η)| ≥ 1

12 ,

This implies

|a3 − ηa22| ≤

{
s2

3 if 0 ≤ |h1(η)| ≤ 7
8 ,

s2| (1−η)
4 | if |h1(η)| ≥ 7

8 ,

where
h1(η) =

(1− η)

8
.

6. Discussion: Influence of Parameter s and Surface Plot Interpretation

For special values of s, the expansion may reduce to well-known families of polynomials:

• When s = 0: only even powers of Θ survive with relatively simple coefficients —
suggesting a resemblance to Chebyshev-type behavior.

• When s = 1: the sequence does not exactly match Fibonacci or Lucas, but the
structure mimics a nonlinear recurrence.

• When s = 2: the pattern aligns closely with growth seen in Bell or Motzkin-like
structures, potentially capturing partition-related or moment-generating behavior.

From a generating function perspective, the parameter s may encode a deformation,
weight, or even a flow parameter in a functional or combinatorial system. However, because
the expansion is polynomial in s, the Fibonacci sequence is not recovered directly for
any constant value of s. Moreover, the appearance of higher powers of s than allowed in
classical recursions indicates that the structure diverges from a standard Lucas recurrence.
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The parameter s plays a crucial role in shaping the behavior of the Fekete–Szegö
inequality, particularly in its effect on the sharpness and structure of the bound for the
third coefficient. From the theorem (4) bound is given by:

|a3 − ηa22| ≤


s2

1 + 2τ
, if |h1(η)| ≤

1

4(1 + 2τ)
,

2s2
∣∣∣∣ 1− η

2(1 + τ)2

∣∣∣∣ , if |h1(η)| ≥
1

4(1 + 2τ)
,

where h1(η) =
1− η

2(1 + τ)2
.

The corresponding surface plot of the bound |a3−ηa22| over the complex η-plane reveals
a piecewise smooth, radially structured surface centered at η = 1. The height of the surface
at each point corresponds to the maximum allowable deviation of the coefficient a3 in terms
of a2, modulated by the geometry of η and the analytic parameter τ . The region defined
by:

|1− η| ≤ 1

2

marks a flat plateau where the bound remains constant. Beyond this threshold, the
bound increases linearly with |1− η|, creating a rising surface outward from η = 1.

For a fixed value of τ = 1, the shape and scale of the surface are strongly influenced
by the parameter s. This dependency is clearly shown in Figures 1-3, where the behavior
of the surface is illustrated for different values of s. Variations in s significantly alter the
surface characteristics, showcasing how the bound’s structure evolves as the parameter
changes.

The surface plot of the bound |a3 − ηa22| provides a clear visual interpretation of this
analytic bound. When s = 0, the bound becomes zero, reflecting a highly constrained
structure similar to Chebyshev-like behavior in the generating function. As s increases
to 1, the surface shows a mild elevation and nonlinear coefficient growth, but it does not
align with Fibonacci or Lucas forms. For s = 2, the surface rises more sharply, exhibiting
coefficient growth that resembles Bell or Motzkin-like structures.

The interaction between s and η demonstrates how geometric deviations and deforma-
tions control the flexibility and complexity of the function class GΣ,G(τ). This interplay
is crucial in determining the structure of the function, providing a deeper understanding
of the role of second-order coefficient bounds in geometric function theory.
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Figure 1: For s = 0, the bound is zero, indicating constrained geometry with a Chebyshev-like generating
function.
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Figure 2: For s = 1, the surface shows mild elevation and nonlinear coefficient growth, without matching
Fibonacci or Lucas forms.
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Figure 3: For s = 2, the surface rises steeply, resembling coefficient behavior in Bell or Motzkin-like structures.

7. Conclusion

In conclusion, the Taylor-Maclaurin coefficients |a2| and |a3| for two new subclasses of
bi-univalent functions related to Lucas polynomial functions are precisely determined in
this study. The obtained coefficients and Fekete-Szegö estimates reveal that our subclass
of bi-univalent functions demonstrates improved control over its first few coefficients com-
pared to the previously studied subclasses. This has implications for understanding the
geometric properties of these functions, particularly in their growth and distortion behav-
ior. The classical theory is interestingly improved by the novel subclass of bi-univalent
functions, especially in relation to initial coefficients and the Fekete-Szegö inequality. Fu-
ture studies might concentrate on applying these discoveries to particular geometric issues
in univalent function theory or expanding them to higher-order coefficients. Analyzing
these initial coefficients helps us better understand these functions’ geometric, growth,
and distortion characteristics, as well as how they behave close to the origin and relate to
other bi-univalent subclasses. This work builds upon and improves upon earlier studies
by using the Fekete-Szegö inequality, providing a better understanding of the functional
and mapping properties. These results have wide-ranging implications in fields where the
exact behavior of bi-univalent functions is crucial, such as engineering, fluid dynamics,
and complex analysis.
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