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1. Introduction

Fractional calculus (FC) is the generalization of classical calculus which has made
a great contribution in many areas of mathematics, due to its numerous applications.
Fractional operators (integral and differential of arbitrary order) play a vital role in the
advancement of modern FC. In recent years, the multi-index special function has been used
in extension of fractional operators by means of its kernel. Many researchers, including
Riemann-Liouville (RL), Abel, Laurent, Hardy, and Littlewood [1–4], and others were
interested in this field. The history of fractional calculus was covered in detail in [5, 6];
here, we wanted to concentrate on a few significant developments in the many fields of
mathematics.

Although Leibniz’s “paradoxes” were overcome by other writers, there are still some
unanswered questions in the domain of fractional calculus. The availability of several
contradictory definitions has been a persistent problem throughout the ages. One version
was created by Liouville via differentiating of the exponential functions, and another one
was introduced by Lacroix using the integral formula for inverse power functions. Some
critics have concluded that one definition by Liouville and one by Lacroix is “correct”
while the other is “wrong” since they cannot be used interchangeably. But according to
the De Morgan’s writings [7], “Both these systems, then, may very possibly be parts of a
more general systems.”

Similarly to Leibniz’s views from hundreds of years prior, his statements were predic-
tive. In actuality, the Riemann-Liouville formulation of fractional calculus was a particular
case of both Liouville’s formula and Lacroix’s. For this, an arbitrary integration constant
c was needed. Setting it to zero resulted in the Liouville’s formula, whereas setting it to
−∞ resulted in the Lacroix’s formula.

Through the use of complex analysis, this generic Riemann-Liouville definition for the
fractional derivative and fractional integral of any function was developed in the late 1800s.
The Riemann-Liouville formula is primarily utilized in real-analysis contexts; however, it
was originally inspired by a generalization of the Cauchy integral formula for repeated
derivatives of a complex analytic function. Currently, the most commonly used definition
of fractional calculus is attributed to Riemann-Liouville’s definition. The left and right
side of ξ-RL fractional integrals of a function f with respect to the function ξ(x) on [α, ρ]
are respectively defined as:

I℘,ξ
α+ f(x) =

1

Γ(℘)

∫ x

α
ξ′(β)(ξ(x)− ξ(β))℘−1f(β)dβ,

I℘,ξ
ρ− f(x) =

1

Γ(℘)

∫ ρ

x
ξ′(β)(ξ(β)− ξ(x))℘−1f(β)dβ, ℘ > 0.

Nevertheless, there are still other proposed definitions for fractional calculus. Several
contradictory formulae are still in use today, which confuses many beginners in the field
who assume that there is only one definition for fractional derivatives, just as there is only
one definition for the first-order derivative. Although there are other methods to extend
meaning, fractional calculus is sometimes referred to as a “extension of meaning”. Because
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of the power-function kernel in the integral transform description, the Riemann-Liouville
model can be used to explain processes with power-law behavior. However, there are many
other kinds of behavior found in nature that are not amenable to simple power functions.

The Hermite Hadamard (H-H) dual inequality is the foundational discovery for convex
functions on a real-valued interval, with clear mathematical significance and limited poten-
tial for specific inequalities. This research delves into the basics of the Hermite Hadamard
inequality for convex functions and presents specific results for particular means. It also
introduces the Hermite Hadamard type inequalities for various forms of convexity and
emphasizes the characteristics of functions, functionals, and sequences that can be used
to modify the Hermite Hadamard result. Many researchers have worked to modify the
Hermite-Hadamard fractional inequalities and their refinements, which have made a con-
tribution in the literature [8–10].

Fractional calculus saw a substantial rise in research output and popularity in the late
twentieth century. Since then, there have been several specialized journals dedicated to
fractional calculus, making it a very active area of study. Numerous scientific domains have
found applications, as enumerated in [11–13] and the associated references. Specifically, the
modeling of some intermediate physical processes, such as viscoelasticity, depends on the
intermediate feature of fractional-calculus operators [14]. In several universities, fractional
calculus is now taught as a required subject in the graduate mathematics program. Several
textbooks [15–17] serve as introductory resources for students and aspiring researchers in
the topic.

The study underscored the characteristics of several functions and sequences that can
be utilized to adapt the H-H theorem. Research-wise, there are currently a number of
alternative viewpoints and lines of inquiry that may be at odds with one another in some
situations.

The gradual development of new technologies has increased the demand for fractional
operators and special functions. In the last few decades, many researchers have worked
to develop fractional operators having generalized special functions as its kernel, which
have many applications in the field of operator theory, fractional inequalities. Such type of
fractional operators have resolved many issues which are facing the research communities.
The formation of fractional and differential operators can be possible by series functions
in Riemann-Liouville system.

Convexity has greatly benefited mathematics ever since Jensen’s first convex inequality
was introduced. Convexity was used to derive many inequalities; see books [18, 19]. Appli-
cations of inequality include probability theory, optimization, and analysis difficulties. We
direct readers to the papers [20–26] for applications. The Hermite Hadamard inequality
is among the highly elegant conclusions in the study of convex inequalities. Many math-
ematicians have been interested in the well-known Hermite Hadamard inequality, which
was independently established by Jacques Hadamard and Charles Hermite. They have
employed different kinds of convex functions to produce numerous generalizations of this
inequality in the literature.

The extensive range of applications of convexity has captured the interest of many
researchers, leading to the development of several new interpretations of traditional con-
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vexity in various studies.Convexity has piqued the interest of many researchers due to its
wide range of applications. As a result, the literature has seen the emergence of several
new adaptations of classical convexity.

Numerous prominent integral inequality for the convex functions exist in the litera-
ture; these include the following: Ostrowski integral inequality [27], Simpson’s integral
inequality [28], Hardy integral inequality [29], Olsen integral inequality [30], Gagliardo
Nirenberg integral inequality [31], Fejr-Hermite Hadamard inequality [32], and q-Hermite
Hadamard integral inequality [33]. Researchers have been described many classical and
fractional integral inequalities after introducing the Hermite Hadamard type inequalities.
Wu et al., recently presented a new family of convex sets and convex functions called
Υ̌-convex sets and Υ̌-convex functions in [34]. We have many more fractional inequalities
as well, but Hermite Hadamard type inequality is the most renowned. Hermite Hadamard
inequalities of many kinds have recently been investigated and generalized for numerous
kinds of convex functions under various circumstances and parameters. The classical and
fractional inequalities [35, 36] are respectively defined as follows

f

(
α+ ρ

2

)
≤ 1

ρ− α

∫ ρ

α
f(x)dx ≤ f(α) + f(ρ)

2
, (1)

and

f

(
α+ ρ

2

)
≤ Γ(τ + 1)

2(ρ− α)τ

[
ℑϑ,z,κ
ν,τ,j,ω,α+f(α) + ℑϑ,z,κ

ν,τ,j,ω,ρ−f(ρ)

]
≤ f(α) + f(ρ)

2
, (2)

where f :⊆ R is considered to be a convex function on , f ∈ L1(α, ρ) with α < ρ.

The Mittag-Leffler function is near to the exponential function in solving fractional
integro-differential equations of arbitrary order. These functions need more recognition
because of their extensive applications across various fields. They are instrumental in
defining new fractional integral operators, which in turn are used to extend mathematical
inequalities. In this paper, we will explore and examine an integral operator with a kernel
that is a generalized Mittag-Leffler function, and we will also identify its familiar special
cases.

2. Preliminaries

In this section, we discuss some definitions that help us to understand our main results.
Throughout this section, Q denotes a subset of R.

Definition 1. ([34]) Let Υ̌ be continuous, differentiable and strictly monotone function;
then the Υ̌-convex set is denoted as N [Υ̌, η](α, ρ) := Υ̌−1(ηΥ̌(α) + (1 − η)Υ̌(ρ)), and is
defined, for each α, ρ ∈ Q, η ∈ [0, 1], as follows

N [Υ̌, η](α, ρ) ∈ Q. (3)
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Definition 2. ([34]) f : Q→ R is Υ̌-convex function w.r.t. Υ̌ if

f(N [Υ̌, η](α, ρ)) ≤ ηf(α) + (1− η)f(ρ), (4)

for each α, ρ ∈ Q, η ∈ [0, 1] .

Remark 1. • If the inequality(4) is to be held as a strict inequality for all η ∈ (0, 1)
and α, ρ ∈ Q, α ̸= ρ, then f is a strictly monotone Υ̌-convex function on Q.

• If −f is Υ̌-convex on Q in (4), then f is Υ̌-concave function on Q.

• If −f is strictly monotone Υ̌-convex on Q, then f is a strictly monotone Υ̌-concave
function on Q.

Definition 3. ([37]) Let µ ∈ R, then for positive real numbers ν, τ, j, ϑ, z, κ, the generalized
Mittag-Leffler function is defined as follows

Eϑ,z,κ
ν,τ,j

(
ξ(µ)v

)
=

∞∑
n=0

(ϑ)κn
(
ξ(µ)v

)
Γ(vn+ τ)(z)δn

. (5)

3. Modification of Hermite Hadamard type inequalities for Υ̌-convex
function

In this section, we modify the Hermite Hadamard type inequalities and the related
refinements for Υ̌-convex function by implementation of generalized fractional operators
for monotone differentiable function having extended Mittag-Leffler function as a kernel.

Definition 4. Let (α, ρ) ⊆ R,Φ(x) be differentiable monotone-positive function on (α, ρ],
and Φ′(x) be continuous on (α, ρ). Then, the left and right-side of generalized fractional
integral operators of a function f with respect to a function Φ(x) on [α, ρ], for positive real
numbers ν, τ, j, ϑ, z, κ, and ω ∈ R, are respectively defined as follows

ℑϑ,z,κ
ν,τ,j,ω,α+f(x) =

∫ x

α

(
Φ(x)− Φ(µ)

)τ−1Eϑ,z,κ
ν,τ,j

(
ξ(µ)n

)
Φ′(µ)f(µ)dµ,

ℑϑ,z,κ
ν,τ,j,ω,ρ−f(x) =

∫ ρ

x

(
Φ(µ)− Φ(x)

)τ−1Eϑ,z,κ
ν,τ,j

(
ξ(µ)n

)
Φ′(µ)f(µ)dµ, τ > 0. (6)

Theorem 1. Let f : [α, ρ] ⊆ R → R be integrable Υ̌-convex and f ∈ L1(α, ρ) with
0 ≤ α < ρ, and the function Υ̌ be positive and monotonically increasing on (α, ρ] and
Υ̌′(x) is continuous on (α, ρ). Then, we have, for τ > 0 and β ∈ R,

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v) ≤ 1

2
(
Υ̌(ρ)− Υ̌(α)

)τ [ℑϑ,z,κ
ν,τ,j,ω,α+f(α) + ℑϑ,z,κ

ν,τ,j,ω,ρ−f(ρ)

]
≤ f(α) + f(ρ)

2
Eϑ,z,κ
ν,τ,j ((1− β)v), (7)

where (ξ(µ)v)n =

((
Υ̌(µ)−Υ̌(α)

Υ̌(ρ)−Υ̌(α)

)v)n

and (ξ(ω)v)n =

((
Υ̌(ρ)−Υ̌(ω)

Υ̌(ρ)−Υ̌(α)

)v)n

.
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Proof. Consider the f as a Υ̌-convex function, i.e.,

f

(
Υ̌−1

(
Υ̌(x) + Υ̌(y)

2

))
≤ f(x) + f(y)

2
. (8)

Putting the values x = Υ̌−1
(
βΥ̌(α) + (1 − β)Υ̌(ρ)

)
and y = Υ̌−1

(
(1 − β)Υ̌(α) + βΥ̌(ρ)

)
,

in equation (8), we get

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
≤ f

(
Υ̌−1

(
βΥ̌(α) + (1− β)Υ̌(ρ)

))
+f

(
Υ̌−1

(
(1− β)Υ̌(α) + βΥ̌(ρ)

))
. (9)

Multiplying both sides by (1− β)τ−1Eϑ,z,κ
ν,τ,j ((1− β)v) of equation (9) and then integrating

the resulting inequality with respect to β over [0, 1], we get∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v) f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
dβ

≤
∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v) f
(
Υ̌−1

(
βΥ̌(α) + (1− β)Υ̌(ρ)

))
dβ

+

∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v) f
(
Υ̌−1

(
(1− β)Υ̌(α) + βΥ̌(ρ)

))
dβ.

Therefore,

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))∫ 1

0
(1− β)τ−1

∞∑
n=0

(ϑ)κn((1− β)v)n

Γ(vn+ τ)(z)δn
dβ

≤
∫ 1

0
(1− β)τ−1

∞∑
n=0

(ϑ)κn((1− β)v)n

Γ(vn+ τ)(z)δn
f
(
Υ̌−1

(
βΥ̌(α) + (1− β)Υ̌(ρ)

))
dβ

≤
∫ 1

0
(1− β)τ−1

∞∑
n=0

(ϑ)κn((1− β)v)n

Γ(vn+ τ)(z)δn
f
(
Υ̌−1

(
(1− β)Υ̌(α) + βΥ̌(ρ)

))
dβ. (10)

Putting the values µ = Υ̌−1
(
βΥ̌(α) + (1 − β)Υ̌(ρ)

)
and ω = Υ̌−1

(
(1 − β)Υ̌(α) + βΥ̌(ρ)

)
in equation (10), then we obtain

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

)) ∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

∫ 1

0

(1− β)τ−1((1− β)v)ndβ

≤
∞∑

n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

∫ α

ρ

(
1−

( Υ̌(µ)− Υ̌(ρ)

Υ̌(ρ)− Υ̌(α)

))τ−1((
1−

( Υ̌(µ)− Υ̌(ρ)

Υ̌(ρ)− Υ̌(α)

))v)n

f(µ).
Υ̌′(µ)dµ

Υ̌(ρ)− Υ̌(α)
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+

∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

∫ ρ

α

(
1−

( Υ̌(ω)− Υ̌(α)

Υ̌(ρ)− Υ̌(α)

))τ−1((
1−

( Υ̌(ω)− Υ̌(α)

Υ̌(ρ)− Υ̌(α)

))v)n

f(ω).
Υ̌′(ω)dω

Υ̌(ρ)− Υ̌(α)
.

Hence,

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

)) ∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

(
1

τ + vn

)

≤
∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

∫ α

ρ

(
Υ̌(µ)− Υ̌(α)

Υ̌(ρ)− Υ̌(α)

)τ−1((Υ̌(µ)− Υ̌(α)

Υ̌(ρ)− Υ̌(α)

)v)n Υ̌′(µ)

Υ̌(ρ)− Υ̌(α)
f(µ)dµ

+
∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

∫ ρ

α

(
Υ̌(ρ)− Υ̌(ω)

Υ̌(ρ)− Υ̌(α)

)τ−1((Υ̌(ρ)− Υ̌(ω)

Υ̌(ρ)− Υ̌(α)

)v)n Υ̌′(ω)

Υ̌(ρ)− Υ̌(α)
f(ω)dω.

(11)

So,

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

)) ∞∑
n=0

(ϑ)κn((1− β)v)n

Γ(vn+ τ + 1)(z)δn

≤ 1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

((
Υ̌(µ)− Υ̌(α)

Υ̌(ρ)− Υ̌(α)

)v)n ∫ α

ρ

(Υ̌(µ)− Υ̌(α))τ−1Υ̌′(µ)f(µ)dµ

+
1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn
Γ(vn+ τ)(z)δn

((
Υ̌(ρ)− Υ̌(ω)

Υ̌(ρ)− Υ̌(α)

)v)n ∫ ρ

α

(Υ̌(ρ)− Υ̌(ω))τ−1Υ̌′(ω)f(ω)dω.

It becomes

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v)

≤ 1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn)(ξ(µ)
v)

Γ(vn+ τ)(z)δn

∫ α

ρ
(Υ̌(µ)− Υ̌(α))τ−1Υ̌′(µ)f(µ)dµ

+
1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn)(ξ(ω)
v)

Γ(vn+ τ)(z)δn

∫ ρ

α
(Υ̌(ρ)− Υ̌(ω))τ−1Υ̌′(ω)f(ω)dω,

and finally,

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v)

≤ 1

(Υ̌(ρ)− Υ̌(α))τ

[
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

∫ α

ρ
(Υ̌(µ)− Υ̌(α))τ−1Υ̌′(µ)f(µ)dµ
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+ Eϑ,z,κ
ν,τ,j (ξ(ω)

v)

∫ ρ

α
(Υ̌(ρ)− Υ̌(ω))τ−1Υ̌′(ω)f(ω)dω

]
,

and thus,

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v)

≤ 1

2(Υ̌(ρ)− Υ̌(α))τ

[
ℑϑ,z,κ
ν,τ,j,ω,α+f(α) + ℑϑ,z,κ

ν,τ,j,ω,ρ−f(ρ)

]
.

Now, for the second inequality, we consider the Υ̌-convexity

f(Υ̌−1(βΥ̌(α) + (1− β)Υ̌(ρ))) ≤ βf(α) + (1− β)f(ρ), (12)

and

f(Υ̌−1((1− β)Υ̌(α) + βΥ̌(ρ))) ≤ (1− β)f(α) + βf(ρ). (13)

By adding the two inequalities given in equations (12) and (13), we get

f(Υ̌−1(βΥ̌(α) + (1− β)Υ̌(ρ))) + f(Υ̌−1((1− β)Υ̌(α) + βΥ̌(ρ))) ≤ f(α) + f(ρ). (14)

Multiplying both sides by (1− β)τ−1Eϑ,z,κ
ν,τ,j (1− β)v of equation (14) and then integrating

with respect to β over [0, 1], we can obtain∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j (1− β)vf(Υ̌−1(βΥ̌(α) + (1− β)Υ̌(ρ)))dβ

+

∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j (1− β)vf(Υ̌−1((1− β)Υ̌(α) + βΥ̌(ρ)))dβ

≤ (f(α) + f(ρ))

∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j (1− β)vdβ.

Hence, the required result is

1

2(Υ̌(α)− Υ̌(ρ))τ

[
ℑϑ,z,κ
ν,τ,j,ω,α+f(α) + ℑϑ,z,κ

ν,τ,j,ω,ρ−f(ρ)

]
≤ f(α) + f(ρ)

2
Eϑ,z,κ
ν,τ,j ((1− β)v),

and this completes the proof.

Corollary 1. By the assumption of Theorem 1, replace Υ̌(x) = x; then the inequality (7)
reduces to inequality (2).

Corollary 2. By the assumption of Theorem 1, replace τ = 1; then we have

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
≤ 1

Υ̌(ρ)− Υ̌(α)

∫ ρ

α
f(x)Υ̌′(x)dx ≤ f(α) + f(ρ)

2
, (15)

which was already established in [25].



R. S. Ali et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6306 9 of 18

Corollary 3. By the assumption of Theorem 1, replace Υ̌(x) = x, τ = 1; then we have
the inequality (1).

Theorem 2. Let f : [α, ρ] ⊆ R → R be integrable Υ̌-convex, and f ∈ L1(α, ρ) with
0 ≤ α < ρ. Moreover, the function Υ̌ is also monotone and positive on (α, ρ], and Υ̌′(x)
be continuous on (α, ρ). Then for τ > 0, we have the following inequality

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v)

≤ 1

(Υ̌(ρ)− Υ̌(α))τ

[
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))+
f(α) + ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))−
f(ρ)

]

≤ f(α) + f(ρ)

2
Eϑ,z,κ
ν,τ,j ((1− β)v), (16)

where (ξ(µ)v)n =

((
Υ̌(µ)−Υ̌(α)

Υ̌(ρ)−Υ̌(α)

)v)n

and (ξ(ω)v)n =

((
Υ̌(ρ)−Υ̌(ω)

Υ̌(ρ)−Υ̌(α)

)v)n

.

Proof. Consider the Υ̌-convex function f . We have

f

(
Υ̌−1

(
Υ̌(x) + Υ̌(y)

2

))
≤ Υ̌(x) + Υ̌(y)

2
. (17)

Put the values x = Υ̌−1(β2 Υ̌(α) + 2−β
2 Υ̌(ρ)) and y = Υ̌−1(2−β

2 Υ̌(α) + β
2 Υ̌(ρ)) in equation

(17) to get

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
≤ f

(
Υ̌−1(

β

2
Υ̌(α) + (

2− β

2
)Υ̌(ρ))

)
+ f

(
Υ̌−1(

2− β

2
)Υ̌(α) +

β

2
Υ̌(ρ))

)
. (18)

Multiplying both sides by (1− β)τ−1Eϑ,z,κ
ν,τ,j (1− β)v of equation (18), and then integrating

the resulting inequality with respect to β over [0, 1], give

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v)dβ

≤
∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v)f(Υ̌−1(
β

2
Υ̌(α) + (

2− β

2
)Υ̌(ρ)))dβ

+

∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v)f(Υ̌−1(
2− β

2
)Υ̌(α) +

β

2
Υ̌(ρ))dβ. (19)
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By changing variables µ = Υ̌−1(β2 Υ̌(α)+ (2−β
2 )Υ̌(ρ)) and ω = Υ̌−1(2−β

2 )Υ̌(α)+ β
2 Υ̌(ρ)) in

(19), we obtain

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))∫ 1

0
(1− β)τ−1Eϑ,z,κ

ν,τ,j ((1− β)v)dβ

≤
∞∑
n=0

ϑκn
Γ(τ + vn)(µ)δn

∫ ρ

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
1− 2

(
Υ̌(µ)− Υ̌(ρ)

Υ̌(α)− Υ̌(ρ)

))τ−1

×
((

1− 2

(
Υ̌(µ)− Υ̌(ρ)

Υ̌(α)− Υ̌(ρ)

))v)n

f(µ)
2Υ̌′(µ)

Υ̌(α)− Υ̌(ρ)

+
∞∑
n=0

ϑκn
Γ(τ + vn)(z)δn

∫ α

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
1− 2

(
Υ̌(ω)− Υ̌(α)

Υ̌(α)− Υ̌(ρ)

))τ−1

×
((

1− 2

(
Υ̌(ω)− Υ̌(α)

Υ̌(α)− Υ̌(ρ)

))v)n

f(ω)
2Υ̌′(ω)

Υ̌(ρ)− Υ̌(α)
dω.

It gives that

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

)) ∞∑
n=0

ϑκn
Γ(τ + vn)(z)δn

∫ 1

0
(1− β)τ+vn−1dβ

≤ 2
∞∑
n=0

ϑκn
Γ(τ + vn)(z)δn

∫ ρ

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ)

Υ̌(ρ)− Υ̌(α)

)τ−1

×
((

Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ)

Υ̌(ρ)− Υ̌(α)

)v)n Υ̌′(µ)

(Υ̌(v)− Υ̌(u))
f(µ)dµ

+

∫ α

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
Υ̌(α) + Υ̌(ρ)− 2Υ̌(ω)

Υ̌(ρ)− Υ̌(α)

)τ−1

×
((

Υ̌(α) + Υ̌(ρ)− 2Υ̌(ω)

Υ̌(ρ)− Υ̌(α)

)v)n Υ̌′(ω)

Υ̌(ρ)− Υ̌(α)
f(ω)dω.

Hence,

2f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v) ≤ 2

(Υ̌(ρ)− Υ̌(α))τ

[ ∞∑
n=0

ϑκn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

×
∫ ρ

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ)

)τ−1
Υ̌′(µ)f(µ)dµ

+

∞∑
n=0

ϑκn(ξ(ω)
v)n

Γ(τ + vn)(z)δn

∫ α

Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
)

(
Υ̌(α) + Υ̌(ρ)− 2Υ̌(ω)

)τ−1
Υ̌′(ω)f(ω)dω

]
,
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and finally,

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
Eϑ,z,κ
ν,τ,j ((1− β)v) (20)

≤ 1

(Υ̌(ρ)− Υ̌(α))τ

[
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))+
f(α) + ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))−
f(ρ)

]
.

Now, for the second inequality, we consider the Υ̌-convexity

f

(
Υ̌−1

(
β

2
Υ̌(α) + (

2− β

2
)Υ̌(ρ)

))
≤ β

2
f(α) + (

2− β

2
)f(ρ), (21)

and

f

(
Υ̌−1

(
(
2− β

2
)Υ̌(α) +

β

2
Υ̌(ρ)

))
≤ (

2− β

2
)f(α) +

β

2
f(ρ). (22)

By adding the two inequalities given in (21) and (22), we get

f

(
Υ̌−1

(
β

2
Υ̌(α) + (

2− β

2
)Υ̌(ρ)

))
+ f

(
Υ̌−1

(
(
2− β

2
)Υ̌(α) +

β

2
Υ̌(ρ)

))
≤ f(α) + f(ρ). (23)

Multiplying both sides by (1− β)τ−1Eϑ,z,κ
ν,τ,j (1− β)v of equation (23), then integrating the

resulting inequality with respect to β over [0, 1], we get∫ 0

1
(1− β)τ−1Eϑ,z,κ

ν,τ,j (1− β)vf

(
Υ̌−1

(
β

2
Υ̌(α) + (

2− β

2
)Υ̌(ρ)

))
dβ

+

∫ 0

1
(1− β)τ−1Eϑ,z,κ

ν,τ,j (1− β)vf

(
Υ̌−1

(
(
2− β

2
)Υ̌(α) +

β

2
Υ̌(ρ)

))
dβ

≤ f(α) + f(ρ)(1− β)τ−1Eϑ,z,κ
ν,τ,j (1− β)vdβ

1

(Υ̌(ρ)− Υ̌(α))τ

×
[
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))+
f(α) + ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))−
f(ρ)

]

≤ f(α) + f(ρ)

2
Eϑ,z,κ
ν,τ,j ((1− β)v). (24)

From the inequalities (20) and (24), we have the required result.

Corollary 4. Specifically, in Theorem 2, if we take Υ̌(x) = x, then the inequality (16) is
simplified to the following inequality:

f(
α+ ρ

2
) ≤ 1

(ρ− α)τ

[
ℑϑ,z,κ

ν,τ,j,ω,(α+ρ
2

)+
f(α) + ℑϑ,z,κ

ν,τ,j,ω,(α+ρ
2

)−
f(ρ)

]
≤ f(α) + f(ρ)

2
, (25)

which was already established in [29].
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Corollary 5. If we take τ = 1 in Theorem 2, then

f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
≤ 1

Υ̌(ρ)− Υ̌(α)

∫ ρ

α
f(x)Υ̌′(x)dx ≤ f(α) + f(ρ)

2
, (26)

holds which was already established in [25].

Corollary 6. If we take Υ̌(x) = x and τ = 1 in Theorem 2, then inequality (16) reduces
to the inequality (1).

4. Further Consequences

In this section, we are going to discuss some properties of Hermite Hadamard’s type
inequalities via different convexities and check their behavior for generalized Mittag-Leffler
function as a kernel. As the consequences for the theorem 1 and Theorem 2, we get the
following results.

Theorem 3. Let f : [α, ρ] ⊆ R → R be an L1 integrable Υ̌-convex function and f ′ ∈
L1(α, ρ) for 0 ≤ α < ρ. Moreover, the function Υ̌ is also monotone and positive on (α, ρ]
and Υ̌′(x) be continuous on (α, ρ). Then, for τ > 0,

f(α) + f(ρ)

2
− 1

2(Υ̌(ρ)− Υ̌(α))τ

[
ℑϑ,z,κ

ν,τ,j,ω,α+f(α) + ℑϑ,z,κ
ν,τ,j,ω,ρ−f(ρ)

]

=
1

2[Υ̌(ρ)− Υ̌(α)]τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

∫ ρ

α

((Υ̌(α)− Υ̌(µ))τ − (Υ̌(ρ)− Υ̌(µ))τ )f ′(µ)dµ.

Proof. Consider the integrals

I1 :=
1

2(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ
ν,τ,j,ω,α+f(α),

and

I2 :=
1

2(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ
ν,τ,j,ω,v−f(ρ).

In this case, by Definition 4, and integrating by parts, we may write

I1 : =
1

2(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ
ν,τ,j,ω,α+f(α)

=
1

2(Υ̌(ρ)− Υ̌(α))τ

[ ∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ ρ

α
(Υ̌(µ)− Υ̌(ρ))τ−1Υ̌′(µ)f(µ)dµ

]

=
−1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ ρ

α
f(µ)d(Υ̌(µ)− Υ̌(ρ))τ
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=
1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

[
(Υ̌(α)− Υ̌(ρ))τf(α) +

∫ ρ

α
(Υ̌(α)− Υ̌(µ))τf ′(µ)dµ

]
.

(27)

Similarly, we have

I2 : =
1

2(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ
ν,τ,j,ω,ρ−f(ρ)

=
1

2(Υ̌(ρ)− Υ̌(α))τ

[ ∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(vn+ τ)(z)δn

∫ α

ρ
(Υ̌(ρ)− Υ̌(µ))τ−1Υ̌′(µ)f(µ)dµ

]

=
−1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(vn+ τ)(z)δn

∫ α

ρ
f(µ)d(Υ̌(ρ)− Υ̌(µ))τ

=
1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

[
(Υ̌(ρ)− Υ̌(α))τf(ρ) +

∫ α

ρ
(Υ̌(ρ)− Υ̌(µ))τf ′(µ)dµ

]
.

(28)

From the identities in equations (27) and (28), we have

f(α) + f(ρ)

2
− (I1 + I2) =

1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

×
∫ ρ

α
[(Υ̌(α)− Υ̌(µ))τ − (Υ̌(ρ)− Υ̌(µ))τ ]f ′(µ)dµ,

which is the required result.

Corollary 7. If we take Υ̌(x) = x and τ = 1 in Theorem 3, then we have the following
identity:

f(α) + f(ρ)

2
− 1

2(ρ− α)

[
ℑϑ,z,κ

ν,τ,j,ω,α+f(α) + ℑϑ,z,κ
ν,τ,j,ω,ρ−f(ρ)

]

=
1

2(ρ− α)
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

∫ ρ

α

(α− ρ)f ′(µ)dµ.

Theorem 4. Let f : [α, ρ] ⊆ R → R be an L1 integrable Υ̌-convex function and f ′ ∈
L1(α, ρ) for 0 ≤ α < ρ. Moreover, the function Υ̌ be monotone and positive on (α, ρ] and
Υ̌′(x) is continuous on (α, ρ). Then, for τ > 0,

1

(Υ̌(ρ)− Υ̌(α))τ

[
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2 ))+
f(α) + ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2 ))−
f(ρ)

]
− f

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))
=

1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

(∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2 ))+
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τf ′(µ)dµ
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−
∫ α

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2 ))+
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τf ′(µ)dµ

)
, (29)

for τ > 0.

Proof. Consider the integrals

J1 :=
1

(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))+
f(α),

and

J2 :=
1

(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))−
f(ρ).

Definition 4 and integration by parts give

J1 : =
1

(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))+
f(α)

=
1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τ Υ̌′(µ)f(µ)dµ

=
−1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
f(µ)d(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τ

=
1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

[
(Υ̌(α)− Υ̌(ρ))τf

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))

+

∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌)τf ′(µ)dµ

]

=
1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

[
(Υ̌(α)− Υ̌(ρ))τf

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))

+

∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌)τf ′(µ)dµ

]
. (30)

Similarly, we have

J2 : =
1

(Υ̌(ρ)− Υ̌(α))τ
ℑϑ,z,κ

ν,τ,j,ω,(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))−
f(ρ)

=
1

(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ α

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τ Υ̌′(µ)f(µ)dµ

=
−1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

∫ α

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
f(µ)d(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τ
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=
1

2(Υ̌(ρ)− Υ̌(α))τ

∞∑
n=0

(ϑ)κn(ξ(µ)
v)n

Γ(τ + vn)(z)δn

[
(Υ̌(α)− Υ̌(ρ))τf

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))

+

∫ α

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌)τf ′(µ)dµ

]

=
1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

[
(Υ̌(α)− Υ̌(ρ))τf

(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))

+

∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌)τf ′(µ)dµ

]
. (31)

From the identities in (30) and (31), we have

J1 + J2−f
(
Υ̌−1

(
Υ̌(α) + Υ̌(ρ)

2

))

=
1

2(Υ̌(ρ)− Υ̌(α))τ
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

(∫ ρ

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τf ′(µ)dµ

−
∫ α

(Υ̌−1(
Υ̌(α)+Υ̌(ρ)

2
))
(Υ̌(α) + Υ̌(ρ)− 2Υ̌(µ))τf ′(µ)dµ

)
,

which is the required result.

Corollary 8. If we take Υ̌(x) = x and τ = 1 in Theorem 4, then we have the following
identity:

1

ρ− α

[
ℑϑ,z,κ

ν,τ,j,ω,(α+ρ
2 )+

f(α) + ℑϑ,z,κ

ν,τ,j,ω,(α+ρ
2 )−

f(ρ)

]

− f

(
α+ ρ

2

)

=
1

2(ρ− α)
Eϑ,z,κ
ν,τ,j (ξ(µ)

v)

(∫ ρ

α+ρ
2

+
(α+ ρ− 2µ)f ′(µ)dµ

−
∫ α

α+ρ
2

+
(α+ ρ− 2µ)f ′(µ)dµ

)
.

5. Conclusion

In this research work, we discussed the generalized fractional operators for the dif-
ferentiable monotone function with generalized Mittag-Leffler functions as its kernel and
established some relations, by implementation of newly defined fractional operators to
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modify some well-known inequalities for the Υ̌-convex function. We discussed the behav-
ior of Hermite Hadamard inequalities and their consequences by utilizing newly defined
operators for continuous differentiable strictly monotone function. In future, many re-
searchers can work to develop such a type of fractional operators and make alterations to
some inequalities for differentiable monotone (p, q)-convexities.
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