EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 3, Article Number 6314
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

On Rational-Type Contractive Mappings in Bi-Complex
Valued Control Metric Spaces and Applications

Muhammad Sarwar’?* Nahid Fatima?, Syed Khayyam Shah®, Asad Khan!,
Kamaleldin Abodayeh?

L Department of Mathematics, University of Malakand, Chakdara Dir(L), 18000,

Khyber Pakhtunkhwa, Pakistan

2 Department of Mathematics and Sciences, Prince Sultan University, Riyadh 11586,
Saudi Arabia

3 Department of Sustainable Environment and Energy Systems (SEES), Middle East
Technical University, Northern Cyprus Campus, 99738 Kalkanli, Guzelyurt, Mersin 10,
Turkey

Abstract. This manuscript studies some unique and common fixed point results in the context of
bi-complex valued control metric space(BVCMS) using rational-type inequalities. The presented
work explains the idea of BVCMS and then shows the necessary criteria for a pair of contractive
type mappings in this space to have common fixed points. To show how applicable our results are,
we also give an example. Finally, the existence of solutions of a system of fractional differential
equations has been studied using the obtained results.
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1. Introduction and Preliminaries

The notion of conventional differential equations may be extended to non-integer or-
ders using fractional differential equations (FDEs), an excellent mathematical tool. Unlike
fractional calculus, which introduces the idea of fractional derivatives that may be derived
for non-integer orders, conventional differential equations only deal with integer-order
derivatives. Numerous scientific fields, including physics, engineering, economics, biology,
and more, have begun to pay close attention to the study of fractional differential equa-
tions. This is because FDEs offer a more precise and adaptable method for simulating
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complicated processes that display non-local and memory-dependent behavior. Multiple
applications of fractional differential equations (FDEs) may be found in physics, engineer-
ing, economics, and biology. They faithfully represent complex systems with anomalous
diffusion, long-range interactions, and memory dependence. Control systems, the behavior
of viscoelastic materials, asset pricing, image processing, and biomedicine are all improved
by FDEs. In the research of FDEs, [1-4] have outstanding data.

Furthermore, fixed point theorems offer helpful methods for demonstrating that solu-

tions to specific fractional differential equations exist, supporting the mathematical study
and real-world use of these equations in various scientific and technical fields. Since the
proof of the well-known Banach contraction theorem, the metric fixed point theorem has
appeared. Since then, there have been numerous discoveries relating to maps satisfying
various contractive requirements and different metric spaces.
In the context of non-linear analysis the theory of fixed point gained extraordinary im-
portance. After the famous Banach presented the very first result in metric fixed point
theory [5], many researchers in this direction put forward the generalized structure of the
contraction principle. One of the recent generalizations in this sequel was the introduction
of b-metric space by Bakhtin [6]. In generalizing the metrix space the triangular inequal-
ity was introduced in a different manner by introducing s > 1, a constant multiple. This
generalization leads to some important developments notably, extended b-metric spaces,
which was developed by Kamran et al. [7]. Likewise, Mlaiki et al.[8] presented controlled
metric spaces in 2018. Moreover, researcher expanded many results in this space such as
[9, 10]

In this direction, the concept of complex-valued metric spaces was first presented by
Azam et al. [11], and they also developed some fixed point results for pairs of mappings
that fulfill the contraction requirement for rational expressions. Furthermore, Segre [12]
established a base for bi-complex numbers and supported a commutative replacement for
the skew field of quaternions. These numbers more strongly and explicitly generalized
and extended the complex numbers to quaternions. Bi-complex valued metric spaces
(BCVMS) were first proposed by Choi et al. in 2017 [13], who connected the two ideas,
bi-complex numbers and complex-valued metric spaces. They developed common fixed-
point outcomes for weakly compatible mappings.

A contractive type common fixed point for two maps in bicomplex-valued metric spaces
was established by [14]. Later, several researchers used this notion to describe their results;
see [15-22]. Guechi [23] first discussed the idea of optimum control for Hilfer fractional
equations and demonstrated fixed-point outcomes. Similarly, inspired by the above work,
G.Mani and S.Haque at [24] investigate the existence of a unique solution of the fractional
differential equation in a bi-complex, controlled metric space.

In the realm of fixed point theory, the exploration of results within bi-complex valued
metric spaces holds substantial significance due to the enriched algebraic and topolog-
ical structures these spaces exhibit in comparison to classical and even complex-valued
metric spaces. Bi-complex numbers, which generalize complex numbers by incorporating
two imaginary units, provide a more flexible and comprehensive framework for analyzing
various mathematical models. This generalization is particularly beneficial in domains
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involving multidimensional or hyper-complex systems, such as quantum mechanics, signal
processing, and dynamic systems analysis.

The inherent complexity of bi-complex valued metric spaces allows researchers to in-
vestigate more intricate contraction mappings and convergence behaviors that may not
be adequately represented in traditional settings. This adaptability not only broadens the
applicability of fixed point results but also facilitates the development of novel theorems
and techniques tailored for more abstract and challenging mathematical problems.

Moreover, fixed point results in bi-complex settings serve to unify and generalize exist-
ing results in real, complex, and complex-valued metric spaces. As a result, they contribute
to a deeper understanding and a more universally applicable theoretical foundation within
the scope of fixed point theory.

The current manuscript illustrates some unique common Fixed point results on (BCVMS).
Then, we provide an application to identify the unique common solution for the fractional
differential equation (FDE) system.

DR(y) + 9y, Ay)) =0, “D°Qy) +v(y, x(y)) =0, 1 <e<2ye[0,1].
A0) =w(0) =,A(1) =w(1) = y,where ¢ and j are constant.

Where DP represent the order of 8 as the Caputo fractional derivatives and A.§) :
[0,1] x [0, 4+00) — [0, +00).

In the subsequent sections, we will review fundamental definitions and notations de-
rived from existing literature, which will be employed throughout the remainder of this
work.

Throughout the manuscript, we represent the sets of real, complex, and bi-complex
numbers by Cp, Cy, and Cq, respectively. Segre [12] provided the following list of complex
numbers.

v = 1 + 211,

where g1, p2 € Co, Z% =—1.
C; is represented as follows:

Ci={v:7 =91+ @21, 91,02 € Co}.

Let v € Cy, then |y| = (p? + ©3)'/2. All entries in C; with a real-valued positive norm
function || - || : C; — C{ is defined by

IVl = (91 + 32
Segre [12] described the bi-complex number (BCN) as:
X = @1+ p2i1 + P32 + Pat1iz,

where 1, 02, 93,04 € Co, and the independent units 1,4 satisfy i2 = i3 = —1 and
1119 = i211. We represent the BCN set Csy as:

Co ={x: x = o1 + p2i1 + p3iz + pairia, @1, 92, 03,04 € Co},
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that is,

Co={x:x=m+tiv2, m,72€C}
where 71 = 1 + 211 € Cy and 2 = p3 + pai1 € Cy. If x =71 +i272 and v = wy + iows
are any two BCNs, then their sum is

xXtv = (71 +i272) £ (w1 + tawa)
= v tw +ia(y2 £ wo)

and the product is

XV = (7 +i272) (w1 + dawo)
= (nw1 —yew2) + i2(n1ws + Y2w1)-
In Cs, there exist four idempotent elements, they are 0, 1, e = #, €9 = HT”? of

which €1 and €2 are non-trivial, such that €1 +e2 = 1 and €169 = 0. Every BCN 1 + 279
may be written in a specific way as a combination of €1 and 9. Namely,

X = +i2y2 = (1 —i172)e1 + (71 + i172)e2.

The complex components y1 = (71 — ¢172) and x2 = (71 + i172) are referred to as the
idempotent components of the BCN y, and this representation of x is known as the
idempotent representation of a BCN.

Each element in Cy with a positive real-valued norm function || - || : Co — C{ is defined
by

. 1/2
I+ izvell = {1 + [lhel?}
1/2

x|l
|y — i1’72|2 + |y + i1’Y2|2
2

= (pf+ 3+ o} +07)"/?

where X = o1 + poi1 + p3ia + pairie = 71 +i272 € Ca.
The linear space Co with respect to a defined norm is a normed linear space, and Cy is
complete. Therefore, Cq is a Banach space. If x,v € Ca, then ||xv| < v2|x|||v|| holds
instead of || fv] < ||x]||||lv]|, and therefore Cy is not a Banach algebra. For any two BCNs
X,V € Cy, then

@) x 2velxl < vl

(i) [x + vl < [IxIf + [l [l

)
)

(iil) llpxll = [elllxll, where g is in Co;

(iv) lIxvll < V2lx|lllv]l, and ||[xv| = v2||x|l||¥|| holds if just one of x or v is degenerated;
)

v) |Ix7 I = x| 7Y, if x is degenerated with x > 0;



M. Sarwar et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6314 5 of 28

(vi) [|2]] = Il "¢ 3 is a degenerated BCN.

vl

The relation < (partial order) is defined on Cy as given below. Let Cy be a set of BCNs
and x = 71 + i2o72 and v = w; + tswe € Co. Then, xy = v if and only if v < w; and
Y9 =X wy, i.e., x X v, if one of the following conditions are fulfilled:

(i Y1 = Wi, Y2 = W2;

(iii) M = w1, 72 2 wo;
1

)
(i) 7 2w, 2 = we;
)
(iv) 11 2w, 12 2 wa.

It is obvious that we can write x 3 v if x X v and x # v, i.e., if 2, 3, or 4 are fulfilled,
and we will write x < v if only 4 is satisfied.

Definition 1. [8] Let S # @ and ¥ : S x S — [1,4+00). The functional m. : S x S —
[0, +00) is called controlled-type metric (CM) if:

(CM1) me(s,a) =0+ ¢ =q,
(CM2) me(s,a) = me(a,s),
(CM3)  me(s, B) < I(s, a)me(s, a) + I(a, B)me(e, B),

for alls,a, B € S. Then, the doublet (S, m.) is called a CM space.
Example 1. [8] Choose S ={1,2,...,}. Take m.: S x S — [0,4+00) such that
if and only if ¢ = «

ifs=2n and a =2n+ 1,

me(s, o) = ‘
(s, ) ifs=2n4+1 and a = 2n,

= Qlnlm O

otherwise.
Consider v: S x S — [1,400) as

s ifs=2nand a=2n+1,
Y, a) =< a ifs=2n+1 and a = 2n,

1 otherwise.

It is clear that condition (CM1) and (CM2) are satisfied.

Now, we have to investigate condition (CM3)

case 1. If B =< or B = «, (d3) is satisfied.

case 2. If B # ¢ and B # «, (CM3) is true when ¢ = a. Now, we may assume that ¢ # «.
Then, we have ¢ # « # [. It is clear that (CM3) holds in all of the following possible
subcases:



M. Sarwar et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6314 6 of 28
(i) « is odd, and ¢, are even.
(ii) o, B are odd, and s is even.
(iii) « is even, and <, are odd.
(v) <,a, B are even.
(v) B is odd, and ¢, are even.
(vi) B is even, and ¢, are odd.
(vii) s,a, B are odd.
Thus, m. s a controlled metric type.

Definition 2. [25] Let S # @ and ¥ : S x S — [1,+00). The functional d, : S x S — Cy
is termed the briefly bicomplex valued controlled-type metric (BCVMS) if:

(BVCM1) dp(s,a) 30,

(BVCM2) dp(s,a) =0 <= ¢ =

(BVCM3)  dy(s, ) = dp(a, ),

(BVCM4)  dy(s, B) 3 0(s, a)dp(s, a) + Ve, B)dp(cx, B),

for all ,a, B € S. Then, the pair (S,dy) is termed as a BVCM space.

Example 2. [24] Let S = [0, 1] and define the function
dy:SxS—=C? by dyo,v)=l|o—v|*+i%lo—v%

Then, (S,dp) is a complete bi-complex b-metric space with 9(o,v) = 2.

Remark 1. [2/] Every bicomplez-valued b-metric space is a BVCM space.
Example 3. [25] Let S = {1,2,3} and b: S x S — Cy be defined as follows:

dy(1,1) = dp(2,2) = dp(3,3) = 0,
dp(2,1) = dp(1,2) = 4 + 4iy,
dp(3,2) = dp(2,3) = 1 + 2ig,
dp(3,1) = dp(1,3) = 1 — is.
Also, let ¥ : S x S — [1,+00) be defined as follows
9(1,1) =9(2,2) =9(3,3) =3,
9(1,2) = 9(2,1) = 2,
9¥(2,3) =9(3,2) =4,
9¥(1,3) =9(3,1) =1
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It is obvious that the conditions (BVCM1) and (BVCM3) fulfilled. Now,
case 1. If ¢ = B then the condition (BVCM3) fulfilled.
case 2. If¢=1and =3 (same as 5 =1 and s =3) and o = 2,
dy(s, B) = [dp(1,3)] = |1 —ia| T [12 4 1615
= [2(4 + 4ig) + 4(1 + 2i2)| 2 2|4 + dig| + 4|1 + 2is|
= 9(1,2)dp(1,2) + 9(2,3)ds(2,3) = I(<, @) dy(s, @) + Hev, B)dy(ax, B).
case 3. If¢=1and f =2 (same as 5 =1 and s =2) and o = 3,
dy(s, B) = [dv(1,2)| = |4+ 4iz| T [5 + Tio
= [1(1 —ig) + 4(1 + 2iz)[ T [1 — d2| + 4|1 + 2ig]
= 9(1,3)dp(1,3) + ¥(3,2)dp(3,2) = ¥(s,a)dp(s, @) + e, B)dp(cx, B).
case 4. If =2 and =3 (same as 5 =3 and s =2) and a =1,
dy(s, B) = [dv(2,3)] = |1 + 2ia| T [9 + Tio
= [2(4 + 4io) + 1(1 —dg)| 2 |4 + 4ia| + 1|1 — iy
=9(2,1)dy(2,1) + 9(1,3)dp(1, 3) = (s, a)dp(s, ) + Ve, B)dp(cv, B).
Then, (S,dp) is a (BCVMS).
Definition 3. [25] Let (S, dy) be a (BCVMS) with a sequence {5} in S and » € S. Then,
[i.]

(i) A sequence {35} in S is convergent to »x € S if for all 0 3 a € Cy, there exists a
natural number N such that dy(s, ) 3 o for each j > N. Then, limj_, o 5 = 5 or
7 — 7 asj — +oo.

(ii) If, for each 0 2 a where o € Cy, there exists a natural number N such that
dy(54, #54m) S « for each m € N and j > N. Then, {54} is referred to as a Cauchy
sequence in (S, dp).

(iii) If each Cauchy sequence is convergent in S, the (BCVMS) (S, £pyc) is said to be
complete.

Theorem 1. [25] Suppose that (S,dy) is (BCVMS) which is complete and ¢ : S — S is
a map, therefore

dp(s, Pa) 3 wdp(s, ),
forall s,a € S, where 0 < w < 1. For ¢y € S, we denote ¢, = Y™gy. Suppose that

max lim V(Sit1, Sit2)P(Sit1, Sm) o

m>1 i—4o0 19(9, §i+1) w

In addition, for each ¢ € S,

ngrfooﬁ(gn,c) and ngrfooﬁ(g,gn)ﬂ and 1s finite.

Then, ¢ has a UFP.
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Theorem 2. [25] Suppose that (S,dy) is (BCVMS) which is complete and ¢ : S — S is
a map, therefore

de% ?/)I) in "f(db(%k’ C) + db(wav OZ))
. forall x,0 € S, where 0 < w < % For ¢y € S, we denote ¢, = Y"¢y. Suppose that

s T D(Sit1, Si+2)9(Si, Sm) l
m>1 i+ o0 9(Sis Sit1) w

_ K
where w = g

In addition, _for each ¢ € S,

ngrfooﬁ(cn,g) and ngrfooﬁ(c,gn)emsts and is finite.

Then, v has a UFP.

2. MAIN RESULTS

In this section, we provide the proof of the unique and common fixed point theorem
in bi-complex valued controlled metric space . On the basis of the theorems, we also offer
examples and applications. The following is the first theorem.

Theorem 3. Let (S,dp) be a (BCVMS) which is complete and v : S — S be such that
there are p,v,vy € (0,1) with w = ’1”%“7’ < 1, such that

do (Y3, ¥o) 3 pudp (52, 0) + vy (5¢,95) + vy (0, ¢5) (1)
for all »c,0 € S, where 0 < w < 1. For ¢y € S, we assume that ¢, = Y¥"¢y. Let

V(5 19)0 (5 1
max lim (i1, 4i2) 056, 24m) < —. (2)
m>1 i—-+00 V(5t, 7i41) w

Suppose that,
nEToo V(sey,2¢) and nEToo (¢, )
exist and are finite, and ylim,_, oo 9(s¢, 22) < 1 for every s € S, then ¢ have a UFP.
Proof. The examined sequence (sz,) verifies xp4+1 = ¥(3¢,) for all n € N. Clearly, if
there exists ng € N for which s,y 411 = s, then Y (3,,) = »,, and the proof is complete.
Thus, we assume that s, 11 = 2, for every n € N.
Thus by (1), we have

dy(3tn, 3n41) 3 dp(V(3en-1), Y (3n)) 3 pudp(3en—1, 360)+vdp(3en—1, ¥ (300-1))+7dp (50, ¥ (52)),
which implies that

db(%n7 %n—i—l) ,—5 ﬂdb(%n—ly %n) + de(%n—h %n) + ’de(%na %n—f—l)v
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db(%n’ %n—i—l) - ’de(%na %n—i-l) j Mdb(}fn—ly %n) + de(%n—la %n)a

(1 - ’V)db(%ny %n-i-l) rj (/J’ + V)db(%n—la %n)y

+v
dy(3tn, 3n41) 3 E/f_ 7)) dy(3n-1, 54),

(n+v)
(1—=7)

db(%n7 %n—‘rl) :5 db(%n—la %n) = de(%n—lv %n)-

Thus, we have
dy(3n, stn 1) S wdp (3001, ) 3 WP dy (302, 3001) 3+ S W"dy (30, 31).
For alln,m € N (n < m), we have

dp (52, m) S (5, 1) dp (520, 2n41) + F(5en41, 26m)dp (3241, m)
3 9(5en, 1) dp (560, 7nt1) + 0311, 560) 0 (3041, #n+2)
X dp(2tn41, #n+2) + O(oent1, 26m) 0 (3212, 22m ) dp(3en4-2, 26m)
3 V(5ens #nt1)dp (560, 7nt1) + O (3n41, 560) 0 (3041, #n+2)
X dp(sen41, #n+2) + O(5ent1, 26m) 0 (3012, 2m ) (56012, #n+3)
X dp(n+3, #m,)

m—2

3 0 (5 #n11)dy (50, #ny1) + Z H 19(%j> Ym)
i=n+1 | j=n+1

m—1

X (5, #i01)dp (52, 7i41) + H (3¢, 22m ) dp(5m—1, #m)- (3)
i=n+1

This implies that

m—2

db(%ny %m) j 79(%717 %n+1)db(%na %n+1) + Z H 19(%]'7 %m)
i=nt1 | j=nt1

X 0(s2;, si41)dy (54, #i1) +

m—1
H ﬁ(%ju %m)] 79(%771—17 %m)db(%m—ly %m)
i=n-+1
m—2

2000, s0000)w" dy (55, 2m1) + Y | ] 008, 50m) | 906, s5i01)w dy (520, 321)
i=n+1 | j=n+1
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m—1

H (5, %m)] O (m—1, 22m )™ Ly (520, 501)
i=n-+1

+

m—1

= V(5 2011w dp(520, 1) + Z H (52, 70m) | 956, 20iy1)w' dy (500, 21).
i=n+1 | j=n+1

(4)
Let
4 i )
= Z [Hﬁ(%j’%’")} (52, 21w dy (300, 221). (5)
i=0 Lj=0
Consider '
A= [H V(5 %m)} 0 (56, 3511)w' dy (520, 521), (6)
=0
we have A 5 )
i+l ) Zit1, 7it2
N I (i1, %m)—ﬁ(%ia rl) w. (7)

We make sure that the series Y, A; converges in the context of the condition (2) and ratio
test. Therefore, there is limy, o Yy. Thus the Ty is cauchy as a result. Now, using (4),
we get

dy(5n, 20m) Z dy(520, 30) [W" 0 (550, 56i41) + (Tt = T (8)

Above, we used ¥(sc,0) > 1. Letting n,m — +oo in (8) we obtain

lim  dy (s, %m) = 0. 9)

n,m—-+oo

Thus, the sequence {s,} is a Cauchy in BCVMS (S,dy).For some »* € S so that

lm  dy(s,, ) =0, (10)

n—-+o0o

that is s, — »* as n — +oo.
We shall now demonstrate that »* is a fized point of S. By applying condition (iii) and
using (1), we obtain

dp(s* ™) 3 79(%* 1 7", stpt1) + O (stn41, Vi) dy (5641, W)

(

(5", 3tn41) + 9 (5tpp1, Yo" dy (P, h ")

(56", sn41) + 0 (oang1, 3e") [udy (560, 57)
Fvdy (500, P3en) + ydp (3", P 3"))]

= (5", 3n41)dp (5", 3n41) + (511, ¥3¢") [udp (520, 7)

Fvdy(3n; 2n 1) + 7y (7, ")) (11)

(% #n+1)dp
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Employing the limit, n — 400 and utilizing (3),(4) and the fact that limy,_, o V(,, )
and limy,—, 4o V(5¢, 5¢,) exist and are finite, we would have

A3 p52) 3 [y lim 9(s2%, 30036)|do(32, 300 36). (12)

n—-+o0o
Suppose that s* # sc*, having in mind that [y limy,_, o0 ¥(3¢*, 3p3¢*)] < 1, so

0 <y dp(>e", 03e") 3 [y 111}_1 (5%, 50y 56%) | diy(3*, 256" =iy (3, 32 5¢%). (13)
n—-—+0oo
It is a contradiction. This yields that »* = *.
Uniqueness:
Next, we need to justify that »* is a unique fized point of v. Suppose that there is one
more fized point »° that is »x* = x® it follows that;

dy(5¢", 3¢%) = dp (3", p5e*) 3 pdy (5", 36°) + vdp (567, 57) + ey (3%, 5¢°)]
dp (3", ) 2 pdy(5¢*, *).

Since p € (0,1), so we have dy(s*,°*). Therefore, we have »*

unique fixed point of 1.

= 2* and thus »* is a

Theorem 4. Let (S,9,dy) be (BCVMS) which is complete and ®,¥ : S — S. If there
exist p,v S — [0,1) such that:

(1) p(®r) < p(>) and v(®sx) < v(x);
(11) p(Wsx) < pu(sx) and v(Vx) < v(sx);
(i1i) (n+v)(x) <1;

(wv)
db(%, (I)%)db(O', \I/U)

D, Uo) = 14
(@2, V) 3 () e, )+ () LT (14
for all 2,0 € S.
For sy € S, we set 155}’{%) = w. Suppose that:
V(i #ig2)0 (g1, 2m) 1
1 — 15
smuzpl l—}gloo I(54i, % 11) w (15)

where son41 = Pay, and x99 = Virg,1q for each n > 0.
Assume further, that for every s € S, we have lim,_, o0 ¥(3, 3¢) and limy,_ 4o ¥ (3¢, 52, ),
which exist and are finite. Then, ® and ¥ have a UCFP.

Proof. Suppose ug € S. We find {s,} in S by son11 = Pray, and »9p40 = Vitgpiq
for each n > 0. From hypothesis and (14) we get:

dy(s2n+1, 2on42) =  dp(Prean, Useopi)
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A

A

LA
=

A

1N

Which implies that,

dp(522n, ©eop, )dp (302041, Yiron41)
1+ dp (5220, 202n11)

( dp (5220, #2n+1)dp(2n+1, #2n+2)
1+ dp (5220, 22n11)

11(522n)dp(522n, 32n41) + V(5020 )dp (562011, #2n+2)

(Vscon—1)dp(502n, s2n+1) + V(Wre2n—1)db(522n+1, 202n+2)

(

(

(

p(#22n ) dp (3020, 22n+1) + V(302n)

p(522n ) dp (5220, 22n41) + v(322,)

p(2t2n—1)dy(22n, #2n+1) + V(22n—1)dp (32041, #2n+2)
p(Psean—2)dy(st2n, son+1) + V(Prean—2)dp (50241, #2n42)

p(e2n—2)dy (2220, 222n+1) + V(302n—2)dp (32241, 2n+2)

w(520)dp(522n, 22n+1) + v (320)dp(32n+1, 2n+2)-

M
dy(s2n+1, #on+2) D ('U(O)> dy(on, #on+1)-

Similarly,

dp(#2n+2, #2n+3)

1—v()

= dp(VUseapt1, Prconto) = dp(Preont2, Uirani1)
p(s2ny2)dy(r2nt2, 2ont1)
dy(#2n12, Preong2)dp(302n 41, Yotony1)
L+ dp(522n+2, 2n+1)
1(>e2n+2)dp (50242, 32n+1)
dp(52n+2, #2n+3)db(#22n+1, 2n+2)
1+ dp(5e2n+2, 2n+1)

(302 +2)dp(2n 42, 2n+1) + V(52n+2)db(32n+3, #2n+2)
(W ston41)dy (s2n42, 22n+41) + V(Vitan41)dy(52n43, 22n+2)
(W 22p41)dp (32n+2, 2n11) + V(U se2n41)dp (52043, 2n+2)

(

(

(

1N

+v(st9n42)

+V(%2n+2)

LA

w(st2n+41)dy (302042, 2n+1) + V(302n4+1)dy (32043, #2n+2)
(P o, )dp(52n+2, #ont1) + V(Pseay,)dp (52043, #2n+2)

(2220 dp (522042, 22n+3) + V(3220 )dp (222043, 22n+2)

A

LA

w(50)dy(s2n+2, 22n+1) + v(320)dp (302013, #2n+2)-
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Which implies that

0
(%) )>db(%2n+2,%2n+1) = wdp(2n+2, Hont1-

d < | ==
b (%2043, 22n+2) I (1 (0

To continue the process in this direction, we obtain,
dy(52n, 2tp41) 3 wdp(5tn_1, 20n) 3 W2 dy(stn—2, 7n_1) = - - -w"dp(500, 521).
Thus,
dy (50, stn11) S wW"dy(30, »0). (16)
For alln,m € N (n < m), we have

dp (52, 2m) Z (50, n01)dp (52, 20n41) + F(oen41, 26m)dp (041, #0m)
3 0(5ens 1) dp (560, 7nt1) + 0 (41, 540) 0 (3041, 5n42)
X dp(sen, + 1, 5t5492) + O (5tn4g1, 22m) 0 (5ent2, 26m)dp (52042, 20m)
3 950, #n41)dp (30, 7n41) + O (3041, 70) 0 (30041, 5n+2)
X dp(#nt1, n+2) + 0 (5tnt1, 26m) 0 (5042, 26m) 0 (5042, #n43)
X dy(#n12, #ny3) + 9 (5ng1, 2m) 0 (a2, %m)
X V(3n+3, %m ) dp(5n+3, 5m)
<

m—2

7
2 I(sen, #ng1)dy (50, 20n41) + Z H ﬁ(%j’ ¥m,)
i=nt1 | j=nt1
m—1

x 9561, 6i101)dp (305, 55041) + [ 906, 20m)do(s6m—1, 56m) (17)
i=n-+1

This implies that

m—2

db(%TH %m) ;j 19(%TL7 %n—l—l)db(%n; %’ﬂ-i-l) + Z H 19(%]7 %m)
i=n+1 | j=n+1

m—1
H ﬂ(%jv %m)]

i=n+1

X (i, i41)dp (54, #i41) +

X Y (Hm—1, %m)dp(m—1, %m)

m—2

7
j 19(%717 %nJrl)Wndb(%na %nJrl) + Z H 19(%]" %m)
i=nt1 | j=nt1

m—1
H 19(%3’, %m)]

i=n-+1

X ﬁ(%i, %H_l)widb(%o, %1) +
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X V(sm-1, %m)wm_ldb(%o, 1)

m—1

= V(5tn, 241 )w"dp (500, 1) + Z H V(5, 20m)

i=n+1 [ j=n+1

X V(s %H_l)widb(%o, 1) (18)
Let
L ) '
T( = Z |:H'l9(%j,%m):| 19(%1,%¢+1)w1db(%0,%1)_ (19)
i=0 Lj=0
Consider '
Ai = |: H "9(%]', %m):| 19(%1‘, %i_|_1)(,uidb(%07 %1)7 (20)
7=0
we have A )
Aitd gy ey I Siv2) 1)

A;

We make sure that the series Y, A; converges in the context of the condition (15) and
ratio test. Therefore, there is limy,_, 1~ Yyp. Thus the sequence Y, is cauchy as a result.
Now, using (18), we get

19(%7;7 %i-l-l)

db(%n) %m) j db(%()a %1)[(")”19(%7;7 %H-l) + (Tm—l - T’ﬂ)] (22)
Above, we used ¥(s,0) > 1. Letting n,m — +oo in (22) we obtain

lim  dy(sen, 26m) = 0. (23)

n,m—-+0oo
Thus, the sequence {,} is a Cauchy in (BCVMS) (S,dy,9). Thus for all »* € S such

that
lim dy(5e,, ") =0, (24)

n—+o0o

that is s, — »* as n — +oo.
Now, we’ll show that »* is a fixved point of S. By using (14) and condition (iii), we get

*

*
o, Aon42

dp (5", P5") ", Hont2

1N

dy son 2, o) dy (s2n 42, P™)
*

( ) ) +9
(%*, %2n+2)db(% y %2n+2) + 19
(> )y (5" )+
( )+

( )

(%2n+27 @%*)db(\lf%gn_;,_l, ‘I’%*)

(22242, Poc™)dy (Poc™, Y3eopn41)
)

(322, ®56°) |15V (5", 2011)

i, sopy2)dy (27, Hon 42

* *
2", stany2)dy (56", Hon 42

9
9
9
9

dp (2", ®2*)dp (222041, %2n+2):|

+ v(x*
(+) 1+ dp(se%, s9n42)

(25)

Letting n — 400 and by using (24), there arise contradiction to dy(»*, ®3c*) <;, 0.
Thus, dy(sc*, ®»*) = 0. This implies that s* = ®x*. Similarly one can show that »* =
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Wi, Therefore, »* is common fized point of ® and V.

Uniqueness:

Now we have to show that »* is a unique fixed point of ¥ and ®. Assume that there exists
another common fixed point »x* that is »x* = V* = ®x®. It follows that:

dp (5%, P )dy(5®, Uc®)
1+ dp (5%, 2*)

dp(5c*, %) = dp(Pse*, Ue®) 2 p(s")dp (5", 2°) 4+ v(5¢%)

db(%*a %.) j 'u(%*)db(%*7 %.>'
Since p € [0,1), so we have dy(s*,3*). Therefore, we have s* = 3* and thus »* is a

unique common fixed point of® and V.

Corollary 1. Let (S,9,dp) be a complete controlled metric space and ®,¥ : S — S. If
there exist p,v : S — [0,1) such that:

dp(5¢, @sc)dy(o, Vo)
1+ dy(s,0)

db<¢)%7 \IIV) j Mdb<%7 U) +v

for all sc,0 € S.
For ¢y € S, we set 15(;(;)/) = w. Suppose that,

sup lim U(#it1, ig2) Vi1, 72m) 1
m>1t—>+00 19(%1‘, %i+1)

€

where xoni1 = Prray and sop 1o = Viopy1 for each n > 0.
Assume further, that for every » € S, we have lim,,_, 4 o ¥(3,, 3¢) and limy,_, 4 o ¥(5¢, 52, ),
which are finite and exist. Then, ® and ¥ have a UCFP.

Proof. The proof is trivial by setting pu(») = p and v(s) = v in the Theorem (4).

Corollary 2. Let (S,9,dy)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v: S —[0,1) such that:

(i) 1(52) < u(2) and v(Wse) < w(32);

(i) (p+v)() <1;

(iii)

dp(5¢, U32)dy(o, Vo)
1+ dy(s,0)

dp(Use, W) =2 p(52)dp(5¢,0) + v()

for all x,0 € S. For sy € S, we set 152}8{)0) = w. Suppose that,

sup lim U(it1, #ig2) Vi1, #2m) _ 1
m>11—+00 V(54, #ig1)

€
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where 11 = Vi, and for each n > 0.
Assume further, that for every s € S, we have limy,_, 4o ¥(3, 3¢) and limy,_ 4 o ¥ (3¢, 52, ),
which exist and are finite. Then, ¥ have a UFP.

Proof. The proof is trivial by setting ¥ = ® in the Theorem (4) this result can be
obtained.

Corollary 3. Let (S,9,dy)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v S —[0,1) such that:

(1) p(W) < p(s2) ;

(it)
dp (U3, Uv) 3 p(se)dp (3¢, 0)

for all sc,0 € S.
For »¢g € S. Suppose that:

sup lim 19(%1'+1,%i+2)19(%i+1,%m) < 1
m>1 =400 V(5¢, #i41) w(>0)

where xy,11 = Vi, and for each n > 0.
Assume further, that for every » € S, we have lim,,_, 4 o ¥(3,, 3¢) and lim,,_, 4 o ¥(3¢, 52, ),
which exist and are finite. Then,¥ have a UFP.

Proof. This result can be obtained by putting v(») = 0 in the Corollary (2).

Corollary 4. Let (S,9,dy)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v S —[0,1) such that:

dp(52, ¥ 3t)dp(o, Vo)

db(ql}fv \Ijl/) r—j Mdb<%7 U) +v

1+ dy(5e,0)
for all sc,0 € S.
For »x9 € S, we set 15(55330) = w. Suppose that,
sup lim O(5ir1, #i42)9 (4, #m) 1
m>1 1——+00 ﬁ(%i, %i+1) w

where .41 = Y, and for each n > 0.
Assume further, that for every s € S, we have limy,_, 4o ¥(3, 3¢) and limy,_ 4o ¥ (3¢, 52, ),
which exist and are finite. Then, ¥ have a UFP.

Proof. By setting u(») = p and v(») = v in the Corollary (2) this result can be
obtained.

Corollary 5. Let (S,9,dy)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v S —[0,1) such that:
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db(‘y%’ \I’V) j :U’db(%v U)

for all »,0 € S.
For sy € S. Suppose that,
V(otiq1, #ip2)0 (41, 22m) 1

sup lim <=
m>1 =400 (5, #iv1) I

where .41 = Y, and for each n > 0.
Assume further, that for every s € S, we have lim,,_, 4o ¥(3, 3¢) and limy,_, 4 o ¥(3¢, 52, ),
which exist and are finite. Then, ¥ have a UFP.
Proof. This result can be obtained by putting u(») = p in Corollary (3).
Remark 2. Corollary (4) and (5) are the outcomes of paper [24].

Theorem 5. Let (S,7,dp)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v S —[0,1) such that:

(i) 1(750) < p(52) and v(¥"5) < v();
(ii) (u+v)(2) < 1;

(iii)
dp (52, ¥ 5¢)dp (0, ¥"0)

dp(P" 3¢, 0"0) = d 2
b( >, U) ~ :u(%) b(%a U) + V(%) 1+ db(%,O’) ( 6)
for all »,0 € S.
For s € S, we set 15(;(42{)0) = w. Suppose that,
sup lim V(tiv1, #i2)V (641, %6m) 1
m21i%+oo ﬁ(%i, %i+1) w

where 11 = Vi, and for each n > 0.
Assume further, that for every s € S, we have lim,_, oo V(36, 2¢) and limy,_ 4o 9(5¢, 52, ),
which exist and are finite. Then,V have a UFP.

Proof. By the Corollary (2), W™ possess a unique fized point »*. It can be deduced
from,

U (Wse*) = U(U"*) = Wik

that Wi is a fized point of ™. Thus Vi* = x* by the uniqueness of a fixed point of ™
and then »* is also fixed point of V. As a result, since the fixed point is unique so it is
the fixed point of both ¥ and W™,

Corollary 6. Let (S,9,dy)be a (BCVMS) which is complete and ¥ : S — S. If there exist
w,v S —[0,1) such that:
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dy (52, ¥ 3¢)dp (0, "0 )

dp(U" 3¢, ¥"0) = 3ed
b( %7 O—)N% b(%70—)+1/% 1+db(%,0)

for all 3,0 € S.
For »y € S, we set 1%, = w. Suppose that,

sup lim O(5ir1, i42) 9 (e, #m) 1
m>1 400 19(%1', %i+1) w

where »xn11 = Vi, and for each n > 0.
Assume further, that for every s € S, we have limy,_, o ¥(3, 5¢) and limy,_, o ¥(3¢, 5¢,),
which exist and are finite. Then, ¥ have a UFP.

Proof. This result can be obtained by setting u(s) = p and v(») = v in Theorem (5).

Example 4. Let dy, be a (BCVMS) defined on S = {0,1,2} such that,
dp(0,1) = dp(1,2) = 1+ iz,  dp(0,2) = 4 + 4is .

Where 9 : S x S — [1,4+00) such that
9(0,0) =9(1,1) =9(2,2) =9(1,2) =1, 9(0,2) =2, 9(0,1) = 3.
Let: S8 — S as

$(0) = 2 and (1) = ¥(2) = 1.
Consider,

3

_ 1 A
p= 17 andv =1 = gy,

and 3y =0 , then 31 = 2 and », =1 for all n > 2.

Clearly, (2) is satisfied. Now, we take different cases to check that (1) is also satisfied.
Case I:

If x=0=0, x=0=1, x=0=2.

Then clearly our result can be obtained.

Case II:

If =0 and o = 1 then we obtain,

dp(3e,90) = dp(1(0),%(1)) = 1 + ia,

db(%, U) = db(O, 1) =1+19
db(%7w%) = db(07¢(0)) =4 + 4é2;
db(07 T/”) = db(lv ¢(1)) =0+ 0i2-

dy (h3e,9p0) T pdy(52,0) + vdy (32, 93) + vdy (0, ¢0) ,

The above distances contraction condition of Theorem (3) by using the partial order
for BCNs, Thus the result is obvious for Case(1l).
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Case III:
If 5 =0 and 0 = 2 then we obtain,

(P22, 9p0) = dp((0),9(2)) = 1 + i,

dy(3,0) = dp(0,2) = 4 + 4is,
db(%vw%) = db(07¢(0)) =4+ 4i2;
dy(0,90) = dp(2,9(2)) = 1 +ia.

dy (3e,0) 3 pudy(3¢,0) + vdy (3¢, 5¢) + vdy (0,90),

The above distances contraction condition of Theorem (3) by using the partial order for
BCNs, Thus the result is obvious for Case(Ill).

Case IV:

If =1 and 0 = 2 then we obtain,

dy(Y>,90) = dp(¥(1),9(2)) = 0+ Oia,

db(%, (T) = db(1,2) =1 + ig,
db(%,i/)%) = db(l,l/}(l)) =0+ Oig,
db(O', ¢U) = db(Za ¢(2)) =1+1.

dy (e, 00) 3 pudy(s¢, 0) + vdy (3¢, 3¢) + vdy (0,90)

The above distances satisfies contraction condition of Theorem (3) by using the partial
order for BCNs, Thus the result is also obvious for Case(IV).

Therefore, all the necessities of the Theorem (8) are true for all the cases so ¥ has a
unique fixed point.

Example 5. Let dy be a (BCVMS) defined on S = {0, 1,2} such that,
dy(0,1) = 60 + 60i2, dp(1,2) =1+1iz and dp(0,2) = 90 + 90i5 .

Where ¥ : S x S — [1,4+00) such that,
9(0,0) = 9(1,1) =9(2,2) =9(1,2) =1, 9(0,2) =2, 9(0,1) =2,
Let &,V : S — S as

U(0)=®(0) =1 and ¥(1) = P(1) = ¥(2) = ¢(2) = 2.
Consider,

p() = U5 and v(z) = U5,
and
29 =0, then 321 =2 and s, =1 for all n > 2.
Clearly, condition(i),(ii),(iii) and (15) are satisfied.
Now, we take different cases to check that (14) is also satisfied.
Case I:
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If x=0=0, x=0=1, x=0=2.
Then clearly our result can be obtained.
Case II:

If 5 =0 and 0 =1 then we obtain
dp(Ps2, Uo) = dp(P(0), (1)) = 1+ g,
dy(5,0) = dp(0,1) = 60 + 6042,

db(O', \I’O') = db(l,\I’(l)) =1+ i2,

dy(52, ) = dp(0, P(0)) = 60 + 60i5.

dy(5¢, Dse)dy(o, Vo)

dy(P3¢, Vo) 3 p(s)dy(3¢,0) 4 v(52) 1+ dy(s¢,0)

The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(II).
Case III:
If =0 and o0 = 2 then we obtain
dy(Pse, Vo) = dp(P(0), ¥(2)) = 1 + g,
db(%, O’) = db(O, 2) =90+ 90i2,
dp(5¢, ®s2) = dp(0, P(0)) = 60 + 6042,
dp(o,10) = dp(2,1(2)) = 0 + 0ia.

dy (32, ®32)dy(0, Vo)
1+ dp(s2,0)

dyp (e, Vo) T pu(>)dy (52, 0) + v()

The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(II).
Case IV:
If =1 and o = 2 then we obtain, dy(Ps, Vo) = dp(P(1), ¥(2)) = 0+ 0io,
db(%, 0) = db(l,Q) =1+ i2;
dp(3¢, @) = dp(1,P(1)) = 1 + io,
db(O', \I/J) = db(27 \I/(2>) =0+ 022

dp(5¢, ©se)dy (o, Vo)

dy(®3e, W) 3 p(se)dp (3¢, 0) + v (3) = + dy(>,0)

The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(IV).
Case V:
If =1 and o0 = 0 then we obtain, dy(Ps, Vo) = dp(P(1), ¥ (0)) = 1 + lig,
dy(5,0) = dp(1,0) = 60 + 6042,
dy(2, P3) = dp(1, (1)) = 1 + i2,
dy(o, Vo) = dp(0,¥(0)) = 60 + 60i2.

dp(5¢, Dse)dy(o, Vo)

(B, Wo) 3 ple)dy(0,0) + v(o0) =7
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The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(V).
Case VI:
If 6 =2 and o = 0 then we obtain, dy(Ps, Vo) = dp(¥(2),®(0)) =1+ o,
dp(5¢,0) = dp(2,0) = 90 + 9042,
dy(32, P) = dp(2,P(2)) = 0 + 0Oig,
dp(o, Vo) = dp(0,T(0)) =1+ io.

dp(5¢, ®se)dy(o, Vo)
1+ db(%v U)

dy(Pre, Vo) 3 p(s0)dp(5e,0) + v()

The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(VI).
Case VII:
If =2 and 0 = 1 then we obtain, dy(Ps, Vo) = dp(V(2), (1)) = 0+ 0ig,
db(%, U) = db(2, 1) =1+ i2;
dy (3¢, @) = dp(2,P(2)) = 0 + 0ig,
db(O', \I/O') = db(2, \I/(l)) =0+ O’LQ

db(%, CI’%)db(J, \I/U)
1+ dy(s2,0)

dyp(e, Vo) T pu(5)dy (52, 0) + v()

The above distances satisfies the contraction for Theorem (4) by using type partial
order for BCNs, Thus the result is obvious for Case(VII).
Therefore all the axioms of Theorem (4) are fulfilled for all the cases, So ® and ¥ have a
unique common fized point.

Example 6. Let dy be a BCCM defined on S = {0,1,2} such that;
dy(0,1) = 60 + 60i2, dy(1,2) =144 and  dy(0,2) = 90 + 90is.
Where ¥ : S x S — [1,400) such that

9(0,0) =9(1,1) =9(2,2) =9(1,2) =1, 9(0,2) =2, 9(0,1) = %
Let ¥ :5 — S as

U7(0) = 1 and T*(1) = T*(2) = 2.

Consider,

() = 7(}?63)2 and v(x) = 7(%;5’)2
and
w9 =0, then 1 =2 and s, =1 for alln > 2.
Clearly, condition(i),(ii),(iii) and (5) are satisfied.
Now, we take different cases to check that (26) is also satisfied.
Case I:
If x=0=0, x=0=1, x=0=2.
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Then clearly our result can be obtained.
Case II:

If =0 and 0 =1 then we obtain,
dp(V" 3¢, U"0) = dp(P"(0), (1)) = 1 + g,
db(%, O‘) = db(O, 1) =60+ 60i2,

db(07 \I/no-) = db(17 \ll”(]_)) =1+ 12,

dp (3¢, ¥"5¢) = dp(0, ™(0)) = 60 + 60i5.

dp (3¢, ¥ 3¢)dp (0, ¥"0)
1+ dy(5¢,0)

dp(U" 3¢, U"0) 3 pu(se)dp(5¢,0) + v()

The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(II).

Case III:

If 56 =0 and 0 = 2 then we obtain

dp(U" 3¢, U0) = dp(P"(0), ¥(2)) = 1 + o,

dy(5,0) = dp(0,2) = 90 + 9042,

dp (3¢, ¥"5¢) = dp(0, ™ (0)) = 60 + 6012,

db(O', \I/nU) = db(2, \I/”(Z)) = 0+ 0t9.

dy (32, U 3¢)dp (o, U"0)
1+ db(”? G)

db( 0" 32, 0"0) 3 p(52)dy (2, 0) + 1(32)

The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(III).
Case IV:
If =1 and 0 = 2 then we obtain
db(\II"% Ug) = dp(P"(1), U™(2)) = 0 + 0ig,
dy(5,0) = db(l 2) =149,
iy, W36) = dy(1,97(1)) = 1 + i,
dy(o, Um0 ) = dp(2,9"(2)) = 0+ 0Oia.

dp (52, ¥ 3¢)dp (0, " 0)
1+ dp(s¢,0)

dy(0" 32, 0" 0) X ju(2)dy (32, 7) + v ()

The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(IV).
Case V:
If =1 and o0 = 0 then we obtain
(0" ¥"0) = GO1 (), V' (0) =1+ 1iy
(% O’) = db 1 0) = 60+6022,
dy(36, W2) = dy(1, W7 (1)) = 1 + i,
dy(o, ¥"0) = dp(0, ¥"(0)) = 60 + 60is.

dp (3¢, ¥ 3¢)dp (0, ¥"0)
1+ dy(5¢,0)

dp(U" 52, U"0) 3 u(se)dp(5¢,0) + v()
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The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(V).

Case VI:

If 3¢ =2 and 0 = 0 then we obtain

dp(U" 3¢, U"0) = dp(P"(2), ¥(0)) = 1 + g,

dy(,0) = dp(2,0) = 90 4 90iz,

dy(3¢, U"3¢) = dp(2, 0™ (2)) = 0 + 0ig,

dy(o, ¥"0) = dp(0, ¥"(0)) = 1 + is.

dp (3¢, ¥ 5¢)dp (0, ¥"0)
1+ dy(5¢,0)

dp(U" 3¢, U"0) 3 u(se)dp(5¢,0) + v()

The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(VI).

Case VII:

If =2 and 0 = 1 then we obtain

dp(U" 3¢, U0) = dp(P™(2), ¥"(1)) = 0 + Oig,

db(%, 0) = db(2, 1) =1+ i2;

dy(3¢, U"3¢) = dp(2, 0™ (2)) = 0 + 0Oig,

dy(o, ¥"0) = dp(2,¥"(1)) = 0 + Oiq.

dp (3¢, ¥ 5¢)dp (0, ¥"0)
1+ dy(5¢,0)

dp(U" 52, U"0) 3 u(se)dp(5¢,0) + v()

The above distances satisfies contraction condition for Theorem (5) by using type partial
order for BCNs, Thus the result is obvious for Case(VII).
Therefore all the axioms of Theorem (5) are fulfilled for all the cases, Thus ¥ has a UFP.

3. Application

In this section we solve the system of fractional differential equation with the help of
Theorem(4)

{ “DPR(y) +9(y, Aw)) =0, “DAy) +u(y,x(v) =0, 1<e<2y e o
A0) = w(0) = LA(1) =w(l) = 5, where £ and j are constant.

Where ¢D? represent the order of 3 as the Caputo fractional derivatives and A.Q : [0, 1] x
[0, +00) = [0, +00).
By using the result of [26] we have ,

IPIDPR(y)] = N(y) + Co + yC1 + y°Co + .. + 4™ + Cp1y"™

where n = [3] + 1 and C € RT and I” is the integral operator of fractional order.The
system of integral equations then provides the solution to (27);

{ R(y) = L4 y( =0+ fy Sy, 5)A(s,(5))ds, (28)
w(y) =L+y( =0+ [y Sy, 5)O(s, 0(s))ds
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where
1 {y(l—sV“ —(y-s)f 0<s<y<l,

C\}(Zﬁs):ﬂ y(l—S)’B_l, 0§5<y§1

In the above system (28), let us denote

Py) =L+yG =0 Raly) = Jy S, 5)A(s, #(5))ds,  So(y) = Jy S(y,5)O(s,0(5))ds.
Consider C([0, 1], R) = S is a space described by [0, 1], and dj, : S x S — Cy is a (BCVMS),
such that;

dy(se,0) = sup | se(m) — o(m) > iz sup | se(m) — o(m) |,
me0,1] me(0,1]
for all sc,0 € S. Let ¥: S x S — [1,400) be defined by ¥(3,0) = 2,
for all sr,0 € S. Then, (S,dp) is (BCVMS).

Theorem 6. Consider a system of non-linear fractional differential equations (27). As-
sume that the following claims are verified:
If for all y € [0,1] there exist p,v : S — [0,1) such that:

(i) (R +T(y)) < u(3) and v(R. +T(y)) < v(x);
(i) 1(Se +T(y)) < p(o) and v(S; +T'(y)) < v(o);
(i17) (n+v)(x)<1;
(1) || Ree(y) — So(y) |73 n()F 1052, 0)(y) + v(3)F 2(5¢,0)(y)

() supye(o, Jo Sy, s)ds < 1.

For all »z,0 € S, where:
Fi(o,0)(y) =l #(y) — o) I
and
_ I Rey) + T(y) — 5(w) 121l So(y) + T(y) —oly) |I?
14 [ 2(y) — o(y) || '

Then the system of FDE (27) has a unique common solution.
Proof. Let us define &,V : S — S by

Fa(5,0)(y)

®x =R, +T,
and
Vog=5,+T.
Then
bk = s ( | Ruly) = Soly) + T(y) — T(w) |12 )(1 Tiy)
ye 9

— s ( | Boly) = Sow) I )(1 i),

yE[O,l]
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dy(2,0) = sup ( | 2y) — oy) IP )(1 i),

yE[O,l]
dy(52, ®5) = sup (u Ro(y) + T(y) — (y) Hz>(1+i2),
yE[O,l]

and

dy(o, ®o) = sup < I So(y) +T(y) —o(y) |I” )(1 + i2).
y€[0,1]

Now by (14) of Theorem (4) we obtain,

” R%(y) - Sa(y) ||2

3 u) || (y) —ay) |17

G | Re(y) +T(y) — »(y) [Pl So(y) +T(y) —a(y) > (1 +i2)
14| 5e(y) — o(y) 12 (1 +i2)

3 nGo) | (y) —aly) |I?

N V(%)H R..(y) +T(y) = =) Il So(y) +T(y) —a(y) |I?

I+ || 2(y) — a(y) |12
() F 1(32,0)(y) + v () F 2(3¢,0) (y).

Thus, it implies that:
(1) p(®s) < p(>) and v(®sx) < v(x);
(i1) p(Us) < pu(sx) and v(Vx) < v(sx);
(iii) (1 + v)(3) < 1;
(i)
dy(32, ®32)dy (0, Vo)
1+ dy(52,0)

dy (P2, Vo) 3 p(se)dy (52, 0) + v(52) ; (29)
for all s¢,0 € S. Therefore, by the Theorem (4), we obtain that ® and ¥ have a unique
common fixed point. Thus we claim that the system of FDE (27) have a unique common
solution.

4. Conclusion

Fractional differential equations (FDEs) have emerged as powerful tools for modeling a
variety of complex, real-world processes encountered in physics, engineering, biology, and
finance. Their ability to incorporate non-integer order derivatives makes them particularly
effective in capturing memory effects and hereditary properties inherent in many dynamic
systems. Analyzing such equations often involves transforming them into equivalent inte-
gral formulations, which in turn require robust mathematical frameworks to examine the
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existence, uniqueness, and stability of their solutions. Fixed point theory, especially in the
context of generalized metric spaces and non-traditional contraction principles, provides a
foundational approach in this analytical endeavor. In particular, rational-type contractive
conditions have proven to be especially useful in establishing strong convergence results
and solution behaviors.

In this study, we investigated unique and common fixed point results within the set-
ting of bi-complex valued control metric spaces using rational-type inequalities. The use of
bi-complex numbers, which extend complex analysis through the introduction of two imag-
inary units, provides a richer and more flexible algebraic and topological structure. This
enhanced framework enables the examination of more generalized and complex contractive
mappings that cannot be adequately addressed within conventional real or complex-valued
metric spaces. The theoretical results obtained not only contribute meaningfully to the
broader field of fixed point theory but also have direct applications in the analysis and
solution of fractional differential equations. Overall, this work opens up new avenues for
the study of intricate mathematical models and offers innovative tools for addressing the
analytical challenges presented by fractional systems in higher-dimensional and abstract
settings.
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