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1. Introduction

The class of BCK-algebras was introduced by Imai and Iseki [1] in 1966 that describes
fragments of propositional calculus involving implication, known as BCK logic. It was also
developed as a generalization of set difference in set theory. Since then, a great deal of
literature has been produced in the theory of BCK-algebras. The initial paper on the class
of semigroups emerged in 1905 as a concise work by Dickson. However, the true inception
of the theory occurred in 1928 when Suschkewitsch [2] published a paper of paramount
significance. In contemporary language, he demonstrated that within any finite semigroup,
there exists a “kernel” (referred to as a simple ideal), and he comprehensively characterized
the structure of finite simple semigroups. Semigroups provide a foundational framework
for understanding how elements combine under certain operations, and their applications
span across multiple branches of mathematics and various interdisciplinary fields such as
Coding theory, Automata, etc. For more notions about semigroups and history, we refer
to [3].
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The notion of fuzzy sets was introduced by Zadeh [4] in 1965 to provide a mathematical
framework for dealing with vagueness and imprecision. It departs from classical set theory
by allowing elements to have degrees of membership in a set, rather than requiring absolute
membership or non-membership. Fuzzy sets quickly garnered attention across various
disciplines, including algebraic structures. The combination of the two concepts gave rise
to fuzzy algebraic structures. The latter was established by Rosenfeld in 1971 when he
applied the concept of fuzzy sets to groups.

In 2006, Kim [5] introduced the class of KS-semigroups which is both a BCK-algebra
and a semigroup. The quotient KS-semigroups via ideals was established and the isomor-
phism theorems were proved in 2009 by Cawi and Vilela [6]. In 2007, Prince Williams and
Husain [7] applied the concept of fuzzy sets to KS-semigroup, and referred to it as a fuzzy
KS-semigroup. The notions of fuzzy KS-ideals and fuzzy KS-p-ideals were introduced and
some of their properties were investigated. In 2011, Bautista and Vilela [8] introduced and
investigated fuzzy topology on a KS-semigroup and fuzzy topological KS-semigroup.

There are many research items in the literature characterizing the class of semigroups
through its (fuzzy) sets, particularly, through generalization and fuzzification of ideals.
For example, generalization of bi-antiideals in semigroups and their fuzzification were
studied in [9] and (fuzzy) KS-H-ideals in KS-semigroups and their properties were studied
in [10]. Moreover, the construction of quotient semigroups induced by fuzzy ideals and
their properties were studied in [11]. In this paper, we introduce new types of fuzzy
ideals on KS-semigroups, compare them with existing fuzzy KS-ideals and investigate
their properties. We construct quotient KS-semigroups induced by fuzzy KS-ideals and
investigate their properties. Furthermore, we investigate the quotient structure of product
KS-semigroups induced by fuzzy KS-ideals.

2. Preliminaries

In this section, we present some basic concepts and known results that are useful in
this study.

Definition 1. [5] An algebraic system (X, *,0) is called a BCK-algebra if it satisfies the
following conditions: for all x,y,z € X,

(i) (z*xy)x(x*x2))x(z2xy) =0, (iv) 0xxz =0,
(i) (z*(xxy))*xy=0, (V)zxy=0andyxx =0 imply x = y.
(iii) x*x =0,

Definition 2. [5] If X is a BCK-algebra, then the relation x <y if and only if x xy =0
1 a partial order on X, which will be called the natural ordering on X.

Remark 1. [5] A BCK-algebra X has the following properties for any z,y,z € X :

(i) x%0 =z, (iv) x <y implies that txz < yxz and zxy < z*x,
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(i) zxy <=, (V) (z*2)* (yx2) <z*y.

(iil) (x*xy)*xz=(x*2)xy,

Proposition 1. [12] In a BCK-algebra X, the following hold: for all x,y,z € X,
(i) ((@xz)x2)*(y*z) < (z*xy)*z,
(i) (zx2)*(z*(xx2))=(x*x2)*z,

(iil) (zx (y* (yxx)))x (y* (x(y*(y*x)) <z*y.

Definition 3. [13] Let X be a non-empty set. The system (X,-) is called a semigroup if
“. 7 4s an associative binary operation. For convenience, we write x -y by xy.

Definition 4. [5] An algebraic system (X, *,-,0) is called a KS-semigroup if it satisfies
the following conditions:

(i) (X,%,0) is a BCK-algebra
(i) (X,-) is a semigroup

(iii) The operation - is distributive over the operation % on both sides, that is, for all
oy, z€ X, x-(yxz)=(z-y)x(z-2) and (xxy) -z =(z-2)*(y-2).

Example 1. [5] Let X = {0,a,b,c}. Define x and - by the following tables:

*‘Oabc -‘Oabc
00 0 0 O 0|0 0 0 O
ala 0 a a al0 a 0 0
blb b 0 b b0 0 b O
clec ¢ ¢ O cl0 ¢ 0 0

Then X is a KS-semigroup.
Definition 5. [5] A KS-semigroup X is said to be
(i) commutative if x x (x xy) = y* (y*xx) for all z,y € X,

(ii) positive implicative if (xxy) * z = (x x 2) * (y * 2), or equivalently, xxy = (r*y) *y
forall x,y,z € X,

(iii) smplicative if xx (y*x) = x for all z,y € X, or if it is both commutative and positive
implicative.

Proposition 2. [5] A KS-semigroup X is commutative if and only if for all z,y € X,
x <y implies x = y* (y * ).

Definition 6. [5] A non-empty subset A of a semigroup (X,-) is said to be left (resp.
right) stable if xa € A (resp. ax € A) whenever x € X and a € A. A non-empty subset of
X which is both left and right stable is called two-sided stable or simply stable.
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Definition 7. [5] A non-empty subset A of a KS-semigroup X is called a left (resp. right)
ideal of X if

(i) A is a left (resp. right) stable subset of (X,-),

(i) for anyx,y € X, xxy € A andy € A imply that x € A.
If A is both a left and a right ideal, then it is called a two-sided ideal or simply an ideal.
Remark 2. [5] Let X be a KS-semigroup. Then

(i) {0} and X are ideals of X.

(ii) If A is a left (resp. right) ideal of X, then 0 € A.
Definition 8. [5] Let X be a KS-semigroup and let ~ be a binary relation on X. Then

(i) ~ is said to be right (resp. left) compatible if whenever x ~ y then x % z ~ y % z
(resp. zxx ~ zxy) and xz ~ yz (resp. zax ~ zy) for all x,y,z € X;

(ii) ~ is said to be compatible if v ~y and u ~ v imply x *u ~ y*v and zu ~ yv for
all x,y,u,v € X;

(iii) A compatible equivalence relation is called a congruence relation.

Theorem 1. [5] Let X be a KS-semigroup. An equivalence relation ~ on X is a congru-
ence relation if and only if it is both left and right compatible.

Let X be a non-empty set. A fuzzy set on X is a function g : X — [0,1]. The
characteristic function of a set [ is a fuzzy set denoted by x7.

Definition 9. [7] A fuzzy set u on a KS-semigroup X is called a left (resp. right) fuzzy
KS-ideal of X if for all x,y,a € X,

(F1) u(0) > (),
(F2) p(z) > min{pu(z *y), u(y)},

(F3) p(va) > min{u(x), pla)} (resp. plaz) > min{u(z), u(a)}).

A fuzzy set p on a KS-semigroup X is called o fuzzy KS-ideal of X if it is both a left
and a right fuzzy KS-ideal of X.

Definition 10. [7] Let X be a KS-semigroup. A fuzzy set u on X is called a left (resp.
right) fuzzy KS-p-ideal of X if it satisfies (F1), (F3) and

(F4) : p(x * z) > min{u((z xy) * 2), u(y * 2)} for all z,y,z € X.

A fuzzy set p on a KS-semigroup X is called a fuzzy KS-p-ideal of X if it is both a left
and a right fuzzy KS-p-ideal of X.

Theorem 2. [7| Let X be a KS-semigroup. Then any fuzzy KS-p-ideal of X is a fuzzy
KS-ideal of X. However, the converse is not true.
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3. Some Fuzzy Ideals on KS-semigroup

In this section, we investigate useful properties of fuzzy KS-ideals and give criterion
for a fuzzy KS-ideal to be a fuzzy KS-p-ideal. Moreover, we introduce new types of fuzzy
ideals on KS-semigroups, compare them with existing fuzzy KS-ideals and investigate their
properties.

The following lemma gives some useful properties of fuzzy KS-ideals.
Lemma 1. Let p be a fuzzy KS-ideal of a KS-semigroup X.
(i) If z,y € X such that x <y, then u(y) < p(z).
(i) If x,y,z € X such that x xy < z, then p(z) > min{u(y), u(z)}.
Proof. Let u be a fuzzy KS-ideal of a KS-semigroup X.

(i) Suppose z,y € X such that x < y. Then by (F2), u(z) > min{u(z * y), u(y)} and
z+y =0. Thus, p(x) > min{u(z * y), u(y)} = min{u(0), u(y)} = u(y).

(ii) Suppose z,y,z € X such that x xy < z. Then by (i), u(z) < p(z *y). By (F2),
() = min{u(z +y), p(y)} = min{u(z), u(y)}- 0

In Theorem 2, a fuzzy KS-ideal may not be a fuzzy KS-p-ideal. The following theorem
gives a criterion for a fuzzy KS-ideal to be a fuzzy KS-p-ideal.

Theorem 3. A fuzzy set p on a KS-semigroup X is a fuzzy KS-p-ideal if and only if it
is a fuzzy KS-ideal satisfying p(x xy) = p((zxy) xy) for all z,y € X.

Proof. Let X be a KS-semigroup and p be a fuzzy set on X. Suppose p is a fuzzy
KS-p-ideal of X. Then by Theorem 2, p is a fuzzy KS-ideal. By (F4), (F1) and Definition
1, for all z,y € X,

plxxy) > min{u((z*y)*y), u(y*y)}
= min{u((z *y) *y),(0)}
= p((z*y)*y).

Moreover, observe that by Remark 1(ii), (x * y) * y < x *y. Thus, by Lemma 1(i),
w((xxy)*xy) > p(xxy). Hence, p(z xy) = p((z xy) *y) for all z,y € X.

Conversely, suppose p is a fuzzy KS-ideal of X satisfying u(x xy) = pu((z * y) * y) for
all z,y € X. Note that by Proposition 1(i), ((x * 2) * 2) * (y * 2) < (x *y) * z. Thus, by
Lemma 1(ii), we have p(z * z) = p((x * 2) * z) > min{u((x * y) * 2), u(y * z)}. Therefore,
u is a fuzzy KS-p-ideal of X. O

Now, we introduce some fuzzy ideals on KS-semigroups, investigate their relationships
with fuzzy KS-ideals and discuss some of their properties.



H. Sarapuddin, J. Vilela / Eur. J. Pure Appl. Math, 18 (3) (2025), 6327 6 of 23

Definition 11. Let X be a KS-semigroup. A fuzzy set p on X is called a left (resp. right)
fuzzy commutative KS-ideal of X if it satisfies (F1), (F3) and

(F5) : p(x* (y* (y*x))) > min{u((x *xy) * 2), u(2)} for al xz,y,z € X.

A fuzzy set p on a KS-semigroup X is called a fuzzy commutative KS-ideal of X if it is
both a left and a right fuzzy commutative KS-ideal of X.

Example 2. Let X ={0,a,b,c}. Define the operations x and - by the following tables.

*‘Oabc 0 a b ¢
0|0 0 0 O 00 0 0 O
ala 0 0 a al0 0 0 O
blb a 0 b b0 0 0 O
clc ¢ ¢ O cl0 a b c

By routine calculations, we can see that X is a KS-semigroup. Let tg,t1,ta € [0,1] such
that tg > t1 > to. Define a fuzzy set u on X by u(0) = to, p(a) = t1 and p(db) = u(c) = to.
Then w is a fuzzy commutative KS-ideal of X.

The following theorem tells us that every fuzzy commutative KS-ideal is a fuzzy KS-
ideal.

Theorem 4. Let X be a KS-semigroup. Then any fuzzy commutative KS-ideal of X is a
fuzzy KS-ideal of X .

Proof. Let u be a fuzzy commutative KS-ideal of X. Then by Remark 1(i) and
Definition 1, for any x,y € X,

p(x * 0)

(@ =+ (0 0))

pu(xx (0% (0xx)))
min{u((z *0) xy), u(y)}
= min{u(z xy), u(y)}.

w(z)

v

Therefore, p is a fuzzy KS-ideal of X. O

A fuzzy KS-ideal of a KS-semigroup X may not be a fuzzy commutative KS-ideal of
X as shown in the following example.

Example 3. Let X = {0,1,2,3,4}. Define the operations x and - by the following tables.

*x |0 1 2 3 4 10 1 2 3 4
00 0 0 0 O 0/j0 0 0 O O
111 0 1 0 O 110 0 0 0 O
212 2 0 0 O 2/0 0 0 0 O
313 3 3 0 O 3]0 0 0 0 3
414 4 4 3 0 410 1 2 3 4
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Then X is a KS-semigroup. Let to,t1,t2 € [0,1] such that tg > t; > ta. Define a fuzzy set
won X by u(0) =to, p(l) =t1 and u(2) = p(3) = u(4) = ta. By routine calculations, we
can see that p is a fuzzy KS-ideal of X. However, i is not a fuzzy commutative KS-ideal
of X since (F5) is not satisfied:

p(2 5 (35 (342)) = u(2) = o < to = p(0) = min{pu((2 * 3) 0), u(0)}.

The following theorem gives a criterion for a fuzzy KS-ideal to be a fuzzy commutative
KS-ideal.

Theorem 5. A fuzzy set p on a KS-semigroup X is a fuzzy commutative KS-ideal if and
only if it is a fuzzy KS-ideal satisfying p(z * (y * (y * z))) = p(z *xy) for all x,y € X.

Proof. Let X be a KS-semigroup and p be a fuzzy set on X. Suppose p is a fuzzy
commutative KS-ideal of X. Then by Theorem 4, u is a fuzzy KS-ideal. By (F5), for all
z,y € X,

pla s (y* (yxx))) = minfp((z*y) *0), u(0)}
= min{u((z *y)), p(0)}
=z xy).
Moreover, note that by Remark 1(ii), y * (y * ) < y. Thus, by Remark 1(iv), z x y <

z % (y * (y * ¥)). Hence, by Lemma 1(i), u(z *y) = p(x = (y * (y * x))). Therefore,
@ (y = (y*x)) = p(z*y).

Conversely, suppose p is a fuzzy KS-ideal of X satisfying pu(x * (y* (y*x))) = p(z*xy)
for all z,y € X. By (F2), p(x* (y * (y*xx))) = p(x xy) > min{pu((z *x y) * 2), u(z)} for all
z,y,2 € X. Therefore, u is a fuzzy commutative KS-ideal of X. O

The following theorem provides a necessary condition for a fuzzy KS-ideal to be a fuzzy
commutative KS-ideal.

Theorem 6. Let X be a commutative KS-semigroup. Then every fuzzy KS-ideal is a fuzzy
commutative KS-ideal.

Proof. Let p be a fuzzy KS-ideal of a commutative KS-semigroup X. It is sufficient to
show that u satisfies (F5). Let ,y,z € X. Then by Remark 1 and since X is commutative,

(x* (y*(y*z)))*2)* (T *y) * 2)
T (y* (y*x)))* (T *Y)
zx(zxy))* (y* (y=*z))

((x(y*(yra))((xxy)x2))xz =

IN
—~ o~

e

By Definition 2, (z * (y * (y xx))) * ((x * y) * z) < z. Thus, by Lemma 1(ii),

pul s (y  (y + ) = min{u((z * y) * 2), p(2)}-
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Hence, (F5) holds. Therefore, u is a fuzzy commutative KS-ideal of X. O

Definition 12. Let X be a KS-semigroup. A fuzzy set p on X is called a left (resp. right)
fuzzy implicative KS-ideal of X if it satisfies (F1), (F3) and

(F6) : p(x) > min{u((z * (y * x)) * 2), u(2)} for all x,y,z € X.

A fuzzy set p on a KS-semigroup X is called a fuzzy implicative KS-ideal of X if it is both
a left and a right fuzzy implicative KS-ideal of X.

Example 4. Let X = {0,1,2,3,4}. Define the operations x and - by the following tables.

* |0 1 2 3 4 10 1 2 3 4
0/0 0 0 O O 00 0 0 0 O
111 0 1 0 O 110 0 0 0 O
212 2 0 0 O 210 0 0 0 O
313 3 3 0 O 3]0 0 0 0 O
414 3 4 1 0 410 0 0 0 4

Then X is a KS-semigroup. Let s,t € [0,1] such that s < t. Define a fuzzy set p on X
by 1(0) = p(1) = u(2) =t and pw(3) = p(4) = s. By routine calculations, u is a fuzzy
implicative KS-ideal of X.

We now give a relationship between a fuzzy KS-ideal and a fuzzy implicative KS-ideal.

Theorem 7. Let X be a KS-semigroup. Then any fuzzy implicative KS-ideal of X is a
fuzzy KS-ideal of X.

Proof. Let u be a fuzzy implicative KS-ideal of a KS-semigroup X. Then for all
z,y € X,

plx) > minfu((e (z ) * y), 1(y)}
= min{u((z*0)*y), u(y)}
= min{u(z *y), uy)}.

Therefore, p is a fuzzy KS-ideal of X. U

The converse of Theorem 7 may not be true as shown in the following example.

Example 5. Consider the KS-semigroup in Example 4. Define a fuzzy set p on X by
w(0) = p(2) = 0.8 and u(l) = p(3) = u(4) = 0.5. By routine calculations, u is a fuzzy
KS-ideal of X. However, u is not a fuzzy implicative KS-ideal of X since

w(l) =0.5< 0.8 =min{u((1x(3x1))*2),u(2)}.

The following result provides a criterion for a fuzzy KS-ideal to be a fuzzy implicative

KS-ideal.
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Theorem 8. A fuzzy set y on a KS-semigroup X is a fuzzy implicative KS-ideal if and
only if it is a fuzzy KS-ideal satisfying p(x) = p(x * (y * x)) for all z,y € X.

Proof. Let X be a KS-semigroup and p be a fuzzy set on X. Suppose p is a fuzzy

implicative KS-ideal of X. Then by Theorem 7, pu is a fuzzy KS-ideal of X. By (F6), for
all z,y € X,

p(z) = min{p( = (y*z) *0), u(0)}
= min{p(z * (y *2)), u(0)}
= (@ (y* ).

Moreover, observe that x*(y*x) < x by Remark 1(ii). Thus, by Lemma 1(i), u(x*(y*x)) >
w(z). Hence, p(z) = p(x * (y * z)).

Conversely, suppose p is a fuzzy KS-ideal of X satisfying p(z) = p(z * (y * x)) for all
z,y € X. By (F2), u(x) = p(x*x(yxx)) > min{u((x* (y*xx))*2),u(z)} for all z,y,z € X.
Thus, p is a fuzzy implicative KS-ideal of X. 0

The following theorem gives a necessary condition for a fuzzy KS-ideal to be a fuzzy
implicative KS-ideal.

Theorem 9. If X is an implicative KS-semigroup, then every fuzzy KS-ideal of X is fuzzy
implicative KS-ideal.

Proof. Let X be an implicative KS-semigroup and p a fuzzy KS-ideal of X. Then by
Definition 5(ii), z = x % (y x x) for all z,y € X. Since p is a fuzzy KS-ideal of X, by (F2),

p(x) = min{p(z * z), p(2)} = min{p((z * (y = x)) * 2), u(2)}
for all z € X. Thus, (F6) holds. Hence, u is a fuzzy implicative KS-ideal of X. O

Theorem 10. A fuzzy set u on a KS-semigroup X is a fuzzy implicative KS-ideal if and
only if it is both a fuzzy KS-p-ideal and fuzzy commutative KS-ideal.

Proof. Let X be a KS-semigroup and p be a fuzzy set on X. Suppose p is a fuzzy
implicative KS-ideal of X. By Theorem 8, Proposition 1 and Lemma 1(ii), for all z,y, z €

X, pl x2) = (2 % 2) % (25 (25.2))) = (@ % 2) ) > min{p((zy) * 2), iy * 2)}. Thus,
(F4) holds. Hence, p is a fuzzy KS-p-ideal. Moreover, by Proposition 1, Lemma 1(i) and

Theorem 8, pu(x *y) < p((@* (y* (y*x)))* (y* (xx (y = (y *2))))) = p(x* (y* (y *x))) for
all z,y € X. By Remark 1, y x (y * z) < y implies that z xy <z (y * (y * x)). Thus, by
Lemma 1(i), p(z*y) < p(ax*(y*(y*x))). Hence, p(z+y) = p(x* (y*(y*x))). Therefore,
by Theorem 5, p is a fuzzy commutative KS-ideal of X.

Conversely, suppose p is both fuzzy KS-p-ideal and fuzzy commutative KS-ideal of X.
By Definition 1(i), (y* (y*x))* (y*z) < zx(y=*x) for all z,y € X. Thus, by Lemma 1(i),
p(z*(yxz)) < p((y=(y*x))*(y*z)). By Theorem 3, p((yx(y*x))* (y*z)) = p(y*(y=x)).
Thus, we have

p(x* (y*x)) < ply = (y*z)). (1)
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Now, by Remark 1, y x x < y implies that z xy < x * (y * x) for all ,y € X. Thus, by
Lemma 1(i), p(x * (y *z)) < p(x *y). Since p is a fuzzy commutative KS-ideal of X, by
Theorem 5, pu(x *y) = p(x * (y * (y *x))). Hence, for all z,y € X,

pla o (yxx)) < plxx (y * (y * 2))). (2)

Note that by Definition 1(ii), = % (x % (y * (y *x x))) < y * (y * ). Thus, by Lemma
1(ii), p(z) > min{u(x * (y * (y * x))), u(y * (y * x))}. Combining (1) and (2), we get
p(x) > min{p(z = (y * (y * 2))), u(y = (y * )} > p(x * (y ). Since  * (y x z) < z,
it follows that by Lemma 1(i), u(z) < p(z * (y *xx)). Thus, u(z) = p(z * (y *x x)) for all
x,y € X. Therefore, by Theorem 8, p is a fuzzy implicative KS-ideal of X. O

4. Quotient KS-semigroups induced by Fuzzy KS-ideals

“ 7

Recall that in [5], if A is an ideal of a KS-semigroup X, then the relation “ ~y4
on X defined by x ~4 y if and only if x xy € A and y xx € A is a congruence relation
on X. Denote A, as the equivalence class containing z € X and X/A as the set of all
equivalence classes of X with respect to “ ~4 7, that is, A, = {y € X : x ~4 y} and
X/A ={A; : v € X}. Furthermore, (X/A, ®,®, Ap) is a KS-semigroup under the binary
operation A, ® Ay = Ay and A, © A, = Ay for all A, Ay € X/A.

In this section, we present the construction of quotient KS-semigroups via fuzzy KS-
ideals.

Definition 13. Let u be a non-zero fuzzy KS-ideal of a KS-semigroup X. Define a binary
relation ~,, on X by x ~, y if and only if p(x xy) >0 and p(y * z) > 0.

We will prove that ~, is a congruence relation on a KS-semigroup X.
Proposition 3. ~, is an equivalence relation on a KS-semigroup X.

Proof. Let p be a non-zero fuzzy KS-ideal of a KS-semigroup X. Let z € X. Since
4 is non-zero, there exists z € X such that u(z) # 0, that is, u(z) > 0. Then by (F1),
©(0) > p(z) > 0. Thus by Definition 1, u(x * z) = p(0) > 0. Hence,  ~,, x, which means
~,, is reflexive. Suppose x ~, y. Then pu(xz *y) > 0 and u(y * z) > 0, or equivalently,
pu(y xx) > 0 and p(x *+y) > 0. Thus, y ~, x. Hence, ~, is symmetric. Now, suppose
x~y,yandy~, 2z Then u(x*y) >0, u(y*x) >0, pu(y*z) >0 and p(z *y) > 0. Since
X is a KS-semigroup, (x*z) * (rxy) <y*zand (zxz)* (zxy) <yxzx forall x,y,z € X.
Thus, by Lemma 1(ii), we have

p(x =+ z) > min{p(zxy), u(y*2)} >0 and p(z*x) > min{u(y *x), u(z*y)} > 0.

Thus, x ~, z. Hence, ~, is transitive. Therefore, ~, is an equivalence relation on X. [J

The following example shows that if a non-zero fuzzy KS-ideal u of a KS-semigroup
X does not satisfy condition (C): u(zy) > p(z) and p(xy) > p(y) for all z,y € X, then
~, is not compatible.
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Example 6. Consider the KS-semigroup X = {0,a,b,c} in Example 1. Define a fuzzy
set pwin X by p(0) = p(a) = pu(b) = 0.8 and pu(c) = 0. Then p is a fuzzy KS-ideal of X.
Note that u(ca) = p(c) = min{u(c), u(a)} < p(a). Thus, p does not satisfy condition (C).
Observe that p(a * b) = p(a) = 0.8 > 0 and pu(b* a) = u(b) = 0.8 > 0. Thus, a ~, b.
However, ~,, is not compatible since p(ca * cb) = p(c*0) = pu(c) = 0, that is, ca »,, cb.

Proposition 4. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying
condition (C). Then ~,, is both left and right compatible.

Proof. Let X be a KS-semigroup and g a non-zero fuzzy KS-ideal of X satisfying
condition (C). Let x,y, z € X such that  ~, y. Then p(z*y) > 0 and u(y*x) > 0. Since
(zxx)x(zxy) <y=xzand (z*xy) * (2 xx) < z*y, we have

p((z#2) * (zxy)) > ply*x) >0 and p((z *y) * (2 xx)) > p(z*y) >0

by Lemma 1(i). Thus, z %z ~, z xy. Now, since zz * zy = z(z * y), we have p(zx * zy) =
w(z(z * y)). Thus by condition (C), u(zz * zy) = u(z(z *y)) > p(x xy) > 0. Similarly,
p(zy x zx) > 0. Hence, zx ~,, zy. By Definition 8(i), ~, is left compatible.

Now, since (z % z) % (yx z) < x*y and (y * 2) * (x x z) < y * z, we have

p((z* z) = (y * 2)) 2 p(e+y) >0 and p((y *2) * (x+2)) > ply *x) >0

by Lemma 1(i). Thus,  * z ~, y * 2. Moreover, since zz * yz = (x * y)z, we have
p(zz xyz) = p((x *y)z). Thus by condition (C), pu(zz *yz) = p((z *y)z) > p(z *y) > 0.
Similarly, u(yz*xz) > 0. Hence, xz ~, yz. By Definition 8(i), ~, is right compatible. [

The following corollary follows from Propositions 3 and 4 and Theorem 1.

Corollary 1. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying
condition (C). Then ~,, is a congruence relation on X.

Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying condition
(C). Denote u, as the equivalence class containing x € X and X/u as the set of all
equivalence classes of X with respect to “ ~, 7, that is, u, = {y € X : y ~, «} and

X/p={p, :z e X}
Remark 3. p, = py if and only if v ~, y.

Theorem 11. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying
condition (C). Then (X/p, ®,®, uo) is a KS-semigroup under the binary operations

Pa ® fly = Uzsy and fig O fy = flgy

for all py, py € X/ .

Proof. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfy-
ing condition (C). By Corollary 1, the operations ® and ©® are well-defined. For every

P Hy oz € X/ 11,
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(1) (ko ® pry) ® (pa @ p12)) ® (pz ® fhy) = [((way)s(wrz) ) (z4y) = HO;
(i) (e ® (o ® fiy)) @ fy = H(as(zry))ey = KO}

(ifl) po ® po = Haww = Hos

(iv) po ® pa = Hoxz = Ho-

)

(v) Suppose py ® py = po and fry ® prp = po. Then pigey = flysa = po. This implies
that 2 xy ~, 0 and y x x ~,, 0. Thus, p(x*y) = p((r*y) *0) > 0 and u(y xx) =
p((y * ) % 0) > 0, that is,  ~, y. Hence, py = f1y.

Therefore, (X/u, ®, uo) is a BCK-algebra. Moreover,

(Nz © Uy) O pz = Pay O fz = f(zy)z = Ha(yz) = Mo © Hyz = Hz © (Ny © Mz)-

Thus, (X/p, ®) is a semigroup. Now, observe that

Uz © (Ny ® Nz) =tz O Hoyxz = Ma:(y*z) = Hzysxzz = My ® gy = (,Ua: ®© /J'y) ® (/1':8 ®© Mz)

and

(pz ® Ny) O pz = Paxy O fz = U(gxy)z = Hazryz = Hoz @ [yz = (fz © p1z) ® (My O pz)-

Therefore, (X/p, ®,®, o) is a KS-semigroup. O

The algebraic system (X/u, ®, ®, up) is called the quotient KS-semigroup induced
by a fuzzy KS-ideal u.

The following theorem tells us that the condition (C) is necessary to extend the notion
of ideal of KS-semigroup.

Theorem 12. Let I be a nonempty subset of a KS-semigroup X. Then xr is a fuzzy
KS-ideal of X satisfying condition (C) if and only if I is an ideal of X.

Proof. Let I be a nonempty subset of a KS-semigroup X. Suppose x; is a fuzzy
KS-ideal of X satisfying condition (C). Let x € X and a € I. Then by condition (C),
x1(za) > xr(a) = 1. Thus, xa € I. Similarly, ax € I. Hence, I is stable. Now, let z,y € X
such that x xy € I and y € I. Then x;(z *y) = x7(y) = 1. Since x7 is a fuzzy KS-ideal
in X, x7(x) > min{xs(x *y), xr(y)} = 1. Thus, xr(z) =1, that is, z € I. Hence, I is an
ideal of X.

Conversely, suppose I is an ideal of X. Then by Remark 2(ii), 0 € I. Thus,
x1(0) =1 > x(x) for all z € X. Now, let z,y € X. We consider the following cases.

Case 1: x+xy € I and y € I. Since [ is an ideal of X, x € I. Thus,

xi1(z) =1 > min{x(z *y), x1(y)}-
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Case 2: xxy € I and y ¢ I. Then x;(y) = 0. Thus,

x1(z) > 0= min{x(z *y), x1(y)}-

Case 3: xxy ¢ I and y € I. Then xy(z *y) = 0. Thus,

xz(z) > 0 =min{x/(z*y),x1(y)}-

Case 4: xxy ¢ [ and y ¢ I. Then xr(z *y) = x1(y) = 0. Thus,

xr(z) = 0 =min{x(z *y), x1(y)}-
In either case, x7(x) > min{xs(z*y), x1(y)}. Now, let z,a € X. We consider the following
cases.

Case 1: x,a € I. Since [ is an ideal of X, xa,ax € I. Thus,

vi(wa) = 1> min{ys(2), x1(a)} and xr(az) = 1 > min{xs(z), xs(a)}-

Case2: z ¢ Tora ¢ I. Ifxa € I, then xr(xa) = 1. Thus, x7(za) =1 > min{xs(x), xr(a)}.
If xa ¢ I, then x,a ¢ I. Thus, xs(za) =0 and x7(z) = 0 = x7(a). Hence,

xz(za) = 0> 0=min{x/(x), x1(a)}.

Similarly, x7(az) > min{x(z), xr(a)}.

Thus, x7 is a fuzzy KS-ideal of X . Moreover, by observing Case 1 and Case 2 above, 7
satisfies condition (C). O

The following proposition tells us that the equivalence class containing any element of
a KS-semigroup X are equal with respect to ~y and ~,, for any ideal I of X.

Proposition 5. Let I be an ideal of a KS-semigroup X. Then x© ~y y if and only if
T~y Y.

Proof. Let I be an ideal of a KS-semigroup X. Then for all z,y € X,

x~ry & zxy€landyxxz el
< xr(zxy)=1and xr(y*xx) =1
< xr(zxy) >0and xr(y*xx) >0
& xy,y. O

Let I be an ideal of a KS-semigroup X. Then for all x € X, I, = (x1).. Hence,
X/I = X/x1. Therefore, if p is a non-zero fuzzy KS-ideal of X satisfying condition (C),
the quotient KS-semigroup X/u is a generalization of the quotient KS-semigroup X/I.

Theorem 13. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying
condition (C). If J is an ideal of X, then J/p = {p;:j € J} is an ideal of X/p.
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Proof. Let p be a non-zero fuzzy KS-ideal in a KS-semigroup X satisfying condition
(C) and J an ideal of X. Since J C X, it follows that J/u C X/u. Now, let p, € J/p and
ty € X/p. Then a € J and x € X. Since J is an ideal of X, ax € J. Thus, papiy = ez €
J/p. Similarly, pype € J/p. For any pg, py € X/p, suppose fipwy = fiz * fty € J/p and
py € J/p. Then x xy € J and y € J. Since J is an ideal of X, z € J. Thus, p, € J/p.
Therefore, J/p is an ideal of X/ pu. O

Theorem 14. Let X be a KS-semigroup and p a non-zero fuzzy KS-ideal of X satisfying
condition (C). If J* is an ideal of X/, then there exists an ideal J = |J{z € X : py € J*}
of X such that J/p = J*.

Definition 14. [5] Let X and Y be KS-semigroups and f : X — Y be a mapping. Then
f is called a KS-semigroup homomorphism (briefly, homomorphism) if for all z,y € X,
flxxy) = f(z)* f(y) and f(xy) = f(x)f(y). If f is a one-to-one homomorphism, f is
said to be a monomorphism. If f is an onto homomorphism, f is called an epimorphism.
If f is a bijective homomorphism, f is called an isomorphism. In this case, X and Y are
said to be isomorphic (written X 2Y).

Theorem 15. Let pu be a non-zero fuzzy KS-ideal of a KS-semigroup X satisfying condi-
X
tion (C). If J is an ideal of X, then J//Z >~ X/J.

Proof. Let p be a non-zero fuzzy KS-ideal of a KS-semigroup X satisfying condition (C)

X
and J an ideal of X. By Theorem 13, J/p is an ideal of X/, X/u ={(J/ 1)y : e € X/}

J/u
and X/J ={J, :x € X}.
X/p

Consider a map ¢ :

X/ I/
U
I such that (J/u)u, = (J/1)y,- Then pe ~j/ pry. Thus, pipw = piz * py € J/p,

Pysz = [y * fp € J/p. This means that x xy € J, y xx € J, that is, z ~y y and J, = J,,.
Thus, o((J/p)u,) = Jo = Jy = ¢((J/11),, ). Hence, ¢ is well-defined.

— X/J defined by o((J/p)u,) = Jo- Let (J/p)puy, (J/ 1), €

Now, let (J/ )y, (/1) € §//5 Then
(/1o * (J/W)p,) = o((J/1) gy
= o((J/1)pwy)
= Jm*y
= JpexJy

= o((J/pa) * ((J/ 1) )

and

(/1) (T W) = (I 1) papsy)
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= (/1)
= Juy
= T,
= (/1)) o))

Thus, ¢ is a KS-semigroup homomorphism. For each J, € X/J, there exists (J/u),, such
that o((J/p)u,) = J». Thus, ¢ is onto.

Now, suppose o((J/p)u,) = ((J/1)p,). Then J, = Jy. Thus, 2 ~; y. Let po €
(J/ 1) e Then pig ~ 5/, pig. It follows that piase = pla* e € J/pand pigwa = pra* o € J/ -
Thus, a*xx € J and xx«a € J, that is, a ~ x. Since ~; is an equivalence relation, o ~ y.

Thus, pe € (J/p)y,. Hence, (J/u)u, € (J/p)p,. Similarly, (J/p)u, € (J/p)u,. Thus,
(J/w)pe = (J/1)p,. Hence, ¢ is one-to-one. Therefore, ¢ is an isomorphism, that is,

X/w
T ~ X/J. 0

The following are the properties of the generalized quotient via fuzzy KS-ideals with
respect to fuzzy KS-p-ideal, fuzzy commutative KS-ideal and fuzzy implicative KS-ideal.

Theorem 16. Let pu be a non-zero fuzzy commutative KS-ideal of a KS-semigroup X
satisfying condition (C). Then X/u is a commutative KS-semigroup.

Proof. Let pu be a non-zero fuzzy commutative KS-ideal of a KS-semigroup X satisfying
condition (C). For all z,y € X, denote u = y* (y*xz). Then uxz = (yx (y*xz)) xx =
(y*x)*(y*x) = 0. Thus, by Theorem 5, p(ux(zx(z*xu))) = p(uxz) = p(0) > 0. Moreover,
since (x * (z*u))*xu = (x*u)* (r*xu) =0, it follows that u((x * (x *u)) *u) = u(0) > 0.
Thus, y * (y* ) ~, x* (z* (y * (y *x))). Hence,

Hy ® (/~Ly ® fiz) = flo ® (flo ® (My ® (/~Ly ® pg)))-

Therefore, by Proposition 2, X/u is a commutative KS-semigroup. 0

Theorem 17. Let pu be a non-zero fuzzy KS-p-ideal of a KS-semigroup X satisfying con-
dition (C). Then X/u is a positive implicative KS-semigroup.

Proof. Let p be a non-zero fuzzy KS-p-ideal of a KS-semigroup X satisfying condition
(C). Let z,y € X and denote u = x * ((z xy) *xy). Then (u*y)*y = 0. Thus,
p((uxy)*y) = pu(0) > 0 since p is non-constant. By Theorem 3, p(uxy) = pu((uxy)*y) > 0.
Thus, u((x*xy) * ((xxy) *y)) = p(u*y) > 0. Moreover, since ((z xy) *y) * (x *xy) = 0,
p(((z*y) xy) * (x*y)) = pn(0) > 0. This implies that x * y ~, (z *y) * y. Hence,

P @ [y = flasy = [Uaosgyy = (He @ fy) @ fy.

Therefore, X/ is a positive implicative KS-semigroup. 0
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Theorem 18. Let u be a non-zero fuzzy implicative KS-ideal of a KS-semigroup X sat-
isfying condition (C). Then X/ is a implicative KS-semigroup.

Proof. Let pu be a non-zero fuzzy implicative KS-ideal of a KS-semigroup X satisfying
condition (C). Then by Theorem 10, p is both a non-zero fuzzy commutative KS-ideal
and fuzzy KS-p-ideal satisfying condition (C). Thus, by Theorems 16 and 17, X/u is both
commutative and positive implicative KS-semigroup. Therefore, by Definition 5(iii), X/u
is implicative. ]

5. Homomorphic Properties of the Generalized Quotient via fuzzy
KS-ideals

In this section, we investigate some results on homomorphism of KS-semigroup.

Lemma 2. If p is a non-zero fuzzy KS-ideal of a KS-semigroup X satisfying condition
(C), then the set X, = {x € X : p(x) > 0} is an ideal of X.

Proof. Let p be a non-zero fuzzy KS-ideal of a KS-semigroup X satisfying condition
(C) and let X, = {x € X : pu(x) > 0}. Let x € X and a € X,. Then p(a) > 0. Thus,
p(za) > p(a) > 0 and p(ax) > p(a) > 0. This implies that za,ar € X,. Thus, X, is
stable.

Now, suppose z *xy € X, and y € X,. Then p(x *y) = p(y) > 0. Since p is a fuzzy
KS-ideal of X, p(x) > min{u(z *y), u(y)} > 0. Thus, z € X,,. Therefore, X, is an ideal
of X. O

Definition 15. [5] Let f : X — Y be a homomorphism of KS-semigroup. Then the kernel
of f is denoted and defined as ker f = {x € X : f(z) = 0}.

Theorem 19. Let p be a non-zero fuzzy KS-ideal of a KS-semigroup X satisfying con-
dition (C). Then the mapping v : X — X/u given by v(x) = py is an epimorphism with
kery = X,,.

Recall that in [7], if f : X — Y is a mapping of KS-semigroup and v is a fuzzy set
on Y, then the fuzzy set vf = vo f on X is said to be the preimage of v under f. If
f is a homomorphism and v is a fuzzy KS-ideal of Y, then v/ is a fuzzy KS-ideal of X.
Furthermore, if f is an epimorphism and v/ is a fuzzy KS-ideal of X, then v is a fuzzy
KS-ideal of Y.

Lemma 3. Let f: X — Y be a KS-semigroup homomorphism. If i is a non-zero fuzzy
KS-ideal of Y satisfying condition (C), then ' is a non-zero fuzzy KS-ideal of X satisfying
condition (C).

Proof. Let f: X — Y be a KS-semigroup homomorphism and g a non-zero fuzzy KS-
ideal of Y satisfying condition (C). Then p/ is a fuzzy KS-ideal of X. Now, let z,y € X.
Then,

wl (zy) = p(f(zy)) = p(f (@) f(Y) = p(f(z) = pf ()
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and

1! (zy) = p(f(zy)) = p(f(@)f@) > p(f@) = (y). O

Theorem 20. Let f: X — Y be an epimorphism and pu be a non-zero fuzzy KS-ideal of
Y satisfying condition (C). Then X/uf =Y /pu.

Proof. Let f : X — Y be an epimorphism and g be a non-zero fuzzy KS-ideal of
Y satisfying condition (C). Then by Lemma 3, u! is a non-zero fuzzy KS-ideal of X
satisfying condition (C). By Theorem 11, X/u/ and Y/u are KS-semigroups. Consider a
mapping ¢ : X/pu! — Y/u defined by go(ug) = fif(g) for each z € X. Let /ﬂxc,u{; e X/uf
such that pf = M?J;. Then x ~,r y, that is, pf (z xy) = pf(0) and pf(y * 2) = p/(0).
Since f is a homomorphism, p(f(z) * f(y)) = p(f(z xy)) = p/(z *y) = p/(0) and
p(f(y)*f(x)) = p(f(y*a)) = p! (yxx) = p/(0). Thus, f(x) ~u f(y), thatis, ws) = pyq).
Hence, ¢ is well-defined. Now, let ,uf; , ,u{,c € X/uf. Then

Iy

ol * ! 7

and

o(plpd) = o(uly) = iy = B rw) = Brebie) = ed)e(ud).

Thus, by Definition 14(i), ¢ is a homomorphism.

Now, since f is an epimorphism, for each y € Y, there exists z € X such that y = f(x).

Thus, <p(,u£) = [if(z) = My Hence ¢ is onto. Suppose cp(,uf) = (u{j) for ui«c,u{; c X/ut.
Then

Pr@) = Miw) = f@)~u f(y)
* f

A R
=

Thus, ¢ is one-to-one. Hence, ¢ is an isomorphism. Therefore, X/ uf = Y/u. ]

6. Quotient Structure of Product KS-semigroup via fuzzy KS-ideals

In this section, we investigate the quotient structure of product KS-semigroup induced
by fuzzy KS-ideals.
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Definition 16. Let (X,x*x, x,0x) and (Y, *y,-y,0y) be KS-semigroups. Define the op-
erations * and - in X XY by

(z1,y1) * (T2,y2) = (1 *x T2, Y1 *v Y2)
and

(@1, 91) - (#2,92) = (21X T2,91 v Y2).
Then (X x Y,*,-,0) is also KS-semigroup, where 0 = (0x,0y) and it is called product
KS-semigroup.

Definition 17. [4] Let p and v be fuzzy sets on the sets X and Y, respectively. The
Cartesian product p x v : X XY — [0,1] is defined by p x v(z,y) = min{u(x),v(y)} for
all (x,y) € X X Y.

In [7], if p and v are fuzzy KS-ideals of a KS-semigroup X, then p x v is also a fuzzy
KS-ideal in X x X. The following result is a general case.

Proposition 6. Let p and v be fuzzy KS-ideals of KS-semigroups X and Y, respectively.
Then X v is also a fuzzy KS-ideal of X x Y.

Proof. Let p and v be fuzzy KS-ideals of KS-semigroups X and Y, respectively.
(i) For any (z,y) € X x Y,

px v(0x,0y) = min{u(0x), »(0y)} = min{u(x), u(y)} = p x v(z,y).
(ii) Let (z1,22), (y1,y2) € X x Y. Then

pxv(zy,e2) = min{u(er),v(z2)}
> min{min{p(z1 *x y1), p(y1)}, min{v (w2 *y y2), v(y2)}}
= min{min{p(21 *x y1), v(z2 *y y2)}, min{pu(y1), v(y2) }}
= min{y X v(r1 *x Y1, 22 *y Y2), 4 X v(y1,2)}
= min{p x v((21,72) * (Y1,92)), 1 X v(y1,92) }-

(iii) Let (z1,%2), (y1,92) € X x Y. Then

pxv((z,22)(y1,y2)) = pxv(@x Y1, 220y Y2)
= min{u(z1 -x y1),v(T2 'y ¥2)}
> min{min{u(z1), p(y1)}, min{v(z2), v(y2)}}
= min{min{u(z1), v(22)}, min{p(y1), v(y2)}}
= min{p x v(x1,x2), u X v(y1,y2)}.

Therefore, u x v is a fuzzy KS-ideal of X x Y. O
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Corollary 2. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y, re-
spectively, both satisfying condition (C). Then u X v is a non-zero fuzzy KS-ideal of X XY
satisfying condition (C).

Proof. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y, respec-
tively, both satisfying condition (C). Then there exist € X and y € Y such that p(z) # 0
and v(y) # 0. Thus, u x v(z,y) = min{u(z),v(y)} # 0. Thus, p X v is non-zero. By
Proposition 6, pux v is a fuzzy KS-ideal of X xY. Moreover, since u and v satisfy condition
(C), for all (x1,22), (y1,y2) € X XY,

pxv((z22)(y,y2)) = pxv(@x y, T2y Y2)
= min{u(z1 -x y1),v(r2 'y y2)}
> min{u(z1), v(z2)}
= uxv(ry,z)

and
pxv((r,z2)(y1,92)) = pXv(rr-xy1,T2y y2)
= min{u(zy -x y1), V(22 v y2)}
> min{u(y1), v(y2)}
= pxv(y,y2)
Therefore, p x v satisfies condition (C). O

The following corollary follows from Theorems 16, 17 and 18.
Corollary 3. Let p and v be fuzzy KS-ideals of KS-semigroups X and Y, respectively.

(i) If ux v is a non-zero fuzzy commutative KS-ideal of X XY satisfying condition (C),
then X xY/u x v is a commutative KS-semigroup.

(ii) If p x v is a non-zero fuzzy KS-p-ideal of X x Y satisfying condition (C), then
X xY/ux v is a positive implicative KS-semigroup.

(iil) If p X v is a non-zero fuzzy implicative KS-ideal of X XY satisfying condition (C),
then X x Y/ x v is an implicative KS-semigroup.

Recall that in [5], if f : X — Y is an epimorphism of KS-semigroup, then X/ker f = Y.

Theorem 21. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y,
respectively, both satisfying condition (C). Then

X xY
X v

= X/uxY/v.

Proof. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y, re-
spectively, both satisfying condition (C). Define a map ¢ : X x Y — X/u x Y/v by
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Y(x,y) = (o, vy). Let (z1,y1), (22,42) € X x Y such that (z1,y1) = (22,y2). Then
x1 = 9 and y; = yo. Thus,

1/1(9517?/1) = (IU’CUI’ Vyl) = (:um’ Vy2) = ¢($2)y2)‘

Thus, 9 is well-defined.
Now, let (z1,y1), (z2,y2) € X x Y. Then

Y((@1,y1) * (2,92)) = P(@1 %x T2, Y1 ¥y Y2)

(Bhayxca> Vyrsyya)

= (Hay *X Moy Vyy ¥y Vyy)
(M 5 Vy1) * (s s Vyz)

= P(x1,3) *P(T2,92)

and

V((21,91)(72,92)) = Y(@1-x 22,91 v ¥2)
(Hay-x s Vyi -y yo)

= (Nzl ‘X Hagy Vyy Y Vyz)
= (Hay, Vyl)(/’/’CUQ’ Vya)

= (@1, y1)Y (2, 92)-

Thus, v is a homomorphism. Moreover, for each (yu.,vy) € X/u x Y/v, there exists
(z,y) € X xY such that ¢(z,y) = (ue,vy). Thus, ¢ is an epimorphism. By First
Isomorphism Theorem, we have

X xY
=X Y/v.
ker 0 /uxY/v
XxY XxY . X xY
Let K = kert. Then kor 0 =% = {K(zy) ¢ (,y) € X x Y} Similarly, D =

{,u X Vigy) - (.%',y) € X x Y}
Claim: K,) = p X v
For (a, ) € K|

z,y)
z,y)»
(o, 8) € K(ac,y) & (a,8) ~k (7,9)
& (a,f)*(z,y) € K, (z,y)* (o, ) € K
< ¢((O‘a/8) * (x7y)) = (/‘Oa VO) = ¢(($,y) * (OZ,B)),

where g and vy are fixed elements in X/u and Y/v, respectively
Plaxz, fry) = (po, ) = ¢(zx o,y x )
(,U/oz*xyVB*y) = (MOv VO) = (Mw*av’/y*ﬁ)

T 0
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< Maxz = Hexa = H0, VBsy = Vysg = 10
< Mo = Mz, Vg = Vy.

Also, for (o, B) € 1 X V(g ),

(,B8) EuX vy < (a,8) ~uxw (T,Y)

o x v((@, B) * (2,9)) > 0 and o x v((z,9) * (@, )) > 0
uxXviaxz,Bfxy)>0and u X v(zxa,y*x[) >0
min{p(axx),v(B*y)} >0 and min{u(z*a),v(y*5)} >0
wlaxz)>0,v(B*y) >0and pu(rxa) >0,v(yx5) >0
wlaxz)>0and p(xxa) >0, v(Bxy)>0and v(y*xpB) >0
vz, By

Ha = KB, V3 = Vy.

r s 00O

Thus, (o, 8) € K(34) © (o, 8) € jt X V5, This proves the claim. Hence,

XxY  XxY
uxv  kerw

= X/uxY/v.

O]

Lemma 4. Let J and J be ideals of KS-semigroups X and Y, respectively. Then J x I
is an ideal of X x Y. Moreover, X xY/J xI=X/J xY/I.

Proof. Let J and J be ideals of KS-semigroups X and Y, respectively. Let (z,y) €
X xY and (a,b) € J x I. Since J and I are ideals, (z,y) - (a,b) = (x -x a,y -y b) €
J x I. Similarly, (a,b) - (z,y) € J x I. Now, let (z1,y1), (z2,y2) € X X Y such that
(z1 *x T2, Y1 *y y2) = (v1,91) * (x2,y2) € J X I and (ze,y2) € J x I. Since J and I are
ideals, (z1,y1) € J x I. Thus, J x I is an ideal of X x Y.

Define ¢ : X xY — X/JxY/I by p(x,y) = (Ju, Iy). Let (x1,y1), (x2,y2) € X xY such
that (x1,y1) = (acg,yg) Then z7 = 29 and y; = y2 so that x1 ~; x9 and y; ~5 yo. Thus,
Joy = Ju, and Iy, = Iy, that is, (Jy,, Iy,) = (Jz,, Iy,). This shows that ¢ is well-defined.
Now, let (acl,yl) (xg,yg) € X xY. Then

o((z1,91) * (v2,92)) = (@1 *x T2, Y1 *y Y2)
(JZ’I*X$27 yl*YyQ)

(Jay *x/7 s Lyy *yy1 Lyy)
(a1, Lyy) * (Jags Lys)

= o(z1,y1) * (T2, Y2)

and

o((z1,91) - (12,92)) = @(z1-x T2, Y1 'y Y2)
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Jl’l "X T2 yl yyz)

(
( z1 "X/J Jrz’lyl Y/I Iyz)
= (Jxlalyl) (Jx27[y2)

= 80(901,91)'80(1?2,y2)~

Thus, ¢ is a homomorphism. For any (J;,I,) € X/J x Y/I, there exists (z,y) € X xY
such that ¢(x,y) = (Jz, I,). This means that ¢ is an epimorphism. Moreover,

kero = {(z,y) € X xY : p(z,y) = (Jo, Io)}
= {(z,y) e X xY : (Jp, 1) = (Jo, L0)}
= {(z,y) e X xY :J, = Jy and I, = Iy}
= {(z,y) eXxY:zx~;0and y~;0}
= {(zyy) e XxY:z=zxx0cJandy=y*x0¢c I}
= JxI.

By First Isomorphism Theorem,

XxY/JxI=XxY/kerp=X/JxY/I. O

Theorem 22. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y,
respectively, both satisfying condition (C). If J and I are ideals of X and Y, respectively,

then
X xY/uxv

JxI/uxv
Proof. Let p and v be non-zero fuzzy KS-ideals of KS-semigroups X and Y, respec-
tively, both satisfying condition (C). Let J, I be ideals of X and Y, respectively. Then

by Lemma 4, J x [ is an ideal of X x Y. By Proposition 6, u x v is a fuzzy KS-ideal in
X xY,soisin J x I. Thus, by Theorem 21,

~ X/J x Y/I

X xY
X v

Jx T
~ X/uxY d 222 = J/uxI/v.
/uxY/v an T /ux Ifv

Hence, by Theorem 15 and Lemma 4,

XxY/uxv  X/puxY/v  X/p Y/v
IxT/uxv — JluxI/v — Jlu " IJv

~ X/J x Y/I.

7. Conclusion

In this paper, we studied new types of fuzzy ideals, namely, fuzzy commutative KS-
ideals and fuzzy implicative KS-ideals. We compared them with existing fuzzy KS-ideals
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and investigated some of their properties. We defined binary relation on a KS-semigroup
using fuzzy KS-ideals with certain condition and showed that it is a congruence relation on
a KS-semigroup. Using this congruence relation, we constructed a quotient KS-semigroup
induced by fuzzy KS-ideals and showed that it is a generalization of the quotient KS-
semigroup via ideals. We investigated the homomorphic properties of this generalized
quotient and its properties with respect to fuzzy commutative KS-ideals, fuzzy implicative
KS-ideals and fuzzy KS-p-ideals. Moreover, the properties of this generalized structure
were examined using fuzzy KS-ideals and product KS-semigroups.
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