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Abstract. This paper explores the application of complex intuitionistic fuzzy sets to the study
of quasi-associative ideals in BCI-algebras. We introduce a new concept—complex intuitionistic
fuzzy quasi-associative ideals in BCl-algebras—and analyze their fundamental properties. The
relationships between complex intuitionistic fuzzy ideals and complex intuitionistic fuzzy quasi-
associative ideals are thoroughly investigated. Furthermore, we present key characterizations of
these quasi-associative ideals, providing deeper insights into their structure and role within BCI-
algebraic systems. Finally, we prove that every complex intuitionistic fuzzy b-ideal is a complex
intuitionistic fuzzy quasi-associative ideal in BCI-algebras.
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1. Introduction

The concept of fuzzy sets (FSs), introduced by Zadeh in 1965, revolutionized the mod-
eling of uncertainty and vagueness in mathematical structures [1]. By extending classical
set theory, FSs enabled the representation of partial membership, leading to widespread
applications in control systems, decision-making, and beyond. Rosenfeld (1971) advanced
the theory further by introducing fuzzy groups, which integrated group theory with fuzzy
logic to study algebraic structures under uncertainty [2].

The foundational work of Imai and Iséki (1966) established the axiom systems for
BCK-algebras, bridging logical frameworks with algebraic formalism [3, 4]. Iséki and
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Tanaka (1978) later provided a comprehensive introduction to BCK-algebra theory, laying
the groundwork for exploring their structural properties and mathematical applications
[5]. Zhang [6] introduced quasi-associative ideals in BCI-algebras.

The integration of fuzzy logic with BCK-algebras was pioneered by Xi (1991), who
introduced fuzzy BCK-algebras to study algebraic structures under uncertainty [7]. Ah-
mad (1993) extended this framework to fuzzy BCI-algebras, deepening the understanding
of fuzzy algebraic systems [8]. Jun and Song (2012) contributed to the field by examin-
ing falling fuzzy quasi-associative ideals in BCl-algebras, thereby enriching the study of
non-associative fuzzy structures [9]. In contrast, Lele and Moutari (2007) explored n-fold
quasi-associative ideals in the same context [10].

Atanassov (1986) generalized F'Ss by introducing intuitionistic fuzzy sets (IFSs), which
incorporate degrees of membership, non-membership, and hesitation to model uncertainty
more robustly [11]. Jun and Kim (2000) applied this framework to BCK-algebras by
investigating intuitionistic fuzzy ideals (IFIds), adding a new dimension to their algebraic
structure [12]. Ramot et al. (2002, 2003) further expanded the scope of fuzzy logic by
proposing complex fuzzy sets (CFSs) and complex fuzzy logic, where phase components
enable richer representations of uncertainty [13, 14].

Alkouri and Salleh (2012) introduced complex intuitionistic fuzzy sets (CZF-sets), com-
bining the advantages of IFSs and CFSs to model uncertainty with greater precision [15].
Deepika et al. [16] introduced hybrid quasi-ideals in ternary semigroups. Balamurugan et
al. [15, 17] investigated complex Linear Diaphantine fuzzy ideals in BCK-algebras.

The structure of the paper is organized as follows:

e Section 2 reviews fundamental definitions of BCl-algebras and CZ F-sets.

e Section 3 introduces and analyzes complex intuitionistic fuzzy quasi-associative ide-
als in BCI-algebras.

e Section 4 investigates complex intuitionistic fuzzy b-ideals and their related proper-
ties.

e Section 5 concludes with findings and future perspectives.

2. Preliminaries

To facilitate the understanding of the main results, this section briefly recalls funda-
mental concepts related to BCl-algebras and CZF-sets. We begin by reviewing the ax-
ioms and structural properties of BClI-algebras, followed by essential definitions concerning
CZ F-sets, including their algebraic behavior and membership representations. These pre-
liminaries lay the groundwork for the subsequent development of complex intuitionistic
fuzzy quasi-associative ideals.

Definition 1. [5] A BCI-algebra is an algebra (X ,0) of type (2,0) that obeys the azioms
for all 7§, ™07, T 5 € X, )
(BCZ-1) ("o ™07 % ("o %37 * (T3 % "97) =0,
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(BCZ-2) ("5 * (T +707) 97 =0,

(BCZ-3)"g"x"g"'=0, .

(BCI_4) l_é—l * I—Q9_‘ — 07 l_,l9—| * l_é_\ — 0 = I—é—l — I—ﬁ—l.

Definition 2. [3, 4] A void subset € is an ideal if the following hold for all ™ g™, e X,

(Z-1)0€¢,

(Z-2) "0« e = Tolecd.

Definition 3. [6] A void subset € is quasi-associative ideal if the following hold for all

57, 97 e X,

(QAZ-1)0 € ¢, .

(QAZ-2) "9 €€ "o+ (T ) e€ = Tg'x"x'eC.

Definition 4. [18] A CIF-set € defined on universal set X is characterized as follows:
A= {77, 0e("g)e ™8, Be(TgN)e (D)), yrgT € X},

where (e ("5 )e“"C( &) s truth function, Oe("87) : X — [0,
periodic function, (I>¢( Te i0e("8") falsity function, <I>¢( 0
[0,27] is a periodic function. Finally 0 < Oe("67) + ®e("57)

1] and we(T07) € [O 27) is a
): X = [0,1] and 0¢(757) €
<1 foralp'e X.

Example 1. Let X = {"¢" ’_19—' '_%—'} Then CIF-set€={("0",0. 7', 0.2¢T )s
('—19_‘,0.663 ,0.3¢7 ), (T37,0.5e 5 50.4e5 )}

3. Complex Intuitionistic Fuzzy Quasi-Associative Ideals

In this section, we introduce the concept of complex intuitionistic fuzzy quasi-associative
ideals (CZF QA-ideals) within the framework of BCI-algebras. By extending the classical
notion of quasi-associative ideals through the lens of complex intuitionistic fuzzy logic, we
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establish new algebraic structures equipped to handle both magnitude and phase uncer-
tainty. We define these ideals formally and explore their basic properties and examples to
illustrate their significance and distinct behavior.

Definition 5. A CZF-set € = (Q)Ngei‘;E 5&6’%) forms a complex intuitionistic fuzzy subal-
gebra (CI]: subalgebm) if it satisfies the followmg

(CZFS-1) Be(Ta + "0 T)e e 20 > min{fie("57)ee (), (T T)eie 0},

(CZFS-2) <I>¢~( o x M9 e e < max{®¢("5")e ie("2") ﬁ(’_ﬁ—‘)eiedr&—')},
forallTo, "9 e X.

Definition 6. A CZF-set € = (Q)Ngei‘;é, i)v@eiég) forms a complex intuitionistic fuzzy ideal
(CZF-ideal) if it satz’sﬁes the following:

(CIFI-1) e(0)e™e ) > fie(T5M)e () B (0)e () < Be("gT)ei?e( 2,

(CZFZI-2) @g( Ne We( R > mm{@Q( 0" *'_197) iwe(Ta™+07) Q) (Fﬁ‘l) zwk(rﬂj)})

(CIFT-3) Be( )T < ma{e(7g" » "I T)eeC T+ T Gg(rim)eel T},

for allT57,T97 € X.

Lemma 1. Let € be a CZF-ideal of X. For "7,797 € X with "5 < "97 holds in X.
The following are equivalent:

(1) Te(FE)ETE) > G (TINETD), Bo(7gM)ee(8) < Fy(ri)ee(9),

(2) @1(0) iwe (0) _@Q( Tyeiwe ("), ‘I)g(())ei%() (I)c( e i0e(757)
Proof. Straightforward.

Definition 7. A CZF-set € = (@1‘61@?, i;;eiéz) forms a complex intuitionistic fuzzy quasi-

associative ideal (CZF QA-ideal) of X if it satisfies the following:

(CI]:Q.AI—I) @V@(’_é—' % r%ﬂ)ei@(@j*rfﬂ) > min{@}('—é—' % (F,&‘I * I—Q‘I))ei@\é(ré—'*(r’gj*riﬁ))’
@}(r,@‘l)ei%(rﬁj)}}

(CIfQAI—?)~<I/>\;(r§—‘ " r;{ﬂ)ez‘%(“@j*“fﬂ) < maX{EﬁE(F@T (T x r%ﬂ))ei@?(rgj*(réj*rﬁj))’
(ﬂ(l‘,&‘l)eieq(r&j)}’

for all T3, TN 57 € X.

Example 2. Let X = {0,7,0,(} be a BCIL-algebra with cayley Table 1. Let ¢ = (Q)~¢ei°’~¢, q?geiég)

Table 1: Cayley Table for (X, *)

* |0 7 o ¢
0 0 7 o ¢
7 7 0 ¢ o
] D ¢ 0 7
¢ ¢ 0] 7 0

be a CIZF-set is given by Table 2.
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Table 2: The values of (fee™¢, Bee'?c)

X @}eiw@ &)vgew@
0 0.7¢3 0.2¢2
7 0.5¢T 0.3¢%
o 0.3¢% 0.5¢'T
¢ 0.3¢% 0.3¢%

Our calculations demonstrate that C is a CZF Q. A-ideal in X.
Theorem 1. In a BCIl-algebra, every CZF QA-ideal is necessarily a CLF -ideal.

Proof. Let € = ((Z)Ngei‘“N@, @NQe’%) be a CZF QA-ideal of X. Put " = 0 in Definition 7,
CIFQATI-2 and CIFQATL-3, we have

@}(réﬂ)ei@(r@) _ @(réj  0)eie(2:0)
> min{fe(T5 # (T97 % 0))ei@e @ HTH0) G (g iBe(D )y
O (T3 @) > min{fe("g7 * "9 1)@ @I G (mF eI,
and
qTQ(ré—l)ezON@(rgﬂ) _ ‘i)vc('—é—' N O)ewN@(r@j*O)
< max{(ﬂ(r@" * (F&ﬂ % 0))6@(37*(%7*0))7 q%(rgj)eiéz(rﬁﬂ)}
Be ()@ < max{®e("57 * P ife(EWT) i(rﬁj)ei%(réj)},

for all 7,797 € X. Hence, A = (@ei@, q’%eiéz) is a CZF-ideal of X.

Remark 1. The converse of Theorem 1 fails to hold in general.

Example 3. Let X = {0,7,0,(,6} be a BCI-algebra in Table 3. Let € = ((eei™e, &%ei%)

Table 3: (X, *)
* 0 7 0] ¢ G
0 0 0 2 ¢ D
7 7 0 & ¢ o
o o 0 0 5 ¢
¢ ¢ ¢ h 0 G
G G & ¢ 0] 0

be a CZF-set in X which is given by Table 4. Using the routine calculation, we obtained
that € is a CTF-ideal of X, but not a CZFQA-ideal as

fe( » 0)e %) = (ig(0)e Tl
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Table 4: The values of (@\;eiq, q%eiég)

X @}6@'5@ <I>N¢ei9€
0 0.7¢2 0.2¢7
7 0.5¢% 0.3¢%
o 0.3¢% 0.4eF
¢ 0.3¢T 0.4e%
& 0.3¢% 0.4e%

= 03eT $0.7e%
= Q)NQ(())GZ'@E(O)
= min{@v@(é (0 * q}))ei@?(&*(o*ﬁ))’ @;(O)eu’uz(o)}
and
B (5 # 0)eile@d) a@(g) i0¢ (C)
= 0. 46 ES ﬁ 0. 2677r
= (i(o)eze(’.(o)
= max{@;(& % (0% D))e Z9¢(<7*(0*v)) De(0)e ZGQ(O)}

Remark 2. Since Example 3 shows that CZF-ideals need not be CZF QA-ideals, we de-
termine the exact conditions under which this inclusion holds in Theorem 2.

Theorem 2. If the relations ("0 * T97) % T30 < T % (T97 % T3 s holds for all
ToLTI9 T3 € Xand X is quasi-associative in BCZL-algebra, then every CLF-ideal is
a CZFQA-ideal.

Proof. Let A = (V)gei‘i’E &)v@ei‘%) be CZF-ideal of X', and X be the quasi-associative
(Mo % ™0 % T57 < M5« (’_19—' "37) is valid for all "o ,797,7%7 € X. By Lemma 1,
for every CZF-ideal € = (@¢e“"Q @gezeﬁ). Then @ge“"Q is order-reversing and @geleﬁ is
order-preserving, we have

Oe((Ta W”) RS I N G s G R P (R Ry
Be((T57 % T07) % T3l (CEINTEN < (57w TG w i) (G,
By CZFZI-2 and CZFZ-3 in Definition 6, we have
Q];(ré—l « r%1>em§(r@ﬂ*rin)
> min{@;(('—@—' £ T5T) % TGP TN G 1)61% ()
> min{fe((T57# 97 % T3 )@ ((FHTN ) G (1) g0y

> min{(l)g('—é—' * ("ﬁ" * r%"'))ew@( 0 *(rﬁj*r?ﬂ))’ @c(rﬁﬂ)ezu@ r197)}
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q)”@(ré—l « r;ﬂ)eiéz(rgﬂ*r;ﬂ)

< max{q’)\é((ré‘l « 7507 x r@—l) iég((réw*r,p)*rgw)7 q?@(l_ﬁ_l)eigg(rgj)}

< max{CI;E(( 0 x ’_19"') xMe i0e (7 éj*rl?”)*riﬂ)7 q’)\é(l—fg‘l)eié\é(réj)}

< max{q’)\é(l—é—l % (:—191 % F%j))eiec(l‘é‘\*(q;ﬂ*r‘;(‘l))7 i(rﬁj)ei%(réj)}.

Hence, € = ((ZTge"WN@, Q%eiéz) is a CZF QA-ideal of X.

Corollary 1. A BCZ-algebra X has the property that all CZF-ideals are CZF Q.A-ideals
if and only if it satisfies 0% (0% "g7") =0x*"p™.

Proof. Straightforward.

Proposition 1. If € = (@}eiﬁé (ﬂei%) is a CZF QA-ideal of X, then the following hold:
(1) 757 <07 = De(T5)e e (0 > fe(TI ) D), D (75 ) (7)< (TG0,
(2) Q)Q( o7 % T,ﬂ‘l) i0e (T 9Ty _ 06( )e iwe(0) — @@( )€ZWQ‘( > (Z)Q('_ﬁ—l) Me(rﬁw)
<I>¢( o' *m%) 0 (T5HT) ‘I)Q(O) i0e (0) :> ‘Pc( Te i0e("37) < @C(rﬂﬁ) ZGQ(W‘}?)’
(3) (Z)C( o' *FW) i@e(Tg™ 07 > mm{@c( et P (T T)e ZWC(FW)};
(I)Gi( T e iBe(Te ) < max{Q)@( Me (70797 (PQ:(I—,IQ—I) wg(rm)}
(4) ®¢( r19—|) iwe(Ta™97) > mm{%( Qﬂ*r%q)ew( 557 %(,_%_l r19—|> T *7197)}
‘I)G( GG eifeTEH) < max{‘I)@( Q—'*'—%j) e (TN G (T4 )l (FHTIT)Y
(5) QQA(EO* o ) o ) uuq_g()*r 87)%0) @@( ) g ( )7
Be((0+757) + Tg O EIE) = Gy (0)ee®),
for all™g7,"97, TN € X.

Proof. (1) If 757 < ™97, then "5 % 97 = 0. Then

Be(Fa M@ E) = (TG 0)ei e 20)
> min{fe(Ta7 * ("7 % 0))ei @ EHTH) o (5 iFe )y
> min{0e(Tg7 % TN P OHT) (oM7) Iy
> min{0e(0)e@e©) e ("5

@}(l‘@ﬂ)e@&(rf) > (jve('_lg—')ei@(réj)

and

Be(T5)ePe(8) = Fg(r g 0)ePe(EH0)
< nlax{i)vg(r@1 * (Fﬁﬂ % 0))61‘%(@7*(%7*0))7 (i)vc(rgj)eiéz(réﬂ)}
< max{:fg("@"' * "517)eiéz(réj*“ﬁ”)7 &(r@w)ei%(réﬂ)}
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< max{e(0)e%e®), (TG )
De(T6)e V) < Be(TYe T,

(2) This is analogous to (1).
(3) Let 97,797 € X. Then

@v@(l‘é—l « r@#)eiifg(r@j*r@ﬂ)
> min{fe("g7 (797 TIT))e PTG () iFe(Iy
> min{f¢("7 % 0)e @(féwm’ Be(T) i)y
> min{fe("57)e ), e (TG 7)e eI}
and
qT@(ré—l « rgq)eiég(rgwéﬂ)
< maX{qTG(ré—l « (r@—l « I—ﬁ‘l))eié\é(ré‘l*(rgﬂ*rﬁﬂ)), (ﬂ(r&_‘>6ié€(r&—l)}
< max{Pe(T5 * 0)ePe(TH0) G (rj)ePe()y
< max{®P¢("5 e he("8") ’\é(r7§—|>eiéz(ﬂ§”)}_
(4) Using BCZ-1 and (1) above, we have

Be (TG %77 & (TG 57 527) )BT TICENE) S o (5 4 )i E0)
and

Be((T57* T % (757 % T3P (T ITNWCEH) < Fo (g5 T2,
By using Theorem 1, we have

@;(I—é‘l % r1§—|) i (TaT* )

> mm{@@(( « 7O % (T % %1))ei@((réj*rgw)*(réj*r,ﬂ7 @~€(r§_| )T )Y

> min{(Z)g( 0 * "19")6“%( o *“191)’ @e(l_é—l )
and

(IT@(ré—l « Fﬁ‘l)ei%(réj*réj)

< max{®e((T57 % 97 * (T57 % riﬂ)eiég((rgwﬁﬂ)*(rgﬂ*r;n), Be(T5+ r;ﬂ)eigg(rg )

< max{®e("57 * r@"‘)eiéz(r@j*”gj)’ De (757 r%1>ei5£(r§7*r% Y

(5) Put "57=0x"5", "7 =0, "3 ="5"in CIFQAT-2 and CIFQAT-3, we have

De((0+ 757 # g e el 0eNE)
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> min{@}((o %707 % (0% l—é—l))einc(O*réj)*(O*r._ﬁj)7 @NG(O)ein@(O)}
= g)}(o)eiﬁé(o)

and
Zﬁ;((o £757) % réﬂ)eiég((o*fgﬂ)*rgﬂ)
< max{®e((0*757) % (0 * F@ﬂ))eiﬁé(o*réj)*(o*réj)j (’I;E(O)eiéz(o)}
- q:;(o)eiéz(o).

It follows from CZFZ-1 that

De((0%7g7) * g™ aN"a)  — (y(0)e™e(®)
and

Be((0+757) +7g )P (OTEITE) = Gy(0)e©),

Remark 3. In Proposition 1, every CZFQA-ideal is a CLF-subalgebra.

Proposition 2. Let € = ((ﬁv@ei@,(f);ei%) be a CLF-ideal. Then the following statements
are equivalent:

(1) €= (Qfgei@, Q/D\Eei%) is a CZF QA-ideal of X.

( 7*(O*l_,l9‘|)) zwc(réj*(o*rﬁ—\)) (I)e( —I |’,,9‘|) i/e‘é(’—é—\*!—,é—\) S

(g) (DC( 7*1—197) iwe ("o *m% >

(I)Q( Q *(0*’_197)) 19&( 7x(0 r'191))

(3) (j;((l_éﬂ * |‘1§—|)~>‘< r%ﬂ)ezou@((rg *719“)*" ) > Q)c(l % (m % n))ei@“@("éj*rﬁj)*riﬁ))’ (I/)E((,—éq %
T97) % rkj)eiee((réj*rﬂj)*'—%j) < ‘I)Q( 57 % 97 % T37)) ZGL(ré—‘*rﬁ—l)*r;‘—l))’

for all 757,77, T € X,

Proof. (1) = (2) Assume that € = ((Z)}ei‘:’v@, q;;eié;) is a CZF QA-ideal. Then by using
CIFI-1,CIFQAT-1 and CZFQAZ-2, we have

mm{®€( 0 * (0 % l‘19—|)) zwq(réﬂ*(o*réﬂ)), @NQ(O)QM)E(O)}
O(TG7 * (0  T97))eie(@+(0x797)

@}(r 57 %97 R Q)

Y

A\

and
max{@¢ (57 # (0% "97))eife(FHOTIN) G (0)eibe©))
Do (757 + (047 7)) e 2O,

(I/)\;(I—é—l * rﬁﬁ)eiéz(réj*rﬁj)

IN

IN
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Hence, (2) is proved. ) )

(2) = (3) Assume that (2) is satisfied. By using ("o« "97") « "7 = ("o« ") %« 97
and BCZ-1, BCI-3, we have

(T3 % T07) 5 (04 757)) # (77 (W07 T57)

(( 57 % rﬁﬁ) * (ré—l * (rﬁ—l * I’;{T))) * (0 " I’%"I)
((l‘,ﬂ—l N r;{ﬂ) % |‘1§—|) % (0 * I—;t—l)
(( 97 % r7§—|) * l‘k—l) " (0 % I—j’{—l)
(
0

IN

03¢ % (0% "37)

VANRVANVAN

Hence, (737 % ™07) % (0% "327) < g% (797 % "57). By Lemma 1, we get

De((T7 * r1§—|) r%ﬂ)elwe(( TIN5 > (jv( o7 * r1§—|) % r%ﬂ))eiﬁé(réj*rlﬁ)*r%j))
and
ac((l—é—l « 797 % rﬁ—l)ei%((réj*r#)*rf) < q/;g(l‘éj %707 x r%w))eié‘é("éj*rﬁj)*riﬁ))‘

Hence, (3) is proved.
(3) = (1) Assume that (3) is satisfied. By using CZFZ-2 and CZFZ-3 in Definition 6,
(Ta7 %07 % "5 = (Tg7 % "57) % "7 and (3), we have
@2(1— ) iPe (T8
> min{(])}(("@" 5 C3c7T) s T ) gie (T3 97 @6( 7)6zw¢ r191)}
> min{@}((ré—l « 707 x I—J”‘{—I)e’bwg(( SR 5) @ & )e“"@ rm)}
> min{@;(ré‘l £ (TG % 57)) e 5 (O 527) @ (F)eive rﬁj)}
and
D (757 % '—%—')ei%(réj*r’?)
< max{Pe (T % T57) |‘1§—|) Be((C&FNDY) G () eibe(m)y
< max{@e((Tg7 % T x T3P ((TH W) Fo(r ) ife (97
< max{(fé("@“' % (I‘ﬁ—l % l‘%‘l))eiee‘(réﬂ*(rg‘l*r;ﬂ))7 q?é(rﬁ")eiaé(rﬁj)},

Thus, CZFQAZ-1 and CZF QAZ-2 are satisfied. Hence, € = (@}e’w&, &D\;ei%) isaCZFQA-
ideal.
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4. Complex Intuitionistic Fuzzy b-Ideals

This section focuses on the formulation and analysis of complex intuitionistic fuzzy
b-ideals (CZFB-ideals) in BCl-algebras. These ideals represent a refined class of CZF-
ideals, characterized by stronger absorption properties under fuzzy composition. We define
CZFB-ideals rigorously and examine their interrelationships with previously established
ideal types, highlighting their role in the broader structure of fuzzy algebraic systems.

Definition 8. A CZF-set € = (@@ei%, q/)v@eiég) forms a complex intuitionistic fuzzy b-ideal
(CZFB-ideal) of X if it satisﬁes the following:

(CIFBI-1) (Z)NQ( 0)ei@e©) > o("5 ete"en, Be(0)ePe0) < B (5 ) Z9¢( 2,

(CZFBI-2) (Z)@( Me we("e) > mm{@d( 0 %" 3% "197) ite ((To7*"37) ) @ (r‘gm) iﬁé(r@j)};
(CTFBI-3) Be("g7)ee @) < max{@e((Tg 4 57)x ) ee((0 300 G () eifeI)},
for all T3, 79, T e X.

Theorem 3. Let € = ((Z)Nge""jé,;f@eié;) be a CLF-set. Then the following conditions are
equivalent:

(1) € is a CLF-ideal of X.
(2) € is a CZFQA-ideal of X.
(3) € is a CZFB-ideal of X.
Proof. The diagram below illustrates the equivalence between the three types of ideals.

CIF-ideal «— CZFQA-ideal

CLFB-ideal

We prove the equivalences by showing the implications (1) = (2) = (3) = (1).
(1) = (2) Assume that € is a CZF-ideal. We show it is a CZFQA-ideal. For any
ToL, M9 37 € X, by Definition 6, we have
@1(1‘@1 % rkﬂ)eiﬁé(réj*rffj) > min{(])Ng(('_é—‘ * 737 % rlg‘l) we (Mg 7)* rﬁj)’ (Z)}(l’ﬁﬂ)eiﬁé(r"@j)}_
Setting "0 = 0, we get
(Z)Nq(ré—‘ % rkﬂ)ei%(r@j*rffj) > min{(Z)N@(('_é—‘ * 75070 % O)ei@((réj*rifj)*oj @1(0)6@%(0)}.

Since (T3¢ ) %0 ="5"%"3" and @1( 0)ewe(0) > @g('—ﬁ—') i@e("7) for any "7 € X, this
simplifies to

@Q(Fé—l % rk‘|>ei@(r§j*r5ﬂ) > min{@}(l‘@—l % FQ‘l)ei@E(r@j*r}?j)7 @}(0)61’@(0)}
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= q)~¢(l’§‘l % r;;l)eioTc(réj*r?)_

Thus, CZFQATZ-1 is satisfied. Similarly, for the non-membership function,

6&(:‘@1 % r}}—l)ei%(r@j*rfﬂ) < max{qf)\;(('_é—‘ T 57T) % rﬁﬂ)ei%((réj*rffj)*r&j)j (/ﬁé(r@—l)ei%(rﬁj) b

Setting "7 = 0 and using &(O)ei%(o) < i(rﬁj)ei%(rﬁv, we obtain the required condi-
tion.

(2) = (3) Assume that € is a CZF QA-ideal. We show it is a CZFB-ideal. For any
Fo L, T9 T3 € X, by using Definition 7, we have

@V@(I‘é—l % rkﬂ)ei@(réj*rﬁ—') > min{(ﬁNQ('_é_' % (r1§—| % rkﬂ))ei@('—éj*(rﬁ—'*rfﬁ)), @;(rﬁﬂ)eiﬁé(r@j)}_
Setting "3 = 0, we get
Oe (757 % 0)e™e 20 > min{(75 7+ (797 0))e e THTIO) o (M) eIy,

Since "% 0 =57 and "07 % 0 = T97, this simplifies to

Be("5)e e > min{fe (g7« 97 T o ()},

This is the condition for CZFB-ideal when "3 = 0. For general "3, the proof follows
similarly by expanding the terms. The non-membership condition is analogous.

(3) = (1) Assume that € is a CZFB-ideal. We show it is a CZF-ideal. For any
To', r1§—', M7 € X, by Definition 8, we have

Be(TaT)e %) > min{fie((g7  T57) x )T OIINTY) (7)Y,

Setting 3¢ = 0, we get

@c(réj)ei&;‘é(ré‘l) > min{(jv@(('_é—' " 0) * rﬁj)ei@((réw*o)*rﬁw)7 @;(l—éj)ez'@;(rﬁj)}‘

This is the condition for CZF-ideal. The non-membership condition is similarly verified.
Thus, the three conditions are equivalent.

5. Conclusion

In this study, we established a comprehensive framework connecting complex intu-
itionistic fuzzy ideals (CZF-ideals), quasi-associative ideals (CZF Q.A-ideals), and b-ideals
(CZFB-ideals) within BCI-algebras. We formally introduced the notion of CZF Q.A-ideals
and demonstrated that every CZF Q.A-ideal is inherently a CZF-ideal. However, through
counterexamples, we showed that the converse does not generally hold. We further de-
rived necessary and sufficient conditions under which all three classes of ideals coincide,
and established that these conditions depend on the quasi-associativity of the underly-
ing algebraic structure. These findings reveal a hierarchical lattice among the ideals and
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illustrate the bridging role of CZF Q.A-ideals between general fuzzy ideals and the more
restrictive b-ideals.

Future research could explore extensions of these ideal structures to more general-
ized algebraic systems such as BCI-semigroups, n-ary BClI-algebras, or their neutrosophic
and soft set analogues. Additionally, applications in decision support systems, logic pro-
gramming, and computational models under hybrid uncertainty could benefit from the
theoretical foundations laid in this work.
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