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Abstract. We present a new transform called the conformable double Laplace-Shehu transform.
This tool helps in solving fractional partial differential equations. These equations come up often
in science and engineering. The transform is built using the idea of the conformable derivative.
We explain the basic rules of the transform and show how it can be used. To show its use, we solve

two equations that are well known. These are the wave and heat equations.
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1. Introduction

Fractional partial differential equations are used to model many problems in physics,
electric circuits, fluid flow, optics, and biology. The conformable derivative, as introduced
in [1], keeps most of the main ideas of classical derivatives while working for fractional
cases.

Several methods have been developed for solving conformable fractional equations.
The conformable double Laplace transform was discussed in [2, 3], while the conformable
double Sumudu transform appeared in [4]. More work on these types of transforms can
be found in [5-7].

Later, a new method called the double Laplace-Shehu transform was proposed in [8]. It
was applied successfully to different types of partial differential equations. Further studies
related to integral transforms are available in [9-16].

In this paper, we presented a new method called the conformable double Laplace-Shehu
transform (CL-SH) for solving a specific type of partial differential equations. We first
outline the basic properties of this transform such as the conditions that make it valid
for use and how it interacts with mathematical derivatives then we demonstrate through
practical examples how it can be applied to solve these equations. This method offers
a different perspective for studying mathematical problems and may pave the way for
developing new ideas in applied mathematics.
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2. Conformable Fractional Derivative

We give the main definitions and results for conformable fractional derivatives in this
section.

Definition 1. [1] Let 0 < v <1 andr : [0,00)— R. The conformable fractional derivative
of order ~y is defined as:

d’ . r(A+ o) —r(N)
Ny o530 v

where A > 0, and aa% is referred to as the fractional derivative of order .

Definition 2. [17] Let 0 < v1,v2 < 1 and r(A, u) : [0,00)%[0,00)— R. The conformable
partial derivatives of orders v1 and 7o of the function r(\, p) are defined as:

V1 1-m _
aa)\% O 1) = lir% r(A 4+ vA U,u) (A, )
v—r
o (s p ot T) — (X )
au,yz 7'()\, /’L) - 11]11)% v

where A,y > 0, 88/\%11 and 86;32 are referred to as fractional derivatives of orders vy and
Yo, Tespectively.

Theorem 1. [18/Suppose that r(\, 1) is differentiable at a point A, >0, 0 < 1,72 < 1,

then:
omr — )}*’Ylﬁ
o oN’
orr 4, 0r

8#72 K @
3. The Conformable Double Laplace-Shehu transform

This section defines the CL-SH and explains its basic properties. We start by introduc-
ing the individual conformable Laplace and Shehu transforms, then define the combined
form. We prove that the CL-SH is a linear operator. We also give the conditions under
which the transform exists. Several examples for basic functions are included. Finally, we
show how the CL-SH interacts with conformable partial derivatives through a set of key
identities.
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3.1. Definition and basic properties of the conformable double Laplace-
Shehu transform

Definition 3. Let r(\, 1) be a continuous function on [0,00)x[0,00). Then
1- The conformable Laplace transformation (CL) of r(X, p), denoted by L3 [r(X, p)], is
defined as:

o0
i
A(©) = B = [ F iy se
0

2- The conformable Shehu transformation (CSH) of r(\, i), denoted by L)[r(\, p)], is
defined as:

[e.e]

,
B(v) =Hj(r(Ap) = /G_T&T(A,u)u”‘ldu, veC
0
3- The CL-SH of r(\, p), denoted by LT H)?[r(\, p)), is defined as:

/\Wl M’Y2)
R(s,v) = LY H[r(A, )] / / vz ) (O, ) A2 ddp.

Y
Theorem 2. Assume that r : [0,00)x[0,00)— R such that R(s,v) = LT"H}? [r(%, “7—22)]
exist, then

L B = L ()
— — )= A, )
AT Y12 A H
where
LyH, [r(\, )] / / =) (A, ) dA d.
Proof.
Y ot 24 72 Y 2
L’Yle[ /\ 1 u2 / / >\1 572%4(& o B yam- 1 Mt ld)\d,u (1)
2! T2
Substitute z = % and w = % in Equation 1, we have
PNt M’Yz w
LT*"H?2r(—,5)] = / / —(ex+ 5 (2, w)dzdw
S ) )
N / / S (0 ) dadp
= LyHu[r(A p)]

Lemma 1. L' H*(r(X, p)) is a linear transformation.
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Proof. for nonzero constants « and 3, we have

LYW (ari (N, p)+Bra(A, 1)

o0 0 A'yl
- / / 753 (@ri (0 ) + Bra(h )X LA
00

_ XH +7 512 y1—1 72 1 gﬂ U'y y1—1 72 1
= 2 rl()\ A d)\d,u—l—ﬁ 2 1“2()\ A d\dp
— O[LKI W2 (ri(A, ) + BLY W, (r2(A, p)).-

If r(\, p) can be written as r(\, u) = p(A\)g(u) for some continuous functions p and g,
then L{"H}* (r(A, 1) = L' (p(\) Hi* (q(p)- In fact

LYHP(r(\p) = L“H”Q(p(k)q(u))
N // T p(A)q(qu_luwldAdu
- / e~ ()AL / e T q(u)
0 0
= LY (p(\)H? (a(w)-

Definition 4. Let 0 < 1,72 < 1. Then a function r(\, p) is said to be of conformable
exponential orders a and B on 0 < A < 0o and 0 < pu < oo. If there exist K, N, M > 0

72

a&—l—ﬁ )\ 1 2
such that |r(\, p)] < Ke™ m , forall 2= > N, £=> M.

Theorem 3. Let 0 < 71,72 < 1 and r()\,,u) be a continuous function on the region
[0, 00) %[0, 00) of conformable exponential orders o and 8. Then R(s,v) = LY"H,* [r(X, )]
exists for ¢,v whenever Re (¢) > a and Re (%) > 3.

We have

[R(s,v)| = //e<<ﬂ”w>r(A,qu—1,ﬂ?—1 d\dp
00

b Y 72
/e—(ﬂf”%) Ir(\, )| A 02 T dp

IA

IN

(A 02 AT 02
K//e (5785 ) P AL dd
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00 00 .
- K /e(CC!)AJll/\’n—ldA /6(3)5)’1’22,&72_1(1#
0 0
_ Kv
(¢ —a)(r—pv)’

where Re () > o and Re () > 3.

3.2. The conformable double Laplace-Shehu transform for some basic
functions

(i) o

B = il = 2, R
(ii)
PR ATIEANE
(£ (5)
: m Y2
— LHW)
P+

= mr(a + 1I'(B+ 1), Re(s) > 0 and Re(a) > —1,

(i)
M a2
LKIHZZ [ea T :|
v

(¢ —a)(r = pv)

= LyH,[e* Pr) = ,Re(s) > Re(w).

3.3. Derivatives properties

Now, we present some basic properties of the CL-SH

Let R(s,v) = L' H,? (r(A, 1)) where r(X, p1) is a continuous function on [0, 00) %[0, 00).
Then

(1)

e (Tt ) = i) - B0 0.0) )

(i)
e (\, aMr(0, p
g (gt ) = i) - e, - HE S, @
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(iii)

e (T8 = TR - 13 6 00) (@)

(iv)

L 0%2r(\, ) 72 T o L0721 (X,0)
g (o) = LrGw - Teoo) - ().

AWl ﬂ
Proof. Proof of Equation 2 L)' W, (87163”1 ) ‘5{ ( e ) mg\iw/\%*luw*ld)\du.

By Theorem 1, we have mg’/’\i(;\l) Alm 37“((;;\#) So,
Lzl WI;YQ (8’?97;\(7/\1 lt)) f(i ““/2 ,U”YZ 1fe BN ( 7#) dAd

By integrating by parts we get

e (A v 2=t — Te 50 n-1
LYW = f@ v (0, 1) + < [e 0 r(A p) A dX ) dp
0

2 72
Fu’2 AT ey

= —fe 2 (0, )2 1du+<ff6 (5 W)T(A, A 0 dAdp

= GR(s,v) — W, (r(0, ).

The proof of Equations 3, 4 and 5 can be obtained in the same manner.

In Table 1, we have the CL-SH of some basic functions.

Table 1: Table of conformable double Laplace-Shehu transform

r(A, @) L' H,? (r(\, M))
c ; 2, Re(s) >
@ of
(%) (%) ﬁl“(a + 1DI'(B+ 1), Re(s) > 0 and Re(a) > —1
AWl +5M72 N
e” a)r=guy Re(o) > Re(a)
< ﬂJ’,ﬁH’u) .
sin (oz);/— + 5%) % Im(a)| < Re(s)
cos( )‘l Bﬂ> %, IIm(c)| < Re(s)
sinh (az\h N /3m2) %, Re(s) > Re(a) and Re(s) + Re(a) > 0

cosh (a + ﬁ/ﬂ'z) %, Re(s) > Re(a) and Re(s) + Re(a) >0
Aa(p) L3 (p(\) Hpi* (a(1))

4. Applications
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In this section, we apply the CL-SH transform to solve some conformable partial
differential equations.

Example 1. Consider the conformable wave equation

*rr(\p)  07r(\p) A
5N o = 6?, where A\, u >0 (6)

With initial conditions (ICs)

3
r(A,0) = (%) . 76%;%’0) = oS (2%) )

and boundary conditions (BCs)
. 170,
7 (0, u) = sinh (%) , g;\(ﬂ“) =0.

Solution 1. By applying the CL to the ICs and the CSH to the BCs, we get

3
2 ((52)") = 21 (oos (222)) = g 2 (sinh (1)) = 2 1172 0) =
Apply the CL-SH to Equation 6, we get

2 2
U 4T 24T 4g 6v
CR- 5+ R -5 =5
TS — 0 ) *tv ¢4 +4 4T
So,
sv? 241 4¢ 6v
R(s,v) = o T Py + 244 + 27
9 - 2
G2 + %

$Bu244¢r? + 2472466202
(s%+4) (72 —0?) ciru
§2’U2 +472
)

By simplify,

U 6v

Bov)=t@rnem—m T ar

So,

_ _ 2 6v A L2 A2
Ap) = (L) () v 2% ) = cos (22— ) sinh [ =)+ (2 ) .
r(hp) = (L) ( m ) (@2 T 4) (2 — 02 + Ar Ccos " S . + "

The following figures show the 3D representation of the solution at v; = v = 0.5, 1.
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r{ A, ) whenever 41 = ~2 =1

r( A, jt) whenever 41 =~42=0.5
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The following two figures illustrates the 2D graph of the solution with respect to A\ and

waty =y =0.3,07,1.

(A, 1)
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Example 2. Consider the conformable heat equation

oMr(\p)  972r(\ p)

— 3, where \,u >0

8A71 8,111272
With IC -
r(A,0) = —337%, TGN =
and BCs

r (0, 1) = sin (%) :

Solution 2. By applying the CL to the IC and the CSH to the BCs, we get

_am ' 2
(<o) = 1y () = e (sin (22)) =
Apply the CL-SH to Equation 7, we get

2 2
v T 3T 1 3v
R-—=—R+—+——-——.
N T2 4+02 02 +§2U ¢+1 <7
So,
2U2 2 + 32T - L - 371}
+1
R(g,v) _ T —+v S“v ch ST
S P
By simplify,
2
3
R, v) = ) v

T (1) (20?2
So,
2

(A, 1) (L/\) (Hu) <(§+1)(72+U2) g27> € Sin o

9 of 12

AN
—-3—.
Ba!
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The following figures show the 3D representation of the solution at v1 = v = 0.8, 1.

r{A, pt) whenever 41 =2 =1

r(A, ) whenever 41 =~2=0.8

LA, pe)

The following two figures illustrates the 2D graph of the solution with respect to A and
watyy =y =0.5,0.75,1.
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5. Conclusion

We introduced a new double transform based on the conformable approach. We showed
that it works well for solving fractional differential equations. The examples we gave proved
that the method is simple and gives correct results. This shows that the CL-SH is a helpful
tool in this area. Future work may include other equations and systems.
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