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Abstract. This paper examines two integrable cases: a generalized Hénon-Heiles (HH) system
and a quartic potential. For each case, the Liouville tori’s bifurcation (LTB) is analyzed. Periodic
solutions (PS) are derived using Jacobi elliptic functions, and the corresponding phase portraits
are presented with a classification of the singular points. Furthermore, the PS for both cases is
constructed based on the Lyapunov theorem. The possible applications of this study are primarily
confined to celestial mechanics and astrodynamics. Specifically, the generalization of the HH system
and quartic potentials often appears in modeling gravitational interactions between celestial bodies,
including the study of the stability and motion of planets, asteroids, and satellites. Additionally,
the classification of singular points and phase portraits provides valuable insights for identifying
chaotic or regular behaviors in various systems, such as weather models or economic systems.
Furthermore, understanding bifurcations and PS contributes to the design of control mechanisms
for nonlinear systems, including robotics and automated processes.
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1. Introduction

In the current paper, we will discuss the two models of galactic motion to get a com-
plete description of these motions in view of studying the bifurcation and the topology of
invariant level sets (LS) of the separated functions namely, the third case of the generalized
HH and the non separated case of the quartic potential function (PF).
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The axisymmetric PF of the movement of a star around the galactic center in the
system of HH takes the following form

V =
1

2
r2 − 1

3
r3 cos 3θ.

This function is specified by 3-D cylindrical coordinates, where one of them is cyclic, and
the problem is reduced to the plane motion. The Hamiltonian function associated with
the potential V is

H =
1

2

(
P 2
X + P 2

Y +X2 + Y 2
)
+XY 2 − 1

3
X3.

This system can be integrated numerically for a fixed value of total energy, where
there exists an invariant torus around the PS of the system, while the motion exhibits
large stochasticity as the constant of energy increases. Hénon and Heiles [1] claim that
there is no change with the addition of potential higher-order terms, while Contopoulos
and Polymilis [2] demonstrated that the HH potential is considered as Toda’s lattice third-
order term that can be integrable in a 2-D system [3]. The generalized HH can be taken
the form

H =
1

2

(
P 2
X + P 2

Y + c1X
2 + c2Y

2
)
+ aXY 2 − b

3
X3. (1)

A large number of articles have been studied with the generalized HH. In [4], the second-
order averaging method with a small parameter is utilized to investigate the existence of
PS families under specific parameter conditions, characterizing the stability of periodic
orbits. Melnikov’s method, as applied in [5], confirms the non-integrability of neighboring
HH systems and determines the width of the principal chaotic layer responsible for this
behavior. In [6], second-order averaging theory is applied to study periodic orbits in
generalized HH systems. Furthermore, in quantum mechanics, the HH model serves as a
representation of atomic oscillators in triatomic molecules. In [7], the nonlinear HH system
is analyzed to study the wave packet behavior of bound states and the connection between
quantum and classical dynamics. Meanwhile, [8] investigates the non-uniform motion of
charged particles in a crystal under the HH potential. The other model of study in this
article is the quartic PF, which can be taken in the form

V = αx4 + δx2y2 + βy4. (2)

By adding two coupled quadratic harmonic oscillators ωx2 + σy2 to the function V , then
we have a model which was studied in several fields in physics: in quantum mechanics and
quantum field theory, see [9], in chemical physics [10] and in scalar field theory as presented
in [11]. In galactic motion, the model has been studied by many authors. Pucacco et al.[12]
studied the galactic potential (GP) V (x2, y2) which is the modeling of elliptical galaxies.
The Armbruster- Guckenheimer-Kim (AGK) potential [13] is another model that consists
of a 2-D harmonic potential with quartic terms. Friedmann-Roberston-Walker (FRW)
potential was introduced in [14], a model of GP, which modulates containing a positive or
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negative gravitational coupled scalar field in the loop quantum cosmology scenario.

By using Painlevé property [15, 16], the generalized HH system and quartic potential
can be integrated for the special values of constants as follows:

In generalized HH:
(i) b/a = −1, c1 = c2, (ii) b/a = −6, c1, c2 arbitrary, (iii) b/a = −16, c1 = 16c2.
For quartic potential:
(i) α = β, δ = 6β, (ii) α = β, δ = 2β, (iii) β = 16α, δ = 12α, (iv) β = 8α, δ = 6α,
where there exists an invariant torus around the PS of the system. It is well known that
the first two cases of generalized HH and the first three cases of quartic potential have
been separated, and the second invariant integrals was given in quadratic in momenta see
for instance [15–20]. There are some problems in which the conditions for integrability
have been defined, but separation has not been achieved. The last cases of generalized HH
and quartic potential are belonging to this group, where the invariant integral for both
cases is quartic in momenta

IGHH = P 4
Y + 2Y 2(c2 + 2aX)P 2

Y + c22Y
4 − 4

3a
((
PXPY + a

6Y
3
)
Y 3 + (c2 + aX)XY 4

)
,

Iquad = p4x + 4x2(x2 + 6y2)p2x + 4x4p2x − 16x3ypxpy + 4x4(x4 + 4x2y2 + 4y4).

If there is a second independent invariant integral, then the 2-DOF system is integrable.
The second invariant can be given by different methods: Whittaker [21] considered the
invariant integral which is quadratic in momenta, and he studied some special cases to get
the integral. Dorizzi et al. [22] applied the Whittaker-Daraboux equation, and by rotation
of the coordinates, they introduced a partial differential equation in the form

2xVxy + 3Vy + y(Vyy − vxx) = 0, (3)

with the Hamiltonian function H = 1
2(p

2
x+p2y)+V (x, y), and they proved that there exists

a second invariant of motion which is quadratic in momenta. The solutions of the equation
(3) are given in several classes of the homogenous PF Vs(x, y):

V0 = 1, V1 = 2x, V2 = 4x2 + y2,
V3 = 8x3 + 4y2x, V4 = 16x4 + 12x2y2 + y4.
etc..

Nakagawa and Yoshida [23] considered a homogeneous PF

Vs =
1

r

((
r + x

2

)s+1

+ (−1)s
(
r − x

2

)s+1
)
, r2 = x2 + y2,

is separable in parabolic coordinates τ = r+x
2 , σ = r−x

2 , and the invariant integral Is is
given by

Is = py(ypx − xpy) +
1

2
y2Vs−1,
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where the explicit functions

V2 =
1

4
(4x2 + y2), V3 =

1

8
(8x3 + 4xy2), V4 =

1

16
(16x4 + 12x2y2 + y4).

It is clear that both mentioned methods can not give the separability of the last two cases
of generalized HH and quartic potential. Verhoeven et al. [24] used the general solution
for the Kaup-Kupershmidt (KK) to get a separation of the variables for the third case of
generalized HH, while Ravoson et al. [25] used the method described by Vanhaecke [26]
to get the separability of the last case of the quartic potential.
The primary objective of this research article is to comprehensively elucidate the problem
under investigation through an examination of the bifurcation and the topology of invariant
LS of the separated functions employing Fomenko’s theory [27]. In [28], the Fomenko
classification is applied to the two fixed centers problem, while in [29], the bifurcation
behavior of the AGK GP is investigated. Waalkens et al. [30] investigated the topology of
energy surface bifurcations during three-dimensional motion. The bifurcation of a common
level set was studied in [31] for the first integral of Kovalevskaya problem, while the LTB
of the problem of the rigid body (RB) rotation around a fixed point in different cases
is obtained in [32]. In [33], the author investigated the RB motion while it is affected
by restoring, perturbing, and gyrostatic moments. In [34], it is expected that the gyro’s
direction is near the axis of dynamic symmetry, its angular velocity is sufficiently large, and
its perturbing moments are minimal in relation to its restoring ones. These circumstances
allow for the introduction of a tiny parameter. In the first and second approximations,
averaged systems of the equations of motion are found. In [35], the authors used Taylor
and the average methods to solve the problem while the body contained a cavity filled
with fluid and impacted by gyrostatic and constant torques.
The current paper is constructed as outlined below: In section 2, the separation of the
third case of generalized HH problem is introduced, and the topology of invariant LS of the
separated functions is discussed in subsection 2.1 using Fomenko’s classification theorem
[27]. Subsection 2.2 investigates the PS for singular LS of bifurcation. In subsection
2.3, the phase portrait of the separation functions is introduced, and the singular points
and their types are obtained. In section 3, the separation for the last case of quartic
potential (2) is examined, and the topology of real phase space and the sets of bifurcation
are investigated in subsection 3.1. The PS is examined in subsection 3.2. The separated
function is used in subsection 3.3 to examine the system’s phase portrait and discover the
various forms of singular points. In section 4, we obtain the PS about the equilibrium
points.

This study finds applications in celestial mechanics and astrodynamics, where gen-
eralized HH-systems and quartic potentials are used to model gravitational interactions
among celestial bodies. These models help analyze the stability and motion of planets,
asteroids, and satellites. Moreover, the classification of singular points and phase portraits
aids in identifying chaotic or regular behaviors in complex systems like weather models
and economic frameworks. The insights into bifurcations and PS further enable the design
of control mechanisms for nonlinear systems such as robotics and automation.
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2. Separation of the third case of generalized HH

Hamiltonian function for generalized HH has the form

H =
1

2

(
P 2
X + P 2

Y + c1X
2 + c2Y

2
)
+ aXY 2 − b

3
X3.

It is shown in [36] that the three cases of generalized HH can be related to the Sawada-
Kotera (SK), KdV5, and equations of KK, respectively. Verhoeven et al. [24] used the KK
equations to get the separate functions of the Hamiltonian for the third case of generalized
HH, which is based on the following values of parameters

a =
1

4
, c1 = 16c2, c = c1c2,

with the transformation u = X + 2c2, and v = Y .
After performing the mathematical operations, they obtained the Hamiltonian

H =
1

2
(p2u + p2v) +

1

4
uv2 +

4

3
u3 − cu. (4)

Finally, the following transformation is used to get the separable Hamiltonian function

q1 = −6
p2v−k2,0

v2
− u,

q2 = −6
p2v+k2,0

v2
− u

p1 =
1

2v3

(
12p3v + 6uv2pv − v3pu − 12pvk2,0

)
,

p2 =
1

2v3

(
12p3v + 6uv2pv − v3pu + 12pvk2,0

)
.

Therefore the Hamiltonian system (4) takes the form

H = p21 + p22 +
1

12
(q31 + q32)−

c

4
(q1 + q2). (5)

Using Hamilton Jacobi equations

h+

(
∂W

∂q1

)2

+

(
∂W

∂q2

)2

+
1

12
(q31 + q32)−

c

4
(q1 + q2) = 0, (6)

where W is a complete integral and it has the form

W = W1(q1) +W2(q2). (7)

Thus, equation (6) can be introduced as

2
(
dW1
dq1

)2
+

q31
6 − c

2q1 + h = α,

2
(
dW2
dq2

)2
+

q32
6 − c

2q2 + h = −α,
(8)
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and W can be obtained in the following form

W =

∫ √
ϕ(z)dz, (9)

where

ϕ(z) = ±2α− 2h− z3

3
+ cz, z = z(q1, q2). (10)

Thus, the differential equation can be written as

dz√
ϕ(z)

= t− t0. (11)

2.1. Topological analysis

The Fomenko categorization is used for identifying all generic LTB in this section.
Thus, the definitions below are considered [37].

(i) If there is a simple manifold system M2n with F : M2n → R2n, and f1, f2, . . . , fn
as independent integrals, the function F (x) = (f1, f2, . . . , fn) is referred to as mo-
mentum mapping.

(ii) If the rank satisfies dF (x) < n, and F (x) ∈ Rn, then x ∈ M is recognized as a
critical point of the momentum mapping.

(iii) The bifurcation graph is the set B = F (k) ⊂ Rn formed by the union of many parts
Bk.

(iv) The set of all critical points associated with the momentum mapping Z is contained
within the set M .

In the present problem the LS has the topology

LS = {(q1, q2, q̇1, q̇2) ∈ R4 : H = h, F = α ⊂ R4},

where LS is formed by a finite union of 2-D tori corresponding to non-critical values of F
and H. The set of critical points allows for the determination of the energy-momentum
diagram.

(q1, q2, q̇1, q̇2) → (H,F ),

where D represents the discriminant region of the functions ϕ(q1) and ϕ(q2), where their
coefficients are given in terms of h and α

D = D1 ∪D2 = [(h, α) ∈ R2/disc(ϕ(q1)) = 0] ∪ [(h, α) ∈ R2/disc(ϕ(q2)) = 0]. (12)
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The point (h, α) that passes through D can modify the topological kind of LS . The
set R2/D comprised of 16 connected parts as depicted in Figure1. As a result, in every
connected part of R2/D, the level set LS contains the preceding one type. When H and
F are noncritical, the level set LS forms a finite union of lower-dimensional tori [38].
The number of acceptable ovals on the Riemann surface associated to elliptical curves Γj

determines their numbers, where

Γj : ωj =
√
ϕ(qj ), j = 1, 2.

Table1 describes the roots of both ϕ(q1) and ϕ(q2), whereas Table2 illustrates that LS is
either a torus or a set of non-elements [39]].

Figure 1: Diagram of bifurcation D = D1 ∪D2.

Figure 2: The LTB.
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Table 1: Topological class of LS and the real roots of ϕ(q1) and ϕ(q2) for (h, α) ∈ R2/D.

Domain Roots of ϕ(q1) Roots of ϕ(q2)

1 0 0
2 0 0
3 a > 0 0
4 a > 0 0
5 a > 0 0
6 a > 0 b > 0
7 a > 0 b > 0
8 0 b > 0
9 0 b > 0
10 0 b > 0
11 0 0
12 0 0
13 0 0
14 0 0
15 0 0
16 0 0

Figure 3: The bifurcations of invariant Liouville tori are linked to the bifurcations of the polynomial roots ϕ(q1)
and ϕ(q2).

2.2. Periodic solution

According to the preceding section, we have PS on the specified curve denoted by c1
where 3(h + α) = −1. This observation is supported by the data presented in table 4,
where the q1 parameter taking value in interval [0, a] and q2 = 2. Solving equation (11),
the function ϕ(z) is a third-degree polynomial that has a real root a and two roots d and
d̄ which are complex

ϕ(z) = −z3

3
+ cz + n = (a− z)(z − d)(z − d̄), (13)

and, n = 2(α− h).
Using the following relations

(z − d)(z − d̄) = (x− d1)
2 + a21, (14)



T. S. Amer et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6341 9 of 22

Table 2: Allowable ovals on diagram D.

Domain q1 − plane∆1 q2 − plane∆2 Topological type

1 ∅ ∅ ∅
2 [0, a] ∅ ∅
3 [0, a] ∅ ∅
4 [0, a] ∅ ∅
5 [0, a] ∅ ∅
6 [0, a] [0, b] T
7 [0, a] [0, b] T
8 ∅ [0, b] ∅
9 ∅ [0, b] ∅
10 ∅ [0, b] ∅
11 ∅ ∅ ∅
12 ∅ ∅ ∅
13 ∅ ∅ ∅
14 ∅ ∅ ∅
15 ∅ ∅ ∅
16 ∅ ∅ ∅

Table 3: The generic bifurcations of LS between domains i and ℓ, where i = 6, 7 and ℓ = (1 : 5, 8 : 16).

6 → 7 6 → ℓ 7 → ℓ

T → T T → ∅ T → ∅

where

d1 =
d+ d̄

2
, a21 =

−(d− d̄)2

4
, (d1 − a)2 + a21 = A2.

Then, ϕ(z) can be rewritten as

ϕ(z) = (a− z)
(
(z − d1)

2 + a21
)
. (15)

Taking into account that we can consider that

z = a−A
1 + cosφ

1− cosφ
; −∞ < z ≤ a. (16)

Referring to equations (15) and (16), then equation (11) becomes∫ φ

0

dφ√
1− k21 sin

2 φ
=

√
A(t− t0). (17)

Table 4: The topological type of LS on diagram D corresponds to the two no-coplanar circles, denoted as
(S ∧ S), which intersect at a single shared point.

Curve ∆1 ∆2 LS = ∆1 ×∆2

c1 [0, a] [0, b] S
c2 [0, a] [0, b] S × (S ∧ S)
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Therefore, equation (11) has the following solution

z = a−A
1 + cn[

√
A(t− t0), k1]

1− cn[
√
A(t− t0), k1]

, (18)

where cosφ = cn(
√
A(t− t0)), with the period T

T =
1√
A
sn−1(1, k1) =

1√
A
K(k1), K(k1) =

∫ π/2

0

dφ√
1− k21 sin

2 φ
,

where K(k1) denotes the complete elliptic integral of the first kind.

2.3. The phase portrait after separation

The phase portrait is a successful tool to get the type of singularity for separated
functions. The singularity of the rotation of a RB revolving around a fixed point in the
Kovalevskaya case is studied in [40], while in [41] the singular points in the problem of
two fixed centers are classified. It is defined that the type of singular point is elliptic,
hyperbolic, or parabolic according to the Jacobian. We consider the function

F = p2 +
q3

6
− c

2
q + h− α. (19)

The singular points have been obtained from the following equations,

∂F

∂p
= 2p = 0,

∂F

∂q
=

q2

2
− c

2
= 0. (20)

Then, from equation (20) there exists two singular points (0,±
√
c).

In order to determine the type of these points, put p = x and q = y ±
√
c in equation

(19) and ignoring terms of degree greater than two, thus the point (0,
√
c) is elliptic point

where the Jacobian J = FxxFyy − FxyFyx > 0, and the point (0,−
√
c) is hyperbolic point

where the Jacobian J = FxxFyy − FxyFyx < 0 as shown in Figure 4.

3. Separation of the last case of quartic potential

The Hamiltonian function associated with the quartic potential in the last case is given
by

H =
1

2

(
p2x + p2y

)
+ α(x4 + 6x2y2 + 8y4), (21)

for simplicity, we can consider that α = 1. In [28], the authors used the transformation

u =
p2x + c

x2
+ 2x2 + 4y2, v =

p2x − c

x2
+ 2x2 + 4y2, (22)
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Figure 4: The elliptic point (0,
√
c) and the hyperbolic point (0,−

√
c).

where

x2 =
2c

u− v
, y2 =

u+ v

8
− c

u− v
− (v̇ − u̇)2

16(u− v)2
.

Hence the separation equations are written in the form

u̇2 = 2u3 − 8u(2h+ C), v̇2 = 2v3 − 8v(2h− C), (23)

where h and C represent the energy integral and second invariant integral respectively∫
du√
P1(u)

=

∫
dt,

∫
dv√
P2(v)

=

∫
dt, (24)

where
P1(u) = 2u3 − 8u(2h+ C), P2(v) = 2v3 − 8v(2h− C). (25)

3.1. Bifurcation of the problem

Following the method described in subsection 2.1, the LS of this problem possesses the
topology

AS = {(u, v, u̇, v̇) ∈ R4 : H = h, F = C ⊂ R4}. (26)

For non-critical values of both F and H, AS consists of a limited union of 2-D tori.
The calculation of the energy momentum diagram involves the utilization of the set of

critical points (u, v, u̇, v̇) → (H,F ).
If G is the discriminant locus of the polynomials P1(u) and P2(v), with coefficients

depending on h and C, then

G = G1 ∪G2 = [(h,C) ∈ R2/disc(P1(u)) = 0] ∪ [(h,C) ∈ R2/disc(P2(v)) = 0]. (27)

The set R2/G is comprised of of eight connected components, as shown in Figure 5.
Table 5 indicates the real roots of P1(u) and P2(v) aiming to obtain the ovals (a related
component for the set of fixed points on the curve Γj , (j = 1, 2)); where Γ1 : ω1 =

√
P1(u)

and Γ2 : ω2 =
√

P2(v), while Table 6 shows the topological kind of AS is a torus, or it
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Table 5: Topological type of AS and real roots of the polynomials P1(u) and P2(v) for (h,C) ∈ R2/G.

Domain Roots of P1(u) Roots of P2(v)

1 u1 < 0 < u3 v1 < 0 < v3
2 u1 < 0 < u3 v2 = 0
3 u1 < 0 < u3 v2 = 0
4 u2 = 0 v2 = 0
5 u2 = 0 v2 = 0
6 u2 = 0 v1 < 0 < v3
7 u2 = 0 v1 < 0 < v3
8 u1 < 0 < u3 v1 < 0 < v3

might be an empty set. The topological kind is a tours as in Dm (m = 1, 8) or empty as
in Dm∗ (m∗ = 2, 3, 4, 5, 6, 7). To analyze all generic LTB of the issue as demonstrated in
Table 7, it is sufficient to examine the bifurcations of P1(u) and P2(v), the correspondence
between invariant LTB and bifurcations of roots of them, see figures 6 and 7.

Figure 5: Diagram of bifurcation G = G1 ∪G2.

3.2. Periodic solution

From the previous section, the PS lies on the curves c1 where C = 2h as shown in
Table 8, and the u3 parameter taking value in interval [0, u3] and v1 = 0. According to
the initial equation of (25), the function P1(u) can be characterized as a cubic polynomial
whose real roots u1, 0 and u3. Here

P1(u) = u(u− u1)(u− u3); u3 ≤ u, (28)

u =
u3

1− sin2 φ
, (29)
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Table 6: The allowable ovals and the topological classification of AS for (h,C) ∈ R2/G.

Domain u− plane ∆1 v − plane ∆2 Topological type

1 [0, u3] [v1, 0] T
2 [0, u3] ∅ ∅
3 [0, u3] ∅ ∅
4 ∅ ∅ ∅
5 ∅ ∅ ∅
6 ∅ [v1, 0] ∅
7 ∅ [v1, 0] ∅
8 [0, u3] [v1, 0] T

Table 7: The generic bifurcations of AS between domains i and j, where i = 1, 8 and j = (2 : 7).

T → T T → ∅ T → ∅

and

du =
2u3 sinφ cosφ

(1− sin2 φ)2
dφ. (30)

Substituting equations (28)-(30) into the initial equation of (25) to obtain the solution

u(t) =
u3

1− sn2
[
n
2 (t− t0), k

] , (31)

with period T

T =
2

n
sn−1(1, k) =

2

n
K(k),

where

K(k) =

∫ π/2

0

dφ√
1− k2 sin2 φ

, n =
√
u3 − u1, k2 =

u1
u1 − u3

.

Here, K(k) represents a complete elliptic integral of the first kind.

3.3. The phase portrait of the separated function

Let the function
F = p2 − 2q3 + 8q(2h+ C). (32)

The singular points of F can be determined by evaluating the solutions of the subsequent
equations

∂F

∂p
= 2p = 0,

∂F

∂q
= −6q2 + 8(2h+ C) = 0. (33)

Table 8: Topological kind of AS on G.

Curve ∆1 ∆2 LS = ∆1 ×∆2

c1 [0, u3] [v1 = 0] S
c2 [0, u3] [v1, 0] S × (S ∧ S)
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Figure 6: The LTB.

Figure 7: The relation between invariant LTB and bifurcations of roots of P1(u) and P2(v).

From equation (33) we have

p = 0, or q = ±
√

8(2h+ C)

6
.

Then, the two singular points

(
0,

√
8(2h+C)

6

)
,

(
0,−

√
8(2h+C)

6

)
.

To identify the types of points, we employ the methodology outlined in subsection 2.3,
yielding the subsequent findings

(i) The point

(
0,

√
8(2h+C)

6

)
is hyperbolic, where J = GxxGyy −GxyGyx < 0,

(ii) The point

(
0,−

√
8(2h+C)

6

)
is elliptic, where J = GxxGyy −GxyGyx > 0, as plotted

in Figure 8.

4. Periodic solutions by applying Lyapunov’s method

The PS close to the equilibrium positions of the systems (1) and (21) are introduced by
using Lyapunov’s method [42]. Many scientific articles study this method. The problem
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Figure 8: The elliptic point

(
0,−

√
8(2h+C)

6

)
and the hyperbolic point

(
0,
√

8(2h+C)
6

)
.

of rotating RB around a fixed point is studied in [43–56]. In [44], a new approach to solve
the RB problem with constant body torques. In [45], the authors decoupled the Euler
equations and solved them with gyrostatic impact. In [46], the problem is solved with
time-varying constant body torques. In [51, 52], the author obtained the PS with the
energy dissipation that influences the motion.

For the case of generalized HH:
The governing equations for the Hamiltonian (1) governing by the PF V are given by

Ẍ + Vx = 0, Ÿ + Vy = 0, (34)

with the integral related with energy

1

2

(
Ẋ2 + Ẏ 2

)
+ V = h. (35)

The equilibrium points (Xp, Yp) can be obtained by solving the equations Vx = Vy = 0,
such that for each point the equation (35) gives the initial value of the energy constant
h. Inserting X = Xp + ξ, Y = Ypη in equation (34) to investigate the disturbance motion
around the equilibrium points. After some adjustments, the following differential equations
may be obtained

ξ̈ + Lξ +Mη = 0, η̈ +Nη +Mξ = 0, (36)

where VXX(Xp, Yp) = L, VY Y (Xp, Yp) = N, VXY (Xp, Yp) = M . Introducing the time
transformation

u = νt, (37)

then, the equations (36) become

ν2
d2ξ

du2
+ Lξ +Mη = 0, ν2

d2η

du2
+Nη +Mξ = 0. (38)

We consider the solution of the system (38) as

ξ =

∞∑
j=1

εjX(j), η =

∞∑
j=1

εjY (j), h = h0 +

∞∑
j=2

εjh(j), (39)
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where h(j) represent constants and X(j), Y (j) express about T -periodic functions of t with
the frequency ν that may be formulated as

T =
2π

ν
=

2π

ν0

1 +

∞∑
j=2

εjTj

 . (40)

Substituting (39) and (40) in (38) and taking the first approximation, then we get

ν20
d2X(1)

du2
+ LX(1) +MY (1) = 0, ν20

d2Y (1)

du2
+NY (1) +MX(1) = 0. (41)

In order to accomplish our objective, we express the supposed solution for equations (41)
in the Fourier series

X(s) = a01s +

s∑
r=1

(a
(r)
1s cos ru+ b

(r)
1s sin ru),

Y (s) = a02s +
s∑

r=1

(a
(r)
2s cos ru+ b

(r)
2s sin ru),

(42)

by taking first approximation of expressions (42) and substituting into (41), then we get
the following solutions

X = Xp + ε[b̃(ν20 −N) cosu+ ãM sinu],

Y = Yp + ε[b̃M cosu+ ã(ν20 − L) sinu],

h = h0 +
ε2

4

(
(ã2 + b̃2)ν60 + (ã2(N − 2L) + b̃2(α− 2β))ν40+

(ã2(L2 − 2LN + 3M2) + b̃2(N2 − 2LN + 3M2))ν20 + (ã2L+ b̃2N)(LN −M2)
)
,

(43)

where ã and b̃ are unrestricted variables. The system’s frequency is determined by

ν0 =

√
(L+N)±

√
(L+N)2 − 4(LN −M2)

2
. (44)

Taking into account that, the frequency’s value ν0 relies on the values of L, M and N .
So, let’s discuss this scenario.

(i) If LN −M2 < 0, this means that the equilibrium points (Xp, Yp) are saddle points.
In the current case, one family of periodic orbits close to the equilibrium points with
the frequency (44) in a positive sign is obtained.

(ii) If LN−M2 > 0, which means that there is an extremum value for the PF at (Xp, Yp).
The inequality L+N > 2

√
LN −M2 with the second condition produce the criteria

for the stability of the equilibrium (Xp, Yp), where the roots of the frequency are
pure imaginary, consequently we get two families of PS around the minimum stable
points.
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For the case of quartic potential:
The PS can be obtained by the same steps as the previous steps. The governing equations
for the Hamiltonian (21) may be represented as follows

ẍ+ Vx = 0, ÿ + Vy = 0, (45)

and these equations satisfy the energy integral

1

2

(
ẋ2 + ẏ2

)
+ V = h. (46)

Moreover, the equilibrium points (xp, yp) can be obtained by solving the equations Vx =
Vy = 0, in which from equation (46) there is an initial value of the energy constant h for
each equilibrium point.

Inserting x = xp + ξ, y = yp + η into equation (45), we get after some calculations the
following linear equations

ξ̈ + γξ + µη = 0, η̈ + κη + µξ = 0, (47)

where Vxx(xp, yp) = γ, Vyy(xp, yp) = κ, Vxy(xp, yp) = µ.
Introducing the time transformation, (u = νt) and following the same steps in equa-

tions (38)-(40) and taking the first approximation, then we get

ν20
d2x(1)

du2
+ γx(1) + µy(1) = 0, ν20

d2y(1)

du2
+ κy(1) + µx(1) = 0. (48)

As well known the solution of (48) can be obtained using the Fourier series

x(s) = a01s +
s∑

r=1

(a
(r)
1s cos ru+ b

(r)
1s sin ru),

y(s) = a02s +
s∑

r=1

(a
(r)
2s cos ru+ b

(r)
2s sin ru).

(49)

Setting the first approximation of expressions (49) into (48), then we get the following
solutions

x = xp + ε[B̃(ν20 − κ) cosu+ Ãµ sinu],

y = yp + ε[B̃µ cosu+ Ã(ν20 − γ) sinu],

h = h0 +
ε2

4

(
(Ã2 + B̃2)ν60 + (Ã2(κ− 2γ) + B̃2(γ − 2κ))ν40+

(Ã2(γ2 − 2γκ+ 3µ2) + B̃2(κ2 − 2γκ+ 3µ2))ν20 + (Ã2γ + B̃2κ)(γκ− µ2)
)
,

(50)

where Ã and B̃ are undefined chosen parameters. The frequency is given by

ν0 =

√
(γ + κ)±

√
(γ + κ)2 − 4(γκ− µ2)

2
. (51)

Thus, there are two types of equilibrium points:
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(i) If γκ− µ2 < 0, this means that the points (xp, yp) of equilibrium are saddle points,
which give a family of PS with the positive sign of frequency (51).

(ii) If γκ − µ2 > 0, the equilibrium points (xp, yp) are either minimum or maximum

for the PF (2). This condition with the inequality γ + κ > 2
√

γκ− µ2 gives the
equilibrium stability condition (xp, yp) (i.e., the roots of the frequency are pure
imaginary), consequently there are two families of PS around the minimum stable
points.

5. Conclusion

The present study investigates the comprehensive characterization of two galactic mo-
tion models. The topological type of the LS is introduced, which is a torus or an empty
set. Moreover, the PS of the two models is obtained. The phase portrait of separated func-
tions is analyzed and through it, we get the singular points that are elliptic and hyperbolic.
The elliptic points are found to exhibit stability, while the remaining points demonstrate
instability. The Lyapunov theorem [42] is applied to study the PS. Moreover, we have
obtained two families of PS around the stable equilibrium point, whereas each PF has
one family that is near to the saddle points. The outcomes of this research are applicable
in celestial mechanics and astrodynamics, particularly for modeling gravitational interac-
tions between celestial bodies like planets and asteroids. By classifying singular points
and examining phase portraits, the study also provides tools for understanding chaotic
behaviors in weather forecasting and economic modeling. Additionally, the analysis of
bifurcations and PS supports advancements in robotics and automation systems.
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