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Abstract. We introduce an infinite family of universal quantum logic gates that includes not only
higher-dimensional versions of the usual SWAP and iSWAP gates, but also their previously known
extensions. This family consists of permutation-like matrices with nonzero entries of the form ei®:,
where the «; are arbitrary real numbers. Moreover, we show that these gates, which we refer to
as aSWAP, provide unitary solutions to the constant Yang—Baxter equation in all dimensions.
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1. Introduction

The d-level qudit-based computing, where d > 3, has been at the center of attention in
recent research. This is partly due to the advantages of d-level qudits (d > 2) over conven-
tional qubits (d = 2) in quantum computing and quantum information. In parallel, there
have been developments in higher-dimensional quantum logic gates, both theoretically and
in terms of implementation [1-12].

In dimension two, the familiar swap gate (SWAP) and iswap gate (iISWAP) are among
the most important quantum gates in quantum computing [9-11, 13, 14]. The use of
SWAP and iSWAP gates is crucial in implementing quantum algorithms, particularly
for moving information to resolve the neighborhood constraints of qubit topology. The
iSWAP gate is also entangling and hence a universal gate. The study of these gates
and their generalizations, from various perspectives and their physical implementations,
remains an active area of research [6, 8-11, 15-17].

On a related topic, the Yang-Baxter equation and its solutions have played a funda-
mental role in several areas of physics and mathematics [18-22]. Unitary solutions to the
constant Yang-Baxter equation for d = 2 are well-known sources of quantum logic gates
[23-25], and are therefore important tools in quantum information theory. They also play
a crucial role in exploring the relationship between quantum entanglement and topological
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entanglement [26-30]. The search for new solutions to the Yang—Baxter equation and their
applications is a common endeavor in both mathematics and physics [6, 21, 22, 26, 31-35].

The goal of this paper is to introduce an infinite family of universal quantum logic
gates that not only extends the usual SWAP and iSWAP gates to all dimensions d > 2,
beyond their previously known extensions [15], but also provides an infinite family of
unitary solutions to the constant Yang-Baxter equation. The organization of the paper
is as follows. In Section 2, we recall some preliminary notions and notations. In Section
3, specifically in Definition 1, we give an explicit description of the quantum gate named
aSWAP and present concrete examples. In Subsection 3.1, we prove that aSWAP is a
universal gate for quantum computing. In Subsection 3.2, we prove that aSWAP is a
unitary solution to the Yang-Baxter equation. We conclude with final remarks in Section
4.

2. Preliminaries and Notations

In what follows, to avoid confusion, we use 7 to denote subscripts, as in «;, and we use
i to denote the imaginary unit /—1.

Recall that in quantum computing, quantum logic gates are represented by unitary
matrices acting on a Hilbert space J# of dimension d, i.e., # = C% A qubit is the
fundamental unit of quantum information in dimension d = 2, while a qudit generalizes
this concept to a higher-dimensional Hilbert space with d > 2. Throughout this paper we

use the standard basis
{10y, 1), 12, -+, ld = 1)}

for C4. We also use the computational basis for 2-qudit states. For instance, in dimension
d = 2, the computational basis for 2-qubit states is

{100}, jo1), 10), [11)}.
In dimension d = 3, the computational basis for 2-qutrit states is
{100), J01), [02), [10), 1), [12), [20), |21), [22) }.

In dimension d = 2, i.e., for qubit systems, two very important examples of quantum
logic gates are the swap gate (SWAP), denoted here by S, and the iswap gate (iISWAP),
denoted here by iS. They are defined as follows, for all u,v € JZ:

SWAP : H @ H — H QH (1)
S(u®v)=veu



A. Pourkia / Eur. J. Pure Appl. Math, 18 (3) (2025), 6344 3 of 14

1 0 0 0
0 010
SWAP=10 7 0 o 2)
0 0 01
iSWAP : H @ A — H @A (3)

iSu®v)=iv®u), when wv#u,
iISu@u)=u®u

1 00 0

i oo i o0

ISWAP = | o o (4)
0001

An n-qudit quantum logic gate is a unitary operator on (C%)®". A quantum logic
gate is said to be entangling if it can produce entangled states from unentangled ones. A
2-qudit gate G (i.e., a gate acting on two d-level qudits) is universal if the set consisting of
G together with all 1-qudit gates is sufficient to generate all qudit gates. It is well known
that a quantum logic gate acting on two d-level qudits is universal for quantum computing
[13] if and only if it is entangling [30].

On a related note, entangling (unitary) solutions of the Yang-Baxter equation [18-20]
have proven useful in quantum information theory, primarily as effective sources of univer-
sal quantum logic gates [23, 25, 30]. They have also been shown to produce non-constant
knot invariants [26], via the Turaev invariant [28]. Consequently, they play an important
role in linking quantum and topological entanglement [23, 26].

Let V be any complex vector space, and let I denote the identity map on V. A linear
operator R: V®V — V®YV is said to be a solution to the constant braided Yang-Baxter
equation (BYBE) if [18-20]

Ro3Ri2Ro3 = RiaRo3Ria. (5)

Similarly, a linear map R:V®V = V@V is a solution to the constant quantum
Yang—Baxter equation (QYBE) if

R12R13R23 = R23R13R12‘ (6)

In the above relations, the operators Rja, Ro3, and Ry3 all belong to End(V @V ® V') and
are defined as follows:

Ry :=R®I1,
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Ros ;=1 ® R,
Ri3(u,v) := (I ® S)Ri2(I ® S),

where the map S: V®V — V ®V is the usual swap gate (SWAP), sometimes called the
flip map.

Remark 1. Equations (5) and (6) represent two sides of the same coin in the following
sense. For any solution R to equation (5), the transformation R = RS (or SR) yields
a solution to equation (6), and vice versa. Finding all solutions to these equations for
dimensions d > 2 is extremely challenging and remains an open problem [18, 19, 25, 29].

3. aSWAP, a universal quantum logic gate and a solution to the
Yang—Baxter equation

In this section we introduce an infinite family of universal quantum logic gates that
extends the usual SWAP and iSWAP gates to all dimensions d > 2, beyond their pre-
viously found extensions in [15]. We name these gates «SWAP. Here, o represents a
d-tuple, (a1, o9, -+ ,aq), in which the o;’s are arbitrary real numbers. Moreover, we show
that «SWAP provides solutions to the constant Yang-Baxter equations (5) and (6) in all
dimensions.

Definition 1. For any d > 2 and for any set of real numbers oy, s, ,aq2, we define
the quantum gate «SWAP (denoted by oS for short) by the following relations:

aS; ;= e, for i=({t—-1)d+s and j=(s—1)d+t, (7)

where 1 <t < d and 1 < s < d. Welet aS;; = 0 for all other values of i,j5. Here, aS; ;
denotes the entry of the a SWAP located at row i and column j.

For both d = 2 and d = 3, the gate «SWAP is illustrated below.

da 0 0 0

0 0 €2 0

aS=1 0 das o g

0 0 0 el
el 0 0 0 0 0 0 0 0
0 0 0 elo2 0 0 0 0 0
0 0 0 0 0 0 elos 0 0
0 elos 0 0 0 0 0 0 0
as = 0 0 0 0 elos 0 0 0 0
0 0 0 0 0 0 0 elos 0
0 0 elor 0 0 0 0 0 0
0 0 0 0 0 elos 0 0 0
0 0 0 0 0 0 0 0 el
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Remark 2. To give the reader some intuition behind the relations in (7), let us compute
the indices for d = 3. Consider 1 <¢ <3 and 1 <s < 3.
If we fix t = 1 and compute the indices for s = 1,2, 3, we obtain:

aS11 =€, aSy =e'“?, aSs; =™

corresponding to s = 1, s = 2, and s = 3, respectively.
Similarly, fixing t = 2 and computing the indices for s = 1,2, 3, we get:

aSi = €, aSs; =€, aSg = €'
Finally, if we fix t = 3 and compute the indices for s = 1,2, 3, we have:
05573 = €ia7, 04586 = eiag, OéSgg = eiag
The calculations for d = 2 are similar and even simpler.

Note that the condition ¢ = s corresponds to the diagonal (nonzero) entries a.S;;, where
i=j7j=(t—-1)d+t 1<t<d Inthe case of d = 3, these entries are aSj;, aSs5, and
aSyg, whereas for d = 2, they are only aS11 and a.Sy4.

Remark 3. For clearer illustration, let us write the action of «SWAP (denoted by «.S for
short) on the computational basis for 2-qubit and 2-qutrit gates.
For d = 2, the action of oS on the computational basis states is given by:

S(]00)) = €*1]00),
as(|01)) = €°2[10),
@s(]02)) = €°|20),
as(]10)) = e'*+|01),
as(11)) = €*°[11),
S (]12)) = €l*°|21),
aS(]20)) = €°7]02),
as(21)) = e*[12),
aS(]22)) = €'|22).



A. Pourkia / Eur. J. Pure Appl. Math, 18 (3) (2025), 6344 6 of 14

Now let us proceed to some examples. The xSWAP gate introduced in [15] is, in fact,
a special case of the above definition, as illustrated in the following example.

Example 1. Let a; = 0 for the diagonal (nonzero) entries, i.e., fori=j = (t—1)d+1
with 1 < t < d, and let oy = o otherwise. If we set x = i, then this gate coincides with
the SWAP from [15]. The tSWAP, in turn, includes the usual SWAP for x = 1 (i.e.,
a=0) and the iSWAP for x =1 (i.e., a = 5 ) in all dimensions. Below, we illustrate the
rSWAP matrices for d =2 and d = 3.

cSWAP = , TSWAP =

o O O
o8 OO
oo 8 O
— o O O

[=NeleolNoloNBoNoNel
OO oo o8R8 OO0OO
DO K8 OO OO0 OO
[N eoNeNoNeNeNol-=]
[N eNeNell el el
OR8 OO OO0 O OO
[N eNeNoNoNoll el
SO OoOR8 OO O OO
— O O O O O O oo

By choosing different values for the «;’s, the «SWAP generalizes both the SWAP and
iSWAP gates beyond the xSWAP example given above. A few such examples follow.

Example 2. Let a; = (—1)%(1) for even i, and let a; = 7 for odd i. Below, we illustrate

this particular « SWAP for d =2 and d = 3.

-10 0 0 0 0 0 0 O

00 0 —-i 0 0 0 0 0

00 0 0 0 0 -1 0 0

_01 8 Big 0 i 0 0 00 0 0 0
aSWAP=| ~ |, | aSwAP=[0 0 0 0 -1 0 0 0 0
0 0 o0 i 00 0 0 0 0 0 —i 0

0 0-10 000 0 0

00 0 0 0 i 0 0 0

000 0 00 0 0 -1

Example 3. Let o; = % for diagonal (nonzero) entries, i.e., fori=j = (t—1)d+t, and

let a; = g otherwise. We illustrate this a SWAP for d =2 and d = 3.

Y2(1 +1) 0 0 0

_ 0 0 (14 V3i) 0

aSWAP = L1+ v31i) 0 0
0 0 0 V2(1 + i)
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2(1 +14) 0 0 0 0 0 0 0

0 0 0 11+ Vv3i) 0 0 0 0

0 0 0 0 0 0 L1+ Vv3i) 0

0 11+ v3i) 0 0 0 0 0 0

aSWAP = 0 0 0 0 V(1 41) 0 0 0
0 0 0 0 0 0 0 L+ v31)

0 0 1(1+V31) 0 0 0 0 0

0 0 0 0 0 1(1+Bi) 0 0

0 0 0 0 0 0 0 0

3.1. aSWAP is a universal quantum logic gate

From Definition 1, it is clear that «SWAP is unitary. From [30] it is well known that a
2-qudit gate (i.e., a gate operating on two d-level qudits) is universal (i.e., forms a universal
set together with all 1-qudit gates) if and only if it is entangling (i.e., it can create entan-
gled states from some non-entangled ones). However, the entangling property of «SWAP
is not obvious. This fact is well known and easy to prove only for iSWAP in dimension two.

In this section we will prove that «SWAP is almost always a universal quantum gate.
We use the non-entangling criterion from [26]. To show that any operator R : J# ® " —
€ ® I is entangling, it suffices to show that neither R nor RS can be factored as X ® Y,
where X and Y are arbitrary operators on JZ, i.e., X, Y : 7 — 5. Here S is the usual
SWAP gate with the same dimension as R.

Theorem 1. For any d > 2 the «SWAP from Definition 1 is entangling, hence universal
[30], if the following condition is satisfied:

el plage 7& eiadeiadQ—cH—l (8)

Proof. We prove this theorem by showing that the condition (8) is sufficient to ensure
that neither aSWAP nor (a4SWAP)S can be factored as X ® Y [26]. In fact, as we will
see, aSWAP can never be factored.

To see this, suppose the contrary: assume that «SWAP can be written as X ® Y for
two d x d matrices X and Y with entries denoted by z;; and y;;, respectively. By focusing
solely on the diagonal entries at positions (1,1), (d,d), (d* —d+1,d*> —d+1), and (d?, d?)
in both aSWAP and X ® Y, we obtain the following equalities:

On one hand,

(211911) (Tdayaq) = € e

and on the other hand,
(z11Yda) (xaay11) = (0)(0) = 0.

o o o o o o o

0

vz .
2 +)
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However, the left sides of these expressions must be equal. Thus, assuming that aSWAP
can be factored as X ® Y leads to the contradiction

eltel®2 = (),

Therefore, «SWAP cannot be factored. Below, we illustrate this argument by highlighting
the relevant entries with boxes:

i
el

aSWAP =

¥ X | X ¥ X | XK ¥ X

*****@**

* X | K K XK X X
* XK X XX X X

KK | K K K| K X

* X | K K XX X X
*El**% * X% *
* X | X K XX X X
* XK X XX X X

*
*
*
*
*
*
*
*

r11 ok * Y11 * *
= * ok * X * % *
*  kx Tgd * % Ydd

* * |k % % * ok *

* % * | % % % * % *

% m X% % x %k *

* % * | % % % * ok *

= * % * | % % % * % *

* % * |k % % * ok *

* % * | % % % * *

* % x| % % % * % *

* % * | % % % *

For (aSWAP)S, a similar argument (illustrated below with matrices and boxed entries)
shows that assuming («SWAP)S = X ® Y leads to the equality

eloplage _ glaggiage 4,

Therefore, if

el plag2 7& eladeladg_d+17

then (SWAP)S cannot be factored.
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e | % | % % % % % *
* % * k% * % *
* % 2y % % * % *
* % % | % k% * % *
(aSWAP)S = k% k| ko ox ok * x *
* % x| % % % * % *
* % % | % % % ||e'%2-dt1| % *
* % x| % % % * % *
* % x| x % % * %
r11 ok * Y11 * *
= * ok * & * ok *
*  x  Tgd * X% Ydd
T11y11| * N * % *
* % x| % % % * % *
x ok [T1Ygq] | * *x  * * ¥ *
* % * | % % % * % *
= ok x| % % % * % *
* % * | % % % * ¥ *
* ok * | kX% x| 1 Xdqy11 * *
* % x| % % % * % *
k* ok * |k ko ok * Tdd¥Ydd

This completes the proof.

Remark 4. The criterion in Theorem 1 shows that «SWAP is almost always entangling,
hence universal. This includes the gates from Example 1 (except for x = 1) and Example
2.

Remark 5. To directly prove a 2-qudit gate G is universal, one must show that the set
containing G and all 1-qudit gates can generate all other qudit gates. Proving this directly
is not always easy, even in dimension d = 2. This is why, in the proof of Theorem 1, we
instead used the powerful Brylinskis’ criterion [30] and the non-entangling criterion from
[26].

However, below we illustrate a worked example showing that «SWAP explicitly gener-
ates entanglement, i.e., turns an unentangled state representation into an entangled one.

Example 4. Consider the following gate for d = 2 from Fxample 2:

-1 0 0 O
0 0 -1 0
aSWAP = 0 -1 0 0
0 0 0 1
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If we apply this gate to the unentangled state
1
[¥) = 5(100) +101) + [10) +[11)),
the outcome is the entangled state

ASWAP[) — %(—\00) —j01) — §10) + i[11)).

3.2. aSWAP is a solution to the constant Yang—Baxter equation

Theorem 2. For any d > 2, the gate R = aSWAP from Definition 1 is a solution to the
Yang—Baxter equation (5). In other words, the gate R = («SWAP)S, where S denotes the
usual SWAP gate, is a solution to the Yang—Baxter equation (6) (refer to Remark 1).

Proof. For notational simplicity, we define a; = e!®. Given the straightforward struc-
ture of aSWAP from Definition 1, specifically that the only nonzero entries of «SWAP
are a; located at row i = (t — 1)d + s and column j = (s — 1)d + ¢ with 1 < ¢ < d and
1 < s < d, we observe that the only nonzero blocks in Ris = aSWAP ® I are of the
form diag(a;,a;, ..., a;), located at the block positions indexed by i = (¢t — 1)d + s and
j=(s—1)d+t, where ] <t <dand 1<s<d.

For instance, when d = 2, Ry takes the form:

agz 0} 0 0] 0 O 0 O

0 ar| O 0] 0 0] 0 O

0 0[O0 Ofja 0] 0 O

Riy = 0 0[O0 0] 0 a| O O
0 Ofaz 0] O O O O

0 0[O0 a3s| O 0] O O

0 0[O0 0|0 Ojas O

0 00 0] 0 OO0 a4

Similarly, the only nonzero blocks in Roz = I ® aSWAP are its diagonal blocks, each
being a copy of aSWAP. For example, when d = 2, Ro3 is given by:

az 0 O 0|0 O O O

0 0 az 0] 0O O O O

0 ag 0 0] 0 O O O

Ros — 0 0 0 aa| O O O O
0 0 0 Ofar O O O

0 0 0 0|0 0 a O

0 0 0 0] 0 a 0O O

0 0 0 0] 0 O 0 a4

Recall the general identity for any three matrices X, Y, and Z, where the matrix
product is defined: the (i, j)-entry of their product is given by;

(XY Z)ij = (X)ir(V)ea(2)1 (9)
k,l
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Using equation (9), it is not very difficult to verify that for R = aSWAP, both sides
of equation (5) are equal, i.e., RogR12R23 = Ri2Ra3R12. For example, when d = 2, both
sides of equation (5) evaluate to:

a3 0 0 0 0 0 0 0
0 0 0 0 aa3 0 0 0
0 0 ajagasg 0 0 0 0 0
0 0 0 0 0 0 a%ay O
0 aja3 0 0 0 0 0 0
0 0 0 0 0 acaszay 0 O
0 0 0 aay 0 0 0 0
0 0 0 0 0 0 0 a}

This completes the proof.

Remark 6. It is clear from the above proof that the result of Theorem 2 holds for any
arbitrary set of complex numbers ay,as,--- , aq.

Examples of such solutions include (but are not limited to) the gates from Examples
1, 2, and 3. In what follows, we present another simple but interesting example.

Example 5. For this example, we let a; = 0 when i = (t —1)d+t for 1 <t < d, and
otherwise, if i is even then o; = 0, and if i is odd then o; = w. Below we illustrate this
example for dimensions two and three.

1 0 00

0O 0 10

aSWAP = 0 -1 0 0

0O 0 01
10 0 00O O OO
00 0 100 0 0O
00 0 O0O0OO0O -1200
01 0 00O O OO
aoSWAP=10 0 0 0 1 0 0 00O
00 0 00O O 10
00 -1.00 0 0 00O
O0 0 O0OO0O1 0 00O
00 0 O0O0OO O 01

4. Concluding remarks

Due to the advantages of qudit-based computing (d > 2) compared to qubit-based
computing (d = 2), there has been an ever-increasing interest in the applications of d-level
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qudits in quantum computing and quantum information in recent decades. Unitary solu-
tions to the Yang-Baxter equation (5) are well-known candidates for (universal) quantum
logic gates. On the other hand, the search for new solutions to the Yang—Baxter equation
or its applications is a common endeavor in both mathematics and physics.

In the present paper, we introduce an infinite family of universal quantum logic gates,
aSWAP which, on one hand, includes the usual SWAP and iSWAP gates extended to
all dimensions d > 2, along with previously found generalizations. On the other hand,
it provides unitary solutions to the constant Yang—Baxter equation. The a in aSWAP
represents a d-tuple (o, ag,- -+, aq) for arbitrary real numbers «;.

Let us conclude by mentioning some future research directions related to the present
work. One possible direction is to generalize «SWAP to more general (and not necessarily
unitary) solutions of the Yang—Baxter equation. It would also be interesting to investigate
how aSWAP can be expressed as a linear combination of tensor products of generalized
(higher-dimensional) Pauli matrices. These research directions will be pursued in a sequel
to this paper.

Acknowledgements

First and foremost, I am deeply grateful to the esteemed editor and reviewers for their
invaluable comments and suggestions, which have undoubtedly enhanced the quality of
this paper. I am also thankful to Dr. Sinan Kapcak [36] for introducing me to SageMath,
which proved invaluable in generating large matrices and testing the validity of several
formulas. Last but not least, I extend my thanks to Mrs. Elena Ryzhova for her assistance
with proofreading the manuscript and for the insightful conversations.

This work was supported by ongoing institutional funding. No additional grants to
carry out or direct this particular research were obtained. There are no conflicts of interest
regarding this work.

References

[1] Soltamov V.A. et al. Excitation and coherent control of spin qudit modes in silicon
carbide at room temperature. Nature Communications, 10, 2019.

[2] Kues M. et al. On-chip generation of high-dimensional entangled quantum states and
their coherent control. Nature, 546:622—-626, 2017.

[3] Neeley M. et al. Emulation of a quantum spin with a superconducting phase qudit.
Science, 325:722-725, 2009.

[4] Benjamin P Lanyon, Marco Barbieri, Marcelo P Almeida, Thomas Jennewein, Tim-
othy C Ralph, Kevin J Resch, Geoff J Pryde, Jeremy L O’brien, Alexei Gilchrist,
and Andrew G White. Simplifying quantum logic using higher-dimensional hilbert
spaces. Nature Physics, 5(2):134-140, 2009.

[5] Dagomir Kaszlikowski, Daniel KL. Oi, Matthias Christandl, Kelken Chang, Artur



A. Pourkia / Eur. J. Pure Appl. Math, 18 (3) (2025), 6344 13 of 14

Ekert, Leong Chuan Kwek, and CH Oh. Quantum cryptography based on qutrit bell
inequalities. Physical Review A, 67(1):012310, 2003.

Francesco Pudda, Mario Chizzini, and Luca Crippa. Generalised quan-
tum gates for qudits and their application in quantum fourier transform.
https://arziv.org/abs/2410.05122, 2024.

Wang Y, Hu Z, Sanders B.C., and Kais S. Qudits and high-dimensional quantum
computing. Front. Phys., 8, 2020.

Garcia-Escartin J. C. and Chamorro-Posada P. A SWAP gate for qudits. Quantum
Inf Process, 12:3625-3631, 2013.

Yan Guo-an, Qiao Hao-xue, and Lu Hua. Quantum iSWAP gate in optical cavities
with a cyclic three-level system. Quantum Inf Process, 17(71), 2018.

Monika Bartkowiak and Adam Miranowicz. Linear-optical implementations of the
iISWAP and controlled NOT gates based on conventional detectors. J. Opt. Soc. Am.
B, 27:2369-2377, 2010.

Peng Xu. et al . Realization of the iISWAP-like gate among the superconducting
qutrits. Chinese Phys. B, 32(020306), 2023.

AR Shlyakhov, VV Zemlyanov, MV Suslov, Andrei V Lebedev, Gheorghe S Paraoanu,
Gordey B Lesovik, and Gianni Blatter. Quantum metrology with a transmon qutrit.
Physical Review A, 97(2):022115, 2018.

Adriano Barenco et al. Elementary gates for quantum computation. Phys. Rev. A,
52, 1995.

Nielsen M. and Chuang I. Quantum Computation and Quantum Information. Cam-
bridge University Press, 10th anniversary edition, 2010.

Arash Pourkia. A note on quantum gates swap and iswap in higher dimensions.
FEuropean Journal of Pure and Applied Mathematics, 16:1695-1704, 2023.

Mario Chizzini, Luca Crippa, Luca Zaccardi, Stefano Carretta, Alessandro Chiesa,
and Paolo Santini. Quantum error correction with molecular spin qudits. Phys. Chem.
Chem. Phys., 24:20030-20039, 2022.

Arash Pourkia. A note on “eight-vertex” universal quantum gates. International
Journal of Mathematics and Computation, 31(2):60-73, 2020.

Michio Jimbo. Introduction to the yang-baxter equation. International Journal of
Modern Physics A, 04(15):3759-3777, 1989.

Michio Jimbo. Yang-Bazter equation in integrable systems, volume 10. World Scien-
tific, 1990.

J.H.H. Perk and H. Au-Yang. Yang—Bazter Equation, volume 5 of Encyclopedia of
Mathematical Physics, pages 465-473. 2006.

Marius De Leeuw, Anton Pribytok, and Paul Ryan. Classifying integrable spin-1/2
chains with nearest neighbour interactions. Journal of Physics A: Mathematical and
Theoretical, 52(50):505201, 2019.

Tamas Gombor and Balazs Pozsgay. Integrable spin chains and cellular automata
with medium-range interaction. Physical Review E, 104(5):054123, 2021.

Louis H Kauffman and Samuel J Lomonaco. Braiding operators are universal quantum
gates. New Journal of Physics, 6(1):134, oct 2004.



A. Pourkia / Eur. J. Pure Appl. Math, 18 (3) (2025), 6344 14 of 14

[24]
[25]

[26]

[27)
28]
[29]
30]
31)
32)
33)
34]
35)

[36]

Yong Zhang, Louis H Kauffman, and Mo-Lin Ge. Yang-baxterizations, universal
quantum gates and hamiltonians. Quantum Information Processing, 4:159-197, 2005.
HA Dye. Unitary solutions to the yang—baxter equation in dimension four. Quantum
information processing, 2:117-152, 2003.

Gorjan Alagic, Michael Jarret, and Stephen P Jordan. Yang—baxter operators need
quantum entanglement to distinguish knots. Journal of Physics A: Mathematical and
Theoretical, 49(7):075203, 2016.

Vaughan FR Jones. A polynomial invariant for knots via von neumann algebras.
Bulletin (New Series) of the American Mathematical Society, 12(1):103-111, 1985.
V Turaev. The yang-baxter equation and invariants of links. New Developments in
the Theory of Knots, 11:175, 1990.

Jarmo Hietarinta. All solutions to the constant quantum yang-baxter equation in two
dimensions. Physics Letters A, 165(3):245-251, 1992.

JL Brylinski and R Brylinski. Universal quantum gates. Mathematics of Quantum
Computation. Chapman and Hall/CRC, first edition, 2002.

Arash Pourkia and J. Batle. Cyclic groups and quantum logic gates. Annals of
Physics, 373:10-27, 2016.

Arash Pourkia. Yang-baxter equation in all dimensions and universal qudit gates.
Theor Math Phys, 219:544, 2024.

Arash Pourkia. Unitary and entangling solutions to the parametric yang—baxter
equation in all dimensions. Physics Open, 23:100263, 2025.

Fabienne Chouraqui. The Yang-Baxter equation, quantum computing and quantum
entanglement. PhysScr, 99, 2024.

Pramod Padmanabhan and Vladimir Korepin. Solving the Yang—Baxter, tetrahedron
and higher simplex equations using Clifford algebras. NuclearPhysB, 1007, 2024.

S. Kapcak. SageMath ile Matematik, volume 6. Nesin Yayinevi, 2023.



