EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 4, Article Number 6364
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

Modeling of Eye Infection Transmitting by
Conjunctivitis Adenovirus: Deterministic and
Stochastic Approach

Rahim ud Din'*, Naveed Ahmad?, Sadique Ahmad?, Puntani Pongsumpun'

L Department of Mathematics, School of Science, King Mongkut’s Institute of Technology
Ladkrabang, Bangkok, Thailand

2 EIAS Data Science and BlockChain Lab, CCIS, Prince Sultan University, Riyadh 11586,
Saudi Arabia

3 Department of Computer Science CCIS, Prince Sultan University, Riyadh 11586,

Saudi Arabia

Abstract. This study develops a mathematical model to investigate the early diagnosis and treat-
ment of conjunctivitis caused by adenovirus, incorporating both deterministic and stochastic ap-
proaches to capture disease dynamics. The model’s fundamental properties, including boundedness
and uniqueness, are analyzed to ensure reliability, and equilibrium points are established for the
deterministic framework. The basic reproduction number is derived and subjected to sensitivity
analysis to evaluate how key parameters influence the spread of infection. Numerical simulations,
conducted using a nonstandard finite difference (NSFD) scheme for the deterministic model and
stochastic methods for the probabilistic model, reveal that individuals with strong immune sys-
tems can recover without medical intervention, highlighting the critical role of immune strength
in controlling disease transmission. These findings contribute to a deeper understanding of con-
junctivitis dynamics and provide valuable insights for designing effective control strategies based
on early diagnosis and treatment.
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1. Introduction

Over the past few decades, the field of biological research has expanded considerably,
and this growth is expected to continue with ongoing technological advancements. Mathe-
maticians have played a key role in driving progress, contributing significant developments
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that provide lasting benefits to society [1]. Mathematics has not only advanced the nat-
ural sciences but also holds great potential to transform biological research. Through
mathematical modeling, biology gains valuable tools to interpret and analyze its inherent
complexity. Moreover, recent progress in computer algebra systems has made it easier to
address complex mathematical problems [2], enabling researchers to concentrate more on
the study of mathematical biology rather than on technical problem-solving.

In recent years, there has been growing interest in the mathematical modeling of biological,
physical, and epidemiological phenomena. This surge is largely due to the ability of math-
ematical models to account for numerous influencing factors. Mathematical biology, in
particular, has attracted significant attention from researchers in areas such as body fluid
dynamics, human growth modeling, infectious disease modeling, and related fields [3-5].
The widespread application of mathematical models has deepened our understanding of
the complex nature of biological processes by shedding light on fundamental concepts. In
the context of infectious diseases, mathematical modeling plays a vital role in identifying
threshold parameters, clarifying transmission patterns, and formulating effective manage-
ment strategies [6]. Moreover, by offering practical insights into treatment, mathematical
models have proven valuable in both the prevention and control of infectious diseases,
serving as a powerful tool in the fight against viral outbreaks [7].

Conjunctivitis, commonly known as “pink eye” or “bloodshot eyes,” is an infection of the
conjunctive the thin tissue covering the white part of the eye and the inner surface of
the eyelid. It is a highly contagious condition that may be caused by bacteria, viruses,
or allergic reactions, all of which can trigger inflammation. Conjunctivitis occurs in sev-
eral forms; for instance, allergic conjunctivitis is often caused by seasonal exposure to
antigens or irritants such as house dust mites, pollen, animal dander, and contact lenses
[8, 9]. Transmission typically occurs when a susceptible individual comes into direct con-
tact with an infected person or with contaminated objects, such as foreign particles that
enter the eyes, or through exposure to fluids discharged from the conjunctiva or the upper
respiratory tract of an infected individual. Furthermore, studies suggest a direct associ-
ation between parental chlamydial or gonococcal infections and the risk of transmission
to infants. This work focuses on a viral form of the disease known as acute hemorrhagic
conjunctivitis (AHC). The incubation period of AHC ranges from one to three days, after
which symptoms such as photophobia, sore throat, tearing, eye discomfort, and swelling
may develop, often accompanied by ocular discharge [10]. Effective strategies to prevent
the spread of conjunctivitis include the use of antibiotic eye drops, maintaining proper
hygiene, isolating infected individuals, and allowing the viral infection to resolve natu-
rally, which typically occurs within two to three weeks. The disease is more prevalent in
tropical regions [11, 12] and is commonly observed during the rainy season, when humid
conditions favor its transmission [13]. High occurrence rates have been reported in tropical
areas such as Thailand [14, 15]. Isolation of affected individuals is strongly recommended
to limit the spread of infection [16]. Beyond reducing transmission, home isolation also
facilitates recovery while minimizing both the number and duration of infectious contacts
[17]. Notable contributions to this field include the studies reported in [16, 18, 19].
Furthermore, conjunctivitis most commonly emerges during the rainy season, when high
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Figure 1: Different kinds of eye infection image.

humidity creates favorable conditions for viral transmission [20]. The disease is frequently
reported in tropical regions such as Thailand [21, 22]. Isolating affected individuals is
strongly recommended to curb its spread. Allowing patients to take leave from work and
remain in home isolation not only supports faster recovery but also reduces both the fre-
quency and intensity of potential infectious contacts [23]. In Figure 2, we present the
different types of eye infections.

We develop a mathematical model to study the dynamics of eye infections by dividing
the total population into four compartments: S (susceptible), Z (infected), 7 (under treat-
ment), and R (recovered). The model incorporates a saturated incidence rate to describe
the transmission of infection. For the deterministic framework, local stability is analyzed,
and the basic reproduction number is derived using the next-generation matrix approach.
Numerical simulations of the deterministic model are carried out using the NSFD scheme.
For the stochastic model, properties such as exactness, uniqueness, the basic reproduction
number, stability, and numerical simulations are discussed in subsequent sections.

1.1. Model Formulation

In this section of our work, we develop model for the Conjunctivitis virus. The whole
population are divide into four compartments, in which S stand for susceptible people, Z
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KSI/(1+p1)

do dy

do

Figure 2: Representation of the model schematically (1).

Parameters Physical Meaning
Susceptible population
Infected population

Under treatment population
Recovered population

Birth rate

Transmission rate

Saturation constant
Recovery without medication
medication rate

Natural death rate

Recovery rate of under treatment populations

TAT O LTXTIAING

Table 1: The model (1) describes and specifies the system’s parameters.

for infected people, T for under treatment, and R represent recovered populations.

% 0 1[?;1 ~ 4o,
T KST
;%-: 1+SBI — (a4 p+do)Z, 0
= pZ — (r—+do)T,
% =rT +aZ — dyR.

A flowchart for the above system (1) are represented in figure (2), which shows how the
community dynamics of different compartments have evolved over time.

The following table, 1.1, contains the parameters utilized in the algorithm (1) and their
actual meaning.

Components in the model (1) and how they vary from one another are also given in .
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2. Uniqueness and Existence

5 of 23

We look for the existence and uniqueness of the system (1). In order to attained this,

the system (1) is described by

S =m (t,5,7,T,R),
7 =hy(t,8,Z,T,R),
T =hs(t,S,7,T,R),
R =hy(t,S,T,T,R).

Norm is define as

|[X]loo = sup.
tex

(3)

where z € [0,t]. We assumed that for every t, S, Z, T, and R are limited in [0, ] and that

for each t that belongs to [0, t], there exist ki, k2, k3,, and k4, such that

IS ]loo < k1,

120 < k2,

T loo < ks,

IRlloo < Fa-
Now, we have to prove (2) is bonded

KST
1+ 3T
o KISIZ
RRREY [

<b
=0t 1 Bk

’hl (t,S,I,T,R)’ :‘b_

— dyS|

+ dol|S]|

kiks + dok1 < o0.

where t € [0,¢] = M. Additionally, using the same process, we have

KST
‘h’2(t787177—77€)’ _|1+5I_(04+,U+d0)1"
< kik do)k .
T3 aRM 2+ (v + p+do)ka < 00

|h3 (t7S>IvT7R)| :|/-LI_(T+d0)T|
<pks + (r+ do)ks < oc.

ha (6,5, T, T, R)| =rT +aZ —dyR
<rks + aka + (do)ks < 0.
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Thus S,Z,7 and R are bounded and there exist Lq, Lo, L3 and L4 such that
sup |hy (¢,S,Z,T,R)| < L1,
M
S}\l/[p |he (t,S,Z,T,R)| < Lo,
S]l\l/[p |hs (t,S,Z,T,R)| < Ls,
s]L&[p |ha (t,S,Z,T,R)| < Ly.

Next, we have to prove

KSZ KSyT
A — T =|b— — —b— —
|h1 (t,Sl, 77-7 R) hl (t782a 7T> R)| |b 1 +IBI dOSI b 1+ BI d052|
KT (8)
d _
<(1+,BI + o)|51 SQ’
<k1|51 — 82‘,
where ki = (% + dp). Additionally, using the same technique, we have
‘hQ (t7872177-7 R) - hQ (t787127T7 R) | < k?‘zl _1-2’7
‘h3 (tv‘S,IaT_ laR) - h3 (t,S,Il,E,R) | < k3‘71 - 75’3
|h4 (t,S,I, T, Rl) — h4 (t,S,Il,T, Rg) ’ < ]{74|R1 — R2|,
where
b — KT
*T (14 8L)(1+ BT1)
k3 =7r+ do, (9)
ks = dp.

Therefore, the uniqueness and existence of model (1) indicate that it contains a unique
set of solutions.

2.1. Equilibrium points

We identified two types of equilibrium points for our model (1): the disease-free equi-
librium (DFE) point and the endemic equilibrium point (EEP).
DFEP:

In model (1), the equilibrium point that corresponds to the absence of eye infection as,

EO (Svl'v Ta R) = (;aoa())()) . (10)
0
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Endemic Equilibrium point EEP:
The endemic equilibrium point is define as, the situation in which eye infection are present
in the population, We find the EEP, E* = (§*,Z*, T*, R*) are,

§* () = T do [1 + ﬂiz.(fz;ﬂl)] ,
«n _ do(Ro —1)
) = K +doS "’ (1)
T*(t) _ K |:d0(RO - 1):|
S do+r| K+dyB |’
KO\ (Ro —1) rH
R (t) o K+ dyp |:a+ do—i—?“:| ’

2.2. Expression for R,

Epidemiology uses the fundamental threshold number, or Ry, to explain how illnesses
spread and are treated. We can determine whether the eye disease is spreading through the
neighborhood and the most effective strategies to shield the local populace from this dan-
gerous infection by examining Rg. As seen below, Rg is found using the next-generation
method. let ® = (S,Z),from the model (1),

d®
—=F-V
dt ’

KST
F = 1+87
0

where

and

v — —b+ doS
\ (a+do+p)T )
[F’s Jacobian for the disease-free state is

DF(E®) = ( 8 Kgo >

and V’s Jacobian for the disease-free state is

d 0
0y _ 0
DV(E)‘( 0 a—l—u—l—do)

Hence

Kb
Ro=FV'i=—_—— "
’ do(o + p + do)

Here, on the basic reproduction number R, we established the following result.

(12)
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3. Stability Analysis

In this section, we analyze the local stability of the system (1). To derive the necessary
results using the Jacobian matrix, we present the following theorem.

Theorem 1. The eye infection model (1) is locally asymptotically stable, if Ry < 1.

Proof. Jacobian Matrix of eye infection system (1) as,

—dy K 0 0
qo_ |0 K3 — (a+ p+ do) 0 0
0 w —(r + do) ’
0 « T —dp
and
A=T°Q) =0
Hence
>\1 _d07
)\2 = —(7‘ + do),
A3 = —dp,
and
Kb
M= 22— (at p+ do),
do

1 Kb

" (a+p+do) (do((a+u+do)) 1) ’
1

=ty RV

)

Hence, if (Ro — 1) < 0 then )\, is negative and remaining eigenvalues of J9 are negative,
therefore the eye infection model (1) is locally asymptotically stable.

4. Sensitivity Analysis of Ry

Sensitivity analysis is used to evaluate the relative effects of several parameters on
model stability, particularly when dealing with ambiguous data. This study also aids in
determining the important process factors.

Given that the fundamental reproduction number is

Kb

Ro=FyV 1= "7
’ do(a + p + do)
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Parameters Sensitivity Index

f(K) 1
f(b) 1
F(do) -0.9674
Fla) -0.0124
Fw) -0.0124

Table 2: Sensitivity indices of R with respect to model parameters.) .

Sensitivity Analysis

Figure 3: Rq sensitivity indices relative to model (1) parameters.

We can investigate the sensitivity of Rg by calculating the partial differentiation of the

threshold with regard to the relevant parameters.

Flyl = 2 %,

(2) The study indicates that the parameters dy, c, 1, K and b experience contraction
and expansion, respectively, and that the value of R is highly responsive to parameter
variations. Therefore, for effective infection control, prevention should take precedence
over treatment. The aforementioned indices are useful in defining the factors that are

essential in defining the infection’s capacity for propagation.

5. Numerical Analysis for the Deterministic Model

In this section, we use numerical simulations to confirm the qualitative analysis of
model (1). We used non-standard finite difference scheme (NSFD) [24, 25] for simulation.
The model’s first equation (1) is rewritten with a difference as

ds . KSI

@ _ _deS. 1
dt 1+ 6T oS (13)

By using the none-standard finite difference method, we decomposed as

Sj+1—S; KS;T;
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Parameters Numerical value

10,12,14

0.080000, 0.086000,0.07500
0.00500, 0.00600,0.00700
0.000200,0.000300,0.000400
0.004215

0.02

0.0039

0.008

0.003

0.01

0.0038

Table 3: The system’s parameters are explained and given, along with their approximated real values (1).
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Figure 4: Numerical interpretation of susceptible class of the proposed model.

Like (14), we decomposed the system (1) by using NSFD method

KS,7Z;

KS;T;

L+ =1 + h(l AT,

T+ =Tj + h(ﬂj —(r+ do)Tj>v
R(j+1) =R;+ h<7“7} +aZl; — doRj.).

We simulate the system (1) using the NSFD technique and the numerical values from [4]
that are provided in Table 3. Here in figures 4-7, we use Table 3’s numerical values to
simulate the outcomes.
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Figure 6: Numerical interpretation of treatment class of the proposed model

6. The stochastic form of the model (1)

In this section, we incorporate the effect of atmospheric white noise by transforming
the original deterministic eye disease system (1) into a stochastic system, as described in
[26]. To achieve this, nonlinear perturbations are introduced into each equation of the
system. Specifically, the rate of change is modified individually for each compartment to
reflect the impact of stochastic fluctuations within that class.

)i =B — =B+ (P11S + P10)Ci(1),
)i = —  —p4 (D918 + Bg2)Calt),
Vi —r— =14 (B35 + D32)C3(2),
Vi —dg —  —do + (D415 + P42)Ca(t).
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The following set of equations represents the stochastic form of system (1):
dS = [b— £ — doSldt + (P1nS + ©12)S dCi(8),
AT = [£% — (a4 p+do)T)dt + (P T + Pa2)T dCa(t), (15)
dr = [/LI — (’l“ + do)ﬂdt + (‘1)31T+ @32)T ng(t),
dR = [TT + ol — doR]dt + ((1)4172 -+ (1)42)72 dC4(t).

6.1. Existence and Uniqueness of Solutions of (15)

Here, we examine and demonstrate the existence and uniqueness of the solutions for
the stochastic model (15). First, we established

dS = M (t,8,I,T,R)dt+ N,
dI = My(t,S,Z,T,R)dt + N»
AT = M;s(t,S,T,T,R)dt + Ny
dR = My(t,S,Z,T,R)dt + Ny

secondly, transfer system (15) into a Volterra integral form, as given;

t t
8(0) +/ MI(X757I7TaR)dX+/ NI(X7 S)dcl(X)v
0 0

t t
7(0) + / Ma(x, 8,7, T, R)dx + / No(x, E)dCa(x).
0 0

(16)

t t
T(0) + / My(y, S, 7, T, R)dx + / Na(x, )dCs (),
0 0

t t
R(0) + / Ma(x. 8,7, T, R)dx + / Na(x, R)dCa(x).
0 0



R. ud Din et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6364 13 of 23

To show the existence and uniqueness of the solutions to the eye infection model, we use
the following theorem.

Theorem 2. Suppose, there exist IC;, K; so that there are the following necessary condi-
tions:

(i) |Mi(y.t) — Mi(ys, £)1* < Kily — wil*,  |Ni(y,t) — Ni(wi, t)* < Kily — il
(i) ¥(y,t) € R* x [0, T], then [Mi(y, )", [Ni(y, )] < K(ly]* + 1),
hold fori=1,--- 4.
We confirm that our model satisfies criteria (i) and (ii) in the Hypothesis. For the
susceptible population, we first examine the functions M;(¢,S,Z,T,R) and Ni(t,S). We
demonstrate the function M’s proof using M (¢, S).

Proof. First, we look into the functions for the susceptible population, M (t,S,Z,T,R)
and Ni(¢,S). Using M (t,S), we demonstrate the proof for the function M.

20(6,8) - M SO = (L 4 a0) (s —s0)| (17)
1\t (L 01 - 1 +5I 0 1
Applying the following norm’s definition
Ix|loo = sup_|x|*
te[0,7]
equation (17) is convert to
KT 2
|Mi(t, ) — My(t,S1)P < sup (1 +do)(S = 81)]
telo, T] + BZ
< [I(555z + do)lI% (S = S,
S ICI’(’S Sl)‘27

and

|N1(S,t) — N1(S1,1)|? |(®11S + ‘1’12) — (®1181 + P12)S1 %,

IA I

[(@11(S ‘1’12(5 Sy)l%,
< ‘1>11(S+S1 +‘1>12) S - &1,
< (D3 (S+81)2 +201,P12(S+ Sp) + P2 )\S—Sl|2,
< (@2(S2+ 288 + S2) + 2811 B15(S + Sy) + O3 )\5—3112,
<

sup [S2(t)] +2 sup [S(1)] sup [Si(t) + swp [SIB]  (18)
te[o 7] t€[0,7] te€[0,7] t€[0,T]

+2@11P12(supsefo, 77 [S(E)] + supsego, 7 [S1(2)]) + q%z) S — &1,
< (8 (1°1e + 20 el + 15711

+mu®m&uwmm+ﬁgw—&ﬂ
K1|S — 812

IN



R. ud Din et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6364

in which

Ki= 31 (118%loo + 2018l loolS1 oo + 1|00 ) + 2011®15]|S oSt loc + P,
2
= 03 (I1Slloo + ISt 1) + 2011 @121 oo S ool + D%

14 of 23

Likewise, we can demonstrate that the remaining model equations (15) meet Theorem’s

condition (i). Consequently,

Moreover, we take into account the Z compartment and get

|M>(Z,t) — Ma(Ts, 1|

K2l(Z —Th)?

where Ko = 2|(a 4 1 + dp)|?. Also, for the 7 class, we have that

|M3(T,t) — M3(Tx,t)|

IAIA I

where K3 = 2|r 4 dp|*. Likewise, we have

|My(R,t) — Ma(R1,1)|”

INIA I

| —do(R —R1)?,
2|do|R — R1|?,
K4|R — R1J?,

| = (r+do)(Z —Th)%,
2 + do|?|Z — T, %,
Ks|T — |3,

2
Ko = 03 (1Tl +Tillocll)” + 2021 @02l [Tl |1 | + @
2
Ks = O3 (1T lloo + 1 Tillooll ) + 2051855l T oo 1Tl oo + P
o 2
Ki= @3 (IRlloo + [[Rillooll)” + 2001 @2l [R|ocl i [|oc + P

= |~ (a+pu+d)(T-T)P,
< 2(a+p+do)PUT - T)P,
<

2
22>

where K4 = 2|do|?. Then, for our model (15), we prove that conditions (ii) are satisfied.

|Mq (S, 1))

IN

IN

IN

N

2

KST
%_1421_dﬁ2’

KST
ijﬂ%S’Q
ISP b~ 1357~ o] 2

KT
N e
KT

15F 0, -

k(S + 1)

do

2

)
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for K!' = sup ’b —
te[0,7]
Also,

|N1(Sat) -

KT
1+ 87

Ny (S, 1)?

—dy

2

|((I)118 + @12)S|2,
11152 + 81,5877,

2
(‘1311 + ‘Plz) 8%,
(P11 + ¢12)2

IA A IA

te[0,7]

IN A

KIS + 1),

. 2
in which K! = (@11 + @12) |S?|| o In similar fashion

15 of 23

sup |S?|SP?, (19)

2
(‘1)11 + ‘I’12) 18%|o (ISI* + 1),
)

-2 2 2 >3 2 2 >4 2 2
ICo = [ Po1 + Poo HI Hom K2 = (P31 + P39 ||TH007 and C* = [ Py + Dyo HR HOO

Furthermore, we have that for the Z, 7, and R compartments,

‘NQ(Ivt)‘Q =

|N3(T,1)|?

INy(R, )|

where K2 = sup |—— —

IN

IAIA IAN NN IN

IN

tefo, 7111+ 8

sup |rT 4 oZ — do|?.
t€[0,7]

2

KST
‘HBZ—(OHFMerO)I ;
KS
m—(a‘FM‘Fd(}) 172,
2
(2P +1) swp |55~ (bt do)|
te[0,7]
KA(|Z)* + 1),

W — (r + do)T?,

[WZ — (r + do) *| T,

(ITP+1) sup |uT — (r+do)f?,
t€[0,7]

KT +1),

|rT + aZ — d0R|2,
|rT + aZ — d0|2|R|2,

(|7?,|2 +1) sup ||rT +aZ — d0|2,
tel0,7]

KY(|R* +1)

2

(@t p+dy)| , K* = sup |puT -

tel0,7]

(r + do)|?, and K* =
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When every M; and N; for i = 1,2,--- ,4 meet all the requirements listed in Theorem 2,
system (15) existing and has a unique solution. The proof is now complete.

7. The stochastic model’s basic reproduction number

The infected compartment Z of the stochastic system (15) is taken into consideration,
such that the stochastic fundamental reproduction number can be calculated.

KST
1+ BT

Now, utilizing the Ito's formula, we calculate our basic reproduction number stochastically.
The Taylor series representing h(t,Z(t)) = In(Z(t)) will now be examined.

dT — —(a+ p+do)Z|dt + (91T + Poo)Z dCo(t).

oh oh 1 9%h 9 0h 10%h
dh(t, Z(1) = = dt+—5f(jdl() 26U?(w(dl(w) +-8I()8tdl()d + 5 g ().
8 9?2 9?2 o)
Where G =0, 8I() = ﬁv az??o = I2l(t) , oz = 0 and 8t£L =0
1 1
dh(t,Z(t)) = ——dZ(t) — dT?(t).
(. 2() = 5420) = (1)

This implies,
1 KST
HeT0) = 75 |z

1+ AT — (a4 p+do)T)dt + (P21 Z + Po2)T dc2(t)]

KST 2
2I2 < 11 51. Oé +u+ do)I}dt + (@211 + @22).’[ dCQ(t)> (t)

Then, applying the chaln law, we get
KST

dh(t,Z(t)) =
010) = |

Assume that the current infection opening rate is F and the new virus transfer rate is V.
Following that, Fy and F at the disease-free point of equilibrium turn into,
kb 1
F=|-——=(®nZ + Py)?
[do 2( 211 + 22)]7
V = (a+ p+do),

1
Vile ——
(a+ p+do)

1
— (Oé + u+ do)I — 5(@211 + @22)2:| dt + ((I)le + (I)QQ)dCQ(t).

This, implies
FV—! =

|: kb B ((19211- + (1322)2:|
do(v+p+do)  2(a+ p+do)
Where, Ri = -2 Therefore, our fundamental delta virus reproduction number

do(atptdo)
under the stochastic system is,

(P91 T + Po3)?

R =Ry — .
YT 2(a+ i+ do)
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8. Stability Analysis of stochastic model

The stable behavior within a stochastic system dependent upon the stochastic funda-
mental reproduction number is covered in this section. According to the following theory,
the stochastic system (15) will be locally asymptotically stable if either Rf <lor Rg < 1.

Theorem 3. If Rf < 1, then E° is a locally asymptotically stable DFE point.
Proof. Given a Taylor expansion such as F(t,Z(t)) = InZ(t), the it0 formula yields

KST 1 )
H_ﬂz—(a+H+do)—§(‘I’213+¢2Q) ]dt

+ ((19215 + @22)dC3(t),

dF(t,I(t)) = [

KST 1
+ (P S + Po2)dCs(t). (20)

Apply integration on (20), we get

InZ(t) —InZ(0) = /Ot ( K&T (a4 p 4+ do)

1+ 6T (@215 + %2)2) o

1
2
+ /t(@le + (I)QQ)ng(t). (21)

0

Now, it DFE equilibrium point solve (21), we get

t Kb 1
InZ(t) = InZ(0) —I—/ <d — (a+ p+dy) — 5(‘1’215 + <I>22)2> dt
0 0

t
+ / (@218 + (I)QQ)ng(t).
0

Kb 1
InZ(t) <InZ(0)+ <d — (a+ p+dy) — 5(‘19215 + @22)2> dt + H(t). (22)
0
Where H(t) = [/(®21S + $a)dCs(t).
We know, that lim;_, sup@ = 0, using martingales. Furthermore, divide (22) by t and

apply limy_, o sup, we get

. InZ(t) . Kb 1

< =7 _Z

11}1& sup < tllglo sup < 7 (a4 p+do) 5
H(t

+ lim Supt(). (23)

t—o0

(P21 S + ‘1)22)2> 13
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This implies,

InZ(t Kb 1
lim supn (t) < 7—(C¥+M+d0)—*(¢218+¢22)2 dt < 0.
t—o0 t dU 2

Kb ((1)218—{— @22)2 >
= +p+d - —-1)<0.
(4 s+ o) (do(a Tatdo)  2(atpt do)

= (a+p+do) (R} —1).

We know (a4 p + do) > 0, therefore
(Rf - 1) < 07

implies
Ry < 1.

Therefore, if Rf < 1, then the DFE point Ej is locally asymptotically stable.

9. Numerically analysis of the stochastic model

Using the Euler-Maruyama approach, the trajectories or approximated solutions of a
stochastic system problem are found using the following equation:

Xti+1 = Xt; + O[(t“ th) + /B(tza th)AAl (24)

The case where i = 0,1,...,n — 1. Comprehending the computation of AA; is necessary
for the computational implementation of the process. instances in which ¢ =0,1,...,n— 1.
The computer implementation of the procedure requires an understanding of how to com-
pute of AA;. Suppose that n is a random variable with an average n ~ M(0,1). A
normal distribution is thus indicated by v/Atn; with zero mean and variance At, that is,
VAt ~ M(0, At). The system of dynamic differential equations (15) must be appropri-
ately separated for our suggested model in order to apply the Euler-Maruyama approach
method similarly (24). This can be done by

Siov= S+ [b _ KoL _ dos] At + VA,

Tin = Iy + [75_3511 —(a+p+ dg)I} At + VAtn,

7;i+1 = 721 + [:uI - (7“ + dO)ﬂAt + \/Etni%

Risy = Ry, + [rT + o — dgR]At 4 V/Atny. (25)

We consider the initial data as given by (S(0),Z(0),7(0),R(0)) = (800, 700, 500, 200) and
use the parameters values given in Table 3 to simulate the results of stochastic model in
figure 8. In addition, we compare the deterministic and stochastic model in figures 9-12
respectively of different classes. In the model, the susceptible population gradually
decreases as individuals become infected. The number of infected cases initially rises for a
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Time (days)
Figure 8: Papulation dynamics of stochastic model (15).
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0 5 10 15 20 25

Time (days)
Figure 9: Comparison between deterministic and stochastic numerical interpretation of susceptible class under
stochastic type model.

period of time but then begins to decline as treatment is introduced. During this process,
some individuals recover naturally without treatment, while others recover after receiving
treatment. As a result, the recovered population increases steadily and grows rapidly over
time. Furthermore, a comparison between the numerical results of the stochastic and
deterministic models shows that both approaches are in close agreement, confirming the
reliability of the simulations.

10. Conclusion

In recent years, eye infectious diseases have attracted increasing attention in research,
highlighting the need for new mathematical frameworks to study their dynamics from
multiple perspectives. In this work, we developed and analyzed a mathematical model
of eye infections using both deterministic and stochastic approaches. Key analyses were
conducted, including the computation of disease-free and endemic equilibria, as well as
the derivation of the basic reproduction numbers for both models. Theoretical results
on existence and stability were established using tools from nonlinear analysis. For the
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Figure 10: Comparison between deterministic and stochastic numerical interpretation of infected class under
stochastic type model.
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Figure 11: Comparison between deterministic and stochastic numerical interpretation of treatment class under
stochastic type model.

deterministic model, a nonstandard finite difference (NSFD) scheme was employed, while
for the stochastic model, a robust numerical algorithm was implemented. Numerical sim-
ulations and graphical illustrations were provided, and a comparison between the two
modeling approaches demonstrated close agreement, thereby validating the accuracy and
reliability of the proposed methodology. Overall, this study offers valuable insights into
the transmission dynamics of eye infections and provides a solid foundation for future
investigations and control strategies.
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Figure 12: Comparison between deterministic and stochastic numerical interpretation of recovered class under
stochastic type model.
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