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Abstract. Let SK[P,Q;a, ] denote the subfamily of normalized regular function g(§) = £ +
do€? + ds€3 + dy&* + ... in the open unit disk A holding the next subordination condition:

ag(§) + 889’ (€)  1+[Q+(1-7)(P-Q)¢
ag + Bg (€) 14+ M¢ ’
where 0 < o, <1, -1 <Q <P <1,0<~v<1and ¢ € A. In this article, we study some

geometric properties such as convolution results, coefficient estimates, upper bounds for the initial
coefficients of the first four coefficients, and the Fekete-Szego inequalities for this subfamily.

2020 Mathematics Subject Classifications: 30C45
Key Words and Phrases: Regular function, starlike, convolution, Fekete-Szeg6 problem

1. Introduction

Let us represent the family of regular (analytic) functions inside the symmetrical unit
disc A={¢eC: ¢ <1} by A(A) and let H be the subfamily of A (A) consisting of all
functions g in A that has the following form:

=+ diE (Een). (1)
j=2

Also, let © be the family of functions w € A (A) satisfying w(0) = 0 and |w(§)| < 1 for
all £ € A. For hi(£),h2(§) € A(A), we say that hy (§) is subordinate to hs (£), written
as hi(€) < ha(§) if there exists a function w(§) € Q such that hy(§) = (he ow) (§) for all
¢ € A. Moreover, if hy(§) is univalent function in A, then hi(§) < h2(&) if and only if
hl(O) = hQ(O) and hl(A) C hQ(A)
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For functions g, h € H, where g is given by (1) and h has the following form:

hE) =€+ e€, (2)
j=2
then, the convolution of g and h is defined by
(9%h) (€) =€+ _djese = (h*g) (&) (3)
j=2

Definition 1. Let us introduce the new subfamily SK [P, Q;«, 8] of H by using the sub-
ordination principle between two analytic functions as follows:

9O+ B (€)  141Q+ (1) (P Q)
et Bg ) I ME } @)

where 0 < a, <1, -1<Q<P<1,0<y<1and & € A.

SIC[P,Q,’Y;a,B]—{QG%:a

Remark 1. The function
1+[Q+ (11— P—-Q

is a bilinear transformation that maps the symmetrical unit disk A onto the symmetrical
disk with respect to positive real axis, which is centered at 1-[Q+(1—)(P=Q)|Q (Q # £1)

1—Q?
and, with a radius %SQ_Q) (Q # +£1).

(i) Substituting o = =0 in (4), we get the subfamily

i 1)
g(&) 1+Q¢)”
which was introduced by Janowski [1, 2]. Furthermore, this subfamily has been

studied by the many authors (see [3-13]). By taking 8 = v = 0 in (4), we obtain
the next subfamily

suum:{geﬂz

’C[P,Q]Z{ge’}-[:g(f) ~ 1+P§};

e 1+
(ii) Putting P =1 and @ = —1 in (4), we obtain the next subfamily
SK e 5] = 2O 0 )
i {QEH { ac+p8g©) J ) (5)

by taking o = 0 in (5), we obtain the next subfamily

so={gern n[OL. L,
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where S () is the family of starlike of order v in A (see [14-19]) and by putting
B =01in (5), we obtain the next subfamily

K(V):{gE’H:éR{g(;)}>,Y};

(iii) Substituting the value of P = p and Q = —p with 0 < p < 1 in (4), we get the
following subfamily

ag(§)+89' (&) 1

. _ . af+Bg(¢)
SK(vpiaf) =9 €H: | miieie) IS <p (6)

as+Bg(€)

by substituting o = 0 in (6), we have

59/(5)_1
Sthp)=geH: |20~ <)t

£9'(§) _
g(&) +1-2y

where the subfamily S (v, p) was introduced in [20] and also, by putting o = 0 in
(6), we get the following subfamily

96 4

K(r.p)=q9€H: |og—
:0) 9 119y

In order to obtain the results of this study, we will mention the next definition and the
next lemmas.

Definition 2. The family of reqular functions ¢(&) in A with the positive real part in A,
and of the form

GO =1+ 5 (€A (7)
j=1
is denoted by @, that calls the well-known Carathéodory family.
Lemma 1. If ¢ given by (7) belongs to @, then
10;1 <2, for jeN={1,2,3 .}, (8)
for u,v are complex numbers we have
|62 — udt| < 2max{1;|2u — 1|} (9)

and
‘(51‘_;,_]‘ - U5i(5j| < 2max{1; ’1 - 2’U|}. (10)
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The inequality (8) is Carathéodory’s result (see [21, 22]), while the inequality (9) may
be detected in [23], and the inequality (10) is from [24].

Lemma 2. [25] If ¢ given by (7) belongs to ®, then

—4u+2 if uw<O0,
|62 — udf| < q 2 if 0<u<l, (11)
du — 2 if u>1.

Also the upper bound (11) can be improved as follows for 0 < u < %, we have
|0 — udi| +uld | < 2,
and for % <u <1, we have

|02 — udf| + (1 — ) |&]* < 2.

In the following sections, for the function subfamily SK [P, @; «, 8] and its special sub-
families S [P, Q] and K [P, @], we study the well-known results, like convolution properties,
necessary and sufficient conditions, coefficient estimates, and Fekete-Szeg6 inequalities.

2. Convolution Properties

Unless otherwise stated, we suppose throughout this article that 0 < 6 < 2m; 0 <
a,B<La+p#0; -1<Q<P<1;0<~v<1and g€ H has the series form (1).

Theorem 1. The function g € SK [P, Q;«, 5] if and only if

! £ — a+gx+6,8)R 52 + % 53
RTGE ( +(1_)§)2 2) £0, (12)
where R is defined by
B B efiG + Q
Proof. 1t is clear to check the next:
9=,
&/ () =g(6)r — "
T g
To show that (12) is true, we will write (4) as follows
ag(§)+BE9'(§) _1+[Q+(1—7) (P —-Q)w(§) (15)

af+Pg(€) 1+ Qu (§) ’
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where w (§) € €, hence we have

ag (§) + BEg’ ()
o + By (§)

which is equivalent to

2 {(1+Q¢") [ag (&) + Beg (©)] = (1+1Q + (1 =) (P - Q)] ¢*) [ag + Bg ()]} #0.
(16)

1+[Q+ (1 -7 (P-Q)e”
1+ Qet? ’

RN

By using (14) in (16), we get
! 9+ (& + ) 1+ @)
E| 9@ x (as+£%) 1 +1Q+ (1 -7 (P-Q)e”)
g(6)+ () (1+ Qo)
—9(&) * ( +

(a+5)5—((12:1$§)52+a§3) (1 [Q +(1—7)(P— Q)] ez‘@) }

o—i0 o6
‘J‘*(a*ﬂ)((l—w(ﬁ@)“) ) a(ﬁ“) 5
_ (@B 1-)(P=Q)e $- o+B &+ o ¢
g(&) = 1 o

A

N 3

£ 0

which explains the necessary condition (12) for this theorem.
Reversely, assume that g € H satisfies (12). Since the first part has been proven,
assumption (12) is equivalent to (16), so we get that

ag (§) + By’ () ” 1+[Q+(1—7) (P—Q)]eie n
af + By (§) 1+ Qe ,
if we assume 0 (¢) = AL and () = HLLZEEDE, dhe relationship

(17) indicates that ¢ (A) Ny (0A) = 0. Therefore, the simply connected domain ¢ (A)
lies inside a connected component of C\¢ (0A). Thus, using the fact that the function

(&) is univalent and ¢ (0) = ¢ (0), it follows that ¢ (§) < ¢ (§), which means that
g € SK[P,Q,~;a,5]. This finishes Theorem 1.

Letting P =1 and Q = —1 in Theorem 1, we get the following result.
Corollary 1. The function g € SK [v; «, 5] if and only if

{g ) ()€ (i) 53} 40,

M| =

(1-¢)?

where T is given by
e 1
T'=T0,v7) = ——+1. 138
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Putting @« = v = 0 in Theorem 1, we have the next corollary.
Corollary 2. The function g € S [P, Q)] if and only if

2
o0 S5 #0

where R is given by (13).

Putting 8 = v = 0 in Theorem 1, we get the next.
Corollary 3. The function g € K [P, Q] if and only if

oo S

where R is given by (13).

Theorem 2. The function g € SK[P,Q,; a, ] if and only if

o3 - D HQ) - (1) (P Q)
(@+p)(1-7)(P-Q)

GET A0 (19)

j=2
Proof. From Theorem 1, we find that g(§) € SK [P, Q,~; «, (] if and only if

f . a+ao:r56 52 a+5§3
{g(&) + e #0 (20)

for all R given by (13). The left hand side of (20) can be written as

at(B—a)R B(1-R)
2{9(5)* |: aR €+< +a+ﬂ )£+< a+B )251}

atf 1-¢ (1-¢)

(e (=)o () o)

a(R-1)+pGLR-1)—-R)

B 1_; a+f djgjil
- 1—fja(e—w+c2)+ﬂ[<j—1>(e‘”+¢?)—< NP =) i

(@+8)(1=7)(P-Q)

<.
||
N

Thus, the proof of Theorem 2 is completed.

Putting P = 1 and Q = —1 in Theorem 2, we obtain the following result for SK [y; «, 3].
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Corollary 4. The function g € SK [v;«, 5] if and only if

T ol VS J (Y it )

= 2(a+5)(1-7)

i€~ # 0.

Putting o = v = 0 in Theorem 2, we obtain the following result for S [P, Q)].

Corollary 5. The function g € S|P, Q] if and only if

0 . —i0 .
- (G—1) (e +Q) P+de£j_1#0‘
2

P-Q

j=
Putting 8 = v = 0 in Theorem 2, we obtain the following result for K [P, Q].

Corollary 6. The function g € K [P,Q] if and only if
1-% ﬂ”ngJ iy
Theorem 3. If the function g(€) satisfy the inequality
i{a(l—Q)Jrﬁ[(j—1)(1—Q)+(1—7) (P =)} dj| < (e+8)(P-Q), (21)

then g € SK[P,Q,v; o, f].
Proof. Note that

_ia@"‘“@)w[u—n (e+Q) -(1-0)(P-Q]

di& !
(@+B)(1-7)(P-Q)

=2

Za(@?+Q+A[G-D(E+Q-(1-)P-Q)],
=z (a+B)(1-7)(P-Q) ne
> 1oy 0=+ A=) P=Q) ),

(@a+p) 1=y (P-Q)

j=2
Thus, the inequality (21) holds and our result follows from Theorem 3.
Putting P = 1 and @ = —1 in Theorem 3, we obtain the following result for S [y; o, 3].
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Corollary 7. If the function g(&) satisfy the inequality
D la+B8G—Nds] < (a+p) (1—7),
Jj=2

then g € SK [v; o, B].

Putting o = v = 0 in Theorem 3, we obtain the following result for S [P, Q)].

Corollary 8. If g(§) satisfy the inequality

(G-DA-Q)+P-QJldj| <P-Q,

10

then g € S[P,Q].
Putting f = v = 0 in Theorem 3, we obtain the following result for K [P, Q)].
Corollary 9. If g(§) satisfy the inequality
> (-l <P-Q,
J=2

then g € K[P,Q)].

3. Initial Coefficient Estimates and Fekete—Szeg6 Problems

The Fekete-Szegd problems are a major area of research in complex analysis concerning
the maximum value of functionals of the form ‘dg - ud%‘ over families of univalent functions
found by Fekete and Szeg6 [26] (see also, [27-32]). In the following theorems, we determine
the upper bounds for the coefficients |da|, |d3|, |d4] and the Fekete—Szegd functional for
the subfamily SK [P, Q, v; «, 5].

Theorem 4. If g € SK[P,Q,;«, (], then

do| < (1=7)(P-Q),

(a+p8)1—-7) (P -Q) BL-7)(P-Q)
ds| < 1;1Q —
lds| < o128 max 4 1; |Q P )
)B1—7)(P—Q)
4 < @0r-o max {1 TR —1- 2§ o
— a+ 1—v)(P B(1—~)(P—
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Proof. If g € SK[P,Q,~;«, ], then there exists a function w (§) € 2 in A such that
ag(§) +8g' (§) _1+[Q+(1—7) (P —-Q)w(l)

= =J .
a1 By (6 I Qu(© i) i

Since g (&) is given by (1), it follows that

+ |45 dy — Lt dpdy + L Qdﬂ &+ (23)

Define the function ¢ (§) b

6(6) = izgg N N R
since w (§) € Q0 , we see that ¢ € ® and

i) = PO =1 BEHE Lot o)

P& +1 N 2 4+ 61€ + 0262 + 0383 +

According to (24), we have

J(w(§)) = LU= (P Q)w() 1+(1—7)(2P—Q)51§+(1—7)§P—Q) [52 W) g2 g2

14 Qu (§)
+4= wép = [53 1+ Qas+ U +4Q)25:f €+ ... (25)

Equating the corresponding coefficients of (23) and (25), we obtain
(1-71)(FP-Q)4

dy = 5 : (26)
(a+p8)(1- )(P—Q){ 1[ B(1—n)(P - Q)] }
ds = Go—5 [1+Q— 27
’ 2 (a+28) 2oy [PHe oy (27)
Sa—[14+0— (2a+38)B(1—)(P-Q) 516
4, — A= (P-Q) 23 [ @ 2(a+B)(a+25) ] 12
2(a+30) I Gﬂ)_@wwwuw MP@+WWQH 7 | 53
2 4(a+p)(a+28) 4(a+p)(a+28)
(28)
Using (26), we have
1—-9)(P-0Q
) = L2 =@ s

and from (8), we have [d1| < 2, therefore

|do| < (1 =) (P—-Q)-
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The relation (27) yields to

(@+H)1-7)(P-Q)[, 1
S T 1S

2
and according to (9), we get

g < @EAO-—D(P —@2mw{hP;P+Q_ﬁﬂ~w@—QY_4}

l 202 (P )]

a+p

2(a+2ﬁ) a+pj
_ (@)1= (P-Q) _ 7) (P -Q)
= 04+25 max{l,'Q— ot B }

The equality (28) leads to

_ _ (2a+38)B(1-7)(P-Q)
(1-7)(P—Q) 03 {1+Q 2(a+B)(a+28) }5152

)
2(a+3) (129 _ @aspsuu-mr-Q) | B(P-9’(1—)" | g
2 1@+5) (@ +29) 1(a¥p)(at2)

’d4’ _ (a+p

and using the triangle inequality we have
_ _ (2a438)8(1-9)(P-Q) ‘
)(1-1)(P-Q) l‘s?’ 1+ Q- R 0
2(at36) N ‘ (59) - gL r-Q) | Sr gl
2

|d4| < (a+p

A(a+B)(a+28) (a+5)(a+2,3

from (8) and (10), the above inequality implies that

(2a+38)B(1—7)(P-Q)
B R v )
S 2(at3 B L
|1+ Q- 202E= 1 4 @ - B9

This completes the proof of Theorem 4.
Putting P =1 and ) = —1 in Theorem 4, we get the following.
Corollary 10. If g € SK [v; «, 5], then

2] < 2(1—1),

’d3’ < 2[218(1_7(1102‘56](1_7)7

228 =y)+a+fIR2B(L=7) +a+26/(1-1)
(a+28) (a+383) )

Putting @« = v = 0 in Theorem 4, we get the following.

Corollary 11. If g € S[P,Q], then
ld2| < P-Q,

|dy

IN

|ds]

IN

P28 s {1:]20 - PI}.

1
dy < B39 max{1;\1+gQ—§P\}+|1+2Q—P‘1+;’Q—2PH.

A
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Putting 5 = v = 0 in Theorem 4, we get the next.
Corollary 12. If g € K[P,Q], then
|da| P-Q,
|ds] P—Q,
dal < (P = Q) [max {1 |1+2Q1} + (1+Q)?] .

<
<

Theorem 5. If g € SK[P,Q,;«, (], then

PP PNET T ESILEY MW (PN Y e 1§

a+ 26

(29)

Proof. If g € SK[P,Q,~; «, 3], then from (26) and (27) we get

+ P —

d3 — pd3 = (c 5)2((044—2)5() Q) {02 —udt}, (30)

where i BU-)(P-Q) (, a+20

a

:2[1”9‘ ot P < B “ﬂ 1)

Applying (9) to (30), it follows that

e 1 - - e
|ds — pd3| < LeHC) Zmax{l; 2.5 [1+Q— Slosl (1— Tffﬁu)} —1‘}

(a+B8)(1—7)(P—Q) max{ ‘Q B(1—)(P—Q) (1 . a+2ﬂu)‘}.

a+28 a+p B
This completes the proof of Theorem 5.
Putting P =1 and @ = —1 in Theorem 5, we get the following.

Corollary 13. If g € SK [v; o, 8], then

sy < DL v

26(1=9) (, a+28
- Ta¥B (1 8 “)‘}

Putting @ = v = 0 in Theorem 5, we get the following.
Corollary 14. If g € S|P, Q], then

|ds — pd3| < 59 max {1;1Q — (P — Q) (1 —2p)[}.
Putting 8 = v = 0 in Theorem 5, we get the following.
Corollary 15. If g € K[P,Q], then

|d3 — pd3| < P - Q.
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Theorem 6. Let

L _BU-NP-Q - (@+B(1+Q) _BUL-N(P-Q+(a+h(1-Q)
! (@+28)1-y(P-Q  ? (@+28)(1-7)(P-Q)
BL=-)(P-Q) -(a+BQ

(@+28)(1=7)(P-Q)
If g€ SK[P,Q,;a, 8], then

o3 =

etIPQ) [ SUNEQ) () atB)] (u<ay),

(a+2P) a+pB
|ds — pdj| < § LeHAUAP=Q) (01 < < ay),
(a+B8)(1-(P-Q) B1=—7)(P-Q) +24
(at23) [Q ~ S ars (1 -5 /‘ﬂ (k= 02)
Further, if o1 < p < o3, then
+8 [ 1+Q B ( a+28 ) 2 _(a+f)(1-1)(FP-Q)
dy — pd3|+2 - 1 do)? < .
S A (e o) R g r)|lers o +28

If o5 < p < o9, then

|d3—ud§}+o‘+6 [ 1-Q B (1_a—|—25ﬂ)_ 2 < @FA A= (P-Q)

ar23 |- P-0) Taxp 3 at23

Proof. Using Lemma 2 to (30) and (31), we can derive our results, which are confirmed
by Theorem 6.

Taking P =1 and Q = —1 in Theorem 6, we derive the following.
Corollary 16. Let

B, _Bl-yt+atp _26(1-1)+a+p
at+2687° 7 (@+r20)(1—7) """ 2(@+28)1-19)

If g € SK[v; o, B8], then

2atf) (1) [1 + 2809) (1 - ‘”wu)} (14 < ou),

04 =

a+20 o+ B
|d3 — pd3| < %)2%_7) (04 <p<os),
2(a+8)(1—7) 28(1—) a+28
—2atAi) [1+ A e <1— = u)} (n>0s5).
Further, if o4 < p < og, then
B < a+2p ) 2 _ 2(a+p)(1-19)
ds — pd3| — 1-— da]?* <
e A G ) L Iy e

If o5 < p < o9, then

04—1—6[ 1 8 (1_a+2ﬁﬂ)]|d2|2<2(a+5)(1—fy)‘

2
‘dB_Md2‘+a+25 1—v  a+8
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Putting a = v = 0 in Theorem 6, we get the following.
Corollary 17. Let

_P-20-1 o Po2QEl P20
o0 = 2(P_Q)70'11— 2(P_Q)’O-12_2(P_Q).
If g € S[P, QL then
_(PrQRP-AO=2] () < ),

}dg—ud%‘ < % (010 < p <o),
(FQIe-(P-QU2] (> ).

Further, if 010 < p < 012, then
ds — 3| + 3 (5% — 1+ 20) o] < P52,
If 019 < < 011, then
ds — pd3| + 5 (3% + 1 20) o] < 252,
Putting 8 = v = 0 in Theorem 5, we obtain the following.

Corollary 18. Let

1+Q 1-Q Q

13 = —m7014 =

If g € K[P,Q), then

-(P-Q)Q  (p<o1),
|ds —pd3| < P-Q (013 < p<oa),
(P-Q)Q (1> o14).

Further, if 013 < u < 015, then

|ds — pd3| + 58 |dof* < P — Q.
If 015 < p < 014, then

|ds — pd3| + =8 |do|* < P — Q.

4. Conclusion

13 of 15

This paper mainly focuses on finding the convolution results and coefficient esti-
mates for a new subfamily SK [P, Q,; «, 8] of analytic functions linked to the generalized
Janowski domain. We also studied the upper bounds of the first four coefficients and the
Fekete-Szego inequalities for the functions in this subfamily. We note that the results of
this study naturally include many of the known results for these subfamilies, which are
listed in the Introduction section. For future studies, we can derive important geometric
properties by introducing the same subfamily in the case of multivalent (or meromorphic)

regular functions and applying the same techniques used in this paper.
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