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Abstract. We introduce a new transform called the conformable double Sumudu-Shehu transform.
It helps solve fractional partial differential equations that appear in physical and engineering prob-
lems. The transform uses the conformable derivative idea. We explain its basic properties and
show how it works. Then we apply it to some well-known equations like the wave and Klein-Gordon
equations.
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1. Introduction

Fractional partial differential equations are used in many real-life problems in physics,
circuits, fluids, optics, and biology. One important idea used to deal with such equations
is the conformable derivative, introduced in [1], which keeps most of the key features of
classical derivatives.

Several approaches were proposed to solve these equations. The conformable double
Laplace transform was discussed in [2], [3], and the conformable double Sumudu transform
appeared in [4]. More results about these transforms are found in [5] and [6].

Later, a method called the double Sumudu-Shehu transform was introduced in [7]. It
was successfully applied to different equations. More studies on integral transforms appear
in [8-15].

In this paper, we define the conformable double Sumudu-Shehu transform (CD-SSH).
We explain when the transform exists and how it behaves with derivatives. Then we show
how it can be used to solve some well-known conformable equations.
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2. Preliminaries

In this section, we give the main definitions and results related to conformable frac-
tional derivatives.

Definition 1. [1] Let 0 < 6 < 1 and x : (0,00) — R. The conformable fractional
derivative of order 0 is defined as:

d’ XA ) =X
WX()\) = %13% 1 )

where X > 0, and 2 a/\g is referred to as the fractional derivative of order 6.

Definition 2. [16] Let 0 < 01,02 < 1 and x(\,9) : (0,00) x (0,00) — R. The conformable
partial derivatives of orders 01 and 0y of the function x(\,0) are defined as:

o XA AT 8) — x (A, 6)
o XA 0) = iy ] ,
9% XA 6+ ndt02) — x (N, 6)

] . . .
where A, d > 0, 38/\911 and 866922 are referred to as fractional derivatives of orders 61 and
02, respectively.

Theorem 1. [17]Suppose that x(\,0) is differentiable at a point A\;§ >0, 0 < 61,60, <1,

then:
891 )\l 01 8X
ONO1 N
862 61 92 8X
0402 a5

3. The Conformable Double Sumudu-Shehu transform

In this section, we introduce the CD-SSH transform and explain its main properties
such as linearity. We also present a new result related to partial derivatives. Finally, we
show how these ideas help in finding the CD-SSH of some basic functions.

Definition 3. Let x()\,d) be a continuous function on (0,00) x (0,00). Then
1- The Conformable Sumudu transformation (C-S) of x(X,0), denoted by S$[x(),0)], is
defined as:

o0

/e 7 x(\, 0NN, peC.
0

® (p) = S5 (x
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2- The Conformable Shehu transformation (C-SH) of x(),6), denoted by HY[x(),0)], is
defined as:

Oo 0
Q&ﬂﬁZE@QLM®)=/;*%xOﬁﬁ$ﬁ%,anGC
0

3- The Conformable Sumudu-Shehu transformation (CD-SSH) of x(A,0),
denoted by SﬁlH((;Q [X(\,0)], is defined as:

E

01 pr%| _1 T *Zl 522 01—1 s0s—1
U(p,e,m) =Sy Hg?[x - e P 1 2 X(A, O)ANTTH672T .
0°0

Theorem 2. Assume that x : (0,00)x(0,00) = R such that U (p,e,n) = Sf\ng2 [X(%, %)]
exist, then

N1 502
SUHEX(F—, 7)) = SaHs[x(\, 0)],
0, 6,
where ~ o
SxHs[x /1)//6 X (A, 8) d\do.
00

Lemma 1. S’f\ngQ(X()\,(S)) is a linear transformation.

Proof. for nonzero constants a; and as, we have

ST HP (a1x1 (M) +azx2(), )

1oo<><> & 692
- // i) (a1x1(A,8) + azx2(A, )N~ 167~ dAds
P 00
0 0
_ // (o355 ) y (0, 6)A 1582 Lgxds +
p

0
6 (2
/ / (Gt ) yo (A, 8)A 1%L dxdd
= als§1H§2 (x1(X, 8)) + a2ST HE (x2(), 8)).

If x(\,9) can be written as x(X,d) = p(A)g(d) for some continuous functions p and g,
then S HZ(x(),6)) = S2' (p(\))HE2 (¢(5)). In fact

SYH(X(A,8)) = SYH{®(p(\a(8))
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VT (2% s
= //e (Gt ’792)p(A)q(é)A91_1692_1d>\d6
P
00

o 91 o 92
- (1 / e p(A1dA / e~ g(8)6% 1 do
P 0 0
= SV (p(\)H{?(q(8))
3.1. The Conformable Double Sumudu-Shehu transform for some basic
functions
() )
SUH[) = SVHP ==L, ceR,
(i)
0 0
St HY {eal?ﬁ”%]
= SO P2 (e M a2d] = U ,Re(l) > Re(aq),
(1 —a1p) (e — azn) p
(iii)

)\91 ai 592 az
91H92 N e
s (%) (%)
= SYPHP[N %)
pa1na2+1 1

I'(a; + 1)I'(a2 + 1), Re(

i p) > 0 and Re(a;) > —1.

3.2. Existence condition for the Conformable Double Sumudu-Shehu trans-
form

Definition 4. Let 0 < 01,02 < 1. Then a function x(\,d) is said to be of conformable

exponential orders a1 and as on 0 < A < 0o and 0 < § < oo. If there exist A, B,C > 0
692

PO
such that [x(A,6)| < Ac™ R T2 for all X1 5 B, 82 5 ¢

Theorem 3. Let 0 < 01,62 < 1 and x(A, ) be a continuous function on the region (0, 00) x
(0,00) of conformable exponential orders ay and az. Then U(p,e,n) = S§1H§2 [X(A, )]

exists for p,m whenever Re(%) > aj and Re (%) > as.
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Proof. We have

W (p,e,m)| = 1//e<2zi+€fzzz)x()\’ 5)/\91—1592—1 A\dS
P 00
o M TG a0t
< XA\, 0)| A 0 dAdd
P 00
= A//eQZ%ZE)@M%W%/\GI15921d,\d5
p
0

(1 —a1p) (e —azn)’

where Re(%) > a1 and Re (%) > ag.

3.3. Derivatives properties

Now, we present some basic properties of the CD-SSH

Let W(p,e,m) = Sf\ngQ (x(X,0)) where x(\,d) is a continuous function on (0, 00) X
(0,00). Then

(i)
%1 x(\, ) 1 1
601 1702 XA, _ 02
s (TX0 ) = Lutpeom) - Lag0.0), 0
(i)
0%91x()\, 6) 1 1 1 9%1x(0,9)
0 6 9 o 6 0 )
Sy Hg? <6/\%1> = ?‘I’(P&ﬂ?) - ?H(;Q(X(O,‘S)) - ;ng(w)a (2)
(i)
9%x(\, 6) €
61 176 XA 0
s (2250) = S - L0 ®)
(iv)
9*%x(\,9) 9%x(\,0)

62 €
Sy Hy" ( > = ﬁ‘l’(ﬂaeaﬁ) - Esﬁl (x(A,0)) — Sil(w)‘ (4)

95202



M. Al-Momani, B. Abughazaleh / Eur. J. Pure Appl. Math, 18 (4) (2025), 6384 6 of 14

Proof. Proof of Equation 1

9 >\91 592 01
SilH(?Q <6 )\91 > // o 7]92 ’ 8)59)\ 5)>\01_1562_1d>\d6'

By Theorem 1, we have 9° g)f\(ei ) _ \1-61 8x(/\ 9 4o

P XMB)\ LT i [ a0 0x ()

0 0 XA € X

S)\IH(SZ < 7@)\91 > — /e 2 692 1/ B = Zd\db.
0

)

P
0
By integrating by parts, we get

2%1x(N, 9)
0 0 XA
S)\lHéQ < OO )

17 et 177 a0
:/e no2 59271 |\ (0,6) + /e P00y (X, )N dN | dé
p p
0
1 et
:—/e 92 x(0,8)6%271ds
P 0
o0 0 P 0
+12//e‘(?91+ 07 ) y (0, )N L% drds
P
00

1 1
= ZW(p,e.n) — ~HE(x(0,5)).
p P
The proof of Equations 2, 3 and 4 follow using the same steps.
In Table 1, we have the CD-SSH of some basic functions.
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Table 1: Table of CD-SSH

x(.9) SYHi? (x(A.0))
c “l, Re(p) >0
(%)al (5;22 >a2 pael,lz(ffll“(al + 1)I'(az + 1), Re(p) > 0 and Re(ay) > —1
ealA:ll;a2 6;229 W’M Re( ) > Re(ay)
CE i Tm(ar) + Re() > 0
sin (al’\g + as 5922) (1+a(€:a)1(+2niz L Im(a1)| < Re(: 5)
cos (4 + o) RS, ()] < Re(y)
sinh (al% - @%) G a(fe‘l)l(+"f2a)%n2), (%) > Re(ap) and Re(%) + Re(a1) >0
cosh al% + a2%> 7 ;72(;3)7(7@132”2)7 (%) > Re(a;) and Re(%) + Re(a) > 0
p(A)q(9) SV (p(N) 3 (4(9))

4. Applications

In this section, we use the CD-SSH for solving conformable partial differential equations
Example 1. Consider the conformable wave equation
P X(NG) | 9 X(\0)
oo T g2
With initial conditions (ICs)
X (A, 0) = cosh (3%) , 92x(\0) _

9592
and boundary conditions (BCs)

2
X (076) = COS (592> + (%) , 8916))(\5?75) =0.
Solution 1. By applying the C-S to the ICs and the C-SH to the BCs, we get

2
Se1 (cosh (3)‘01» 1= 9p2a 591 (0) =0, ng <COS <6922> + <%> > - €2+772 + 63 ’

H? (0) = 0.
Apply the CD-SSH to Equation 5, we get

= 18, where A\, > 0. (5)

)

v €n 2n3 n 9¢2 9e _ 18y
p> P (E+n?) pre p? o p(1=9p7) e
So,
187
U(p,en) = T + A+ e

1 9e?
02+n2
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en? —9p%en?4+9p%e3+9p2%en? + 213 4+18p%e%n
02n(1-9p2) (2 +n?) pZe
n2+9p2e2
p7n?

By simplify,

€n 2
\ = —.
ben =G gy @y e

So,

X(A, 6)

-1 -1 ) 3
61 o €n =1
(%) () ((1 —on @ ) e
91 92 92 2
= cosh <3)‘\9—1) coS (5‘9—2> + (%) .
The following figures show the 3D representation of the solution at 01 = 02 = 0.6, 1.

¥{A, §) whenever M1 =02=06 xi A, §) whenever i1 = 62 =1

50
40
30 4

20+

Y(A, )

The following two figures illustrates the 2D graph of the solution with respect to A and
0 at 91 = 92 = 0.7,0.85, 1.
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120
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—éi,l = 4’?2 =0.7
31 = d’iz =0.85
200 e
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Example 2. Consider the conformable Klein-Gordon equation

291 292 91 02
207 x(A,6) | 9TEX(N ) Y\, 8) —3 (/\—) <5—> , where X, > 0.

ON201 06202 01 02

15

9 of 14
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With ICs .
0 271
X(A> O) _ O, 0 Qa)gg;\,o) — 62 b + 3)\91
and BCs . ,
01 [
X (0,6) = e?sin (52 ), 209 — 2 (52) 4 352,
Solution 2. By applying the C-S to the ICs and the C-SH to the BCs, we get
A%
S/G\1 (0) =0, Sil >~ o +3)“9911) = 1+p + 3p, HG2 <e sin <‘5 2)) = 7524:7;27
ng (—e sm( ) +3502> = e_szz + 36%
Apply the CD- SSH to Equation 6, we get
2 2¢%n? 2¢%n? 6n° € e? 3pm?
2 2 (212 2+2_72+72\I'_1+ —3p=V-—5
p p?(e+n?)  p(e+n°) pe 1 p €
So,
2e2n?  2e2p? 3P77
U(p,e,m) = AT GaT I 062 * 1+P
7t
By simplify,
2,2 2
e 3
U(p,€,n) = L + 2L

(p+1)(e+n?) €
So,

) = ()" (1) (Gaem )

= e lsm<02 +3 ) o )

10 of 14

The following figures show the 3D representation of the solution at 61 = 0 = 0.4, 1.
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x{ A, &) whenever M1 =02=04 xl A, 5) whenever 1 = 2 =1

The following two figures illustrates the 2D graph of the solution with respect to A\ and
0 at 91 = ‘92 = 0.5,0.75, 1.
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5. Conclusion

We introduced the CD-SSH and showed its main properties. We applied it to solve

several conformable equations. The results show that the method is useful and works well.
It may help with other equations in future work.

1]

References

R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh. A new definition of fractional
derivative. Journal of Computational and Applied Mathematics, 264:65-70, 2014.

F. S. Silva, D. M. Moreira, and M. A. Moret. Conformable Laplace transform of
fractional differential equations. Azioms, 7(3):55, 2018.

0. Ozkan and A. Kurt. On conformable double Laplace transform. Optical and
Quantum FElectronics, 50:1-9, 2018.

S. Alfageih, G. Baki cierler, and E. Misirli. Conformable double Sumudu transform
with applications. Journal of Applied and Computational Mechanics, 7(2):578-586,
2021.

R. Abu Awwad, M. Al-Momani, B. Abughazaleh, A. Jaradat, and A. Farah. The
Conformable Double Laplace-Sawi Transform. Fur. J. Pure Appl. Math., 18(2):6034,
2025.

M. Al-Momani, A. Jaradat, B. Abughazaleh, and A. Farah. Solving Partial Differen-
tial Equations via the Conformable Double ARA-Sawi Transform. Fur. J. Pure Appl.
Math., 18(2):6099, 2025.

M. Al-Momani, A. Jaradat, B. Abughazaleh, and A. Farah. Solving Partial Differen-
tial Equations via the Double Sumudu-Shehu Transform. Fur. J. Pure Appl. Math.,
18(2):5898, 2025.

M. Al-Momani, A. Jaradat, and B. Abughazaleh. Double Laplace-Sawi Transform.
Eur. J. Pure Appl. Math., 18(1):5619, 2025.

M. Mahgoub and M. Mohand. The new integral transform “Sawi Transform”. Ad-
vances in Theoretical and Applied Mathematics, 14(1):81-87, 2019.

M. Hunaiber and A. Al-Aati. On Double Laplace-Shehu Transform and its Properties
with Applications. Turkish Journal of Mathematics and Computer Science, 15(2):218—
226, 2023.

S. Khan, A. Ullah, M. De la Sen, and S. Ahmad. Double Sawi Transform: Theory
and Applications to Boundary Values Problems. Symmetry, 15(4):921, 2023.

B. Abughazaleh, M. A. Amleh, A. Al-Natoor, and R. Saadeh. Double Mellin-ARA
Transform. In Springer Proceedings in Mathematics and Statistics, volume 466, pages
383-394. Springer, 2024.

R. Abu Awwad, M. Al-Momani, B. Abughazaleh, A. Jaradat, and A. Farah. The
Double Sumudu-Sawi Transform. Eur. J. Pure Appl. Math., 18(2):5967, 2025.

R. Abu Awwad, M. Al-Momani, A. Jaradat, B. Abughazaleh, and A. Al-Natoor. The
Double ARA-Sawi Transform. Eur. J. Pure Appl. Math., 18(1):5807, 2025.



M. Al-Momani, B. Abughazaleh / Eur. J. Pure Appl. Math, 18 (4) (2025), 6384 14 of 14

[15] M. Al-Momani, B. Abughazaleh, and A. Farah. The double Sawi-Shehu transform.
Eur. J. Pure Appl. Math., 18(3):6890, 2025.

[16] H. Thabet and S. Kendre. Analytical solutions for conformable space-time fractional
partial differential equations via fractional differential transform. Chaos, Solitons €
Fractals, 109:238-245, 2018.

[17] H. Eltayeb and S. Mesloub. A note on conformable double Laplace transform

and singular conformable pseudoparabolic equations. Journal of Function Spaces,
2020(1):8106494, 2020.



