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1. Introduction

Over the past few decades, supra topologies, topologies, fuzzy topologies, and soft
topologies research has been heavily influenced by the study of many types of generalized
open, supra open, and soft open sets as well as their basic characteristics. Semi-open sets
(continuous maps) were initially proposed by Levine [1] in 1963. Njasta [2] introduced
the idea of a-open sets two years later. Mashhour et al. introduced the idea of pre open
sets (pre continuous maps) in 1982 [3]. The notion of S-open sets ( [-continuous maps)
was first presented by Abd-El-Monsef et al. [4] in 1983. In 1966, the definition of b-open
sets was investigated in detail [5, 6]. Piotrowski [7] presented the notion of partially open
sets (continuous maps) based on [8]. In [9, 10], the approach of somewhere dense sets
(also known as sd-sets) was proposed. Other aspects of this concept were explored in [11].
F-open was first introduced by Algahtani [12]. In 2024, Alqahtani et al. [13] presented the
N-open sets approach, which generalizes almost all of the earlier concepts. New kinds of
operators were presented by Alghamdi et al. in the context of primal topological spaces
[14].

The concept of supra open sets was established by Mashhour et al. [15] and takes into
account the fundamental components of supra topology (or STS). They created funda-
mental topological concepts like as continuity, interior (closure ) operators, and separation
axioms. The concepts of supra semi- [16] (R~ [17], 8- [18], b- [19], pre- [20], and a- [21])
open sets have been presented as well as their key characteristics.

A wide range of soft continuity and soft open sets have been produced by the fields of
broadly applicable soft open sets [22, 23], soft semi-open sets [24, 25], soft sd-sets [26], and
nearly soft S-open sets [27]. Later research was done on soft continuity [28, 29]. In [30], the
concept of the soft ideal initially appeared. This concept was then generalized by Fatouh
et al. [31] using soft semi-open sets. This approcach is then used to generalize a number
of topological features, including soft-I-open sets [32, 33], soft open sets via soft ideals
[34], soft compactness [35], soft ideals for congruence representations [36], generalized soft
rough sets [37, 38|, soft separation axioms [39], and soft connectedness [40]. Recently,
several lower soft separation axioms [41] and certain applications of soft d-closed sets [42]
were presented.

El-Sheikh et al. [43] established the definition of supra soft topological space. A variety
of supra soft operators have been explored in subsequent studies in terms of supra soft-b-
open sets [44], supra (strongly) generalized closed soft sets via soft ideals [45, 46], supra
soft sw-open sets [47], supra soft d;-open sets [48, 49], and soft separation axioms [50].
The concept of supra soft sd-sets [51, 52] was recently exploited by Abd El-latif et al. to
introduce new forms of soft connectedness [53] and several forms of compactness [54, 55].
Soft nodec spaces were given by Algahtani et al. [56, 57].

In STSs, Abd El-latif et al. established the concept of supra e-open sets [58]. They
also provided many kinds of operators, named supra e-closure (boundary, exterior, accu-
mulation, and interior, respectively). Using this notion, he and his colleagues [59] explored
novel types of supra maps, named supra e (€*)-continuous maps, supra e-irresolute maps,
supra e-open (closed) maps, and supra e-homeomorphism maps. In [60], in the frame-
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work of STSs, the authors introduced new weaker version of the supra septarian axioms
based on supra e-open sets, along with its key characteristics, which are referred to as
supra-e-Tj-space, j = 0,1, 2.

This manuscript is structured as follows: We give the definitions and findings that are
required for the sequel in Preliminaries.
In section 3, we present the notion of supra-e-completely space as an extension of the
notions of supra-e-Th-space, supra-e-1i-space, and supra-e-1p-space. We also investigate
how this concept behaves in relation to particular supra function forms.
In section 4, four new categories of separation axioms are presented that utilize the em-
ploying of supra e-open sets named: supra-e-regular-space, supra-e-normal-space, supra-
e-Ts-space, and supra-e-Ty-space. We also present an overview of their key characteristics
and look at the prerequisites for a number of similar relationships between them. We also
propose a figure 1 that shows these linkages.

supra-e-Ty-space = supra-e-13-space = supra-e-1,1-space = supra-e-13-space
2

4

supra-e-Tp-space <= supra-e-11-space.

Figure 1. The relationships between different kinds of separation axioms in the context
of STSs which are motivated by supra e-open sets

Furthermore, the necessary counterexamples that validate our findings are finally pre-
sented.

In Conclusion and future works section, we present an analytical explanation of the con-
cepts and conclusions discussed in this paper, along with a plan for next research based
on this study.

2. Preliminaries

Definition 1. [15] Supra topology (or STS) on v is the family 0 C 27 which contains
~v and O and closed under arbitrary union. Additionally, H and H® are referred to as
supra open and supra closed sets, respectively, if H € 0. Moreover, all supra open sets
will additionally have their class indicated by SO(v). Additionally, 0 is referred to be an
associated STS with o for a particular topology o if o C 6.

Definition 2. [15] The int*(W) (cl*(W), fr*(W)) will indicate the supra interior (clo-
sure, boundary) for a subset W of an STS (v,0), where

int* (W) =U{Q:Q€b0and Q C W}, cl*(W)=n{P:Pecf°and W C P} and
fre(W) = cl*(W)\int*(W).

Definition 3. [17] Let P be a subset of an STS (v,0). If int*(cl®*(P)) # 0, then P €
SRO(n). Also, if int*(cl*(P)) = 0, then P € SND(7).

Definition 4. [58] Regarding the subset Z of an STS (v,0), the class
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0, ={ZNG:Geb}
defines an STS on Z, also known as a supra subspace of (v, 0).

Definition 5. [58] A subset W of an STS (v, 0) is referred to as supra e-open set if either
W ==0 or
WoC { fre(W) Uint®(cl*(W)), W e SRO(v),
= fre(W), W € SND(v) and fr°(W) is infinite.
Furthermore, W€ is called supra e-closed-set. Additionally, SO(y) (SCe(vy)) will be
used to classify all supra e-open (supra e-closed) sets.

Definition 6. [58] For a subset W of an STS (v,0), the supra e-interior (closure) of W
will be indicated by the int: (W) (cl$(W)), where

intd(W) =U{Q : Q € SO(y) and Q C W} and
cdi(W)=n{R:R e SCc(y) and W C R}

Theorem 1. [58] If we consider a subset S of an STS (v,0) with o C 0, then we obtain
that

(1) cl2(5¢) = linte(S)]°.

(2) inte(5€) = [cl(S)]".

(3) int(S) Cint*(S) Cints(S), where int(S) denotes the interior of S with respect to o.
(4) cli(S) Ccl*(S) Cd(S), where cl(S) denotes the closure of S with respect to o.

Definition 7. [58] Let W be a subset of an STS (v,0) with an arbitrary point s € . If
each supra e-open set Gg containing s, we obtain that

W\{s}HI NG #0,

Consequently, s is called a supra e-accumulation point of W. Also, the set of all supra
e-accumulation points of W shall be represented by the notation acce(W).

Definition 8. [60] An STS (v, 0) is said to be

(1) Supra-e-Ty-space if for each distinct points there is a supra-e-open set including one
but excluding the other.

(2) Supra-e-Ti-space if for each distinct points 91,02 € v, then there are two supra-e-open
subsets vy and vo of 7y, such that V1 € vi, 99 & v1, and V1 & va, Vg € vy.

(3) Supra-e-Ty-space "supra-e-Hausdorff space” if for each distinct points V1,99 € 7y, then
there are two disjoint supra-e-open subsets vy and vy of v, such that Y1 € v1 and
192 € V.

Definition 9. [60] For the subset L of an STS (v,9), the class
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I ={LNO:0 € SOv)}
defines an STS on L, and it is called an supra e-subspace of (7y,1).

Definition 10. [60] A function 7. : (y1,91) — (72,92) with 01,02 associated STSs with
Y1,99, respectively, is said to be:

(1) Supra e-continuous (abbreviate: supra e-cts) if 7= (G) € SO.(71) for each G € V5.
(2) Supra e-irresolute if y-1(D) € SOc(y1) for each D € SO(72).
(3) Supra e (¢*)-open if v.(U) € SOc(y2) for each U € 61 (U € SOc(71))-

(4) supra-e*-homeomorphism if it is bijective supra €*-open and supra €*-cts.

3. Supra e-completely spaces

In this section, we provide the notion of supra-e-completely space as a generalization to
the approaches of supra-e-Th-space, supra-e-Ti-space, and supra-e-Ty-space. Additionally,
we prove that the notions of supra-e-Ts-space supra-e-completely-space are identical for
any STS (v, 0), if || < 4. Furthermore, we investigate this concept’s behavior in relation
to particular supra function types. In special, we show that the image of each supra-e-
T, 1-space is a supra-e-T,, 1 under a bijective supra €*-open function. Finally, we prove that

every supra subspace of supra-e-T;, 1-space is supra-e-T,, 1.

Definition 11. An STS (v,0) is said to be supra-e-T,1-space ”supra-e-completely space”
2

if for each distinct points 1,99 € 7y, then there are two disjoint supra-e-open subsets vy

and vy of 7, such that 91 € v1, Y2 € v and cl?(v1) N clf(v2) = 0.

Theorem 2. Any supra-e-T,1-space is supra-e-15.
2
Proof. Follows from Definition 11.

Remark 1. The converse of Theorem 2 is not hold as the upcoming example will demon-
strate.

Example 1. Let 0 = {~,0,{2,4},{1,3},{2,3,4},{1,2,4},{1,2,3},{3,4},{1,3,4},{1,4},{1,2,5},
{3,4,5},{2,3,4,5},{1,3,4,5},{1,2,4,5},{1,2},{1,2,3,5},{1,2,3,4},{2,3}} be an STS

on v = {1,2,3,4,5}. Regarding 1 # 2 € =, then there are not two disjoint supra-e-

open subsets v1 and va of 7, such that 1 € vy, 2 € vy and clf(v1) N cli(v2) = 0. Hence, ~y

18 not supm—e—TQ%. Also, it is easy to check that v is supra-e-T5.

Theorem 3. For any STS (v,0), if |v| < 4, then the approaches of supra-e-T,1 -space and
2
supra-e-Ts-space are identical.
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Proof. Given Theorem 2, we have that every supra-T,1-space is supra-e-T>. Now, let
2
(7,0) be a supra-e-Tr-space and 91 # 2 € 7. Then, there are two disjoint supra-e-open
subsets 11 and v, of v containing 91 and 9, respectively. This implies that,

cli(v1) Cvgand cli(v2) C vy (1)

Now, we have two cases:

Case (1), |vi| = 1 or |v1| = 3, then vy is both supra-e-open and supra-e-closed, which
implies that clf(11) Nclf(v2) = 0, given Equation 1.

Case (2), |v1| = 2, then either |va] = 2 or |va| = 1. If |vs] = 2, then both 14 and vy are
both supra-e-open and supra-e-closed, and hence clf(v1) N clf(v2) = 0.

If |vo| = 1, then vy is both supra-e-open and supra-e-closed, and thus cl?(v1) Nelf(v2) = 0.
Therefore, v is supra-e-T, 1.

Definition 12. A function ve : (y1,01) — (72,02) with 01,02 associated STSs with

o1, 09 respectively, is said to be supra € (€*)-closed if v.(U) € SCc(v2) for each U € 65
(U € SCc(71)).-

Theorem 4. Let v : (y1,01) — (72,02) be a function with 61,60 associated STSs with
o1, 09 respectively, and 8 C vy, then

Ve is supra e-closed if and only if cli[Ve(B)] C ve(cl®*(B)).

Proof. ” = ” Let us suppose that 7. be a supra e-closed function and g C ;. Since

Ve(B) C Ye(cl*(B)), cle[ve(B)] C cld[ve(cl®(B))] = 7e(cl®(B)), given v is supra e-closed
function.

“«< 7 Let B € 6{. Considering the assumption,

Ve(B) C clZ[7e(B)] S e(cl*(B)) = 7e(B)-
Hence,
cl¢[ve(B)] = 7e(B).-
Therefore,
Ye(B) € SCe(72), and hence 7, is a supra e-closed function.

Proposition 1. Let v, : (y1,01) — (72,02) be a function with 61,60, associated STSs
with o1, 09 respectively, and [ C 7y, then

Ve 18 supra €*-closed if and only if cl[v.(B)] C ve(cl2(B)).
Proof. By a similar manner to the proof of Theorem 4.

Theorem 5. Let v, : (71,01) — (72,02) be a bijective function with 01,6, associated
STSs with o1,09 respectively, then ~y. is supra e-open function if and only if it is supra
e-closed.
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Proof. “=" Let W € 0f, then W¢ € ;. Since 7, is supra bijective e-open function,
[Ye(W)]* = 7(W€) € SOc(m)-
This implies that,
Ve(W) € SO(72).

Thus, 7. is a supra e-closed function.
“ <=7 It is preceded by a similar assertion.

Corollary 1. Let v : (y1,01) — (72,02) be a bijective function with 01,602 associated
STSs with o1, 09 respectively, then e is supra € -open function if and only if it is supra
e*-closed.

Proof. Direct from Theorem 5.

Theorem 6. The image of each supm—e—TQ%—space s a supm—e—TQ% under a bijective supra
€*-open function.

Proof. Let 7 : (71,01) — (72,02) with 61,02 associated STSs with 01,09 re-
spectively, be a bijective supra e*-open function such that (v1,6;) is supra-e-T,, 1. Let
a1 # ag € vyo. Since 7, is bijective, there are & # & € 71 such that 77 !(a1) = & and
Yo ag) = &. Since (y1,01) is supra-e-T, 1 there are two disjoint supra-e-open subsets
p1 and po of 41, such that & € p1, & € po and cl¥(p1) N el¥(p2) = 0. Since 7, is supra
e*-open, v.(p1) and 7.(p2) are two disjoint supra-e-open subsets of v containing «ay, v,
respectively, such that ~¢(cl®(p1)) N ve(clé(p2)) = 0. Given Corollary 1, 7. is supra €*-
closed. According to Proposition 1, clf[vc(p1)] C ve(cli(p1)) and cli[ve(p2)] C ve(cli(p2))
and consequently cl?(ve(p1)) N el (7e(p2)) = 0. Therefore, (y2,62) is supra—e—TQ%.

The proof of the following corollary is obvious from Theorem 6.
Corollary 2. The property of being a supra-e-T,1-space is a supra hereditary property.
2

Proposition 2. Let (U,9y) be an supra e-subspace of an STS (v,9) and V be a subset of
v. Then, (cle(V))y, =UNcl(V)

Theorem 7. Every supra subspace of supra-e-T,,1-space is supra-e-T;1 .
2 2

Proof. Suppose that (x,0,) is a supra subspace of supra—e—T%—space (7,0) and ¥, #
¥ € x € 7. Given v is supra-e-T,, 1 then there are two disjoint supra-e-open subsets 1
and v, of v, such that ¥ € 11 and J9 € vy and clf(v1) N el¥(v2) = 0. Given Proposition 2,
(cle(S))o, = x N (cle(S)) = x N (cle(r1 N X)) € x N elé(v1) and (cle(T))g, = x N (cle(T)) =
XN (ce(viNx)) € xNeclf(vz). Hence, 91 € S =11 Nx and Y2 € T = vy N x such that
(cle(S))o, N (cle(T))g, = B. Therefore, x is Supra—e—TQ%—space.
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4. Supra e-regularity and supra e-normality

In this section, we introduce four new kinds of separation axioms based on supra e-open
sets named supra-e-regular-space, supra-e-normal-space, supra-e-13-space, and supra-e-7y-
space. We provide thorough descriptions of each of them. In particular, we examine
necessary conditions for several comparable connections between them and provide a gen-
eral illustration of their salient features. We also suggest a diagram that outlines these
relationships [see figure 1]. Moreover, we show prove that every supra-e-R-space (7, 6)
is supra-e-N-space, if |y| < 4, which implies that the two approaches of supra-e-T5-space
and supra-e-Ty-space are identical. Finally, we provide the required counterexamples which
confirm our study.

Definition 13. An STS (v, 6) is said to be

(1) Supra-e-regular-space (or supra-e-R-space) if for each supra-e-closed set H with ¢ ¢
H, there are two disjoint supra-e-open subsets v1 and vo of 7y, such that ¥ € v1 and
H g V.

(2) Supra-e-normal-space (or supra-e-N -space) if for each two disjoint supra-e-closed sets
H, K, there are two disjoint supra-e-open subsets vy and vo of 7y, such that H C 11
and K C vs.

(3) Supra-e-Ts-space, if it is both supra-e-R-space and supra-e-T.
(4) Supra-e-Ty-space, if it is both supra-e-N-space and supra-e-T}.
Theorem 8. The following are equivalent for any STS (v,0):
(1) ~ is supra-e-R-space;

(2) For every supra-e-open subset v of vy continuing ¥, there is a supra-e-open subset 1 of
v, such that ¥ € n C cle(n) C v;

(8) For every v € SO.(y) can be expressed by v = U{n :n € SO(v) and cl.(n) C v}.
Proof.

(1) = (2) Let v be a supra-e-open subset of v continuing ¥, then v is supra-e-closed
subset of v with ¥ ¢ v°. Given (1), there are two disjoint supra-e-open subsets 71
and 72 of 7, such that ¥ € n; and v® C 7y. Hence, ¥ € n; C n§ C v. Therefore,
demn Cele(m) Cv.

(2) = (3) Let v € SO.(v). Applying (2), for each ¥ € v, there is a supra-e-open subset
n of 7, such that ¥ € n C cl(n) C v. Hence, U{n : n € SO(7) and cl(n) C v} =wv.

(3) = (1) Let K be a supra-e-closed set with ¥ ¢ K, then K¢ € SO.(v) with ¥ € K°.
Given (3), K¢ = U{n : n € SO.(v) and cl.(n) C K°}. Since ¥ € K¢, there is
Gy € SOc(7) including 9 such that cl.(Gy) C K¢ Thus, K C [cle(Gy)]¢ € SOc(v),
¥ € Gy and [cle(Gy)]¢ N Gy = (). Therefore, v is supra-e- R-space.
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Theorem 9. [60] The following are equivalent for any STS (v, 0):
(1) ~ is supra-e-Ty-space;
(2) For each 91 # V2 € 7, cli({Vh}) # clZ({2});
(3) For each ¥ € v, acce({9}) = U{G : G € SCc(7)}.
Theorem 10. [60]
(1) Any supra-e-Tj-space is supra-e-Tj_q, j = 1,2.
(2) Any supra-Tj-space is supra-e-Tj, j =1,2.
Theorem 11. [60] For any supra-e-R-space (7, 0), the following are equivalent:
(1) ~ is supra-e-Ty-space;
(2) v is supra-e-Ty-space;
(3) v is supra-e-T-space.
Proof.

(1) = (2) Let ¥; # 92 € . Since 7 is supra-e-R-space, clf({91}) # clf({9¥2}) according
to Theorem 9. Hence, either ¥y & cl¥({¥1}) or 1 & cl?({¥2}). Considering ¥ ¢
clf({¥1}) and by supra-e- R-spaceness, there are two disjoint supra-e-open subsets v
and v of 7, containing Y9 and cl?({¥1, repetitively. Therefore, 7y is supra-e-Ts-space.

(2) = (3) and (3) = (1) Follows from Theorem 10 (1).
Theorem 12. The following are equivalent for any STS (vy,0):
(1) ~ is supra-e-Ti-space;

(2) For each ¥ € v, {9} € SCe(v);

(8) {H : H € SO(v) and C C H} = C;

(4) For each 9 € v, acc({9}) = 0.

Theorem 13. Any supra-e-T3-space is supra-e-T,, 1.

Proof. Let (v,0) be a supra-e-T3-space and ¢ # 2 € . Given Theorem 12,
{V1}, {02} € SCc(vy) with 92 ¢ {¥1} and ¥; & {U2}. Since v is supra-e-R-space, there
are two disjoint supra-e-open subsets vy and 15 of v containing ¥, and ¥, respectively.
Hence, there are supra-e-open subsets 11,12 of v, such that 91 € m C clc(n1) € vy and
Y9 € m2 C cle(n2) C vo according to Theorem 8. Since vy and vo are disjoint, cl.(n;) and
cle(n2) are disjoint. Therefore, 7 is supra-e-T,, 1
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Remark 2. The converse of Theorem 13 is not hold as the upcoming example will demon-
strate.

Example 2. Let 0 = {~,0,{5,6},{7,8},{5,7},{6,8},{6,7},{5,6,7},{5,6,8},{5,7,8},
{6,7,8},} be an STS on v = {5,6,7,8}. Regarding {5,8} € SCc(v) with 6 ¢ {5,8},
however here are not two disjoint supra-e-open subsets v separate 6 and {5,8}. Hence, 7y
is not supra-e-R-space, which implies that it is not supra-e-T3. Also, it is easy to check
that v s supm—e—T%.

Theorem 14. The following are equivalent for any STS (y,0):
(1) ~ is supra-e-N-space;

(2) For every supra-e-closed subset v of v and for every supra-e-open superset w of v,
there is a supra-e-open subset p1 of 7y, such that v C p1 C cl(p1) C w;

(3) For every wy and wy € SO(7y) such that v = w1 Uws , there are two supra-e-closed
subsets v1 and vy of v, such that wi C vy, wy C vy and v = v U s,

Proof.

(1) = (2) Let v be a supra-e-closed subset of v and w € SOc(7) such that v C w, then
v and w® are two disjoint supra-e-closed sets. Given (1), there are two disjoint
supra-e-open subsets p; and ps of ~, such that v C p; and w® C po. Therefore,
v Cp1 Cele(p§) = p5 Cw. Thus, v C p; Ccle(p1) C w.

(2) = (3) Let w1 and wa € SOc(y) such that v = w; Uwy. Then, v§ is a supra-e-closed
subset of vp. Given (2), there is a supra-e-open subset p; of 7, such that v{ C p; C
cle(p1) C va. Therefore, p§ C vy and cle(p1) C v in which p§ and cl(p1) € SCe(y)
with pf U cle(p1) = 7.

(3) = (1) Let 11 and vy are disjoint supra-e-closed sets, then v{ and v§ are supra-e-open
sets in which v = v{Uv§. Given (3), there are two supra-e-closed subsets d; and dz of
7, such that 6, C vf, d2 C v§ and v = §; U d. Thus, 65 and 6§ € SO(7y) containing
v1, v, respectively in which 6§ N 5 = (). Therefore, v is supra-e-N-space.

Theorem 15. Any supra-e-Tj-space is supra-e-Tj_1, j = 3,4.

Proof. We prove the case when j = 4, the other case by a similar manner. Let (v, 0)
be a supra-e-Ty-space, then it is both supra-e-Ti-space and supra-e-IN-space. Now, we
want to prove that 7 is supra-e-R-space. So, let H be a supra-e-closed set with ¥ ¢ H.
Given Theorem 12, {¢} is supra-e-closed. Hence, H and {¢} are disjoint supra-e-closed
sets. By supra-e-Ty-spaceness, there are two disjoint supra-e-open subsets v and o of 7,
such that {9} C vy and H C vy. Therefore, ¥ € v1 and H C vy. Thus, 7 is supra-e- R-space,
and so it is (v, 6) be a supra-e-T3-space.

Remark 3. The converse of Theorem 15 is not hold as the upcoming examples will demon-
strate.
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Examples 1. (1) Let0 = {~,0,{e,r}, {t,y},{e,t},{r,y}, {r,t}, {e,r, t},{e,r,y}, {e,t,u},{r,t,y}}
be an STS on v = {e,r,t,y}. Then we have that SO.(v) = 6. It follows that, -y is
supra-e-T5-space, and so it is both supra-e-T7-space and supra-e-Ty-space. Moreover,
regarding {e,y} € SCc(y) with r & {e,y}, however there are not two disjoint supra-
e-open subsets vy separate r and {e,y}. Hence, 7 is not supra-e-R-space, and so it is
not supra-e-13-space.

(2) Let 6 = {0,W CN:1€ WorlgW and W€ is finite} be a supra topology in
N={1,2,3,4,5,....... }. It i clear that 7y is both supra-e-T;-space and supra-e-R-space,
and then it is supra-e-T3-space. However, regarding the sets A = {n € N : n is even}
and B={ne€N:n >5andnisodd}. We have A and B are disjoint supra-e-closed
subsets of N, however there are not two disjoint supra-e-open subsets of v containing
them. Therefore, v is not supra-e-N-space and thus v is not supra-e-Ty-space.

Proposition 3. Based on the aforementioned conclusions, the following irreversible im-
plications are held for an STS (v,0).

supra-e-Ty-space = supra-e-13-space = supra-e-1,,1 -space = supra-€-T3-space
2

4

supra-e-1y-space <= supra-e-11-space

Figure 1. The relationships between different kinds of separation axioms in the context
of STSs which are motivated by supra e-open sets

Proof. It is follow from [[60], Proposition 1] and Theorems 13 and 15.

Proposition 4. [58] Let (Y,0y) be an supra e-subspace of an STS (v,0) and W be a
subset of v. Then, W € SC(Y) if and only if there is G € SCc(7y) such that W =Y NG.

Theorem 16. Every supra subspace of supra-e-R-space is supra-e-R.

Proof. Assume that (x,60,) is a supra subspace of supra-e-R-space (7, #) and H is a
supra-e-closed subset of x with ¥ ¢ H. Given Proposition 4, there is N € SC.(y) such
that H = x N N, and then ¢ ¢ N. Since (v, 0) is supra-e-R-space, there are two disjoint
supra-e-open subsets v; and vy of v, such that ¥ € vy and N C v,. Hence, x N vy and
X N vy are two disjoint supra-e-open subsets of x which containing © and H, respectively.
Therefore, (x, 6y) is supra-e-R-space.

Corollary 3. Every supra subspace of supra-e-13-space is supra-e-T3.
Proof. It is derived from Theorem 10 and Theorem 16.

Theorem 17. For any STS (v,0), if |y| < 4, then every supra-e-R-space is supra-e-N -
space.
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Proof. Let H, K be two disjoint supra-e-closed subsets of a supra-e-R-space (7, 6).
Then, we have five cases:
Case (1), |K| =4, then K =~ and H = (). Hence, we get our result.
Case (2), |K| =3, then |H| =1, and so K= H and H® = K. Hence, we get our result.
Case (3), |K| = 2, then either |H| =1 or |H| = 2. If |H| = 2, then both H, K are disjoint
supra-e-open sets. Hence, we get our result.
If |H| = 1, then H is singleton say H = {a} and so a ¢ K. Since 7 is supra-e-R-space,
there are two disjoint supra-e-open subsets v and v, of v, containing H, K, respectively.
Hence, we get our result.
Case (4), |K| = 1, then K is singleton say K = {s} and so s ¢ H. Since 7 is supra-
e-R-space, there are two disjoint supra-e-open subsets vy and vy of v, containing H, K,
respectively. Hence, we get our result.
Case (5), K =0, then H = ~. Hence, we get our result.
Consequently, v is supra-e-N-space.

Corollary 4. For any STS (v,0), if |v| < 4, then then the two approaches of supra-e-T5-
space and supra-e-Ty-space are identical.

Proof. Follows from Theorem 17.

Remark 4. If |y| > 4 in Theorem 17, then the result will not be achieved, as demonstrated
in the following example.

Example 3. Let 0 = 27\{{3,4},{1,2},{1},{3}} be an STS on vy ={1,2,3,4,5}. Regard-
ing the two disjoint supra-e-closed subsets {1,2} and {3,4} of 7, then there are not two
disjoint supra-e-open subsets vy and vo of 7y, containing them, respectively. Hence, 7 is
not supra-e-N -space. Also, it is easy to check that 7y is supra-e-R.

5. Conclusion and future works

In this article, we provide new versions of supra septation axioms inspired by supra-c-

open sets. To name a few: supra-e-T,, 1-space, supra-e-regular-space, supra-e-normal-space,
supra-e-T3-space, and supra-e-Ty-space. The behavior of these concepts with regard to
particular types of supra functions is also examined. We also give a general illustration of
their key traits and look at the prerequisites for a number of similar links between them.
Finally, the required counterexamples that support our conclusions are provided.
The following topics could be examined in further research on the theoretical aspects of
these generalized notions based on the particular methodologies discussed in this paper:
Introducing more investigation of septarian axioms term in supra e-open sets by using
the ideal notions. Also, presenting these notion to soft topological spaces [22]. Moreover,
using fuzzy supra soft topological spaces to generalize these notions [61, 62].

Conflicts of interest

The authors of this work state that they have no conflicting interests with regard to
its publication.



M. Aldawood et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6408 13 of 16

ern

Authors contributions

All authors made equal contributions.

Acknowledgements

The authors extend their appreciation to the Deanship of Scientific Research at North-
Border University, Arar, KSA for funding this research work through the project

number ?NBU-FFR-2025-2941-01”. Also, this study is supported via funding from Prince
Sattam bin Abdulaziz University project number (PSAU/2025/R/1446).

1]
2]

[3]

References

N. Levine. Semi-open sets and semi-continuity in topological spaces. American Math-
ematical Monthly, 70(1):36-41, 1963.

O. Njastad. On some classes of nearly open sets. Pacific Journal of Mathematics,
15(3):961-970, 1965.

A. Mashhour, M. Abd El-Monsef, and S. El-Deeb. On precontinuous and weak precon-
tinuous mappings. Proceedings of the Mathematical and Physical Society, 53:47-53,
1982.

M. Abd El-Monsef, S. El-Deeb, and R. Mahmoud. f-open sets and S-continuous
mappings. Bulletin of the Faculty of Science, Assiut University, 12(1):77-90, 1983.
D. Andrijevic. On b-open sets. Matematicki Vesnik, 48:59-64, 1996.

J. Dontchev and M. Przemski. On the various decompositions of continuous and some
weakly continuous functions. Acta Mathematica Hungarica, 71(1-2):109-120, 1996.
7. Piotrowski. A survey of results concerning generalized continuity on topological
spaces. Acta Mathematica Universitatis Comenianae, 52:91-110, 1987.

K. R. Gentry and H. B. Hoyle, III. Somewhat continuous functions. Czechoslovak
Mathematical Journal, 21:5-12, 1971.

O. Njastad. On some classes of nearly open sets. Pacific Journal of Mathematics,
15:961-970, 1965.

C. C. Pugh. Real Mathematical Analysis. Springer Science and Business Media, 2003.
T. M. Al-Shami. Somewhere dense sets and st1 spaces. Punjab University Journal of
Mathematics, 49(2):101-111, 2017.

M. H. Algahtani. F-open and f-closed sets in topological spaces. Furopean Journal
of Pure and Applied Mathematics, 16:819-832, 2023.

M. H. Algahtani and A. M. Abd El-latif. Separation axioms via novel operators in the
frame of topological spaces and applications. AIMS Mathematics, 9(6):14213-14227,
2024.

O. Alghamdi, Ahmad Al-Omari, and M. H. Algahtani. Novel operators in the frame
of primal topological spaces. AIMS Mathematics, 9(9):25792-25808, 2024.

A.S. Mashhour, A. A. Allam, F. S. Mahmoud, and F. H. Kheder. On supra topological
spaces. Indian Journal of Pure and Applied Mathematics, pages 502-510, 1983.



M. Aldawood et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6408 14 of 16

[16]

[17]

[18]
[19]
[20]
[21]
[22]
23]

[24]

T. Al-Shami. On supra semi open sets and some applications on topological spaces.
Journal of Advanced Studies in Topology, 8(2):144-153, 2017.

M. E. El-Shafei, M. Abo-Elhamayel, and T. M. Al-Shami. On supra r-open sets
and some applications on topological spaces. Journal of Progressive Research in
Mathematics, 8:1237-1248, 2016.

S. Jafari and S. Tahiliani. Supra (-open sets and supra [-continuity on topological
spaces. Annales Universitatis Scientiarum Budapestinensis, 56:1-9, 2013.

O. R. Sayed and T. Noiri. On supra b-open sets and supra b-continuity on topological
spaces. Furopean Journal of Pure and Applied Mathematics, 3:295-302, 2010.

O. R. Sayed. Supra pre-open sets and supra pre-continuous on topological spaces.
Series Mathematics and Information, 20:79-88, 2010.

R. Devi, S. Sampathkumar, and M. Caldas. On a-open sets and sa-continuous maps.
General Mathematics, 16:77-84, 2008.

M. Shabir and M. Naz. On soft topological spaces. Computers and Mathematics with
Applications, 61:1786-1799, 2011.

Zanyar A. Ameen and S. Al Ghour. Cluster soft sets and cluster soft topologies.
Computational and Applied Mathematics, 42:337, 2023.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Soft semi
separation axioms and irresolute soft functions. Annals of Fuzzy Mathematics and
Informatics, 8(2):305-318, 2014.

Tareq M. Al-shami, Abdelwaheb Mhemdi, and Radwan Abu-Gdairi. A novel frame-
work for generalizations of soft open sets and its applications via soft topologies.
Mathematics, 11(4):840, 2023.

T. M. Al-shami. Soft somewhere dense sets on soft topological spaces. Communica-
tions of the Korean Mathematical Society, 33(2):1341-1356, 2018.

Radwan Abu-Gdairi, A. A. Azzam, and Ibrahim Noaman. Nearly soft S-open sets
via soft ditopological spaces. FEuropean Journal of Pure and Applied Mathematics,
15(1):126-134, 2022.

S. Al Ghour. Soft w-continuity and soft ws-continuity in soft topological spaces.
International Journal of Fuzzy Logic and Intelligent Systems, 22(2):183-192, 2022.
S. Al Ghour and B. Irshidat. On 6,, continuity. Heliyon, 6(2):e03349, 2020.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Soft ideal
theory, soft local function and generated soft topological spaces. Applied Mathematics
and Information Sciences, 8(4):1595-1603, 2014.

F. Gharib and A. M. Abd El-latif. Soft semi local functions in soft ideal topological
spaces. European Journal of Pure and Applied Mathematics, 12(3):857-869, 2019.
M. Akdag and F. Erol. Soft i-sets and soft i-continuity of functions. Gazi University
Journal of Science, 27:923-932, 2014.

A. A. Nasef, M. Parimala, R. Jeevitha, and M. K. El-Sayed. Soft ideal theory and ap-
plications. International Journal of Nonlinear Analysis and Applications, 13(2):1335—
1342, 2022.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. ~-operation
and decompositions of some forms of soft continuity of soft topological spaces via soft



M. Aldawood et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6408 15 of 16

[35]

[51]

ideal. Annals of Fuzzy Mathematics and Informatics, 9(3):385-402, 2015.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Soft semi com-
pactness via soft ideals. Applied Mathematics and Information Sciences, 8(5):2297—
2306, 2014.

Z. A. Ameen and M. H. Algahtani. Congruence representations via soft ideals in soft
topological spaces. Axioms, 12:1015, 2023.

A. M. Abd El-latif. Generalized soft rough sets and generated soft ideal rough topo-
logical spaces. Journal of Intelligent and Fuzzy Systems, 34:517-524, 2018.

A. M. Abd El-latif. New generalized fuzzy soft rough approximations applied to fuzzy
topological spaces. Journal of Intelligent and Fuzzy Systems, 35:2123-2136, 2018.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Soft
semi (quasi) hausdorff spaces via soft ideals. South Asian Journal of Mathematics,
4(6):265-284, 2014.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Soft connect-
edness via soft ideals. Journal of New Results in Science, 4:90-108, 2014.

S. Saleh and K. Hur. On some lower soft separation axioms. Annals of Fuzzy Math-
ematics and Informatics, 19(1):61-72, 2020.

S. Saleh, Laith R. Flaih, and Khaled F. Jasim. Some applications of soft -closed sets
in soft closure spaces. Communications in Mathematics and Applications, 14(2):481—
492, 2023.

S. A. El-Sheikh and A. M. Abd El-latif. Decompositions of some types of supra soft
sets and soft continuity. International Journal of Mathematical Trends and Technol-
ogy, 9(1):37-56, 2014.

A. M. Abd El-latif and S. Karatag. Supra b-open soft sets and supra b-soft continu-
ity on soft topological spaces. Journal of Mathematics and Computer Applications
Research, 5(1):1-18, 2015.

A. M. Abd El-latif. Soft supra strongly generalized closed sets. Journal of Intelligent
and Fuzzy Systems, 31(3):1311-1317, 2016.

A. Kandil, O. A. E. Tantawy, S. A. El-Sheikh, and A. M. Abd El-latif. Supra gen-
eralized closed soft sets with respect to an soft ideal in supra soft topological spaces.
Applied Mathematics and Information Sciences, 8(4):1731-1740, 2014.

A. M. Abd El-latif, Radwan Abu-Gdairi, A. A. Azzam, F. A. Gharib, and Khaled A.
Aldwoah. Supra soft somewhat open sets: Characterizations and continuity. European
Journal of Pure and Applied Mathematics, 18(1):5863, 2025.

A. M. Abd El-latif and M. H. Algahtani. New soft operators related to supra soft
0;-open sets and applications. AIMS Mathematics, 9(2):3076-3096, 2024.

A. M. Abd El-latif, M. H. Algahtani, and F. A. Gharib. Strictly wider class of soft sets
via supra soft d-closure operator. International Journal of Analysis and Applications,
22:47, 2024.

S. Saleh, T. Al-Shami, Laith R. Flaih, Murad Arar, and Radwan Abu-Gdairi. r;-
separation axioms via supra soft topological spaces. Journal of Mathematics and
Computer Science, 32:263-274, 2024.

A. M. Abd El-latif. Novel types of supra soft operators via supra soft sd-sets and



M. Aldawood et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6408 16 of 16

[52]

[53]

applications. AIMS Mathematics, 9(3):6586-6602, 2024.

A. M. Abd El-latif and M. H. Algahtani. Novel categories of supra soft continuous
maps via new soft operators. AIMS Mathematics, 9:7449-7470, 2024.

A. M. Abd El-latif, A. A. Azzam, Radwan Abu-Gdairi, M. Aldawood, and M. H.
Algahtani. New versions of maps and connected spaces via supra soft sd-operators.
PLoS ONE, 19(10):e0304042, 2024.

A. M. Abd El-latif, Radwan Abu-Gdairi, A. A. Azzam, Khaled A. Aldwoah, M. Al-
dawood, and Shaaban M. Shaaban. Applications of the supra soft sd-closure operator
to soft connectedness and compactness. Furopean Journal of Pure and Applied Math-
ematics, 18(2):5896, 2025.

A. M. Abd El-latif. Specific types of lindelofness and compactness based on novel
supra soft operator. AIMS Mathematics, 10(4):8144-8164, 2025.

M. H. Algahtani and Zanyar A. Ameen. Soft nodec spaces. AIMS Mathematics,
9(2):3289-3302, 2024.

M. H. Algahtani, O. F. Alghamdi, and Z. A. Ameen. Nodecness of soft generalized
topological spaces. International Journal of Analysis and Applications, 22:149, 2024.
A. M. Abd El-latif, Radwan Abu-Gdairi, A. A. Azzam, Husham M. Attaalfadeel,
Shaaban M. Shaaban, M. Aldawood, and Khaled A. Aldwoah. Supra e-open sets:
Features, operators and applications. Furopean Journal of Pure and Applied Mathe-
matics, 18(2):5969, 2025.

A. M. Abd El-latif, Radwan Abu-Gdairi, Abd elfattah Azzam, Fatouh Gharib,
Husham Mohammed Alhassan Attaalfadeel, Walid Abdelfattah, Shaaban M. Shaa-
ban, and M. Aldawood. Novel types of supra functions inspired by supra e-open sets.
European Journal of Pure and Applied Mathematics, 18(2):6020, 2025.

M. Aldawood, A. M. Abd El-latif, Radwan Abu-Gdairi, A. A. Azzam, Abdelhalim
Hasnaoui, M. I. Elashiry, Husham M. Attaalfadeel, and Enas H. Elkordy. Various
types of supra e-separation axioms and relationships. European Journal of Pure and
Applied Mathematics, 18(3):6407, 2025.

A. M. Abd El-latif. Some properties of fuzzy supra soft topological spaces. European
Journal of Pure and Applied Mathematics, 12(3):999-1017, 2019.

A. M. Abd El-latif. Results on fuzzy supra soft topological spaces. Journal of Inter-
disciplinary Mathematics, 22(8):1311-1323, 2019.



