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1. Introduction and preliminaries

Special polynomials play a vital role in modeling diverse systems across statistical
mechanics, quantum mechanics, and several branches of mathematics, including com-
binatorics, entropy theory, and algebraic structures. Classical families like “Laguerre,
Chebyshev, Legendre, and Jacobi polynomials emerge as solutions to specific second-order
differential equations, making them instrumental in approximation theory and physics”.

Laguerre polynomials, introduced by Edmond Laguerre in the 19*" century, are a
prominent class of orthogonal polynomials defined on [0, +00). These polynomials are inte-
gral to various areas such as Fourier analysis, numerical integration (e.g., Gauss—Laguerre
quadrature), and solving physical models, notably the radial Schrédinger equation in quan-
tum mechanics. These functions are also essential in contexts like heat conduction, wave
motion, and diffusion.

Recent developments have centered on two-variable extensions of such polynomials,
which offer refined tools for analyzing physical phenomena with multiple degrees of free-
dom. These include bivariate forms of “Chebyshev, Hermite, and Laguerre polynomials,
frequently used in approximation theory, numerical computation, and signal analysis [1-
10]".

Specifically, the bivariate Laguerre polynomials, denoted Wy (u, v), satisfy a two-variable
generalization of the classical Laguerre differential equation. These polynomials are partic-
ularly useful in quantum mechanics, potential theory, and the study of random matrices.
Their orthogonality with respect to a bivariate weight function makes them suitable for
addressing multivariate problems in mathematical physics and probability theory. As
highlighted in [11], the introduction of two-variable Laguerre Wy (u,v) and Legendre poly-
nomials Sy (u, v) provides valuable analytical tools for tackling partial differential equations
encountered in various physical models.

The Laguerre polynomials (2VLP) with notion W (u, v) are represented as

e Jo(Ev/—u) = ZW¢ u,v) (1)

where Jp(u€) denotes the Bessel function of the first kind of order zero [12], which is
defined by the series:

= (1Y (Vo)
Js(2v/a) = ZO RCETIIE (2)

Additionally, one can use the identity

u?
exp(—aD, ') = Jo(2Vau),  D,%{1}:= o (3)

where D, ! stands for the inverse differential operator.
An alternative expression for the generating function is

UgCO de) 'l,L U (;5'7 (4)
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with Cpy(u) referring to the Tricomi function of the first kind of order zero [12], described
by
—1
Co(—ug) = eP <. (5)

Consequently, combining either equation (3) or (5), the generating formulation of the
Laguerre polynomials can be equivalently written as:

¢

oV oDu'é _ ZW¢(U7U)€*

: (6)
6=0 #

Similarly, the Legendre polynomials with notion Sy (u, v) are represented as
e Jo(Ev/—u) = ZS¢ (u,v) (7)

where Jy(u€) is again the Bessel function of order zero, as given in (2).
Alternatively, one may express the generating function using the Tricomi function as:

UgCO ZS¢ u, /U QS" (8)

where Cp(uf) is the same function defined earlier in (5).
Therefore, taking into account either (3) or (5), the Legendre polynomial generating
function can be restated as:

ev€ Du'e = ZSd)(u,v)—. 9)

Recent studies have focused on developing A} analogues of special polynomials. In
[12], several generalizations were explored. A new class, termed Ap-special polynomials,
was introduced using the classical finite difference operator Ay in [13-16], due to their
broad applications in mathematics, physics, and statistics.

The Ap-Appell polynomials are defined as:

Ag)(u) = Ag(u), ¢ € No (10)
with the recurrence relation:
Al () = phAg-1(w), ¢ € Ny, (11)
where the finite difference operator is:

A, HP (w) = H(u + h) — H(u). (12)
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Their generating function is given by [13]:

¢
WO+ he)E = ZA i (13
with
§) = Z%ﬁ,hav Yo,n # 0. (14)
$=0

Inspired by [13], we define the three-variable A, Legendre-Laguerre Appell polynomials
(Ay, LeLAP) by:

v—D; 1 Dyt s ¢
AE)(1+he) (1 + he?) - = 3 LAl w, 0, w) % (15)

The paper is formulated as:
Section 2 presents their construction and recurrence relations. Section 3 derives explicit
formulas. Section 4 discusses the monomiality principle and determinant forms. Section
5 relates these to Ap-Bernoulli, Euler, and Genocchi polynomials and provides symmetric
identities. The conclusion summarizes results and proposes future directions.

2. Results on A; LeLAP

This section explores the generating function and recurrence formulas associated with
a novel class of three-variable Aj;, Legendre-Laguerre Appell polynomials.

Theorem 1. The generating function for the A, LeLAP S]LA(E?} (u,v,w) is given by:

v— ,El ¢
& (1 —|—h§2 ZS]LA[ ] (u,v w)fb'
¢=0

V(€)1 + hE) (16)

Proof. Consider the left-hand side of (16). When expanded as a Newton-type series
centered at u = v = w = 0, each term corresponds to a coefficient of ¢? divided by ¢!.
By identifying these coefficients, the polynomials SLAgL] (u,v,w) arise naturally as those
associated with the generating function expansion.

Theorem 2. The following recurrence relations hold for the polynomials SILAZL] (u,v,w):

VAN
ThSLAgL] (ua v, ’U)) = ¢ SLAngl(ua v, ’U)),

o] 6 (v, 0) =¢(d—1) SLAE;I]_Q(u,v,w), D' —wu Dyt — w.

h S
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Proof. Differentiating both sides of (16) with respect to v using the finite difference
operator ,Ap, we obtain:

w u—D;l Dy,

UAh{ﬂ®ﬂ+h8U€ (P+M%%f}=h67@XL+M) m (L4 he?) T

—1 —1 —1

(18)

Substituting the series representation from (16) into the above and shifting indices in the
resulting series:

¢+1

= h £ - h §
vAhZS]LAé)](qu,w)a = hZS]LAEb](u,v,w)W. (19)
$=0 $=0

Re-indexing and equating coefficients of like powers of £ on both sides yields the first
identity in (17). A similar strategy using differentiation with respect to u leads to the
second identity.

Theorem 3. The family of polynomials SLAZL] (u,v,w) admits the following explicit rep-
resentation:

(7]

e

SLAgL] (u,v,w) = <z> <Z> he SLAgﬂd(u,w).
d=0
(20)
Proof. We start from the generating function provided in expression (16):
v—Dy ! Dyt ad ¢
A+ h)TF (14 ) = Y aLal w0 (21)
¢=0 '
Observe that when v = 0, this reduces to:
Dyl & h £
Y€1 +he?) T =3 sLA (w0, w3 (22)
¢=0
'ufD,,Il

We now expand the factor (1 + h{)™ #»  using the binomial theorem, noting that
v=Dz' v D!
R —h " h
separately, and use the binomial expansion:

. Since D, ! is an operator acting on the variable u, we consider its effect

>

(e hek =3 (7 ) heyt (23)

d=0

Multiplying this with the generating function of the form when v = 0, we obtain:
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0o min((f),%)

i (et & o v 6
oY () S aallwow =Y | X (B)rall o o5

d=0 ¢=0 ¢=0 d=0
(24)
Now applying the identity:
1 1 /¢
- 25
dl(¢p —ad)! ¢! (d)’ (25)
we rewrite the series as:
0o min(¢>,%)
O\ (1) ,d K '3
Z Z <d fi h SLAle(U,w) a (26)
»=0 d=0

Since this matches the original generating function series, by equating the coefficients
of £€2/¢! on both sides, we arrive at the claimed formula:

(7]

LAY (u,v,0) = Y @) <Z) h? SLAD (u, w). (27)

d=0

Theorem 4. The following explicit representation also holds:

¢
SLA([:} (u7 v, U}) = Z <;:> 7k,h SLAEbhlk(u, v, w)
k=0
(28)

Proof. We begin by considering the generating function for the polynomials SLAgL] (u,v,w),
as defined in expression (16):

— _ oo
_Dul le [h] ¢

G(&) = 1)1 +he) T (1 + he?) 5 =3 sal <u,v,w>j),. (29)
=0 '

Using expansion of (§) from expression (14) and substituting into the generating
function (16) gives:

—1 —1

> k v—D. D
Gle) = (Zw,h‘;z,) (L+h§) T (1+he?) 7H (30)
k=0 )

Now using the Cauchy product of series, we expand the full generating function:

G(g)—i ﬁi LAM (u, v w)im—i f: ¢ LAY (u,v,w) & (31)
- kZOfYk',h k! S m s Uy ml - k Yk,h S p—k\ Yo (b‘ .

" m=0 " ¢=0 Lk=0
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By equating the coefficients of % on both sides, we deduce:

¢

SLAE;Z] (w,v,w) = (@ Vb SLAgﬂk(“’“’ w), (32)
k=0

which completes the proof.

3. Other results

This section establishes summation formulae, which serve as essential tools in mathe-
matical analysis, revealing intricate relationships, patterns, and symmetries within polyno-
mial structures. They aid in combinatorics, probability theory, and mathematical physics
while enhancing computational efficiency.

Next, we present the summation formulas highlighting key summation properties of
the three-variable Aj Legendre-Laguerre-Appell polynomials SLA([;L] (u,v,w), forming the
core of this study.

Theorem 5. For ¢ > 0, we have

LAY (u, v, w) = 2:()( ) (~h)YsLAL (4,0, ). (33)
=0
Proof. From (16), we have
- ¢ v gt ot & O S w gt
;)SLAZ‘%u,v,w)d:v<£><1+h§>h<1+h§> P (Lhet) ;)SW(u 0.w)%; Z(‘ﬁ)w(‘hwﬁ
00 o) &
:(;) %(i) (—%)w(—hwsmgﬂw(u,o,w) fb!. (34)

When comparing the ¢ coefficients , we obtain (33).

Theorem 6. For ¢ > 0, we have

LAY (u, v+ 1,0) = f: (ZZ) <_}1‘>w (~h)*sLI (u, 0, w). (35)

$=0
Proof. From (16), we have

oo

$
S sLAL (u, v+1, w)i'
=0 it

-3 Al e =AU (4n TR (100 %

((1 + he)

==
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(2 1 (4
EZSLAh1Lvuﬁi'(§:<h>w(m¢iﬂ1)

¢=0
= (& (8 1 o 7 [h] ¢ [A] 134
=> (> — ) (=h)YsLgl(wv,w) | >3 = sLAS (u,v,w)>. (36)
=\ P h/y ¢! = ¢!
By matching the coefficients of identical powers of ¢, we obtain (35).

We now examine the relationship between the polynomials SLAgL} (u,v,w) and the
Stirling numbers of the first kind.

log(1 +
[g<k5 ZSzk ,,|g|<1 (37)
If we use the definition (37), we get
(0)i = > (1)1 (1, k)o*. (38)
k=0

Theorem 7. The polynomials gLAT(u, v, w) have

¢
SLAW (u,v,w) = ¢ SLA[ (u,0,w) ijl DY g >0, (39)
¢ v

v=0

Proof. With the help of (16) and (37), we obtain

oo ) — 1
S sl o) S (et PO+ 1) T (14 062)
=0 '
—Dg D,;l o j 1 h J
€)1+ ) <1+h52>h2(2)][0g(1f!5”

00 é ¥ ;
=SS (O)onA 0. ST (L) st pnt | S0 o)
v h ¢
6=0 \$=0 ‘ '

J=0

If the coefficients of ¢ are equalized in the last equation above and then By matching the
coefficients of identical powers of ¢, we obtain (39).
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Theorem 8. For ¢ > 0, we have

¢

Y
SLAg‘](u,O,w) = Z (z) 6 (U, 0, W) Z (——) Sy (1, §)RY
=0 j=0

Proof. From (16), we get

11 +he)

D‘SI
,_.

oo 134
(1 + he? ) p log(1+he) Z ]LA (u,v,w)> b
$=0

> 0N 1 v\J [log(1 + &)}
= ;SLAy(u,v,w) Z (_E> —_—

J!

:0(1;’(52) ol w) i( 7)) s10.5 )h¢) e

By matching the coefficients of identical powers of ¢, we obtain (41)

Theorem 9. The polynomials SLAZL} (u,v,w) have the following property for ¢ > 0

(43)
Proof. From (16), we have
oo 1) v _p;! bzt
> oL v, w) S =21+ he)F (14 ) TE (14 he?)
¢=0
£ & v £v
_ (;) LAY (u, 0.w) % 1;) <_ﬁ)w (—h)wa
00 ¢ ¢)
(44)
Comparing the coefficients of ¢, we get

¢

stalltu e =32 (0 (+5), ArsLall wo.w)
¥=0
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Using the above equality (38), we get

(46)

Theorem 10. For ¢ > 0, the polynomials SLAgl}(u,v, w) have

sLA (u, 5,0) ZZ( >hlgLA (1, v, w) (S;U)jsl(l,j). (47)

=0 7=0
Proof. From the generating relation (16), we reach
_p:1 =1 > 134

(14 th)D% = e~ n log(1+he) Z LA }(u v, W)
$=0

Y(E)(L + hE) (48)

Replacing v by s and comparing the resulting equations, we get

s Dyt Dyt z—v > ¢
en108(1+he) (1 4 pe) (14 nt?) == = e 7 los(1+ho) Z SLAZL] (u, v, w)il
$—0

By using equations (16) and (37) in the the above equation, we get

[e.9]

S ¢ & € = (s = v\ [log(1 + h§)Y
Q;()S}Lgﬂ(u,s,w)qﬁ = ;}SL[h}(u CRE ol Z( 3 ) .

J!

¢

co ¢ 1 _
ZSILA u, S, W) ¢‘ ZZZO( >hlSLAgﬂ_l(U7an) (S hv) Sa(l, J)i,-
0

Finally, assertion (47) is obtained by equating the coefficients corresponding to identical
powers of ¢.

4. Algebraic characteristics

Introduced by Steffenson [17] through poweroids and later extended by Dattoli [18, 19],
monomiality plays a crucial role in special polynomials. The J and K operators, as mul-
tiplicative and differential operators, further refine polynomial structures, deepening their
mathematical significance. The monomiality principle is a key concept in polynomial the-
ory, stating that any polynomial can be uniquely expressed as a linear combination of
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monomials—single-variable terms with non-negative integer exponents. This decomposi-
tion simplifies polynomial analysis, aiding in the study of properties like degree, leading
coefficient, and roots while enabling advanced mathematical techniques.

Beyond theory, the monomiality principle enhances computational methods in inter-
polation, approximation, and integration. Its adaptability extends to physics, where poly-
nomials model fundamental laws and phenomena.

The operators satisfy:

Apr1(A) = T{A:(V)}, (49)
k Ar—1(N) = K{A(V)}. (50)

The set {Ax(\)} forms a quasi-monomial family under these actions. The associated
commutator is:

K,J] =1, (51)

indicating Weyl algebra structure.
Assuming quasi-monomiality, the following identities hold:

(i) Differential equation:

TK{ALN} =k Ar(N). (52)
(ii) Explicit representation:
Ar(\) = TF1}, Ao = 1. (53)
(iii) Generating function:
N o k
{1} =Y Mg ful < o (54)
k=0

These operator-based results support the monomiality framework relevant in physics
and applied mathematics.

This section affirms the monomiality of the three-variable A} Legendre-Laguerre Ap-
pell polynomials SLAZL} (u,v,w), laying the groundwork for further structural analysis and

applications.

h

Theorem 11. The Ay LeLAP S]LAL)](u,v, w) satisfy the succeeding operators:

VAR Et i R e (55)
S 1 + vAh h + vAh2 7(1)%h)
and A
D, p=""" (56)
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Proof. To begin, we differentiate equation (16) with respect to v, making use of identity
(11). This yields:

1

A O +ROF (48 (L4 he) P} = (14he) - (140 (1 he?)
O +HF 1L+ Ralie e?)
— € (€)1 +hE) TR (14 he) H
(57)
which simplifies to the form:
oA v—Dg ! bt v—Dy ! Dpt
2 )1+ 1) TR (L4 he) | = €11+ he) TR (1 + he?)
(58)
which establishes the identity:
HYAN
hh [S]LAgL] (u,v, w)} = E[SLAL?] (u,v, w)} :
(59)
Now, we proceed by differentiating equation (16) with respect to &:
d v—Dy ! Dy £
55{7(5)(1 +RE TR (14 he)TH | = {Z LAY (u, v, w) > oy }
(60)

resulting in the expression:

v—Dyt _ Dyt 134
(1_’_}15 +21+h§2+ ){ZSLAhuvw¢'} Z¢ LA[]uvw)¢'

(61)

By employing identity (49) and making the substitution n — n + 1 in the right-hand
side of equation (61), the conclusion in (55) is validated.
Moreover, utilizing expression (50), we derive the following:

vAh
h

SLAgL] (u7 v, w) = ¢ SLAglll(ua v, w)a

(62)
which corresponds precisely to expression (56).

Next, the differential equation for the polynomials S]LAZL] (u,v,w) is derived.
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Theorem 12. The Ay LeLAP SLA([;L} (u,v,w) satisfy the differential equation:
v-D;l 2D LA, A (33E) ¢k h
+ — R[]u,v,w =0. 63
<1+UAh h+UAh2 7(1,%,1) UAh SL n ( ) ( )

Proof. Inserting expression (55) and (56
proved.

) in the expression (52), the assertion (63) is

We now derive the determinant representation of the A, LeLAP S]L,Agl}(u,v, w) by

establishing the following result:

Theorem 13. The A} LeLAP SLAgL} (u,v,w) admit the determinant form given by:

1 SL[lh] (u, v, w) S]L[Qh] (u, v, w) SLgﬂ_l(u, v, W)
Y0,h Y1,h Y2,k Yo—1,h
sLAY (u, v, w) = 4(_12;11 0 Yo (D71 ("7 02
(’Yo,h)
0 0 Y0,k (*3 ) v6-3
0 0 0 Yo,h
where
Yo,y @ = 0,1,---being the coefficients of the Maclaurin series of ——

Proof. By multiplying expression (16) Wlth

iS}LHuvw

¢=0
which in consideration of the well-know C.P. formulae gives

¢

>

m=0

SL[h] (U, v, ’LU) =

I <:i) Ym,h SLAgllm(u7 v, w)

v(&)

S]LgL] (U, v, U))
Yo,h
() vo-1.n

(5)19-2.1

Z¢ 0 VYo, b3 ¢, on both sides, it follows

(65)
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5. Examples

The Appell polynomial family, presented with the equality (13) at the beginning of
our study, offers the opportunity to obtain a wide range of members by choosing an
appropriate function y(§). These members take the names of different polynomials and
associated numbers as the appropriate function v(§) changes. Thus, each member has a
new generating function. Now, we give information on the generating function for these
polynomials.

For the “Aj Bernoulli polynomials ﬁ([z)h] (v), Euler polynomials E([ﬁh] (v) and Genocchi

polynomials Ggﬂ(v)” the generating relations are given by

(1+h&n — 1 Q!
» [h]
1 (1+h&)n E, —, t|<m, 68

Trrets Z St (68)
and )

2log(1+ h&)n . [A] ¢

— (A +h)r =) Gy(v)=, [t]<m, (69)

(1+h&)n +1 q;) ¢ gl
respectively.

As h — 0, the polynomials reduce to the Bernoulli By(v), Euler E4(v), and Genocchi
Ay (v) polynomials [20]. These polynomials, related to Ay, are vital in number theory,
combinatorics, and numerical analysis, aiding in problem-solving and formula derivation.

Bernoulli numbers are key in Taylor expansions and number theory, Euler numbers
in secant function expansions, and Genocchi numbers in graph theory and orthogonal
polynomials.

By choosing an appropriate v(£) in equation 16, we derive “generating functions for
the Aj, Legendre-Laguerre-based Bernoulli, Euler, and Genocchi polynomials”.

log(1 + hé)h vopy ! o %

7 h h h sLB, 7

(1—|—h§)%—1(1+ €) (1+ he?) ;0 uvw)¢' (70)

2 34

S (1+h he?) § 'SLEL(

(1+h§)%+1(1+ £ TR (1+ £%) 2 u’uw)(b' (71)
and ) .

21081+ h8) (1 L pey™R= (1 4 ne?) § :S]LGh (u, 0, ) o (72)

(14 hé)w +1 ol

Furthermore, the polynomials SLIB%([;} (u,v,w), SLEL](U, v, w) and SILGLs ] (u, v, w) satisfy
the following explicit form in light of expression (28):
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h “~ (n h

SLBY (u, v, w) = kZ:O (k> B Lo, (u, v, w), (73)
h “~ (n h

SLEQ,](%U’UJ) = ;} (k) Exn sLle(u,v,w) (74)

and .
n
sLGY (u,v,0) = Y < k) Gin s (w0, w).  (75)
k=0

In view of expressions (64), the polynomials SLBZL} (u,v,w), SLE([;L] (u,v,w) and SLGZL] (u, v, w)

satisfy the following determinant representations:

1 sl (u,v,0) sLYwo,w) o sLI (uy0,w) LY (u, v, w)
70,k 71,k Y2,k T Yn—1,h Yn,h
2 -1
LB (u,0,w) = (—1)* | © 0 ) R N O L e O
0 0 Y0,k N (o (5)Yn—2,n
0 0 0 e Yo.h (") n
(76)
1 SL[lh] (u,v,w) SL[Qh] (u,v,w) - SIL[:L(U, v, W) SLL}L] (u,v,w)
Y0,k 71,k Y2,h ce Tn—1,h Tn,h
2 —1
SLEM (u,0,w) = (<) | O Yo.h Dy (D)2 Do |
0 0 Y0,k o (") Yees (5)Vn—2,n
0 0 0 EE Y0,k ()

(77)
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and
1 SL[lh] (u,v,w) SL[Qh] (u,v,w) - S}L,[lh}_l(u, v, W) SL%”} (u,v,w)
Y0,k 71,k Y2,k ce TYn—1,h Tn,h
LG (u,0,w) = (-7 | Yo R e R R A=)
0 0 Y0,k o (") Yems (5)¥n—2.h
6 0 0 T ’Y(;,h (nﬁl) Y1,k
(78)

6. Conclusion

In this study, the A, LeLAP were systematically introduced and explored through
various mathematical frameworks, including the monomiality principle and operational
rules. By deriving their generating function, explicit formulas, recurrence relations, and
determinant form, we established a comprehensive foundation for their theoretical devel-
opment. Furthermore, the connections between these polynomials and renowned families
such as Ap-Bernoulli, Ap-Euler, and Ap-Genocchi polynomials underscore their relevance
in the broader mathematical landscape. These results contribute to a deeper understand-
ing of polynomial structures and their interrelations, making them valuable tools for future
mathematical investigations.

Looking ahead, further research can focus on exploring the orthogonal properties of
A}, Legendre-Laguerre-Appell polynomials and their potential uses in numerical analy-
sis, approximation theory, and differential equations. Additionally, investigating their
g-analogues and extensions in multivariable settings could provide new insights into their
algebraic and analytical properties. Another promising direction is their utilization in solv-
ing integral transforms, fractional calculus problems, and mathematical physics equations,
thereby broadening their scope in applied mathematics.
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