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Abstract. In this work, we introduce maximal sets and amicable sets in a paradistributive latti-
coid. We present a few number of examples and counter-examples for them, prove some algebraic
properties on them. Also, we define center of a paradistributive latticoid and prove that it is equal
to the intersection of all maximal sets. Finally, we obtain some necessary and sufficient conditions
for a paradistributive latticoid to become relatively complemented.
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1. Introduction

The exploration of algebraic structures such as lattices and their generalizations con-
stitutes a fundamental area of study in universal algebra and mathematical logic. A recent
advancement in this direction is the development of the theory of paradistributive latticoids
(PDLs) [!], which extend classical distributive lattices by relaxing conventional distribu-
tive constraints while maintaining essential structural properties. Introduced by Bandaru
and Ajjarapu, PDLs are algebras of type (2,2, 1), equipped with binary operations V and
A and a designated greatest element 1, and they satisfy a set of axioms that emulate
distributive behavior within a more generalized algebraic setting.

This work builds upon the foundational framework of PDLs to introduce and system-
atically investigate the concepts of compatible sets, maximal sets, and amicable sets. A
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compatible set is defined as a subset whose elements are mutually commutative under the
operations V and A, and a maximal set is characterized as a compatible set that is max-
imal with respect to inclusion. The novel notion of amicability is introduced to describe
maximal sets that exhibit a unifying interaction with the entire lattice, thereby revealing
new algebraic insights. Through a rigorous methodology comprising formal definitions,
illustrative examples, counterexamples, and theorems, this paper develops a comprehen-
sive theory surrounding these structures. In particular, it establishes that the center of a
PDL defined as the set of elements compatible with all elements of the lattice is precisely
the intersection of all maximal sets, and furthermore, that this center forms a filter. The
study of amicable sets serves as a key tool in the structural analysis of PDLs, leading to
a new characterization of relatively complemented PDLs a property of considerable inter-
est due to its connections with completeness and decomposability in lattice theory [2, 3].
The contributions of this work enhance the algebraic understanding of paradistributive
latticoids by introducing and analyzing new invariants and internal structures. These re-
sults extend earlier research on normal PDLs [1] and parapseudo-complementation [5], and
are grounded in the classical algebraic foundations laid by Birkhoff [2] and Boole [0]. As
such, this paper provides a substantive addition to the theoretical landscape of generalized
lattice systems.

2. Preliminaries

In this section, we present necessary definitions and properties of paradistributive
latticoids which are taken from [1] for quick reference and to develop the theory.

Definition 2.1. [1] An algebra (V,V,A,1) of type (2,2,1) is called a Paradistributive
Latticoid (Abbreviated as PDL), if it assures the following axioms:

for all a,b,c € V.

Given a, b in a paradistributive latticoid V, we say that a is less than or equal to b and
write a < b, if a Ab = a or equivalently a Vb = b. It is observed that < is a partial order
on V and the element 1 is the greatest element. Throughout this paper, we refer V as a
Paradistributive Latticoid with the greatest element 1.
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Example 2.2. [1] Let V be a non-empty set. Fix some element by € V. For any a,b € V,
define V and A on V by

if b, if b#£1b
aVb= a, i b # bo and anb=2"" 7 bo
b(], ifb:bo a, ifb:bo.

Then (V,V, A, bg) is called a disconnected PDL, and by is the greatest element.
Lemma 2.3. [/] For any a,b €V,
(i) aNa=a
(i) aVa=a
(iii) (aANb)Vb=1D
(iv) aV (bAa)=a
(v) aA(aVb)=a.

Lemma 2.4. [/] For any a,b,c,d €V,

(i) aNl=a
(i) 1Na=a
(iii) 1Va=1

(iv) (aVb)Ac=(aNc)V (bAc)

(v) aV(bAc)=aV (cADb)

(vi) V is associative in V

(vit) dV]aN(bAc)=dV[(aNb)Ac]
(viii) aV (bV ¢) =aV (cVb)

(ixr) aVb=1 <= bVa=1

() aVb=1 => bAa=aAb.

Definition 2.5. [I] An element m € V is said to be minimal, if for any a € V,m < a
implies m = a.

Lemma 2.6. [/] For any m € V, the following are equivalent;
(i) m is minimal,
(i) a Am =m, for alla €V

(i1i) aV m = a, for alla € V.
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A non-empty subset F' of V is said to be a filter, if for any a,b € F,x € V,aANb € F
and £ Va € F. Let S be a non-empty subset of V. Then [S) = {a V (Alysi) | si €
S,a €V,1<i<nandnis a positive integer } is the smallest filter of V containing S. If
S = {a}, then we write [S) = [a), the principal filter generated by a. The collection F'(V)
of all filters of V forms a distributive lattice under set inclusion, in which, the glb and lub
of any two filters F' and G are given by FAG=FNGand FVG={fAg| f € F and
g € G} respectively.

Lemma 2.7. [I] Given a filter F of V and a,b €V,
(i) [a) ={zVa|zeV}
(i1)) a € [b) <= a=aVb
(iti)) aVbeF < bVacF
(iv) [aVvb)=[bVa)=][a)Ab)
(v) [anb)=[bAa)=]a)V[b).
Lemma 2.8. [/] For any a,b €V,
(i) (avVb)Vb=aVb
(i) (aVb)Va=aVbd
(iii) aV (aVb)=aVbd
(iv) aN(aANb)=aAb
(v) (aAND)ANb=aAb
(vi) bA(aAb) =aAb.
Theorem 2.9. [/] The following are equivalent in V;
(i) (V,V,A,1) is a distributive lattice
(i) The poset (V, <) is directed below
(i1i) (a Nb)V a=a, for alla € V
(iv) A is commutative
(v) V is commutative

(vi) The relation R = {(a,b) € VXV | bV a = b} is anti-symmetric.
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3. Amicable Sets in Paradistributive Latticoid

In this section we define compatible sets and then maximal sets in a paradistributive
latticoid and extensively study their algebraic properties, and provided a good number of
counter-examples in each case. We define the center of a paradistributive latticoid using
compatibility, and then we prove that the center is a filter and it is the intersection of
all maximal sets in a paradistributive latticoid. Finally, we define amicable sets in a par-
adistributive latticoid and then we characterize paradistributive latticoids using amicable
sets. We obtain some necessary and sufficient conditions for a paradistributive latticoid
to become relatively complemented.

Definition 3.1. An element a € V is said to be compatible with an element b € V, if
aVb=>bVaorequivalently a Ab=bA a, and it is denoted by a ~ b. A subset S of V is
said to be compatible, if a ~ b, for all a,b € S.

Lemma 3.2. For any a,b,c € V, we have the following;
(i) 1 ~a
(ii) ~ is reflexive
(iii) ~ is symmetric
(iv) a<b = a~b
(v) a~b = cVa~cVb aNc~bAc, aVer~bVe.

Proof. Let a,b,c,e V. Then (i) aAl=a=1Aa=a~1 (by Lemma 2.4((i) & (ii)).
(i) aNa=a=aAa= a~a (by Lemma 2.3(i)).
(iii) If @ ~ b, then a A b = b A a. Therefore b ~ a.
(iv) If a < b, then aAb = a. Now, bAa =bA(aAb) = aAb (By Lemma 2.8(vi)). Therefore
a~b.
v) Suppose a ~ b. Then,

(cVa)A(cVb)=cV(aNb) (By Definition 2.1(i))
=cV (bAa) (By Lemma 2.4(v))
=(cVb)A(cVa). (By Definition 2.1(i))

Therefore ¢V a ~ cV b. Now,
(anNce)V(bAe) =(aVb)Ac (By Lemma 2.4(iv))
=(bVa)Ac (Since a ~ b)
=(bAc)V(aNc). (ByLemma 2.4(iv))
Therefore a A ¢ ~ b A c. Similarly,
(aVe)AN(bVe) =(anb)Ve (By Definition 2.1(ii))

=(bANa)Ve (Since a ~ b)
= (bVe)A(aVe). By Definition 2.1(ii))
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Therefore a Ve ~bVec.
Remark 3.3. Given a,b,c € V, a ~ b does not imply (¢ A a) ~ (¢ Ab). For, see the
following example;

Example 3.4. Let V = {a,b,c,d, 1} be a set with binary operations V and A given in the
following;

Vial|l|b|c|d ANlal|l|blc|d
alal|lllalc |c alalalblal|bd
11|11 ]1]1 lla|l|blc|d
blbll|b|d]|d blalb|blalbd
cleclllc|c|c clalc|b|cl|d
dld|1l|d|d|d dla|d|b|lc|d
Then (V,V, A, 1) is a Paradistributive Latticoid, and 1 ~ b but (c A1)V (cAb) # (¢ Ab)V

(cA1)).
Theorem 3.5. V is distributive if and only if a ~ b implies cNa ~ cAb, for all a,b,c € V.

Proof. If V is distributive, then it is easy to verify the result. On the other hand, let
a,b € L. By our assumption, bA1l ~bAa (that is (bA1)V (bAa) = (bAa)V (bAL)).
So that bV (bAa) = (bAa)Vb. By Definition 2.1(v)., b = (b A a) Vb. Therefore V is a
distributive lattice (By Theorem 2.9.).

Example 3.6. Let I be a non-empty set and V is a disconnected PDL. Then (VI , VA1)
is a PDL with respect to the point wise operations, where 1: I — V defined by 1(i) = 1
for all ¢ € I, is the greatest element in V. In this V, for any x,y € V, we have

(i) T~y if and Only if x’|x\ﬂ|y| = y||m|m|y‘ and

(ii) z <y if and only if x| = y)y|, where |z| = {i € I|z(i) # 1}.

Example 3.7. Let R be a commutative regular ring with unity [1]. For any a,b € R, a ~ b
if and only if ab?> = a?b. For any a,b €V,

a~b = aVb = bVa
= bpa = agb (a Vb =bya)
= bboa = baob
= ba = b2a0 (bbo = b)
= baa = b%apa
= ba® = ba (apa = a)
= a’h = ab? (commutative)
Now,

a’b=ab®> = ab(a—0b) =0
= apbp(a — b) =0 (aR = agR)
= aoboa — aobob = 0
= bpaga = agb (bbo = b)
= boa = apb (aap = a)
= aAbd = bAa.
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Therefore a ~ b.

Definition 3.8. A maximal compatible set in V is called a maximal set.

Example 3.9. In the Example 2.2., {z, 1} is a maximal set, for any x € V and = # 1.

Example 3.10. Let V be a disconnected PDL, I an infinite set and L = {z € V! | ||
is finite }, where |x| = {i € I | (i) # 1}. Then (L,V,A,1) is a PDL with respect to the
point wise operations, where 1 : I — V, defined by 1(i) = 1, for all 4 € I. In this L, we
observe the following;

(i) L has no minimal elements

Let © € L. Then |z| is finite. Choose i € I such that ig ¢ |z| and fix 1 # d € V. Now,
for i € I, define,

x(1), if 1 € |z|
y(@) =14 d, ifi=i

1, otherwise.

Then y € L and y < x. Therefore L has no minimal element.
(ii) If p € (V — {0})!, then the set M, = {ps | S is a finite subset of I} is a maximal set
in L, where pg : I — V is defined by

[ p), ifies
m@—{L ifids,

for all 7 € I. Let S1,S52 be two finite subsets of I and 7 € 51 N S3. Now,

(psy Apsy) (i) = ps; (i) A ps, (i)
= p(i) A p(i)
= ps, (i) A ps, (4)
= (ps, A ps;)(1)-

If i ¢ S1 NSy, then (ps, Aps,)(i) = ps, (i) Aps, (i) = 1. Therefore ps, A ps, = ps, A Dsy,
and hence M, is a compatible set. Let x € L such that x ~ pg for all finite subset S
of I. Since |z| is a finite subset of I, we have x ~ p,|. Therefore x|, = p|; and hence
T = p|y € Mp. Thus M, is a maximal set.

Example 3.11. The set M,, = {a € V | m < a}, where m is a minimal element in V, is
a maximal set in V.

Let m be a minimal element in V. Then m € M,,. Therefore M,, is non-empty. Let
a,b € M,,. Then m < a,b. Therefore mAa =mAb=m. Now, aAb= (mVa)A(mVb) =
mV (aAb) =mV(bAa) = (mVb)A(mVa)=0bAa. Therefore aAb=bAa. So that a ~ b.
Hence M,, is a compatible set. Assume that S is a compatible set such that M,, C S. Let
ceS. Thenc ~ s, forall s € S. Since M,, S, a~m. Now, m=aAm =mAa. Then
m < a. Therefore a € M,,. So that S C M,,. Hence M,, = S. Thus M, is a maximal
set in V.
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Let {Vi}ica be a family of PDLs. Then it is easy to observe that the product [[;c Vi
with point wise operations is a PDL. Now, we have the following;

Theorem 3.12. For any non-empty subset M of [[,c Vi, M is mazimal set in [[;cx Vi
if and only if M = [[;cao Mi, where M; is a mazimal set in V;.

Proof. Let {V;};ca be the family of PDLs. If M; is a maximal set in V;. Then clearly
[Lica M; is a maximal set. On the other hand, let M be the set such that M; = {a(i) | a €
M}, then M; is non-empty and compatible set in V;. Let b € V; is such that b ~ a(i), for
all a € M. Now, define ¢ € HjeAVj by ¢(j) =0b,if i = j and 1; if i # j. Now, d € M and
jeA (dNe)g)=d(G)Ne(g) =c(j) Nd(j) = (¢ Ad)(j). Therefore ¢ ~ d, for all d € M.
So that ¢ € M and ¢(j) = b € M;. Hence M; is a maximal set in V; for all i € A. Since
[Lica M; is a compatible set containing M. Therefore M = [],c M;.

Lemma 3.13. Let M be a maximal set in V and ¢ € V such that ¢ ~ a, for all a € M.
Then c € M.

Proof. Let M = MU{c}. Then M’ is compatible set and M C M’. By the maximality
of M, M = M’ and hence c € M.

Theorem 3.14. Let M be a maximal set in V. Then we have
(i) M contains 1
(ii) M is distributive lattice with greatest element 1

(i) M is an initial segment.

Proof. (i) Let a € M. Then a A1 = a = 1 A a. Therefore 1 ~ a, for all a € M.
By Lemma 3.13., 1 € M. (ii) Let a,b € M. Then a ~ b. Now, a A (a Ab) = a Ab and
(anb)ha=(bANa)Na=bAa=aAb. Therefore a ~aAb. By Lemma 3.13., a Ab € M.
Now, a A (aVb) =aand (aVb)Aa=(bVa)Aa=a. Sothat M is closed under V and
A. By Theorem 2.9., M is a distributive lattice with greatest element 1. (iii) Let a € M
and be V. If b<a,thenbAa=0b. Now,aAb=aA (bAa)=bAa (By Lemma 2.8(vi)).
Therefore a ~ b, for all a € M. By Lemma 3.13., b € M. Hence M is an initial segment.

Definition 3.15. In a PDL V, we define the center of V as the set C(V) ={a €V | a~
c, forall ceV}.

Theorem 3.16. C(V) is the intersection of all mazimal sets in V.

Proof. If a € C(V) and M is a maximal set in V. Then M U {a} is compatible and by
the maximality of M, a € M (By Lemma 3.13.). Therefore C(V) C M, for all maximal
sets in V. On the other hand, let a € V such that a ¢ C(V). Then there exists ¢ in V
such that a is not compatible with ¢. Put P = {C C V | C is compatible,c € C and
a ¢ C}. Then {c} € P. Therefore P is non-empty and (P, C) is a partial order set. Let
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C;CCyCC3C...CC,pC....beachainin P. If a € Ujc;C;. Then a € C;, for some i
which is a contradiction to a ¢ C;, for every i. If U;c;C; is not comparable, then there exist
b,c € UjerC; such that b is incomparable with ¢ where b € Cj,c € C}, for some ¢,5 € I.
But C; € Cj or C; € Cj, by,c € C; or b,c € Cj. Then b ~ ¢ which is contradiction. So
that U;crC; is compatible. Therefore U;c7C; is an upper bound in P. By Zorn’s lemma,
P has a maximal member, say ). Suppose N is compatible in V such that ¢ C N. Then
¢ € N. Since c is incomparable a, a ¢ N. Therefore N € P. By maximality of @ in P, we
get @ = N. Thus @ is maximal set in V and a ¢ Q. This proves that C(V) is equal to the
intersection of all maximal sets in V.

Theorem 3.17. C(V) is a filter of V.

Proof. Tt is easy to observe that C(V) is the intersection of all maximal sets in V.
Since each maximal set is closed under A and V, we have C'(V) is closed under A and V.
Let a € C(V),b,c € V. Then,

V(bVa) =(cVvb)Va (Visassociative)
=aV(cVb) (sincea € C(V))
=aV (bVe) (By Lemma 2.4(viii))
=(aVb)Ve (Vis associative)
=(bVa)Ve (sinceae C(V))

(bva)Ve =cV(bVa).

Therefore bV a € C(V), for all b € V. Thus C(V) is a filter of V.

Theorem 3.18. If {V,}aca is a family of PDLs, then C(J],ca Va) = [Taea C(Va).

Proof. Let a € C([[gea V). Then a ~ =z, for all @ € [[gcp Vg Let @ € A and

s € Vo. If z € [[gcn Vp) such that z(a) = s. Since a € C([Jgen Vi) a ~ @ and hence

a ANz =z Aa. Therefore (a A z()) = a(a A z(a) = z(a) Aa(a) = s Aa(a). This is true

for all s € V. So that a(a) € C(V,), for all @ € A. Thus a € [[,cn C(Va). On the other

hand, let a € [[,cn C(Va). Then a(a) € C(V,), for all « € A. Let 2 € [[,cn Va- Then

x(a) € Vg, for all @ € A. Since a(a) € C(V,), for all « € A, a(a) ~ z(a), for all a € A.
Therefore a ~ = and hence a € C([],ca Vo). Thus C(J],ca Va) = [[aea C(Va).

Definition 3.19. A maximal set M in V is said to be amicable with an element a of V| if
there exists b € M such that a Vb = a. The set M is said to be amicable if it is amicable
with every element of V.

Example 3.20. In Example 2.2., for any « # 1, {z,1} is an amicable set .

Example 3.21. Let V be a PDL with minimal elements. Then every amicable set is of
the form M,, = {x € V| x < m}, where m is a minimal element in V.

Theorem 3.22. Let M be a amicable set in V. Then for each a € V, there exists a unique
ap € M such that [ag) = [a) i.e., ag V a = ag and a V ap = a.
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Proof. Let a € V. Then there exists b € M such that a Vb = a. Take agp = bV a. Now,
apVb= (bva)vVb=0bV(aVb=0bVa = ap (By Lemma 2.4(viii) and bVag = bVbVa =bVa =
ag. Therefore ag ~ b. Since b € M, ag € M. Now,agVa=bVaVa=>bVa=ay Then
[ap) C [a). Therefore a € [ag). Now,aVa=aVbVa=aVaVb=aVb=a (By Lemma
2.8(iii)). Then [a) C [ag). Therefore a € [ag). Hence [ag) = [a). Suppose there exists
¢ € M such that [¢) = [a) = [ag). Since ag,c € M, ag ~ ¢ and hence ¢ = ¢V ag = ap V c.
Therefore ag < ¢. Since ag € [¢), ag = ag V ¢ = ¢V ag and hence ¢ < ag. Thus ag = c.

Let us denote n = {(a,b) € Vx V| [a) = [b)}. Then we have the following

Theorem 3.23. 1 is a congruence relation on V.

Proof. Let a,b,c € V. (i) Reflexive: For any a € V, [a) = [a) & (a,a) € 1. (ii)
Transitive: For any (a,b) € n and (b,¢) € 1, [a) = [b) = [¢). Therefore [a) = [c). Hence
(a,c) € n. (ili) Symmetric: (a,b) € n < [a) = [b) < (b,a) € n. Therefore 7 is an
equivalence relation on V. Let (a,b), (¢,d) € . Then [aV¢) = [a)A[c) = [b)A[d) =[bVd)
and [a Ac) =[a) V][c) =[b) V[d) = [bAd). Therefore (aVe, bVd), (ahe, bAd) €n
Hence 7 is a congruence relation on V.

Lemma 3.24. For any element a € V, a/n = {1} if and only if a = 1.

Proof. Let a € V. Then a € a/n. Suppose that a/n = {1}. Then [a) = [1). Therefore
a=aV1l=1. Hence a=1. On the other hand, let a =1, 1/n ={a €V | (a,1) € n} =
{a€eV|[a)=[1)}={ae€V]|a=aV1=1}={1}. Hence a/n = {1}.

Theorem 3.25. The quotient lattice V/n forms a distributive lattice with the least element
1/n = {1} and the operations a/n Ab/n = (a Ab)/n and a/nV b/n = (aVb)/n.

It is easy to observe that 7 is the smallest congruence on V such that V/n is a dis-
tributive lattice.

Theorem 3.26. A compatible set M in 'V is amicable if and only if M N (a/n) is singleton
set, for all a € V.

Proof. Suppose that M is amicable. Let a € V. By Theorem 3.22., there exists ag € M
such that [ag) = [a). Then a9 € M N (a/n). Now,

be Mn(a/n) = (a,b)enandbe M
=[a)=[b) andbe M
[ao) [ ) and b€ M (since [ag) = [a))
=b= (since M is distributive lattice)

Therefore M N (a/n) = {ao}. Conversely suppose that M N (a/n) is a singleton, for all
a € V. Let b € V such that b ~ a, for all @ € M. Then M N (b/n) = {c}, for some
¢ € M(By our assumption). Then [b) = [¢). Since b~ ¢, b =c € M. Hence M is maximal
set. Now, we show that M is amicable. Let a € V. By our assumption M N (a/n) = {d},
for some d € M. Then [a) = [d). Therefore a = aV d and d € M. Hence M is amicable.
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Theorem 3.27. Let M be an amicable set in V and x € V. Then M, = {(aAz)Va|a €
M} is a compatible set.

Proof. Let a,b € M. Then

[(bAZ) VD VI(aNnz)Va] =[bAz)VDVI]aV(aAz)] (By Lemma 2.4(viii))
= [(bAx)VbVa (By Definition 2.1(v))
= (bAz)V(bVa) (V is associative)
= bV (bVa)]A(xV(bVa)] (By Definition2.1(i7))
= (aVb)A(zV (aVb)] (since a ~ b, a,b e M)
=[aV(aVb]AxV(aVvb)] (By Lemma2.8(iii))
= (aNzx)V(aVDb)
=[(aNz)Va]lVb (V is associative)
= [(anz)Va]V[bV (bAx)] (By Definition 2.1(v))
= [(aNz)Va]V[bAz)V (By Lemma 2.4(viii)

Therefore M, is compatible set.

Theorem 3.28. Let M be an amicable set in V. Then M is isomorphic to V /1.

Proof. Define amap f: M — V/n by a/n, for all a € M. Now, f(aAb) = (aAb)/n=
afn Abjn = f(a) A F(B) and f(a V) = (aV b)/n = a/nV b/y = f(a) V f(b), for al
a,b € M. Then f is a homomorphism. Now, f(a) = f(b) = a/n = b/n. Let = € a/n.
Then (a,x),(b,xz) € n. Therefore [a) = [x) = [b). Therefore a = b. So that f is one-
one. By Theorem 3.22., for x € V, there exists 9 € M such that [xg) = [z). Therefore
xo/n =x/n = f(xg). So that f is onto and hence f is bijective.

Theorem 3.29. Let M be an amicable set in V. Then the lattice of filters of V is iso-
morphic with the lattice of filters of M.

Proof. Let F(V) and F(M) are the lattices of filters of V and filters of M respectively.
Define a map g : F(V) — F(M) by g(F) = FN M, for all F € F(V). Then clearly g is
an order preserving map. Suppose F,G € F(V) and FNM C GN M. For x € F, there
exists £9 € M such that [x¢) = [z). Therefore zp € F and hence xo € FNM C GN M.
For this xp € GN M, x € [z) = [rg) € GN M. Therefore z € G. So that F' C G.
Hence g is one-one. Let K € F(M). Put Q = {z € V| 29 € K such that [z) = [x0)}.
Let x,y € Q. Then there exist zg,yo € K such that [z) = [z9) and [y) = [yo). Now,
[zAy) = [2)V]y) = [20)V[y0)) = [x0Ay0) and [xVy) = [2)Aly) = [x0)Alyo)) = [z0Vyo)(since
K is a filter). Let a € V. Then there exists ag € M such that [a) = [ag). Now,
[xVa) =[z)Aa) = [z0) Aag) = [zo V ap). Since zoVag € M, xVa € F and hence @ is a
filter of V and ¢(Q) = Q N M = K. Hence g is bijective and ¢g~! is also order preserving.
Thus g is isomorphic.

Definition 3.30. A PDL (V,V, A, 1) is said to be relatively complemented, if every interval
[a,b], in V is a complemented lattice, for all a,b € V.
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Theorem 3.31. V is relatively complemented if and only if every mazximal set is relatively
complemented.

Proof. Suppose V is relatively complemented and M is a maximal set in V. For any
a,b € M with a < b, the interval [a,b] in V is a subset of M. Let z € [a,b]. Then
a < x. Therefore a Aoz = x Aa and a € M. So that x € M. Hence [a,b] C M. Since
V is relatively complemented, [a,b] is relatively complemented. Hence M is relatively
complemented. Conversely suppose that every maximal set is relatively complemented.
Let a,b € V. Then [a,b] is compatible and it contained in a maximal set(since every
maximal set is compatible). Therefore [a,b] is relatively complemented. By Definition
3.30., V is relatively complemented.

Theorem 3.32. V is relatively complemented if and only if every amicable is relatively
complemented.

Proof. Let M be an amicable set in V such that M is relatively complemented. Let
a,b € Vand a < b. Then there exists ag, by € M such that [ag) = [a) and [by) = [b) (By
Theorem 3.22.) Now,

agVby = bygVag since ao,b()EM)
bo VagVa (since ag € [a))
boVaVay (By Lemma 2.4(viii))

(
(
(
= byVa (since a € [ag))
(
(

boVbVa (since by € [b))
bo V b since a < b)
= by. (since bo € [b))

Therefore ag A by = ag and hence ag < by. Since M is relatively complemented, there
exists x € M such that ap Vax =1 and ag A x is minimal. For x Vb€V,

aV(xVvb) = aVaVzVb (since a € [ap)
= aV1Vd (since ap Vx = 1)
=1

aN(zVb) = (aVay) A(xVb) since a € [ag)

= {an(zVDd)}V{aA(zVDd)}
= {an(xzVd)}V{(xVb)Aay}
= (zVb)A{lan(zVD)]Va}

By Lemma 2.4(iv))
By Lemma 2.4(v))
By Lemma 2.3(i7i))

(
(
(
ﬁ
x VagVbl} EBy Lemma 2.4(vi)(viii))
(
(
(

= (zVvb) A{(aVag) AN|[(xVDb)Vagl} (By Definition 2.1(i7))

= (@vb) A {(aVa) ALl

= (zVb)A(aVag) since ap Vo = 1)

= (xVb)Aa since a € [ag) and ag € [a)
= (zNa)V(bAa) By Lemma 2.4(iv))

= (xAa)Va since a < b))

Therefore a < x Vb < 1. So that aV (xVb) =1 and a A (xVb) = a. Hence V is relatively
complemented.
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4. Conclusion and Future Work

In this paper, we introduced and analyzed maximal and amicable sets in paradistribu-
tive latticoids (PDLs). We established key structural properties, including that the center
of a PDL is the intersection of all maximal sets and forms a filter. Additionally, we charac-
terized relatively complemented PDLs using amicable sets. These results contribute to the
deeper understanding of compatibility in generalized lattices. Future work may focus on
extending these concepts to related algebraic structures, exploring categorical properties,
and developing computational approaches for identifying maximal and amicable sets in
practical and theoretical applications.
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