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Abstract. Malaria remains one of the most serious and widespread vector-borne infectious diseases world-
wide, caused by Plasmodium protozoa and transmitted through the bites of infected female Anopheles
mosquitoes. In this study, we present a novel, integrative, bioinformatics-driven deterministic mathematical
model to investigate the complex transmission dynamics of malaria. The model uniquely distinguishes be-
tween homogeneous and heterogeneous exposed human compartments (E},,,, Frt) and explicitly incorporates
mosquito population dynamics. The coupled system includes human compartments Sys, Fnm, Ent, In, Hpyr,
Rys, and mosquito compartments Sg, Er, Ir. We perform a comprehensive stability analysis of both the
malaria-free and endemic equilibrium points, assessing global stability in relation to the basic reproduction
number Ry. Sensitivity analysis reveals that the mosquito biting rate («ps) and the transmission probability
(Banr) are key parameters influencing malaria spread. To evaluate the effectiveness of intervention strategies,
we incorporate time-dependent control variables and formulate an optimal control problem using Pontrya-
gin’s Maximum Principle. The control interventions include bed net usage (m;), antimalarial medication
treatment (ms), and insecticide spraying (mgs). Numerical simulations, implemented using a fourth-order
Runge-Kutta method in Python and MATLAB, demonstrate the significant impact of these strategies in reduc-
ing both exposed and infected populations. Our findings emphasize the importance of timely and targeted
control measures and highlight the effectiveness of integrating bioinformatics with mathematical modeling
to support informed decision-making in malaria control policies.
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1. Introduction

One of the most serious infectious diseases in the world is malaria, a potentially fatal vector-borne
disease spread by the protozoan Plasmodium that infects female Anopheles mosquitoes and bites
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people [1-5]. The causative agents, including Plasmodium falciparum, Plasmodium vivax, Plasmod-
ium ovale, and Plasmodium malariae, exhibit differences in microscopic appearance, geographical
distribution, and clinical characteristics, particularly in terms of infection potential, severity, and
propensity for relapse shown in Figure 1. Among them, P. falciparum is recognized as the most
perilous to humans [6]. Malaria is spread from person to person by mosquito bites. Plasmodium
vivax and P. falciparum are the two most common malaria species that infect people among the
five species that affect malaria overall. More than 400,000 deaths a year are caused by these two
species, with 90% of the deaths occurring in Africa.
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Figure 1: Malaria Transmission

According to the latest World Malaria Report of December 2019, there were 228 million reported
cases of malaria in 2018, a slight decline from 231 million cases in 2017. In 2018, an estimated
405,000 people succumbed to the disease, compared to 416,000 in 2017. The burden of malaria
remains disproportionately high in the WHO African Region, accounting for 93 % of cases and
94% of deaths in 2018. Malaria prevalence spans over 100 countries, resulting in approximately 216
million cases and 655,000 deaths in 2010 [7, 8]. Despite longstanding efforts to combat malaria, it
persists as a major public health challenge in affected areas, primarily in tropical and subtropical
regions of Africa, the Eastern Mediterranean, Asia, and South America. Vulnerable populations in-
clude pregnant women and non-immune travelers. Beyond its health-related implications, malaria
poses a significant socioeconomic threat to endemic nations. In Africa alone, the annual economic
burden of malaria was estimated at 8 billion [2, 5, 9]. Consequently, there has been a critical
need to devise various intervention strategies to mitigate the impact of malaria. While global ef-
forts are underway to develop a perfect vaccine against malaria, none currently exists [5, 10-16].
To control the spread of the disease, preventive measures include mosquito-reduction strategies
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and personal protection against mosquito bites, facilitated by the use of insecticide-treated bed
nets (ITNs), intermittent preventive treatment (IPT), and the elimination of vector breeding sites
[2, 17-19]. Additional intervention strategies encompass indoor residual spraying (IRS) to eliminate
infected indoor mosquitoes and the sterile insect technique. The use of anti-malarial drugs also
plays a role in regulating malaria [6, 20-23]. Numerous mathematical models have been developed
to investigate fluid dynamics, neurological processes, and the transmission dynamics of epidemic
diseases over time [24-32]. Oke et al. (2020)[20] studied the malaria dynamics transmission us-
ing a non-linear mathematical model. He studied stability theory, optimum control techniques
and numerical simulations to show how different control strategies affect the spread of disease.
Tchoumi et al., (2021) [33] investigated the co-dynamics of malaria and COVID-19 in order to
determine the best control techniques and stability conditions. Results indicated that treating
both infections at the same time prevented their spread more successfully, which shed light on
the difficulties encountered during the COVID-19 pandemic. In sense of fractional derivatives ,
Sinan et al., (2022) [34] used and non-linear mathematical model to study the malaria dynamics
spread by mosquito vectors. The effectiveness of control measures like bed nets and pesticides in
the spread of infections was demonstrated using numerical simulations. Alhaj (2023) [35] studied
a deterministic model for Malaria transmission, analyzing the basic reproduction number (R0) and
stability conditions. Simulation and sensitivity analysis highlight control interventions’ impact, pro-
viding recommendations for eradicating Malaria transmission. Adegbite et al. (2023)[36] explored
malaria importation’s impact globally, using a novel ODEs system to evaluate vigilance-driven con-
ventional and traditional control strategies, emphasizing the need for 98% vigilance for effective
malaria management. Algahtani et al, (2024) [37] modeled using a deterministic fractional-order
system incorporating a novel hospitalized compartment to simulate transmission dynamics between
humans and mosquitoes. The basic reproduction number was derived using the next-generation
matrix method, and numerical simulations were performed using the fourth-order Runge—Kutta
method in MAPLE. Olutimo et al., (2024) [38] explored the influence of environmental immunity
on malaria transmission through a developed SIR-SI mathematical model. The analysis revealed
that the malaria-free equilibrium was locally asymptotically stable when the reproduction number
was below unity. Numerical simulations demonstrated that acquired environmental immunity, in-
fluenced by nutrition and medicinal herbs, significantly diminished malaria spread by bolstering the
recovered class and reducing the infected class. This paper presents a dynamic mathematical model
to investigate malaria transmission dynamics, building upon earlier studies. Our primary goal is to
identify and assess effective control strategies for disease management. To this end, we develop an
optimal control model that incorporates interventions such as treated bed nets, pesticide applica-
tion, hospitalization, and preventive treatment. A novel aspect of our research is the division of the
exposed human population into two distinct classes based on genetic heterogeneity: homogeneous
and heterogeneous individuals, reflecting differences in resistance to malaria. The genetic basis of
hemoglobin variants, particularly the sickle cell allele, is highly prevalent in African populations,
where malaria transmission is also endemic. heterogeneous individuals carrying the sickle cell trait
exhibit increased resistance to Plasmodium falciparum infection and often remain asymptomatic
despite exposure, whereas homogeneous individuals are more susceptible to infection and disease
symptoms [39]. Additionally, our model introduces a hospitalized class, which is a novel variable
rarely considered in malaria modeling literature. This inclusion allows us to better capture the
dynamics of severe cases and healthcare interventions. To determine the optimal control strate-
gies, we apply Pontryagin’s Maximum Principle (PMP), a powerful tool in optimal control theory.
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Furthermore, we calculate the basic reproduction number Ry and perform sensitivity analysis to
evaluate the influence of key parameters on disease transmission and control efficacy. This model
serves as a valuable framework for evaluating the effectiveness of various malaria control measures
and enhances understanding of malaria dynamics post-intervention within populations.

2. Model Analysis

We develop an Syy Epm Enedpi Hpy Ry—Se Erlp compartmental model to simulate malaria trans-
mission dynamics between humans and mosquitoes. The human population is structured into six
distinct compartments: susceptible individuals (S)s), heterogeneously exposed individuals (Ep;),
homogeneously exposed individuals (E},,), infected individuals (1), hospitalized individuals (H ),
and recovered individuals (Rps). Recovered individuals acquire temporary immunity but eventu-
ally re-enter the susceptible compartment (Sys) due to waning immunity. The mosquito population
(female Anopheles) is categorized into three compartments: susceptible mosquitoes (Sr), exposed
mosquitoes (Er), and infectious mosquitoes (Ir). Crucially, both infected and recovered humans
transmit the malaria parasite to mosquitoes during blood-feeding events, as illustrated in the trans-
mission flowchart (Figure 2). The total human population at time ¢ is given by:

Tnr = Sy + Epn + Eng + Iy + Hyr + R, (2.1)
while the total mosquito population is:

The parameters governing the model are systematically defined in Table 1. The mosquito lifecycle

is explicitly modeled through three developmental stages: immature/susceptible (Sg), exposed
(EF), and infected (Ir). The resulting malaria transmission dynamics are captured by a coupled
system of nonlinear ordinary differential equations:

@:AM—W—EMSM+WMRM_7MSM= (2.3)
di:m == ﬁ]\:/{J\fM M vt B — 001 B, (24)

dgtht = ymSym — (enmr +nu1) B, (2.5)
%Z@MEhm*(MMﬂLEM*PM)IM’ (2.6)
CZZITM:pMIM—(,uMwLGM+5M)HM7 (2.7)

‘ﬂ% = marEpe + 63 Har — ear Rar — war R, (2.8)
ddS;F:)\F_QMB;;SFIM_FQM/B]\;?MSF_EFSF, (2.9)
dEp _ oy Br Sk In . am Bu Ry Sk éu Ep — ey Ep, (2.10)

dt Tr Tr
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Figure 2: Schematic representation of malaria transmission dynamics. Solid arrows indicate natural pro-
gression; dashed arrows denote infection pathways.

dl
7: :—EFIF+¢MEF, (2.11)
having initial conditions,
SM > OaEhm > OaEht > OaIM > OaH]\/[ > OaRM > 07 SF > OvEF > Oa-lF > 0. (212)

2.1. Feasible Region and Positivity of Solutions

Theorem 1. There exists a feasible region Qp in which the solutions of the model (2.3)—(2.11)
remain bounded and positively invariant.

Proof. Summing the equations for the human compartments in system (2.3)—(2.11), we define
the total human population as

Tar = Smr + Enm + Epe + Ing + Hy + Ry

Differentiating with respect to time yields

dT; ds dEny, dE dl dH dR
M Mo, @Bpm | OB aly dHM M

dt dt dt dt dt dt * dt

From the model equations, this becomes

dTy

T v — et (Sv + Enm + Ene + Ing + Hyr + Ryr) — (U + Hr).
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In the absence of disease-induced mortality (i.e., ups = 0), the equation simplifies to

dTy

— = Ay — ey
I M —emim

Solving this linear differential inequality gives

A
0< TM(t) < 7M
€M
Thus, the feasible region for the human population is
A
QM = {(SMaEhmaEhtalMaHMaRM) S Rg_ : SM —|—Ehm +Eht —|—IM —|—HM +RM < 61\4} .
M

Similarly, for the mosquito population, defining
Tr =Sp+ Ep + Ir,

we obtain the feasible region

A
QpF = {(SF,EF,IF) ERE})FSF"FEF""IFS EF}
F

Therefore, the overall feasible region for the system is
Of = Qu x Qp,

which is positively invariant and bounded.

Theorem 2. The solutions of the system of equations (2.3)—(2.11) with initial conditions (2)
remain non-negative for all time t > 0.

Proof. Suppose, for the sake of contradiction, that there exists a time # > 0 such that

Su(t) =0,
while for all ¢ € (0, 1),

Sa(t) >0, Epm(t) >0, Ep(t) >0, In(t)>0, Hy(t)>0,
Rp(t) >0, Sp(t)>0, Ep(t)>0, Ip(t)>0.

From the system (2.3)-(2.11), the equation for the susceptible human population Sy; at time # is

dSnr

oM _ anBuSu()Ir(h)
dt

t=t

— EMSM(f) + OJMRM(E) — ’}/MSM(tA).
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Since Sys(t) = 0, this reduces to

dSy
dt ;

t=t

= Ay +wy Ry (t) >0,

because Ay > 0 and Rys(f) > 0. Moreover, for t € (0,1), we have

dS
T;;M + GMSM(t) <Ay + wMRM(t).

Multiplying both sides by the integrating factor e™! and integrating over [0, #], we obtain
Su() > Sar(0)eME > 0,

which contradicts the assumption that Sy;(f) = 0. By similar arguments, positivity of the other
state variables Ew, Ene, Inr, Hyr, Ry, Spy, Ep, Ip can be established for all ¢ > 0. Therefore, the
solutions remain non-negative for all ¢ > 0.

2.2. Malaria-Free Equilibrium Point

The steady state, also known as the malaria-free equilibrium (MFE), is attained when there is
no infection present in the population; that is, all exposed and infected compartments are zero. At
this equilibrium, the system is at a steady state where the disease does not persist. Setting the
derivatives of all compartments to zero,

dSy _ dBpn _ dBy _ dly _ dHy _ dRy _ dSp _ dEp _dlp _

dt dt dt dt dt dt dt ~ dt  dt

and solving the resulting algebraic system yields the malaria-free equilibrium point:

(Svs Evmy Ent, In, Hyry Ragy Sey Epy Ip) = <)\M,O,O,O,O,O, )\—F, 0, O) .
€M €F
At this equilibrium, the human and mosquito populations consist entirely of susceptible individuals,
with no exposed or infected individuals present. This equilibrium plays a crucial role in stability
analysis: if it is stable, malaria will eventually be eradicated from the population. The stability
typically depends on the basic reproduction number Ry, which determines whether the disease can
invade and persist.

3. Malaria-Present (Endemic) Equilibrium Point

The endemic equilibrium represents the steady state where malaria persists in both human
and mosquito populations. Setting the derivatives in the system (2.3-2.11) to zero and solving
algebraically yields the following expressions for each compartment. Equilibrium values are denoted
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with an asterisk (e.g., E*).

A (enr + onr)(par + ear + par)

Sir =
M apBuomom B Tip + (enr + oar) (ar + ear + par) (enr +var)
. amPBuSylE
B =
TM(EM + oum)
S*
E;:t = MM
eEM + Ny
M e + o’
e Puly
M s+ enr + O
et ER + ou
M €M+ Wi
S Ar
F - * *
€r + aMgilM . a]Mg«AF/IRA{
(o
e Om +Er
E*
€F

3.1. Basic Reproduction Number

8 of 35

(3.13)

The basic reproduction number, Ry, quantifies the average number of secondary infections
generated by a single infected mosquito or human in a completely susceptible population. To
calculate Ry, we employ the next-generation matrix method as presented by Van den Driessche
and Watmough [40]. This approach focuses on the infectious compartments and incorporates
both transmission and transition processes within and between these classes. The next-generation
matrix is defined as FV !, where the matrix F includes terms associated with new infections, and
V' consists of transition terms excluding new infections. The basic reproduction number Ry is given
by the spectral radius (dominant eigenvalue) of FV =1, denoted by p(FV ~!). The matrices F' and

V' are expressed as:

0 0 0 0 0 auBul

0 0 0 0 O 0

0 0 0 0 O 0
F= 0 0 0 0 O 0 ’

0 ayBy 0 0 0 0

o 0o o000 0 |

(3.14)
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[em + o 0 0 0 0 0
—PM Byt eM + pu 0 0 0 0
_ 0 —pPM uar + epr + o 0 0 0
V= 0 0 i ens + war 0 0 (3.15)
0 0 0 0 oM +erp O
.0 0 0 0 —om  €F]
The product FV 1 is
0 0 00 0 _omPu
€M + oM
(enr + o) (pnr + enr + par)
vl = (enr + @nr)(pag + enr + par) (pnr + €ar + 0nr)
(enr +onr)(par + enr + par) (ear + enr + 0ar) (enr + wir)
ay Bum
S E— 0 0 0
b+ EF
0 daran By 00 0
(61 +€r)er ]
(3.16)
The dominant eigenvalue, which defines the basic reproduction number Ry, is
Ro — Ver(or + er)(em + o)y + e + par) prarBrovan Bu (3.17)

(6r + er)er(enr + onr)(uar + € + par)
The behavior of Ry with respect to different parameter values is illustrated in Figure 3. This
analysis provides insight into how each parameter influences malaria transmission dynamics, which
is essential for designing effective control strategies.

3.2. Global Stability of the Malaria-Free Equilibrium Point

Following the approach in [41], the system can be represented in a triangular form to analyze
the global stability of an equilibrium point:

a4 — X (A, A
{ﬁ (A1, 42), (3.18)

Y2 =Y (A, Ap),

where
H(Aq, Ag) =0.

At the malaria-free equilibrium point (MFEP), the uninfected population is denoted by A; € R?,
while the infected population is represented by Ay € R”. The criterion for global stability at the
IFEP is given by

dA,

— =X(4:,0)=0 3.19
dt (17) ) ( )



N. Abbas, W. Shatanawi, S. A. Zanib / Eur. J. Pure Appl. Math, 18 (3) (2025), 6423 10 of 35

140
Behavior of Ro

120

100

60 —|

40 —|

20
am

(b) Effect of varying anr and By on the reproduction
(a) Behavior of Ro between anr and Bp number Ro

Behavior of Ro

130
120 |

110

14
100 -
90
4
2

20 \\\\\//
TO008 006 g0 oo,

31.20

30.90

0o 0 %10 ¢r
4 ‘m
(d) Effect of varying ¢r and enr on the reproduction
(¢) Behavior of Ry between ¢r and enm number Ro
0.040
0.035
350
300 0.030
Behavior of R
250 0
& 0025
o
o 200
150 0.020
100 0.015
50
0 02 004 0.010
“%0.015 0.03 0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050
0.01 0.02 &
0.005 0.01
By 0 o EF
(f) Effect of varying Bam and ep on the reproduction
(e) Behavior of Ry between er and Bm number Ro

Figure 3: Behavior of Ry at sensitive parameters
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and

H(Ay, Ay) = PINg- — H(A;, Ay). (3.20)

Theorem 3. The system of equations (2.3)—(2.11) is globally asymptotically stable at the malaria-
free equilibrium point if Ry < 1.

Proof. To verify condition (3.19), consider the malaria-free equilibrium point
0 )\M )\F
Eo = (K°,0) = (Sar, Evm, Ene, Ing, Hur, Rar, Spy Epy Ip) = | =—,0,0,0,0,0,==,0,0 | .
€M €p

The subsystem for the uninfected classes reduces to

dAy
— = X (44,0 3.21
2L = X(41,0), (3.21)
with as,
= S
de‘lt M = MO (3.22)
= Ap — €St

Solving (3.22) yields the unique equihbrlum
(SMaEhm7Eht7IM7HM7RM75F7EF7IF): OOOOO 00
e’

which satisfies the global asymptotic stability condition for X°. Next, to verify condition (3.20),
define
F(A1, Ag)

= PNy — Y (A1, Ag),

where

Y (A1, As) >0

and

40(”[/6)%51\411: — e Enm — SOMEhm

YMSM —

(enr + s ) Ene

H(Ay, Ag) =

arBrSFrIy +

emEpm —
pyvIng —
OnHyr — e Ryr — wv R + 0 Ene

(ear + enr + par) I
(pr + €ns + 0pr)Hyy ,

arBrly Ry

TR

Tw —¢rEp —epEp

¢orEr —eplp

(—enm — o) Epm +
(—enr —nar) Eng
oM Epm + (—pv — emr — pa) I
N* pvIn + (—par — enr — O )Hyr
nyw + S Har + (—enr — war) Ry
(O‘FﬁFS + OéFﬁFRM) Iy + QF/BFIA{RM _|_( b

orEpr — €FIF

an By Sy r
Tn

N
I

r—e€er)Ep
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and

Since Y(Al, As) > 0, conditions (3.19) and (3.20) hold. Therefore, the system is globally asymp-
totically stable at the malaria-free equilibrium point when Ry < 1, which completes the proof of
Theorem 3.

Theorem 4. Consider the malaria transmission model defined by Equations (2.3-2.11). If the

basic reproduction number Ro > 1, then the endemic equilibrium E* = (Sy,, E}, ..., Ip) is globally

Parameter

Barcan (Syy—Sn)
T
0
A 0
V(A As) = 0 > 0.
0
Brarlym(SE—Sr+Rum)
Tr
0

Table 1: Descriptions of Model Parameters

AM

Br
Bm

(0%
€M
(Vs
PM
mar
oM
AF
€F
OF

nm

Meaning

Growth rate of the human population.

Transmission rate of malaria parasites from infected humans to suscep-
tible mosquitoes.

Transmission rate of malaria parasites from infected mosquitoes to sus-
ceptible humans.

Rate at which mosquitoes bite humans.

Natural mortality rate of humans.

Transition rate of humans from exposed to infected class.

Rate at which infected humans move to hospitalization.
Malaria-induced mortality rate in humans.

Rate of recovery from hospitalization to recovered class.

Recruitment rate of the mosquito population.

Natural death rate of mosquitoes.

Rate at which mosquitoes progress from exposed to infectious stage.
Recovery rate of heterogeneous exposed humans.

4. Global Stability of the Malaria-Present Equilibrium Point

*

asymptotically stable in the interior of the feasible region QT = {(Sar,...,Ir) € RY}.

Proof. We prove global stability using a Lyapunov function and LaSalle’s Invariance Principle.

Define the Lyapunov function [42]:

)

T
L= E <xi—az;‘—mfln>,
*
- Xy
7

12 of 35
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where x; represents the model compartments and x their endemic equilibrium values. The time

derivative of L is: JL N\ d
€T, g
ab § : 1 2 ] 4.24
dt - < iﬂl) dt 424

1

Substituting the model equations and simplifying, we obtain:

S\ dSm S o B Svlr
1_Pm\@OM _ [ Py _ apMPMOMIF B
< 5M> 7 ( SM) [)\M T, emSv +wym R 'YMSM] ;

(1= E) S = (- ) [ — e ann]
( B %) %\4 - (1 - %) [oas Enm — (par + € + par) Il (4.25)
(1 - gi) % = (1 - gi) [aMﬁ;fFIM + aMBA;fMSF —(oum + EF)EF:| :

Using equilibrium conditions and algebraic identities:

dL (Sm — SX/[)2 (Sp — S}'})Q
g M M) PE T PR
dt S Sr
. an By Sy Ip 4 S B Enm Syl 3 E; Ir 3 Sylp
Tyy Sv  EpSylr  Ewpdy Syl
(MRSl [y i BeSiliEii]

Ty ~ Sr EnSpIu  Erly,

where Q7 > 0 contains mortality/progression terms. By the Arithmetic Mean-Geometric Mean
(AM-GM) inequality:

Sit  BEwmSuly  Ejdr  Sulr

Su  Er Sidp  Epelh  SiIh
Sp EnSily  Epli,
Equality holds iff:
Sm _ Epm _ Ip Sr Erp Iy

and

St B Ip Sy Ep I

Thus, ¢ <0 for all (Sys, ..., Ir) € T°, with equality only when:

Sy =Sy, Enm = Ej,,, Ir = I, Sp =Sy, Erp = Ex, Iy = Iy

The largest invariant set where CC% =0 is E*. By LaSalle’s principle, all trajectories in Q7 converge

to E* as t — oco. Thus, for Ry > 1, E* is globally asymptotically stable in Q7.
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4.1. Sensitivity Analysis

Understanding the parameters that influence the basic reproduction number Ry is crucial for
guiding effective malaria control strategies. Sensitivity analysis [43-45] plays a pivotal role in
identifying key parameters that should be prioritized, especially when resources are limited. The
normalized forward sensitivity index of a variable W, which depends on a parameter p, is defined
as [46]:

ow p
w
w, = —/—— X —. 4.26
According to this definition, a larger magnitude of the sensitivity index indicates a greater influence
of the parameter p on the variable W. Applying this to the basic reproduction number Ry, the
sensitivity index is given by:

OR
Fo— T 5 2 4.27
wp 6p RO. ( . )
The sensitivity indices of key parameters affecting Ry are computed as follows:
Ry _ €F Re . PMm + 2€p Re M
= > ()7 0 —_ = - < 07 0 — 7S ,
2% 200 + 2erp Yer 200 + 2€p Yo 2en + 200
Ro __ PM Ro __ K Ry __
- < 07 — = < 0, — ].7
“eu 2pnr + 2en + 2pp s 2unr + 2€pn + 2p0 “bn (4.28)
who — _ (ar + par + 2ens + our)em W —

et 2(epm +om) (e +enr + pu)’ M

Sensitivity Analysis

104 1.00 1.00

0.8

0.6 1

021 0.20

" - “ *
—0.2 4 . l

Sensitivity Index

—0.4

-0.50

o e on ow i B en an
Model Parameters

Figure 4: Sensitivity Analysis of the Basic Reproduction Number Ry.

Figure 4 illustrates the sensitivity indices of Ry with respect to various parameters. This analysis
highlights which parameters have the greatest impact on malaria transmission dynamics, thereby
informing targeted intervention strategies.
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5. Optimal Control

To control the transmission of malaria, we examine the effects of medicinal treatments and
preventive measures through a set of time-dependent control variables mq,mo, and ms, defined as
follows:

(i) Provision of treated pesticide bed nets to the susceptible population, represented by m,
(ii) Treatment of the infected population, represented by ma,
(iii) Insecticide spray application, represented by ms.

The mathematical model incorporating these optimal controls m, ms, and mg is described by the
following non-autonomous system of nonlinear ordinary differential equations:

dSy _y  muamfBuSulr

5~ T —emSy +wy Ry — YymSu, (5.29)
d]fzhm _ miomBuSulr €31 Enm — o3 B, (5.30)
t Ty
dftht = YMSm — (em + ) B, (5.31)
di—]tw = or Enm — (uar + enr +mapar) I, (5.32)
CH;TM = mapndy — (v + en + o) Har, (5-33)
dl;% =N En + o Hy — xRy — wv R, (5.34)
% = Ap —m3 <O‘Mﬁ]‘1{fFIM + O‘Mﬁ“;fMSF> — (m1 + my)erSr, (5.35)
% = mg (aMBAj{fFIM + QMBA;SMSF) — ¢omEr — (m1+m3)epEp, (5.36)
%F = a1 Ep — (my +ms)eplp. (5.37)

Our goal is to find the optimal control functions (mj, m5, m3) that minimize the objective
functional

T
J(mi,ma,m3) = . Hnllinm / [PlEhm + P By + P3ly + PyEp + Pslp
1,M2,Mm3 0

(5.38)
+ lel(t)2 + Loms (t)2 + Lgmg(t)2 dt,

where T is the final time, Py, P», P3, Py, Ps are weight parameters representing the relative costs
associated with exposed and infected human and mosquito populations, and L, Lo, L3 are the
weight costs associated with implementing the control measures.
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Following the approach in [47, 48], the control costs are modeled by quadratic functions to ensure
convexity and satisfy optimality conditions.
The optimal controls satisfy

J(m;m;?mg) = min J(mlam27m3)7
(m1,ma,m3)€U

where the admissible control set is defined as

U = {(m1, ma2,m3) | m;(t) is Lebesgue measurable on [0,7], 0<m;(t) <1, i=1,2,3}.

5.1. Hamiltonian and Its Optimality Equation

Using Pontryangin’s Maximum Principle [PMP] [49], one may ascertain what conditions an
optimal control must meet. His principle converts equations (5.29 - 5.37) and (5.38) into a problem
of minimization of the point-wise hamiltonian (H) with regard to mi(t), ma(t), and mg(t).

H = P, Epy + PaEpy + PsIy + PyEp + PsIp + Ly (my (£))* + Lo (mg ()% + Ls (ms (t))?

maapy By Sy I
Ty

[m104M B Sv Ir

Ty

3[YamrSn — (ear + nar) Eng]

[orr Evm — (par + enr +mapar) Iu]

[

[

+E1[A\m —

—em Sy +wr Ry — ymSwu

— €M Enm — oM Epm)

(1]
™

~

5.39
mapnr Ine — (s + ear + 0ar) Hag) ( )

v Ene + 00 Hyv — enr Ryr — wanr R
oy B Srly an v Ry Sk
7[Ar —mg +
Tk Tk
an By SeIv | o B Ry Sk
slms T + T
7 F
+ Eg[—(m1 + mg)EF Ir + onm EF].

(1 [ [

D ot

+ 4+ + + + o+

[1]

> — (m1 + mg)GF SF]

[1]

_|_

) — ¢y Ep — (my +m3)er B

Where (Z2;),i=1,2,...,9. are adjoint variables associate with Sys, Ept, Enm, Inr, Hyry Ry, Sk, ER
and, IF.

Theorem 5. For the optimal control (a3, a%,a3) and, corresponding state solution,
Snrs Enty Enms Ing, Hyr, Bar, Sey Ery Ip

that minimize J over U of the corresponding system of equations (2.3 - 2.11) having the adjoint
variable =1, ..., 2g, such that,
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( d(i1 = (8 - EQ)mlaMﬁM Ir +enZ1 — (B3 — 1) s
=2 = (B4 — D)o +emE2 — Py,
=5 = (S — Z3)nm + €emZ3 — Py,
B = (S - En)my (M) + (B3 — Ex)mopnm + (1 + €m)=E3 — Ps,
B =5 — Z4)0n + (uar + enr)Ea,
G = (B0 — E5)MOIMEE (2 — Zg) s + S,
=1 = (27 — Zg)ms (O‘M %”f fur - on [;Ag RM) + (my +mg3)epZEyr
@2 = (g — Zo)par + (m1 + ma)erZs — Py,
[ B = (37— Zg)™MYB5E 1 (my + my)erSy — Py,

With conditions, Z;(T) =0, fori=1,2,3,...,9.
urthermore, the control set obtain (m7, mk, m%) component of,
1, Mg, M3

m] = max{0, min(1,Q)},
my = max{0,min(1,Qs)},
m3 = max{0,min(1,Qs3)}.

Where,
0, — (Bp — &) S oM E ’BAT/IMSM Ir (27 + 26+ Zs)erSr
1= 2L1 )
Qy — (B5 — :4)pM’
215
(Es — =7) (aM ﬂ%FSF I 4 am ﬁ”ﬁf“ SF) — (E7+ E6 + Eg)erSr

2Y3

17 of 35

(5.40)

(5.41)

(5.42)

Proof. Pontryagin’s Maximal Principle yields the standard conclusions of the adjoint equation

and transversality criteria [50].

The adjoint system is written as a result of differentiation of the Hamiltonian concerning the various

states Sar, Evms Ene, Ine, Hyr, Ry, Sp, Ep and I,

d=, dH (5 = )mlaMBMIF benE
— = = (] - Hy) —————— + ey=E
b dSy VYT, M=t
d= dH

__ (24— S+ eySy— P
7 o (B3 — Z2)omS + emZ2 — Py,

= dH  _ _
— = — = (2 — = =3 — P
7 B, (Z6 — Z3)nams + €mEz — P,
d=y — arBuSF - - —
dt = —(58 — E7)ms <TF + (B3 — E4)mapnr + (i + enr)E3 — Ps,

(5.43)

(5.44)

(5.45)

(5.46)



N. Abbas, W. Shatanawi, S. A. Zanib / Eur. J. Pure Appl. Math, 18 (3) (2025), 6423 18 of 35
d=s — _ —_
H = —(:5 — .:.4)(5]\/[ + (,uM + EM):4, (5.47)
dEZg - .\ muayBuSF | - = -
— = —(:6 — :.5)7 + (:1 - ':'6)77M + Z6€M, (548)
dt T
d= « I « R
r = —(57 — Eg)mg MﬁM M + MBM M + (m1 + 7n3)6FE7, (549)
dt Tr Tr
d;: = —(Zg — Zg)par + (1 + m3)erZs — Py, (5.50)
d= _ miopy By SE _
=2 = (Z7 - ) — T B + (m1 + m3)ep=g — Ps, (5.51)
dt T

With conditions, =;(T") =0, for i = 1,2,3,...,8.
The optimal controls (m}, m5, m}) are characterised by adopting the strategy used by Pontryagin
[49], and the optimality equations are constructed based on the following conditions,

OH
om;’

for 1 =1,2,3,...,8. which gives,

OH (EQ_El)aMﬁMSMIF _

(57 + =6 + Eg)GFSF

_ Ty
aml 2Ll ’
6H _ (54 — Eg)pM (5 52
8m2 2L2 ’ . )
OH (27 — Zg) (aM 5%FSF I | om ’BAéﬂfM SF) — (E7+ E6 + Z3)epSp
aTn3 B 2L3 ’
setting g—fn{ =0,
for m7, the results are,
,_ (B2 — 3y B Bude — (27 4 5 + Sg)ep Sy
mq =
1 2L1 )
«_ (B4 —E3)pm
) (27 — Z¢) (aM B%FSF Ty 4 o ﬁj‘%fM SF) — (57 +Z6 + Z3)er Sk
mg ==

2L3 ’

The boundaries on the controls will be written using common control parameters. As a result,

Qla
m; =< 0,
1’
QQ;
ms =< 0,
L,

if 0<Q <1,
1fQISO7 )
if Q1 >1.

(5.54)

if 0<Qy <1,
1f92§07 )
if Q9 >1.

(5.55)
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and,
Q3, if 0< Q3 <1,
mz =< 0, if Q3<O0; . (5.56)
1, if Q3> 1.

In concise notation,

m] = max{0,min(1,Q1)},
my = max{0,min(1,Qs)}, (5.57)
m3 = max{0,min(1,Qs3)}.

By using the values of €1, 29, and 3

(E _= )O‘JV(B]W SMIF_(E +Eg+E ) S . (E _= )M_(E +E6+2 ) S
2—Z1 Tos - 768€FF’ if0< 2 1557;1” - 7685FF<1;
S5 M PMPM F_ (B, 4= = S
mi =g o, if S — i oL, SAEAS < 0; '
o) 2 By Sy Tp = A, S
1, if (~2_~1)W1_(~7+~6+~8)5F i3 > 1
(5.58)
(54;%3)PA1’ if 0< (54;%3)Pw1 <1
2 > 2
m; _ 07 if (:4—2i:;)PM < 0; , (5.59)
1, if (545%2)PAI > 1.
and,
e e (oM BMSFIym | oy By By SE\ e ==
* (=7 _6)< M JVTIFF M MZLJ\fF M F) (_7+_6+_8)6FSF’ if 0< Q<1
M3 =19 o0, if Q5 <0: . (5.60)
1, if Q3 >1.
Briefly expressed,
. ) (EQ — 51)70%{ B]‘f] Sulp _ (E7 + =g + Eg)GFSF
m] = max{0,min | 1, M ;
214
my = max{0,min | 1, M 1, 5.61
2L, (5.61)
(E7 — E6) (aM 61§{FSF Ia | on ﬂN;Ipr SF) — (87 + =6+ Z3)er Sk
ms = max{0,min | 1,
2L3

By including the described control set, initial, and transversal conditions, the optimality system is
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generated from the adjoint variable system and the optimal control system.

@:_ﬂ:(: _:)mlaMBMIF+€ =
gt 4507 =1 — 2o Tur MZ1,
d=s dH
o —(E3-E S = — P
i dExy (Z3 2)emS + epmZa 1
Eg dH — — OéMﬁM SF —_ —_ —_
— == (B - = _— = — = =3 — P
i s (E7 6)m3< Ty + (B3 — Eg)mapn + (i + €ar)=3 — P,
d=y dH
e —(54—E5)d cl
i dHor (26 — Z5)0n + (ar + €r1) =4,
@:_dH :(: _:)mlaMﬁMSF+:E
0t ARy =6 — o7 Tus Z5€M
= dH _ _ o I o R _
76 _ _ (:6_:7)m3( M By Iy n M Bum M) + (m1 + m3)erZs,
t dSy Tr Tr (5.62)
=, am _ '
— == (=== = — P
0t dEn (27 —E8)om + (m1 +m3)epZr — P,
d=s dH mian Bar SF
8o T (B - Ey) MM PR =5 — P
i alp (Z6 7) Tor + (m1 + m3)epZg 45
o (B EymeBphts — (Sr 4 S+ E)erSr
1 — 2L1 )
* (54_‘:‘ )pM
Mo = 2L2 )
. (Br—Ee) (aM By Selu y an By Ry SF) — (E7 +Z6 + E8)er Sk
m3 = )

2L3
=(T)=0. i=1,2,3,...,8.

With the initial conditions,
Sr(0) = Smo, Emn(0) = Eppos Ere(0) = Eno, I1n(0) = Ingo, Ha(0) = Harg, R(0) = Raro, Sr(0) =
Sro, Er(0) = Ero, Ir(0) = Iro.

6. Numerical Simulation

In this section, we will explore how different control strategies can influence the control of
malaria and aim to identify the cost approach by employing numerical optimization techniques.
The optimization process involves solving a set of eight nonlinear Differential Equations. To carry
out this optimization we adopt a method. Initially, we make estimations for the control parameters
shown in Table 2. Then simulate the system over time using a fourth-order Runge Kutta numerical
integration method results shown in Figure 5.

6.1. Numerical Method

Here, we solve the optimality system from the previous sections using the Runge-Kutta fourth-
order approach, which was developed in [51]. The following is a summary of this approach:
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(i) Select a random number for m* over [0, T]; in general, (m* = 0).

21 of 35

(ii) Utilizing the beginning conditions x(ty) = z¢ and the previously mentioned value of m*, solve

(iii) The adjoint system

the state system explicitly,

Z(t) can be solved implicitly by taking into account the transversality
criteria Z(7T") and the expressions of m* and z* that were previously estimated,

(iv) Replace x(t) and Z(t) with their respective expressions to update the expression of m*,

(v) Check for convergence. If the values of the variables in the current iteration and previous

For the state and adjoint equations, we employ the following notations:

and

Bk (a(0), ()
hon by (a0), ()
Dt ks (a(0), (1)
Pk (a0), ()
I ks (a(0), m(0)
a1 e (a(t), 1)
B — by (a(), m(1)
L by (a(0), ()
L — by (2(t), m(1)

E1(t) = ha (x(t),E(t), m(t))
E5(t) = ha (x(t),E(t), m(t))
E3(t) = ha (x(t),E(t), m(t))
E)(t) = ha (x(t),E(t), m(t))
E5(t) = hs (x(t), E(t), m(t))
Eo(t) = he (x(t), E(t), m(t))
27 (t) = hr (x(t), E(t), m(t))
Eg(t) = hs (x(t), E(t), m(t))
Eo(t) = ho (x(t), E(t), m(t))

iterations are comparable enough, return the real values as solutions. Otherwise, return to

(6.63)

(6.64)
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The approximation of each state variable x;,i = 1,2,...,9 given a step size h is given by:

) ) h
it =l 4 6 (K + 2Ki2 + 2Ky3 + Kig) (6.65)
where
K1 = Ki(x),

h
Kio = fi (m + 2Kz‘1> ,
(6.66)

h
Kis = fi (95 + 2Kz‘2> ;
Ki4 = fl (IL’ + hKig) .
The approximation for the adjoint vector is of the following form and is provided backward in time:

L

=n—1 _ =n _

(] + 2K + 2] + Ki)) ,

where

A ho
K =g, <x+2K]1>,
: ho -
Ki - g, <x+2K;>,
K = g; (w+ hij).

Following these procedures, the controls’ values m;,¢ = 1,2,3 are updated by their corresponding
equations, Eqgs (5.54-5.56).
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Malaria Model Dynamics Over Time
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Figure 5: Malaria Model Dynamics

6.2. Phase Plot

Figure 6 illustrates the relationship between the number of infected mosquitoes and the like-
lihood of malaria transmission to humans. As the infected mosquito population increases, the
risk of malaria transmission rises because infected mosquitoes are the primary vectors that bite
humans and transmit the parasite. Consequently, a higher number of infected mosquitoes leads
to more human infections. Similarly, an increase in susceptible mosquitoes results in a larger
pool of mosquitoes available to bite susceptible humans, which can maintain or elevate the sus-
ceptible human population and potentially facilitate future infections if those mosquitoes become
infected. Thus, the dynamics of mosquito infection directly influence human infection levels, while
the abundance of susceptible mosquitoes affects the susceptibility of the human population to
malaria transmission.
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Figure 6: Phase plane plots showing the interaction between susceptible and infected mosquito populations
and their impact on malaria transmission.

6.3. Control Strategies

6.3.1. Optimal Medication Treatment, Bed-nets & Insecticide Spray

To maximize the objective function J(mi, mg, m3), we implement controls on treated bed-nets
(mq), medication (ms), and insecticide spray (ms). Figure 7 demonstrates a significant reduction
in the number of infected humans when these combined strategies are applied, especially after ten
days. Additionally, the figure shows a decrease in the susceptible, exposed, and infected mosquito
populations due to these interventions.
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Figure 7: Effect of combined optimal medication treatment, bed-nets, and insecticide spray on malaria dy-
namics.

6.3.2. Medication & Insecticide Spray

This strategy employs medication (mg) and insecticide spray (mg) controls, with no bed-net inter-
vention (m; = 0). Figure 8 shows a substantial decrease in infected humans after applying these
controls, with effectiveness increasing after ten days. It also illustrates reductions in susceptible,
exposed, and infected mosquito populations.
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6.3.3. Optimal Bed-nets & Insecticide Spray
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Figure 8: Impact of medication and insecticide spray without bed-nets on malaria transmission.

Here, controls on bed-nets (m1) and insecticide spray (ms) are applied, with no medication (mg =

0).

Figure 9 shows that this combination significantly reduces the number of infected humans,

especially after ten days. The figure also indicates decreases in susceptible, exposed, and infected
mosquito populations.
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Figure 9: Optimal bed-nets and insecticide spray control strategy.

6.3.4. Optimal Bed-nets & Medication

This strategy combines treated bed-nets (m;) and medication (mg) controls, without insecticide

spray (ms

0).

Figure 10 illustrates a marked reduction in infected humans, with increased

effectiveness after ten days. It also shows declines in susceptible, exposed, and infected mosquito
populations.
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Figure 10: Optimal bed-nets and medication control strategy.

7. Spatial Model Implementation

We extended the classical malaria transmission model into a spatial framework by dividing the
study area into a 10 x 10 grid of patches, each with its own human and mosquito compartments.
Within each patch, human classes (Sas, Enm, Ent, Inr, Hyr, Rar) and mosquito classes (Sg, Ep, IF)
were modeled using coupled ordinary differential equations. Mosquito dispersal between adjacent
patches was represented as a diffusion process, allowing movement to four nearest neighbors at
a fixed rate. Human movement was not included. The system was solved numerically using the
odeint solver over 50 time units, with infection seeded in the central patch. The figure 11 displays
heatmaps of infected humans (1)) across the grid at six time points. Initially, infection is localized
centrally, then spreads outward symmetrically due to mosquito movement and local transmission.
Darker red indicates higher infection levels. A consistent color scale allows comparison across times.
This illustrates how spatial processes shape malaria dynamics and highlights the importance of
spatial heterogeneity for understanding and controlling transmission.
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Spatial Spread of Infected Humans (/y) Over Time
Time = 0.0 Time = 10.0 Time = 20.0

Time = 30.1 Time = 40.1 Time = 50.0

60 80 100 120

Infected Humans (/y)

0 20 40

Figure 11: Spatial spread of infected humans (Ip;) across a 10 x 10 grid at siz time points

Table 2: Parameters Description

Parameters Values Sources

AM 2500 [52]
Br 0.8333 [52]
Bum 0.022 [52]
M 0.0083 assumed
WM 0.021 assumed
Qg 18 [52]
YM 0.123 assumed
EM 0.00004212 [52]
Vs 0.045 [52]
PM 0.0083 [52]
dar 0.0071 assumed
0 0.0000345 [52]
oM 0.1429 assumed
AR 1000 [52]
€F 0.033 [52]

or 0.083 [52]
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8. Discussion

Malaria remains one of the most serious infectious diseases worldwide, caused by the proto-

zoan Plasmodium and transmitted via bites from female Anopheles mosquitoes. Understanding
the transmission dynamics is vital for developing effective control strategies. In this study, we
constructed a deterministic compartmental model, denoted as Sy Eppm EniInvi Hyy Ry — SpEplp, to
represent the complex interactions between human and mosquito populations.
A primary focus of our analysis is the stability of the malaria-free equilibrium. Sensitivity analysis
of the basic reproduction number R, revealed key parameters influencing disease transmission, such
as the mosquito biting rate ajs and the transmission probability from humans to mosquitoes Sp
(see Figures 12 and 13). These findings corroborate previous research emphasizing the importance
of vector-host contact rates and transmission probabilities in malaria dynamics [1-3]. Moreover, we
formulated an optimal control problem based on Pontryagin’s Maximum Principle, incorporating
three intervention strategies aimed at reducing the disease burden.

(i) Use of insecticide-treated bed nets (mq),
(ii) Medication treatment of infected individuals (mg),
(iii) Insecticide spraying to reduce mosquito populations (ms).

Given results demonstrate that the combined application of all three controls is more effective in
reducing malaria transmission than any single strategy alone. Among individual measures, the
use of bed nets (my) is particularly impactful, as it provides a physical barrier that significantly
reduces human exposure to infectious mosquito bites. Consistent and widespread use of bed nets,
especially when integrated with other interventions, offers a promising approach to malaria control.

Effect of Varying ay on Rg

45 A

40 1

354

30 A

Ro

25 A

20 A

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ay

Figure 12: Effect of varying mosquito biting rate aps; on the basic reproduction number Ry.
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Effect of Varying Br on Ry
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T T T T T T T T T
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Figure 13: Effect of varying transmission probability from humans to mosquitoes Sr on the basic reproduction
number Ry.

These insights are consistent with the broader literature, which emphasizes that maintaining Rg < 1
through targeted interventions is essential for malaria elimination [3, 6, 7]. Future work could extend
this model by incorporating spatial heterogeneity and stochastic effects to better capture real-world
complexities.

9. Conclusion

In this research, we developed a comprehensive mathematical model to simulate malaria trans-
mission dynamics by incorporating both homogeneous and heterogeneous exposed human com-
partments through a system of nonlinear differential equations. We derived the basic reproduction
number Ry and performed a detailed sensitivity analysis, identifying key parameters such as the
mosquito biting rate ajs and the transmission probability 5y; as the most influential factors driv-
ing disease spread. To mitigate malaria transmission, we formulated an optimal control problem
using Pontryagin’s Maximum Principle, introducing three time-dependent control strategies: use
of treated bed nets (m1), medical treatment (ms), and insecticide spraying (mg). Our innovative
approach explored the combined effects of two strategies while gradually reducing the third, offering
valuable insights into the trade-offs involved in malaria control planning. The resulting optimal
control profiles exhibited increasing trends across all three interventions. Numerical simulations
confirmed that integrating multiple interventions yields the most substantial reduction in malaria
transmission. Specifically, the combined application of treated bed nets, medication, and insecticide
spraying proved to be the most effective strategy. These findings are consistent with existing litera-
ture emphasizing the importance of integrated vector management and coordinated preventive and
treatment measures to reduce the malaria burden. This study underscores the value of integrative
mathematical modeling in guiding evidence-based public health interventions for malaria control
and highlights the critical role of targeting vector-host interactions and key transmission param-
eters to achieve disease reduction and eventual elimination. Future research can further enhance
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this framework by incorporating spatial heterogeneity to capture regional variations in transmission
intensity, stochastic effects to reflect environmental and demographic uncertainties, and additional
interventions such as vaccination or genetic vector control technologies. Moreover, coupling the
model with real-time epidemiological and climatic data through data assimilation techniques can
improve predictive accuracy and inform adaptive policy decisions in malaria-endemic regions.
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