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Abstract. This paper discusses a one-parameter generalization of Pell numbers that preserves
the recurrence relation with arbitrary initial conditions. We introduce generalized Pell-Lucas-like
numbers, which are simple associations of generalized Pell numbers. Consequently, we give some
new and well-known identities. Furthermore, we propose integral representations of these numbers
associated with generalized Pell and Pell-Lucas-like numbers. Our results not only generalize the
integral representations of the Pell and Pell-Lucas numbers but also apply to all the companion
numbers of generalized Pell numbers.
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1. Introduction
Recall that Pell numbers P, are defined by the recurrence relations
Ph=0,Pr=1, and P,=2P,_ 1+ P,_2, n>2,

and its associated numbers or Pell-Lucas numbers (),, are defined by the recurrence rela-
tions

QO = 2)@1 = 17 and Qn = 2Qn—l + QTL—27 n > 2.

The Binet’s formulas for the Pell and Pell-Lucas numbers are related to the silver ratio
@ = 1+ /2. There are some generalizations of Pell and Pell-Lucas numbers defined in
different ways.
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In 2007, Falcén and Plaza [1] introduced the first kind of one-parameter generalization
of Fibonacci and Pell numbers as follows: The k-Fibonacci numbers F, ,, are defined by
the recurrence relations

Fro=0,Fy1 =1, and Fy, =kFpn1+ Frpno2, n=>2,

where k and n are non-negative integers with & # 0. The associated numbers of k-
Fibonacci numbers introduced in 2011 by Falcén [2] as follows: The k-Lucas numbers Ly,
are defined by the recurrence relations

Lyo=2,Lp1 =%k, and Lp,=FkLpn 1+ Lgp-2, n2>2.

In 2013, Catarino [3] introduced the second kind of one-parameter generalization of
Pell numbers as follows: The k-Pell numbers Py, are defined by the recurrence relations

P,o=0,P,1 =1, and Py, =2P,, 1+kPy,2, n2>2,

Subsequently, Catarino and Vasco [4] introduced the association of Pell numbers as follows:
The k-Pell-Lucas numbers Q. are defined by the recurrence relations

Qro=2,Qr1 =2, and Qpn=2Qkn-1+kQrn—2, n>2,

In 2019, Trojnar-Spenlina and Wloch [5] introduced the third kind of one-parameter
generalization of Pell numbers as follows: The generalized Pell numbers Py, , are defined
by the recurrence relations

Pro=0,Pr1 =1, and Py, =kPrp-1+ (k—1)Prp_2, n>2, (1)

Subsequently, the association of generalized Pell numbers Qj, ,,, so-called generalized Pell-
Lucas numbers, are defined by the recurrence relations

Qk0=2,9,1=2, and Qpp=kQppn1+ (k—1)Qppn2, n>2,

In the paper [6], the other associated numbers of generalized Pell numbers, which are
the so-called generalized modified Pell numbers qy, ,,, are defined by the recurrence relations

o =1Lq1 =1 and qrp=k@n1+ (k—1)gn2 n=>2,

It is known that Q. ,, = 2qx p-
Recall that a pair of Lucas sequences ({Uy,},{Vy}) [7] is defined by the formulas

UO = 07 U]. = 17 and Un = aUn—l - /BUTL—Q) n Z 27

VWww=2,Vi=«a, and V,=aV,_1—0V,2, n>2.

where o and 3 are integers such that the discriminant A = % +43 # 0. In this case, {U,}
and {V,,} are called the Lucas sequences of the first and second kinds, respectively. Note
that ({Fin},{Lrn}) and {Pen},{Qkn}) are included in the more general definition by
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assuming (a, 8) = (k,—1) and (o, 8) = (2, —k), respectively. However, the third kind of
one-parameter generalization of Pell numbers ({Py,},{Qkn}) and ({Prn},{qrn}) are
not a pair of Lucas sequences. If we define £y, ,, by

Lro=2,Lry1 =k, and Lp,=kLlpp1+ (k—1)Lrp—2, n>2,

then it is a convenient Lucas sequence of the second kind such that ({Py .}, {Lrn}) is a
pair of Lucas sequences with (a, ) = (k,1 — k) to consider it to be an associated number
of Py, n. Here Ly, , is called generalized Pell-Lucas-like. The tables presented below contain
initial terms of the sequences {Lj ,} for selected values k (Table 1).

Table 1: Initial terms of the generalized Pell-Lucas-like numbers {Lx » }.

n 0 1 2 3 4 5 6 7 8 9
Lo 2 2 6 14 34 82 198 478 1154 2786
L3, 2 3 13 45 161 573 2041 7269 25889 92205
Lin 2 4 22 100 466 2164 10054 46708 216994 1008100
Lsn, 2 5 33 185 1057 6025 34353 195865 1116737 6367145
Len 2 6 46 306 2066 13926 93886 632946 4267106 28767366

For k = 2, we can see that the classical Pell-Lucas numbers are obtained. Moreover,
sequences {Lan}, {L3,}, and {L4,} are listed in The Online Encyclopaedia of Integer
Sequences [8] under the symbols A002203, A206776, and A080042, respectively.

In this paper, we study all the third kind of one-parameter generalization of Pell
numbers that preserve the recurrence relation (1) with arbitrary initial conditions. We see
that the generalized Pell-Lucas-like is a simple association of generalized Pell numbers.
Consequently, we give some new and well-known identities. Furthermore, we propose
integral representations of these numbers associated with generalized Pell and Pell-Lucas-
like numbers.

2. The companion numbers of generalized Pell numbers

In this section, we point out the third kind of generalized Pell numbers to study a
generalization of the Pell numbers with one parameter positive integer k£ > 2 which is
called the companion generalized Pell number, denoted by GPy, ,, = GPy n(a,b), defined by
a recurrence relation

Oro=0,GPr1=0>b, and GPpr, =kGPrp1+ (k—1)GPrp—2, n>2, (2)

where a and b are arbitrary non-negative integers such that a +b # 0. Note that GPy
correspond to special cases of Horadam numbers [9]. The first terms GPy, ,, are:

GPro =a
GPr1=10
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GPr2 = (a+b)k —

GPr3 = (a+ b)k2 (a—b)k—b

GPra= (a+b)k> +2bk* —2(a + b)k +a

GPrs = (a+b)k* + (a + 3b)k> — 2(2a + b)k* + (a — 2b)k + b
(a+b)k

GPrs = (a+ D)k +2(a + 2b)k* — (5a + b)k® — (a + 6b)k* + 3(a + b)k —

Some particular cases of the previous definition are
() Prn = GPrn(0,1),

(i) Lkn =GPrn(2,k),

(iii) Qrpn = GPrn(2,2),

(iv) Grn = GPrn(1,1),

(v) generalized Pell numbers introduced in [10], H2" = GPs n(a,b),

(Vi) Pn = Pon = GP2n(0,1),

(vil) Qn = Lon = Qan = GP2x(2,2), and

(vili) gn = GP2n(1,1).

The Binet’s formula for GPy, ,, is given in the following theorem.

Theorem 1 (Binet’s formulas). Let k and n be non-negative integers with k > 2 and

Ap =Vk?24+4k —4. Then

2b—ak +aly, ,,  ak—2b+al, (1—Fk)"

where o}, = %

Proof. The recurrence relation (2) generates a characteristic equation of the form
2 —kr+1—k=0, (4)
Since A? = k? + 4k — 4 = k* + 4(k — 1) > 0 for k > 2, this equation has two roots,

k:—}—Ak
2

Ty = =0k

and
k—Ap (k—Ak)(k—i—Ak)_ 21— k) 11—k

2= 2 N 2(/{:+Ak) _(/{?+Ak)_ Ok
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Note that r1 +72 = k, 11 —r2 = Ay, and r1rp = 1 — k. Therefore, the general term GPy, ,,
can be expressed as
(1—Fk)"
of
for some coefficients o and 3. Since GPj o = a and GPj 1 = b, we get

GPrn = arf + Bry = aoy + 8

a+B=a and ar;+ fro=>".

It can be shown that

20— ak + aly

ak — 2b + aly
2A;, '

N

«

and (=

Therefore, (3) has been proved.
If (a,b) € {(0,1),(2,k),(2,2),(1,1)}, then we have the following:

Corollary 1. Let k and n be non-negative integers with k > 2 and Ay, = Vk? + 4k — 4.
Then

(i) Pen = 2 (o1 = 1527),

(u) ‘Ck,n = UZ + (102) ,
_ _ YA
(iii) Qpn = (%) o + (k A2]€Ak) (102) and

(iV) Qom = (2—2kA+kAk) o + (kgifk) (1;5)”.
Remark 1. As in Corollary 1, we get the following:
e (i) and (iii) are presented in [5, Corollary 2.5];
e (iv) is presented in [6, Theorem 2.3];
e the Binet’s formula of Ly, ,, is simpler than that of Q. and gy p.
If k = 2, then we have the following;:

Corollary 2. Let n be a non-negative integer. Then

b—a+v2a n a—b—1+2a n
s 1+v2) LW (1-v2)". (5)

Proof. Notice that GPs,, = Hﬁ{’b, As = 2v/2 and 09 = 1 + /2. Setting k = 2 in (3),
we get (5) which completes the proof.

a,b __
H” =

Theorem 2. Let k and n be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
Then the following hold:
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(1) Lipn+ Ak Prn =207

(i) Lin — Ap Prn = 2(1;§)n;

(i) L., — ApPL, = 4(1 k)"
Proof. The conclusions follow from (i) and (ii) of Corollary 1.

Next, we present that the companion generalized Pell numbers are associated with the
generalized Pell and generalized Pell-Lucas-like numbers in the following results.

Theorem 3. Let k and n be non-negative integers with k > 2. Then

2b — ak

a
gpk,n = Qﬁk’,n + T Pk,n-

Proof. It follows from (3), (i) and (ii) of Theorem 2 that
(2()— ak +aAk> ny (ak - 2b+aAk> (1—k)"

GPhn = 21, 7k 20, on
_ 2b — ak + al\g £k7n + Ay P n ak — 2b + al\g ﬁkm — A P
N 20, 2 20 2
a 2b — ak
- E'Ck,n + 9 Pk,n'

This completes the proof.
If (a,b) € {(2,2),(1,1)}, then we have the following:

Corollary 3. Let k and n be non-negative integers with k > 2. Then

(i) Qi = Lrn — (k—2) Prn;

(i) Gk = $Ln — 52 P
If £ = 2, then we have the following:

Corollary 4. Let n be a non-negative integer. Then H®® = 5Qn + (b—a)P,.

From Theorem 2 and Corollary 3, we have the following:

Corollary 5 ([11, Lemma 2.1]). Let k and n be non-negative integers with k > 2 and
Ay = Vk2+ 4k — 4. Then the following hold:

(i) ka + (k — 2+ Ak) Pk,n = 20’,?;

(ii) Qpm+ (k—2—Ay) Ppp = 2“;?"

I

(iii) (Qkm + (k= 2)Prn)? — AP, = 4(1 — k).
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Theorem 4. Let k, m and n be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
Then the following hold:

(1) 2Pkmin = PemLin + PrnLlim;

(it) 2Lk min = LimLin + DpPrmPron-
Proof.

(i) Using (i) and (ii) of Corollary 1, we have

e[ - 2525 252
_ 1 <0.m+n n (L=K)rop  (1—k)mop  (1- k)m+">

Ak k O'g O'IT O‘ZH_n
and
[ A=R)" m (L—K)"
Puntin = 5 (o1 =55 (o0 + 5
B S R S ) L e
Ak k O'g O'Z o_]7€n+n
So, we get
2 (1 — k)mtn
PrmLlin + Penlim = — [ "
k,mbk knkk, AL <Uk Uz”n >
= 2Pk,m+n

(ii) Using (i) of Corollary 1, we have

Pratin= [ (0= ) [ 4 (- )]

1 <0m+n (ke (L-kmop (- k)m+"> |

~ A2 k n m m-4n
Ay Ok Ok %

By using (ii) of Corollary 1, we have

1-FK)™ 1-Fk)"
ot o0+ C21Y (4 O0=80)
g g

n
k k
1—k)"o  (1—k)mop  (1— k)™
:ka+n+( 73 k+( 72L k+( mln ‘
O O O

This implies that
2 m+n (1 B k)m+n

= 2£k,m+n~
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Hence, (i) and (ii) complete the proof.

Corollary 6 ([11, Lemma 2.2]). Let k, m and n be non-negative integers with k > 2 and

A = Vk?2+ 4k — 4. Then the following hold:
(Z) 27)k,m+n = Pk,ka,n + Pk,an,m + Q(k - 2)Pk,mpk,n;

(ii) 2Qk,m+n = Qk,ka,n + 8(k - 1)7Dk,m73k,n-
Proof. 1t follows from (i) of Theorem 4 and (i) of Corollary 3 that
2Pk,m+n = Pk,m'ck,n + Pk,n'ck,m
= Prm (D + (K —2)Prn) + Prn (QLrm + (K — 2)Pim)
= PemQkn + P Qiem + 2(k — 2)Prm P

Since
LimLin = (Qk:,m + (k — Q)Pk,m) (ka + (k- 2)7316,71)
= Qe Qtn + (k= 2)PrmQhn + (k — 2)Prn Qpn + (k — 2)*PrnPrn
= Qkem i + (B = 2) [Prm Qin + Pron Lrym + 2(k — 2) Prn P,
— (k= 2)*PrnPron
= Qkm Qe + 2(k — 2)Prmin — (k — 2)*PeimPron,

we get

2Qk,m+n = 2£k,m+n - Q(k - Q)Pk,ern
= LimLin + (K + 4k — 4) P Pron — 2(k — 2)Phmtn

= QtmQkm — (k — 2)*PrmPron + (K + 4k — 4) P Pron
= Qk,ka,n + 8(k - 1)Pk,m7)k,n~
Hence, (i) and (ii) complete the proof.

Theorem 5 (Asymptotic behavior). Let k be a positive integer with k > 2. Then

lim gpk:,n-l—l o
n— 00 g'Pkm
Proof. By using (3), we have

2b—ak+alAg 0_n+1+ ak—2b+al, \ (1-k)"*+1!

i ng,n+1 I 20 k 240 U]';t+1

1m ———— = 1m

n—oo GPran n—00 2b—ak+aly n ak—2b+aly \ (1—k)"

’ 24, O oA, o7

2b—ak+alAy ak—2b+aA, \ (1-k)" (1-Fk)
(e o+ (5550 -

= lim
n—00 2b—ak+alg + ak—2b+aly \ (1—k)"
2Ak 2Ag g—%”
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Since oy, is the root of (4), we have o7 = koy + (k—1) > k — 1 and so ‘10_’“

2
k
1—-K)" 1—k\"

n—00 o‘k" n—00 o,

< 1. Then

This together with (6) gives
lim GPrnt1 _

This completes the proof.
If (a,b) € {(2,k),(0,1),(2,2),(1,1)}, then we have the following:

Corollary 7 ([5, Lemma 2.4]). Let k be a positive integer with k > 2. Then

'Ck n+1 . Pk,n+1 . Qk,n+1 . qkn+1
lim = lim = lim ———— = lim —/—— =

n—oo ﬁkn n—oo pk,n n—o0 th n—o0 Qk,n

If £ = 2, then we have the following:

Corollary 8. lim, H"“ 14++2.

Theorem 6 (Catalan’s identities). Let k, n, and r be non-negative integers with k > 2,

A =Vk?+4k —4, and n > r. Then
1
GPrn—1GPrntr — GPrp = (20— ak +aly)(ak — 2b+ alp)(1 - k)P,

Proof. Let a = % and 3 = =20talk By ysing (3), we have

20
k=" 1—k n+r
gpk,n—Tng,n+T = (aak =+ /8()> <ao_z+r + B(gn+)r)
Oy k

2n _ 2r
2 2n+ﬂ2( Uk) —I—Oé,B(l—k)n_T (O-I%T+(1 021:) )

k k

and

_ 2n
GPi, = < ol + 5W) = oo + ﬁ2(102’“n) +aBf(l—k)" (201 —-k)).

k

Then

g,Pk:,nfrg,Pk:,THﬂ" - gpi,n
n—r T 1-Fk 2 r
— aB(1 - k) <U,%+(02T)2(1k:)>

k

2 — ak + aly\ [ak —2b+ al\, _ (1—k)"\?
— 1= k)T ro_
( 240 ) < 24, ) 1= (Jk o},
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N\ 12
= 1(2b — ak + aAy)(ak —2b+ aAy) (1 — k)" {1 <U£ + (17~k)>}
4 Aj Ok

1
= (20— ak + aAy)(ak — 20+ aly)(1 - k)P,
This completes the proof.
If (a,b) € {(2,k),(0,1),(2,2),(1,1)}, then we have the following:
Corollary 9 ([5, Theorem 2.6]). Let k, n, and r be non-negative integers with k > 2,

A = \/m, andn > r. Then
(i) Lhp—rLintr — L3, = AL = k)" P
(i) Prin—rPrtr = Py = —(1 = k)" 7"PE
(i1i) Qkn—rQhntr — Qo = —8(1 — k)" HPR
(i) Qkn—rQntr — G = —2(1 = k)" 7HIPE
If k£ = 2, then we have the following:

Corollary 10. Let n and v be non-negative integers with n > r. Then
Hil Hyyl, — (HY)? = (b— a+ v2a)(a — b= V2a)(—1)"" P2,

Note that » = 1 in Theorem 6, the Catalan’s identities give Cassini’s identities as
follows:

Theorem 7 (Cassini’s identities). Let k, n, and r be non-negative integers with k > 2,
Ap =Vk?2+4k —4, andn > r. Then
1
GPrn-19Pkns1 — GPip = 1 (20— ak + alg)(ak — 2b+ alg)(1 - k)L,

If (a,b) € {(2,k),(0,1),(2,2),(1,1)}, then we have the following:

Corollary 11. Let k, n, and r be non-negative integers with k > 2, A = Vk% + 4k — 4,
and n > r. Then

(1) Lrn-1Lrnir — Ly, = Aj(1 = k)"
(4) Pra—1Prnt1 — P,in =—(1—-k) L
(1) Qrn-1Qknt1 — i, = —8(1 = k)"
(i) Qkn—1Gkni1 — i, = —2(1 = k)"

If k = 2, then we have the following;:

Corollary 12. Let n be a non-negative integer. Then

HY? HYY ) — (HEY)? = (b— a + V2a)(a — b — V2a)(~1)"".
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3. The integral representation of the generalized Pell numbers

There are several ways to represent the special numbers. One of them is the integral
representation; see, for example, [11-22]. The integral representations for Pell and Pell-
Lucas numbers are studied by the second author in [17] as follows:

’I’LPg ! n—1
Py, = on (Qe +2vV2Pz)" 'dx
-1

and

1
Qi = [ (@ 2VE0 + 1)P) Qe+ 2v2P)"
-1

where ¢ and n are non-negative integers. Subsequently, the authors [11, 18, 19] give
new integral representations for the general of Pell and Pell-Lucas numbers such as the
k-Fibonacci, k-Lucas, k-Pell, k-Pell-Lucas, and the k-Pell-Lucas-like numbers.

In this section, we obtain new integral representations for the companion generalized
Pell numbers. We start with the following theorem for the generalized Pell number Py, 4,
by employing other known relations between the two numbers Py, , and Ly, 4.

Theorem 8. Let k, { and n be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
Then

A
Prin = ’ / . (Liy+ Prox)” ' de. (7)
—Rk

Proof. For n = 0 or £ = 0, we have done. Let us assume that ¢,n > 0. Using
integration by substitution, we get

A n—1 1 n Ak
/ (Ek,g + Pk,gm) dr = [ (Ck,é + Pkyg.%‘)
_Ak: n /Pk-j Rk
1

= L A " (Lpy— A ",
WP [(Lie+ AkPre)” — (Lre — ApPrie)"]

It follows from (i) and (ii) of Theorem 2 with n replaced with ¢ that

Ak 1 n (1—k)\"
n—1 l
do = 250) — (2L
/Ak (Lie + Pryx) x "Prs {( Uk) ( o7 ) ]
A, [ 1 ( n (1—16)4””
= ~olow ——— |-
7’L'Pk7¢ Ay O'k"
By using (i) of Corollary 1 with replace n by ¢n, we have

Ak 2"Ay Py
Lop+Prox) Vg = 2 ZE R
/—Ak (Lke + Prox) P

Then (7) which completes the proof.
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Remark 2. As in Theorem 8, equation (7) is equivalent to

P 1 _
Pk,zn = % / (ﬁk,g + A]ﬂ’hg t)n ! dt.
—1

In fact, substituting t = Aik produces dx = Apdt and the integration limits are changed to
—1 and 1, respectively.

The generalized Pell number Py 4, by employing the two numbers Py, and Qp ¢ is
presented as follows:

Corollary 13 ([11, Theorem 2.3]). Let k, £ and n be non-negative integers with k > 2

and Ay, = Vk? +4k — 4. Then

NP A n—1
Pron = 5,1 / (Qre+ (E—=2+2)Pre)"  da. (8)
2"Ag J_a,

Proof. From (i) of Corollary 3, we have Ly = Qg ¢ + (k — 2) Pr . This together with
(7) that (8) holds.

The integral representations of the generalized Pell number for even and odd orders
are shown as follows:

Theorem 9. Let k and n be non-negative integers with k > 2 and Ay, = Vk? + 4k — 4.

(i) The generalized Pell number Py o, can be represented by

P = K /Ak (K% + 2k — 2 + kz)" " da (9)
k,2n — QHA]C AL .

(it) The generalized Pell number Py on11 can be represented by

1 Ak 2 2 n—1
Pk,QnH:M/Ak (2k =2+ (n+1)(k* + kz)) (K* + 2k — 2+ kz) ~ dz.

Proof.

(i) Notice that P2 =k and Ly o = k* + 2k — 2. Setting £ = 2 in (7), we have

npk 2 B n—1 nk Bk 2 n—1
n = ’ dr = kE*+2k—2+k dzx.
Pr2 AL / A, (Liz + Proz)™ de = o A, / Ak( + +kz)" da

(ii) Re-indexing n by n+ 1 in (9), we get

(n+ 1)k /Ak

Pronte = ——— k? 4+ 2k — 2+ kz)" du. 10
2N+ LA, _Ak( ) ( )
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Using Pi2n+2 = EPion+1 + (K — 1)Py 2, with (9) and (10), we obtain
1 k—1

] k2n+1 — ]Cl k,2n+2 k ] k,2n
(n+1) /Ak 9 n n(k —1) /Ak ) 1
= +2k—2+ - — +2k—2+

1 /Ak 9 2 n—1
= — 2k =24+ (n+ 1)(k* + kx)) (k*+2k -2+ kx dz.
iy | (2h =2 (0 (8 k) )

This completes the proof.

Setting k£ = 2 in Theorem 8 and Remark 2, we have the following corollary.

Corollary 14 ([17, Theorem 3.1]). Let £ and n be non-negative integers. Then

P[P I
eaF. = e/ (Qo +2V2 Py )" da.

Pn: +P$n_1dl‘:7
"= i _Qﬁ(Qe 0 )

27’L
Next, we provide integral representations for the generalized Pell-Lucas-like number
Ly ¢n, based on the two numbers Py and Ly, .

-1

Theorem 10. Let k, £ and n be non-negative integers with k > 2 and Ay, = Vk? + 4k — 4.
Then

1 Ay n—
Ly = 5= / (Lie + (04 1)Prox) (Lie + Prex)" ' da. (11)
SN N

Proof. For n = 0 or £ = 0, it is easy to see that (11) holds. We assume now that
¢,n > 0. We will solve (11) using integration by parts. Let u and v be such that

u(@) = Lg+ (n+ DPyez and  dv = (Lig + Prex)"" da.

Then
1[5
1= — / (Lie+ (n+1)Pyex) (Lo + Pk,ex)nfl dx
2"Ay J_p,
= ! (Lie + (n+ 1) Py ex) (Lke + Prox)” >
 n2nA, Pr.e [ ket k) okt T Fre) ™ | .
(n+1) /A'“ n
— . 12
n2n Ay, A, (ﬁk,f + Pk,fx) dx ( )

Replacing n by n + 1 in (7) becomes

(n+ I)Pk,g Ak n
Prnte = TontiA, A (Le+ Pryx)" dx
and so ( ) A
2P tn+e n+1 / k
. = L " dx.
" Prs w2 Ay | s, (Lip + Pryx)" de



W. Nilsrakoo, A. Nilsrakoo / Eur. J. Pure Appl. Math, 18 (3) (2025), 6452 14 of 18

This together with (12) gives

1 n
I= i | (Lot (0 DAP) (Lie+ AxPr)" |
! n 2Py tnte
AP | Cre — (0 DAPL) (L = MePea)" | = St (13)

Applying (i) and (ii) of Theorem 2 to (13) gives

— 1 n _In
1= n2" Ay, Pry [2 or (Lre+ (n+ 1)Ak73k7g)}
1 (1— k)™ 2Pk n+e
- 2" Lo — DALP _ 2 Beanat
77,2”Ak 'ij [ O-in ( k.t (n + ) k k,@)j| n’Pk7£
— 1 1 120 (1 — k,)fn in (1 — k‘)en
"Pre | A <ak Uin Lo+ | op" + aﬁ” (n+1) Pre — 2Pk tn+e| -

Using (i) and (ii) of Corollary 1, and (i) of Theorem 4, it follows that

1
I= [Pr,enLie + (n+ 1) Pr oLy on — 2P pn 1]
nPr ¢
1
= (PrenLie+ PriLlien — 2Pk on+e) + Lin
nPr ¢
=Ly n-

This completes the proof.

Now, new integral representations for the companion generalized Pell numbers asso-
ciated with the generalized Pell and generalized Pell-Lucas-like numbers are presented as
follows:

Theorem 11. Let k, £ and n be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
The companion generalized Pell numbers GPy, ¢, are represented by

1 B
GPrin = 5aiA, / (aLre+ (2b — ak)nPr g+ a(n + 1) P px) (Lye + Prex)" " da.
27’L+ Ak _Ak

Proof. From Theorem 3, we obtain

2b — ak
2

a
GPren = §£k,€n + Phe.on- (14)

Applying the integral representations of Py, ¢, and Ly, ¢, from Theorems 8 and 10 to (14),
this completes the proof.

Remark 3. As in Theorems 8 and 11, we have the following results.
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(i) If a =0, then GPy, = bPyp, and

bn'P Ak
GPrin =~ / (Lip + Prx)" d.
o J_a,

(i) If ak = 2b, then GPpyn = §Lyyn and

a

GPkn = onil

Ay
/ (Lot + (n+ 1)Pas) (Las + (k + 1) Py ) da
— Ay

Setting (a,b) = (2, k) in Theorem 11 and using (i) of Corollary 3, we have the following
corollary.

Corollary 15 ([11, Theorem 2.6]). Let k, £ and n be non-negative integers with k > 2

and A, = k% + 4k —4. Then

1 A
Ok = 5 / (Qre+ (k=242 —n(k —22)Prs)(Qre + (k — 2+ 2)Pr )" da.
2"Ak J -,

Setting £k = 2 in Theorem 11, we have the following corollary.

Corollary 16. Let £ and n be non-negative integers. Then

1 2v2
HZ;b = 2n+2\/§ /_2\/§ (CLQ[ + 2(b — a)nPg + a(n + 1)Pg$) (Qﬁ + ng)n_l dz.

Setting k = 2 in Theorem 10 or (a,b) = (2,2) in Corollary 16, we have the following
corollary.

Corollary 17 ([17, Theorem 3.4]). Let £ and n be non-negative integers. Then

1 2v2 n—1
U= g1y |, 5 (@t (n+ DP) (@0 4 Peay ™ e

Finally, both Py, and Ly g, are then used to establish integral representations for
Pren+r and Ly, pn4r as the following theorems.

Theorem 12. Let k, £, n and r be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
Then

1 Ak _
Printr = =51 (nPr Ly + PryrLre+ (n+ 1)PriPrrz) (Lo + Prox)” L.
2 HTAL | A,

Proof. Using (i) of Theorem 4 with m and n replaced by ¢n and r respectively, we get

1 1
P pngr = §7Dk,znﬁk,r + §7Dk,r£k,en-
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Applying the integral representations of Py, and Ly, from Theorems 8 and 10, we
obtain

Pk,€n+r
_1 ”P’Cvf/Ak(ﬁ + Prox)" x| L
2\, A, kt ke 0T T | Ly

1 1 Ak
+ P <n / (Lre+ (n+1)Prex)(Lye + kaff)”_ldfv)
SN

1 Ay _
= oniin. / (nProLir + PrrLlie+ (n+ V) PriPrrt) (Lp + Prex)" 'da.
kJon,

This completes the proof.

Setting k = 2 in Theorem 12, we have the following corollary.

Corollary 18 ([17], Theorem 3.5). Let £, n and r be non-negative integers. Then

1 22 n—1
Prpir = e /_ s (nPiQr + P,Qu+ (n+1) PPrx) (Qr + Ppx)" ™ du.

Theorem 13. Let k, £, n and r be non-negative integers with k > 2 and A, = Vk? + 4k — 4.
Then

1 Ak B
Lintr = 577 (nA} Py Pry + LiooLisr + (0 + 1) PreLirz) (Lie + Prez)" dz.
A, | A,

Proof. Using (ii) of Theorem 4 with m and n replaced by ¢n and r respectively, we get
1 AZ
Ly tntr = §£k,£n£k,r + %Pk,énpk,r-

This together with Theorems 8 and 10 gives that the proof is finish.

Setting k = 2 in Theorem 13, we have the following corollary.

Corollary 19 ([17], Theorem 3.6). Let £, n and r be non-negative integers. Then

1 2v2 n—1
Q€n+r = W /2\/5 (8nPZPr + QZQT + (n + 1) P@QT"T) (QZ + ng) dx.

Remark 4. The integral representations for the companion generalized Pell numbers
GPk ntr are established by applying Theorems 3, 12 and 13.
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4. Conclusions

This paper presents a comprehensive study on one-parameter generalizations of Pell
numbers and their associated sequences, introducing generalized Pell-Lucas-like numbers
and their integral representations. The paper further extends known identities, derives
Binet-type formulas, and proposes several new integral formulations that encompass and
generalize classical results. Our results not only generalize the integral representations of
the Pell and Pell-Lucas numbers but also apply to all the companion numbers of generalized
Pell numbers.
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