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Abstract. We explicitly construct families of simple modules for all simple Lie algebras of rank 2 on
which a certain commutative subalgebra acts diagonally with a simple spectrum. In type A, these
modules are the well-known generic Gelfand-Tsetlin modules.

2020 Mathematics Subject Classifications: 17B10, 16G99

Key Words and Phrases: Gelfand-Tsetlin module, Gelfand-Tsetlin basis, Lie algebras

1. Introduction

Let g be a simple finite-dimensional simple Lie algebra over the complex numbers and
let b be a fixed Cartan subalgebra of g. A g-module M is weight (with respect to b) if b is
diagonalizable on M, that is

M= P My,

A€b*

where hv = A(h)v, for any v € M) and h € h. The subspace M) is called a weight subspace
of weight A, if M) # 0.

Simple weight modules were studied extensively in the last 50 years. Classical results of
Fernando [1] and Mathieu [2] provided a complete classification of simple weight modules
with finite-dimensional weight subspaces. On the other hand, the classification of simple
weight modules with infinite-dimensional weight subspaces is still an open problem. The
most progress has been achieved in the case of Lie algebras of type A, where simple Gelfand-
Tsetlin modules were classified (see [3—-6] and references therein). These are weight modules
with diagonalizable action of a certain commutative subalgebra of the universal enveloping
algebra U(g), called the Gelfand-Tsetlin subalgebra. Generically, such simple Gelfand-Tsetlin
modules have infinite-dimensional weight subspaces. In particular, in the case of sl(2) we
obtain in this way all simple weight modules. They depend on two parameters and have
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1-dimensional weight subspaces. In the case of g = sl(3) a complete description of simple
Gelfand-Tsetlin modules was given in [7].

The original approach to the study of weight modules was based on the reduction to the
study of simple modules over the centralizer Up(g) of the Cartan subalgebra b in the universal
enveloping algebra U(g): if M is a simple weight g-module, then M) is a simple Up(g)-module,
for any weight A\ of M. Hence, every simple weight g-module corresponds to a simple (not
unique) Up(g)-module and, in its turn, any simple Uy(g)-module corresponds to a unique
simple weight g-module. This approach was successfully used in the case of g = s[(3) [8-15],
etc.

As the structure of Uy(g) is rather complicated (there are two commuting generators for
s[(2), and there are six generators for s[(3) with three polynomial relations and five commuting
generators among them), there were essentially no attempts beyond the s((3) case.

The goal of the paper is to revise the centralizer approach and to construct new simple
weight modules with infinite-dimensional weight subspaces for all simple Lie algebras of rank
2. We explicitly construct simple generic modules in the category of I'-pointed modules for
a commutative subalgebra I" of the centralizer Uy(g). In type A, I'-pointed modules are the
celebrated Gelfand-Tsetlin modules, and similar constructions can be viewed analogously in
other types.

The structure of the paper is the following. In Section 2 we discuss the structure of the
centralizer Uy(g) of the Cartan subalgebra b in the universal enveloping algebra U(g), prove
that Up(g) is finitely generated and finitely presented. We give a generating set of elements
and describe an algorithm for computing all relations between them. In Section 4 we consider
the Lie algebra of type A2. Our approach is a suitable modification of [9] and [14], and we
recover a construction of generic torsion free As-modules with infinite-dimensional weight
spaces obtained in [14] and [7]. They are tame Gelfand-Tsetlin modules with diagonalizable
action of the Gelfand-Tsetlin subalgebra. In Section 5 we consider the Lie algebra g of type
C and give the generators and the defining relations of the centralizer Uy(g). We construct
two 4-parameter families of simple torsion free Co-modules with infinite-dimensional weight
spaces. These modules are I'-pointed, where I' is the 4-generated Gelfand-Tsetlin subalgebra
of Up(g) which has a simple spectrum on such representations. Finally, in Section 6 we
construct a 3-parameter family of simple torsion free Ga-modules with infinite-dimensional
weight spaces. These modules are I'-pointed with respect to a 4-generated Gelfand-Tsetlin
subalgebra I" of Uy(g) which has a simple spectrum on such representations.

We hope to use the defined representations to construct new simple modules for all simple
finite-dimensional and Affine Lie algebras via the parabolic induction.

2. Cartan centralizers

Let A = {ai,...,ax } be the root system of (g,h), and let 7 = {f1,...,0%} be a
basis of A. With respect to the basis w, we have the decomposition of A into positive
and negative roots: A = AT U A~. Let W be the Weyl group of the root system A.
Choose a basis G = Gg U Gy of the Lie algebra g, where Gy = {hg € h|f € 7} and
G1={ea € 9o \ {0} | € A}. Set fo =e_4.

Denote by Uy(g) the centralizer of the Cartan subalgebra h in the universal enveloping
algebra U(g). For each i € N denote by U (g) the vector subspace of U(g) spanned by the
monomials 12z ---x;, where x1,...,2; € G and j < i. Then we get an increasing sequence
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of subspaces ‘
U(l)(g) C U(2)(g) C.oo-C U(’)(g) Cee

which defines a canonical filtration of U(g). The canonical filtration of Uy(g) is the sequence
of subspaces

U (e) cuP(g) c---cug) -,

where U (g) = U (g) N Uy(g).

For any monomial X = z122---x; denote by To(X) the set of monomials obtained from
X by permuting the variables z;. We will treat each monomial as an element of the algebra
U(g), considering it as a monomial with coefficient 1. Define the degree function deg(y) as
follows: deg(y) =i if y € U®(g), but y ¢ UV (g).

Now, fix some order on the set G:

1 <39 < --- < 3y, (2.1)

where k is the dimension of g. Define standard monomials of U(g) with respect to this order

as follows:

— 51 .52 Sk
Xs=mi'zy’ - x)f .

where S = (s1,...,s) is a k-tuple of nonnegative integers, with at least one s; # 0.

For every monomial X define a lexicographical order on the set Tp(X) with respect to
the order (2.1): if X1 = x,24, -+~ 24, and Xo = xj,2j, - - - x5, with X1, Xy € Tp(X), then
X1 < Xo if either x;; < xj, or there exists an index 1 < s < n such that x;, < z;, and
x;, = xj,, for 1 <t < s.

Denote by P the set of all standard monomials and by P(®) the set of all standard monomi-
als of degree i. Set Py = PNUp(g) and Pol) = PONUy(g). In particular, Ty(P) = Uxep To(X)
will denote the set of all monomials in the algebra U(g).

The following lemma is an immediate consequence of the PBW theorem.

Lemma 2.1.

1. The set of the following standard monomials P() = P UPR U...uP® forms a basis
for the vector space U®(g).

2. The set of the standard monomials Péi) = Pél) U PO(Q) U---u Péi) forms a basis for the
vector space U(gz) (9).

3. If a € U9 (g) and b € UY)(g), then ab € U (g) and ab — ba € U1 (g).
4. If X € P\ and X1, X5 € Ty(X), then X; — X, € UV (q).

5. For every monomial X € Ty(P), the minimal element of the set Tp(X ) with respect to
the above lexicographical order is a standard monomial.

6. Let P’ be a set of monomials of degree < 7, such that for every monomial X € P(i),
there exist a unique X’ € P’ satisfying Tp(X) = To(X’). Then P’ is a basis of Ut (9)
and P) = P'N Uéz) (g) is a basis of Uéz) (g).
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Denote by PO(Z) C Pél) the subset of monomials of degree ¢ generated by (G1, and set
By =, ",

Let X € To(P). Then X = hg, --- hg, €q, - - €a,, for some ay,...,a, € A, B1,..., By € .
Define two lists of roots associated with X as follows: Lo(X) = (B1,...,08m) and L1(X) =
(a1,...,am). Extend this definition to the set of all monomials as follows: if X’ € Ty(X),
then Lo(X,) = Lo(X), Ll(X/) = Ll(X)

For any monomial X € Ty(P), the sum of all roots in the list L;(X) is called the weight
of the list Li(X). Clearly, the weight of the list L;(X) is zero if and only if X € Ty(Fp).
Denote by B(A) the set of all zero-weight lists of roots. Furthermore, if Lo(X) = Lo(Y) and
Li(X) = L1(Y), for some monomials X, Y, then Tp(X) = Tp(Y).

A list L1(X) for X € Py is called decomposable if there exist X1, Xo € Py such that
Li1(X) = L1(X1) U L1(X2) (disjoint union of two lists). In this case, it follows that Tp(X) =
To(X1X3). Conversely, if no such decomposition exists, the list is called indecompossable.
Note that decompositions are not unique for certain monomials. For example, in the algebra

Ay (see Section 4.1), (ay, ..., a6) = (o, ag) U (a2, as) U (a3, aa) = (o, a2, as) U (as, a5, a).
Denote by Bi(A) C B(A) the set of all zero-weight indecomposable lists. Define the
action of the Weyl group W on the list of roots a = (a1, aq,...,ay) as follows:
w(a) = (wag, wag, ..., way,), withe W.

Clearly, if a is indecomposable, then w(a) is also indecomposable. Moreover, if a has a
zero weight, then w(a) also has a zero weight. The simplest examples of indecomposable lists
are those containing only one positive or only one negative root.

Define the set of primitive lists Ba(A) C B1(A) as follows: r € By(A) if there exists
w € W such that the list w(r) contains only one negative or only one positive root.

Let My = {(n1,n2,...,nk)|n; € N} be the set of vectors with nonnegative integer coor-
dinates. Define a partial order on the set M), as follows:

(n1,ne,...,ng) < (mi,ma,...,mg) ifn; <m;, foralli=1,... k.

We will be using the following result [16, Lemma 2.6.2].

Lemma 2.2. If S C My is any infinite subset, then there exist two elements r1,79 € Sk
such that r; < rsg.

We have the following properties of indecomposable lists of roots.

Lemma 2.3. Let g be a simple finite-dimensional Lie algebra with root system A. Then
1. The set of indecomposable lists Bj(A) is finite.

2. If g € {A2,C9, G2}, then all indecomposable lists are primitive and hence Bi(A) =
By (A).

Proof. Define the function o on the set B(A) as follows: o (a1, g, ..., am) = (n1,n2,...,na)),
where n; is the number of occurrences of the i-th root of A (with respect to the ordering in
(2.1) in the list (v, g, ..., ap). It is clear that a list 7 is a sublist of a list r9 if and only if
o(r1) < o(ry). Now, the proof of the first statement follows from the previous lemma.

The second statement for the case As is obvious. We will now prove the second state-
ment for the case Cy. Let m = {f31, 52} be a basis of the root system. For convenience,
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we will represent the roots of A as vectors in this basis: (i,j) = i1 + jB2. Then A =
{(1,0),(0,1),(1,1),(2,1),(=1,0),(0,—1),(—1,—-1),(—2,—1)}. Let v = (¢,5) € A be any root.
The action of the Weyl group is given by w1 (v) = (25 — ¢,7) and ws(v) = (i, — j), where wy
and wy are simple reflections.

We will prove that non-primitive indecomposable lists do not exist for C5. By the definition
of a primitive list, any list consisting of two or three roots is primitive. Suppose there exists
a non-primitive indecomposable list r with more than three roots. First, observe that if
(2,1),(—2,—1) ¢ r, then r cannot contain more than three roots.

Consider the case (2,1) € r. (The case (—2, —1) € r is miror of first case.) Then necessarily
(=2,—1) ¢ r. Consider the list wq(r). Then wi(2,1) = (0,1) € wi(r). First, suppose
(2,1),(—2,—1) ¢ wi(r). In this case, wi(r) is primitive, and consequently, so is . Second, if
(2,1) € wi(r), then both (2,1) and (0,1) belong to w;(r). Finally, if (=2, —1) € wy(r), then
we obtain (2,1), (0,1) € wiwa(r).

Now, suppose there exists w € W such that (2,1),(0,1) € v = w(r). The possible negative
roots in the list ' are (—1,—1) and (—1,0). Since the second coordinate of the sum of all
positive roots is at least two, ' must contain at least two occurrences of (—1,—1). Thus we
have 7’ = {(2,1),(0,1),(—=1,—1),(—=1,—1)}. Now, applying ws, we obtain wy(r') =
={(2,1),(0,-1),(-1,0),(—1,0)}, which is primitive. Consequently r is also primitive.

The proof of the second statement for GG is similar to the case of (5. For the sets of all
primitive lists in all three cases, see Sections 4-6. U

Define the following order on the set of roots A, derived from (2.1). For ay, e € A

a1 < agif and only if eq, < eq,. (2.2)
A monomial X is called perfect if either X = hg € Go, or X = €4, - €qy "+ - €q, and
the associated list Li(X) = (a1, ag,...,a,) is both indecomposable and ordered according

to (2.2), ie., a1 <ag < -+ < .

Since the set of all indecomposable lists is finite, the set of all perfect monomials is also
finite. Let I(g) = {p1,...,pq} denote the set of all perfect monomials with degree greater
than one. Then I(g) UGy is a generating set of Uy(g) consisting of all perfect monomials.

Denote by dy the maximal degree of perfect monomials in I(g).

Let J(g) = {ci1,...,cq} be the set of new indeterminates, 7, = ¢; —p;, i = 1,...,¢ and
D = (ry,...,ry) the 2-sided ideal of Uy(g)[c1, . .., ¢q] generated by these elements. Define

Uo(g) = U()(Q)[C1, B Cq]/D'

Clearly, Up(g) = Up(g) and Up(g) is generated by .J(g) U Gy with the ideal of relations K
inherited from Up(g). Define the degrees of new indeterminates ¢; by: deg(c;) = deg(p;).

Denote by Qo(g) the set of all monomials generated by J(g) U Gy and set Q[(]i) (9) =
Qo(g) N U(gz) (g). Define the function from Qy(g) to I(g) U Gy as follows:

w: Qo(g) = I(g) UGy, w(c) =pi, wh)=h, h € Gy.
Let us fix some order on the set J(g) U Go:

1 S22 < -0 < Xggkygs x, € J(@) UGy, i=1,....,q+ko. (2.3)
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For any monomial Y € Qq(g), denote by T1(Y) the set of all monomials X € Qo(g) such
that To(w(Y)) = To(w(X)). Note that all monomials in the sets Tp(w(Y')) and 77 (Y') have the
same degree. Extend function L; on the set J(g) as follows: Li(x) = Li(w(x)), x € Qo(g).

Define a lexicographical order on the set 77 (Y") with respect to the order given in (2.3) as
follows: if Y1 = ajao---ayn, Yo = b1by - - - by, for ai,bj € Jo(g) UGp and Y7,Ys € Tl(Y), then
Y1 < Vs if there exists an index 1 < s < min(n, m), such that as < bs and a; = by, for all
0 <t < s. Note that neither Y; nor Y5 can be a prefix of the other, which ensure that our
definition is well-defined and that any two distinct elements are comparable.

A monomial Y € Qo(g) is called semi-perfect if it is the minimal element of the set 77 (Y)
under this lexicographical order. Denote by S(g) the set of all semi-perfect monomials, and
set 50(g) = 5(9) N U5 (0.

Lemma 2.4.

1. For any ¢ > 1 and X € Péi) there exists a unique semi-perfect monomial Y € S (9)
such that TH(X) = To(w(Y)).

2. Let X = aqag - - - ay, with a; € Jo(g) U Go, be a semi-perfect monomial. Then, for any
se€{l,...,m}, the monomial X’ =ay---as_1a541 - ay, is also semi-perfect.

3. The set of semi-perfect monomials S()(g) is a basis of the vector space ﬁéi) (9).

Proof. The one-to-one correspondence between standard monomials in Uéi) (g) and semi-
perfect monomials in Uél) (g) follows from Lemma 2.1 and the definition of semi-perfect mono-

mials. Since Uéi) (g) is a finite-dimensional vector space and the set of semi-perfect monomials
S()(g) satisfy the condition for the set P’ in the part 6 of the Lemma 2.1, the lemma follows.
O

(

Since the set of semi-perfect monomials S()(g) forms a basis of the algebra Uoz) (g9), any
element = € ﬁo(g) can be expressed as a linear combination of semi-perfect elements. We
need to determine how to multiply any two semi-perfect monomials and express their product
as a linear combination of elements of S(g).

If an element X € U (g) is expressed as a linear combination of semi-perfect monomials,
we say that X is in a normal form, denoted by N (X). The process of converting a given
element into its normal form is called normalization.

Define the set of relations as follows:

K' = {Ci16i2 Gy T ./\[(Cilci2 s Cim) ‘ m < dp,c; € J(g)} (2.4)
Additionally, define the length function on K’ C K as: Len(c;, ---¢;,, — N(ciy -+ ¢;,,,)) = m.

Thus, K’ is the set of all relations with length less or equal to dy. We are now ready to

state the main result regarding the Cartan centralizers of the universal enveloping algebras.

Theorem 2.5. The ideal of relations K is generated by the set K'.

Proof. We prove that the product of semi-perfect elements can be expressed as a linear
combination of semi-perfect elements using only the relations K’. This follows from the
reduction algorithm described below.

We will show that any monomial, written as product of perfect monomials in arbitrary
order, can be transformed into a linear combination of semi-perfect monomial.
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Let X = ajas---ay, € Q((f) (g) be a monomial of degree i that is a product of perfect
elements. By Lemmas 2.1 and 2.4, there exists a semi-perfect element ¥ = biby---b, €
Q" (g), such that T (X) = T1(Y) and X — YV € UV (q).

The proof proceeds by induction on the degree of the monomials. The statement is obvious
for the case i = 1. Assume that the statement holds for all elements in Uélfl)(g), that is, any
such element can be transformed into the normal form.

We will show that, using only relations K’, X can be transformed into a sum X =Y +Y7,
where Y is above semi-perfect monomial and Y; € l?éz_l)(g). Denote Y’ = by - - - b,. There
are two cases to consider.

1. Let by € Gp. Since Lo(X) = Lo(Y), by Lemma 2.4, it follows that by = as for
some 1 < s < m. As b; belongs to the center of Uy(g), we can rewrite X as X =
biaias - - as_1a511 - - Ay = b1 X'. Thus, we obtain

X=Y+b(X -Y).

It is easy to see that T1(X’) = T1(Y’), and Y’ is semi-perfect. By the induction
hypothesis, we can apply our algorithm to the pair X', Y’. This gives (X' —Y’) = X" €
j 5172), implying that b; X" € Uézfl). Therefore, the statement follows by the induction
hypothesis.

2. Let by € Jo(g). Since L1(X) = Li(Y), it follows that L;(b1) is a sublist of L;(X).
Let {z1,22,...,2¢} C {a1,a2,...,a,} be a minimal set of perfect monomials such that
Li(b1) C Li(z122- -+ 2¢). Set Z = z125 - - - z¢. Since the cardinality of any indecomposable
list is bounded by dy, we have t < dj.

Using the commutation relations for two perfect elements we can transform X into the
following form: X = ZX; + X,, where T1(X) = Ty(ZX;) and X, € U V().

Denote n = deg(Z), then deg(X;) = i — n. There exists a semi-perfect monomial Z;
such that T1(Z) = Th(Z1). Since t < dy, we can apply the normalization process to the
monomial Z. We obtain Z = Z; + Z5, where Z5 € Uénil)(g).

Since Z; is a semi-perfect monomial, the first perfect element 2] in its decomposition
Zy = 2424 - - 2, = 2] Z{ is the minimal perfect element with respect to the order (2.3).

This means that for every perfect monomial = such that Li(z) C Ly(Z;), we have
21 <. Since Ly(b1), L1(21) E L1(Z) C L1 (Y), it follows that 2] = b;.

Now we have

X=ZX1+Xo=(Z1+2)X1+ Xo= 0121+ Z2) X1 + X>
=Y -0 Y' + (01 Z1+ Z2) X1+ Xo =Y +b1(Z1 X1 = Y') + Z2X1 + Xs.

It is easy to see that the pair of monomials X3 = Z{X; and Y’ satisfies the initial
conditions of our lemma, with degree of the monomials less than .

Since deg(Y') =1 —k, T1(X3) =T1(Y’) and Y’ is semi-perfect, we can apply, by the
induction hypothesis, our algorithm to the pair X3,Y’

This gives X3 =Y’ + X4, where X, € Uéiik*l)(g). Finally, we have X =Y + Y7, where

Yi =01 Xy 4+ Z2X; + Xo € Uéiil)(gy
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The statement follows by the induction hypothesis. Note that we used relations K’
twice: for commuting perfect elements and for normalizing Z.

0

Let A be an associative algebra defined by a set of generators S and a set of relation R
(as polynomials in the generators of S). The set of generators S can be partitioned into three
subsets, S = S1US2US3, where S; generates the center of the algebra A and S;U.Ss generates
a commutative subalgebra of A.

The width of a monomial X, denoted by width(X), is defined as the number of occurrences
of variables from the set S3 in the monomial. The width of a polynomial P is then defined
as the maximal width among all monomials that make up the polynomial.

We can decompose the set of relation R into a union of subsets as follows: R = RyURjU- - -,
where R; = {Y € R| width(Y') =i}, for i =0,1,2,....

Note that this decomposition is not unique and may vary depending on the choice of
generators S and the subset Sy. Our goal will be to identify the "best” set of generators S
and ”best” decomposition, such that the cardinality of the set S3 is minimal.

3. Category of ['-pointed modules

Let I" be a commutative subalgebra of Uy(g) such that h CT' C Up(g). By Hom(T",C) we
denote the set of all characters of I', that is the set of all C-algebra homomorphisms from I"
to C.

Let M be a I'module. For each x € Hom(I',C) we set

M, ={ve M;av=x(a)v, YVaeT},

and call it the I'-weight space of M with weight x. When M, # {0}, we say that x is a
I'-weight of M and the elements of M, are called I'-weight vectors of weight x. If a I'-module

M satisfies
M= D M,
x€Hom(T',C)

then we call M a I'-weight module. The dimension of the vector space M, # 0 will be called
the I'-multiplicity of x in M. Module is called I'-pointed if I'-multiplicity of any character
x equals 1, that is I' separates the basis elements of M. In particular, M is a tame module
with diagonalizable action of I'. A weight module M is torsion free provided all root vectors
of g act injectively on M.

In particular, if I' = U(h), then I'-weight module is a classical weight module.

Suppose g is of type A and I' is a Gelfand-Tsetlin subalgebra of g [17]. Then I' C Uy(g)
and every generic Gelfand-Tsetlin g-module is I'-pointed. We refer to [17] for details. Clearly,
every finite-dimensional g-module is also I-pointed. A family of simple I'-pointed modules in
type A was studied in [18]. On the other hand, there exist Gelfand-Tsetlin modules which
are not pointed.

4. Construction of simple weight Aj;-modules

In this section we consider the Lie algebra g = sl(3). Even though this case is well
understood we give some details to illustrate our approach.
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4.1. Centralizer of the Cartan subalgebra of A,

Let A = {1, a9, a3 = a1 +ag, a4 = —ag — g, a5 = —ap, g = —av1 } be the root system of
g. Fix a Chevalley basis G: e1g = E12, fio = Ea1, eo1 = Fa23, for = E32, e11 = E13, fu1 = Ea1,
hio = E11 — Ea22, hoy = Eaoo — E33.

Let us define the following order on the elements of G:

hotr < h1o < fo1 < fio < f11 < e11 < eio < eo1-

We have the following set of indecomposable lists of roots: {a1,as}, {ag, a5}, {as, a4},
{a1, 9,04}, {a3, a5, a4}, and the following set of perfect monomials:

hi = hot, ha = hio,c1 = foreor, c2 = fioe10,c3 = fiiei1,ca = fiieioeor, cs = fo1fioe11-

Define the order on the set of perfect monomials: hy < he < c¢1 < ¢ < c3 < cq4 < C5.

Note that any monomial containing both variables ¢4 and c¢5 is not semi-perfect since
m’ = cjcoc3 has the same associated list of roots as m = cycs, but ¢; < ¢4. Applying the
relations between the generators we easily obtain the following statement.

Proposition 4.1.

e The following set of monomials is a basis of Up(g):

P = {hi'h3*ciPcs e ef | s1,. .., 86 € N} U{R] R cPP s e5Pei® | st, ..., s¢ € N}
e Theset K = {X | X € K',Len(X) = 2} is a generating set of the ideal of relations K.

The following K is the list of all relations of length two:

cjhi = hicj,i=1,2,7=1,...,5 (4.1)
cac1 = —C5 + €4 + 102, (4.2)
c3c1 = 5 — €4 + 163, (4.3)
cgc1 = —2¢5+ (24 hy)eqg + c1e4 — cre3 + cico, (4.4)
csc1 = —hics + cie5 + cie3 — crez, (4.5)
€3C2 = —C5 + C4 + C203, (4.6)
cqcy = hacg + hacy + cacq + cac3 — 09, (4.7)
c5ca = —hacs — haocs + cacs — cacg + cica, (4.8)
cacs = 2¢5 — (ha 4+ h1 + 2)eq + c3cq — hocg — cacs + crcs, (4.9)
csc3 = (ho 4+ hi)es + c3es + hacg + cac3 — cics, (4.10)
csc4 = —(2ha + h1)cs — czcs — 2hacs + cacs — 2cacs — c1c5 + c1cacs + (ha + hi + 2)cica,
(4.11)
cacs = —hics — c3c5 + hihges + cacs + hicges — cics + hacies + crcgcs. (4.12)

The following Casimir elements generate the center of the universal enveloping algebra
[14]:
1

21 =Cg+02+01+§(h%+3h2+h%+3h1+h2h1) (4.13)
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290 =¢C5+cC4+ = (hl h2)03 — §(6 + 2hy + hQ)CQ + = (hl + 2h2)

1
+ 5 (=ha = 3+ h1)(6 + 2h1 + ho)(h1 + 2ho) (4.14)

Using the relations (4.1)-(4.14), we can reduce the number of generators of Uy(g): applying
(4.2), (4.13), and (4.14) we can exclude c3, ¢4, ¢5 from all other relations. As a result we will
get a generating set S = {hy, ho, 21, 22,c1,c2} of Up(g) with the following decomposition:
S1 = {h1, ha, 21,22}, S2 = {c1}, S3 = {c2}. For the set of relations we have R = R; U Ry,
where R; consist of the relations obtained from (4.1)-(4.5), and Ry consists of the relations
obtained from (4.6)-(4.12).

2. Generic torsion free As;-modules

Let I" be the commutative subalgebra of Uy(g) generated by the elements hy, ho, 21, 22, 1.
This is a Gelfand-Tsetlin subalgebra of s[(3). We give a construction of a family of I'-pointed
modules V' (a1, ag, as, £, u) which depend on five complex parameters with the restriction ag ¢
Z. These are essentially the universal generic Gelfand-Tsetlin modules initially constructed
in [17] and [7] using a Gelfand-Tsetlin basis [19].

Fix arbitrary aj,as,as,&,u € C such that ag ¢ Z. To simplify formulas we define the
following set of indexed variables:

hg;)=a1+27;—j, h()—ag—z+2j, Sjk=az—j+2k—1,

1 1 o
S = 5+ ) = Sl +ag =) +i—j+k,
_ 1 1 .
Sik25(507k_h§10)) :5(—a1+a3—1)—@+k7
1 W) 4 9@y = 1 1
Ty = 5 (S0, + 3(h +2hg)) = (a1 + 202+ 3ag) + k- o, (4.15)
_ 1 1. @ (2) 1 ) 1
T = §(sj,k - g(hOj +2hy ;) = 6(—a1 —2a3+3a3)—j+k— 3
Qi =1+ T3 o€ =TT 1 Tigg = = (T gy — 0)(T) gy — 12) (T 4y — 13),

QFf =p+ T ¢-T T T, = (T, + ) (T + t2)(TF | + t3).
where 1, t,t3 are three roots of the equation t3 —t(6 + 1)+ pu+£ =0

Define an action of the Lie algebra g on the vector space V (a1, ag, as, &, ) = spanc{vi;x | i, j, k €
Z} as follows:

1 2
21(Vigk) = EVigk, 22(Vijk) = 1WVijk, hot(Vijk) = hgj)vijkv hio(Vijk) = hgj)vijka

eo1 (Vijk) = SypVirijk Jor(Vijk) = Spviejks

e10(Vijk) = QjpVigaih + ———Vijitl ki1, (4.16)
Sj+1,kS5k
+ k
f10<vijk) = Q:Vi,jfl,kfl + ¢Vi’j,1’k.
Sj+1,kSjk

We have the following statement (cf. [7, 14]).
Theorem 4.2. Let a1,a9,a3,&, 1 € C and a3 ¢ Z. Then
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1. The space V (a1, as,as,§, 1) is a torsion free I'-pointed g-module if and only if S;]L'k and
S, are non-zero, for all i, j, k € Z.

2. The module V' (aq,as, a3, &, p) is simple if and only if S;k, S Q;k, Q,j are non-zero,
for all i, 4,k € Z.

Proof. The fact that V(ai,as,as,&, p) is a g-module was shown in [14] and [7]. It is T-
pointed as I' separates the basis elements. It follows from formulas above that the module
V(ay,a2,as,&, 1) is torsion free if and only if S;;k and S;, are different from zero for all
i,j,k € Z. Note that for every h-weight \ of V(aj,az,as,§, 1), the A-weight subspace is
infinite-dimensional with basis v;;;, where 7, j are determined by A and k runs through Z. In
this basis the operator c; is presented by an infinite diagonal matrix and the operator ¢y is
presented by a 3-diagonal matrix (bs), with b = 0, for all s, ¢ such that |s —¢t| > 1. This is
a consequence of relations above. The simplicity of V (a1, as,as, &, 1) results in the simplicity
of each A\-weight subspace as Uy(g)-module. This implies the required conditions in item 2.
O

Simple subquotients of the module V' (a1, as, as, £, i) give all simple generic Gelfand-Tsetlin
g-modules with finite or infinite weight multiplicities [20]. Moreover, since any simple sub-
quotient V' of V' (ay, as, as, &, p) is torsion free and we can choose any weight from the weight
lattice as part of the parameter set, we have

Corollary 4.3. If V' is a simple generic Gelfand-Tsetlin g-module, then it is isomorphic to
a subquotient of V' (a1, az,as, &, u) for some suitable parameters such that 0 < Rea; < 1,
0 < Reas < 3,0< Reas < 2, ag # 1, where Re a stands for the real part of a.

4.3. Subquotients of V(ay, as, a3, &, 1)

As we saw in the previous section, the I'-pointed module V (a1, ag, as, &, 1) is simple when
S;;.k, S Qj_k, Q; are non-zero, for all 7,5,k € Z. If one or more these coefficients are
equal to zero, then a system of sub modules arises. Below, we present two examples of such
sub modules. Let I = Z3 C R3 be the weight lattice (the lattice of indices) of the module
V(ay,ag,as, &, p).

Case 1. Assume that S;g,jo,ko = 0 for some g, jo, ko € Z. Then, it follows that a; + a3 €
27+ 1. Consider the function F'(i, j, k) = Si';k defined on the set I. The subset of zero points
P(F) = {(i,5,k) | F(i,j,k) = 0} is called the splitting hyperplane of the function F. The
splitting hyperplane F'(i, j, k) divides the set I into two subsets, called the positive and the
negative components, given by

It ={(i,4,k) | F(i,j,k) > 0} and Iy ={(i,5,k)| F(i,j,k) < 0}.

Using (4.16), we observe that, for any (i, j, k) € I, the action of the elements eg1, fo1, €10, fi0
on v;ji, results in elements that remain in the subspace V' = spanc{v;jx | (i,7,k) € Iz} C V.
Thus V'’ forms a submodule of V.

It is simple if none of S, Q;‘k or Qj_k vanish for any choice of indices.

Case 2. Assume that Q; = 0 for some k € Z. As we can see, Q; is the product of three
first degree polynomials F,,(i,j, k) = (T,j + tm), with m = 1,2, 3, in the variable k. Let us
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consider the case when Q: = 0 has three distinct roots. We need to find possible values of
the parameters a, ag, as, t1,t2,t3 such that the system of three equations: F, (1, ], kp) = 0,
m = 1,2,3 has integer solutions for the variables k,,. We find that QZF = 0, for k£ =
ki, ko, ks € 7Z if the following conditions hold: ¢, = %(lﬁ + ko + k3) — kpm, m = 1,2,3 and
a3 = 3 — %(2]{:1 + 2ky + 2ks + a1 + 2a2). Suppose that k1 > ko > k3. Then we have three
splitting hyperplanes P,,, = {(i,j,k) | Fin(i,7,k) =0} and I = I}',fm U I , where
I;Em ={(,4,k) | Fm(i, 3, k) > 0} , I, = {(4,4,k) | Fin(i, 5, k) < 0} ,for m = 1,2,3.

Again, using (4.16) we immediately obtain
Proposition 4.4. The subspaces V,, = spanc{vijx | (i, ], k) € I}',fm} C V(a1,az,as3,&, 1) are
submodules of V (a1, as, as, &, p) satisfying the inclusion Vi C Vj C V3.

If none of S;;.k or Sy or @ are zero for all choices of indices, then V' and V;/V{ and
V3 /Vy and V (a1, a2, as,&, 1)/ Vs are simple, torsion-free modules. All non-zero weight spaces

of these modules have dimensions respectively: oo for V] and V(a1,a2,a3,&,1)/Vs, ki — ko
for V3 /V{, and ko — kg for V{/Vj.

A similar construction of a family of torsion-free submodules can be obtained in the case
when Q;k = 0. Combining the conditions under which one or more coefficients are equal
to zero we can obtain various distinct modules. The full classification of s[(3) modules was
obtained in [7] using the Gelfand-Tsetlin tableaux technique.

5. Construction of simple weight Cs-modules

In this section we use the technique developed in the previous section to construct simple
Gelfand-Tsetlin modules for the Lie algebra of type Cs.

5.1. The centralizer for C,
Consider the root system of Cj:
A= {041,042,043 =1 + a9, 0y = 2&1 + 9,5 = —Qy4,0g = —Q3,7 = —Qg, g = —041}

and the Chevalley basis: e19 = E12 — Fi3, fio = E21 — E34, €01 = E31, for = E13, hio =
(B11 — B2 — E33+ Eya), hot = —E11 + E33, e11 = —FE32 — Ey1, €1 = 2Ey2, f11 = —E14 — Eas,
f21 = 2E4 with the order hig < ho1 < fi0 < fo1 < f11 < f21 < e21 <e11 < epr < eqo.

The following is a complete set of indecomposable lists of roots: {ai,as}, {az, a7},

{as, a6}, {au, a5}, {a1, a0, a6}, {as, a7, as}, {a1, a3, a5}, {ag, a6, as}, {a1, a1, ag, a5}, {ag, az, as, ag},
{043, a3z, s, 047}, {042, a4, Qg, 046}.
Let us choose the following generators of Uy = Up(C?2):
h1 = ho1, ha = hig, c1 = foreo1, c2 = fa1€21, c3 = fioe10, c4 = fi1€11,
cs = fiieo1e10, c6 = fiofore11, ¢r = fareriero, cs = fiofiiean,
co = fareo1€10€10, 10 = fiofiofore21, c11 = forfareriern, ci2 = fiifiieaieon.
Order the set of perfect monomials as follows:
hl<h2<C1<C2<C3<C4<C5<C6<C7<C8<C9<C10<C11<012. (51)
As in type As we have
Proposition 5.1.
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1) The following set of monomials is a basis of Uy:

P ={hi'h*ciPcstes?clbeymenr | s1, 82, .- ., S6, Sm,y Sn € N and

(m,n) € {(5,9),(5,12), (6,10), (6,11), (7,9), (7, 11), (8, 10), (8,12) }}. (5.2)
2) The set K = {X|X € K’,Len(X) = 2} is a generating set of the ideal of relations K.

Proof. Let X = cpencr € Qo(Ca), where 4 < m < n < k < 12 be a monomial. Manual
calculation shows that for any triple m, n, k satisfying above condition there is 1 < p < 4 such
that Lq(cp) is sublist of L1(X). For example, if (m,n,k) = (5,6,7), then Li(c1) T L1(X).
This means that no semi-perfect element can contain above three perfect monomials.

Now, let X = ¢;,¢n, € Qo(C2), where 4 < m < n < 12 be a monomial. One can easily see
that for any pair m,n which is not in the (5.2), there exists 1 < p < 4 such that Ly(c,) is a
sublist of L;(X). For example, if (m,n) = (9,12), then L;(c2) C L1(X). It follows that the
only possible perfect monomials in semi-perfect monomials are the ones given above, proving
1. In particular this means that we can take dyp = 2 in the definition of K’ (cf. (2.4)) and in
Theorem 2.5 with sort order defined in (5.1).

O

Denote hz = hy + he and let U} = Uy [hl_l, hgl]. It will be convenient for us to work with
Uj.
The list of all relations is rather big, so we will give only those of them that are used in

our calculations. The following list of relations is used to express ci9,...,c5 via ¢4, c3, C2, C1,
hl, h3, 21 in U(/]Z

Clg = — Clg — €3 — 2c8 + [01, Cg], (53)
c1] = —C9g — 2¢7 + ¢c9 — [01, 07], (54)
1
c10 =cy — cg + c7 + 5[65, c2] + [c1, cg] (5.5)
1 1
C9 thl([cl, [c1, e7]] — 2c1c0 — 2¢7¢1 — 2¢107) + 5[077 c1] — 2¢7 — ca, (5.6)
1
cg =c7 + 5[62, 63] (57)
c—i(—[c e c]]+800—80c—8hc)+1[c c]—lc (5.8)
7 716]13 2, €2, C3 3C2 2C4 1€2 4 3, €2 2 2 .
ce =C5 + [Cg, 61] (59)
1
Ccs = — C4 +cC1C3 + Thl(—[cl, c1, 03] — Cgcl(hl — 2) — 26104). (5.10)

The following relations are used to find relations between the elements ¢4, c3, o2, c1, h1,
hg, Z1.

Cc5C1 = —Cg + (hl + 1)65 + hicq + c1e5 + c1eq — c1C3 (511)
c7co = —4hser + cacr — 2¢c9cq + 2¢9¢3 + (—2h3 — 2h1)62 (5.12)
c5Cc3 = cg + cg — 2¢6 + (hg — h1)65 + c3c5 — c3c4 + 2c1C3 (513)
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crcg = —2c9 — 2c8 + (hg . h1)07 + 4cg + czer + 2c3c4 — cacs (5.14)
cgCs = c19 + 2¢c8 — ¢c7 + (hg —hy — 2)06 — C4C5
— c3cg — 2c3c4 — c1c8 + 2c1c6 + ci1c3c4 + (hg + hi + 2)0103. (5.15)

The center of the universal enveloping algebra of g is generated by the following Casimir
elements:

21 =4cy + o + 2¢3 + 24 + 2R3 + 2R3 + 2hy + 4hs, (5.16)

zo =2c12 + 2¢11 — 2¢10 — 2¢9 + (2h1 + 1)cg + (2h1 — 1) ey
+ (4h3 + 6)cg + (4hs 4+ 10)cs — ¢ + (—2h1hg — 4hy 4 2h3 + 6)cq — 2c3¢4
— ¢ + (2hyhz + 4hy + 2h3 + 6)c3 — (hy — 1)(h1 + 1)ca — 4cico
—4(ha + 3)(ha +1)c1 — hi(hs + 3)(hs + 1)(h1 + 2).

As in type A, our goal is to find the ”"best” choice of a generating set S of Uy, such that
the cardinality of the set S3 is minimal.

Lemma 5.2.

1. The set S = {hi, he, 21, 22,¢1, C2,c3} is a generating set of the centralizer U, with the
following decomposition: S1 = {hi, he, 21,22}, So = {c1, 2}, S3 = {c3}.

2. The decomposition of the set of relations is the following: R = R; U Rs, where R;
consists of two relations obtained from (5.11) and (5.12), while Ry consists of three
relations obtained from (5.13), (5.14), and (5.15).

Proof. Using the (5.3)-(5.10) and (5.16) for the Casimir element z; we can exclude the
generators cjo,...,c4 from all other relations. As the result, we will get the generating set
S = {hi,ha, z1,c1,c2,c3}. The rest can be verified by direct computations. ]

Remark. We can not claim that S is a generating set of Uy. Nevertheless, any Uj-module
M with a non-zero scalar action of h; is a Ué—module.

5.2. Construction of torsion free Cy-modules

Let I' be the commutative subalgebra of Uy(C2) generated by the elements hy, ho, 21, 22, ¢1.
We construct two families of I'-pointed modules, each depending on four complex parameters.

Fix arbitrary complex number a1, as,as,aq,n, and define the following set of indexed
variables:

Y = ay+ 20— j, B =az —2i+2j, sj=a3 —j+2k -1, Qﬁ:siiL
jk
1 . . -1 ,
S;;.k: §(a1+a3+2z—2j+2k—1), S, = 5(—a1+a3—22+2k—1), (5.17)
1 1 .
lezi(al—i—ag—i—a4+2k—1), T];:5(—a1—a2—|—a4—23+2k—1),

wheret, j, k € Z.
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Consider the vector space V(ai,a2,as3,a4,m) = spanc{viji|i,j,k € Z} and define the
following operators on V (a1, asg, as, aq,n) (using the same letters as for the generators of g):

ha(vij) = h szkv ha(viji) = h( )Vwkv

eo1 (Vijk) = SypVirijks Jor(Vijk) = Spvic1jks

e10(Vijk) = i Q1 Vi k1 + Ty 1 Q1 g Viij+1,ks

Fro(vigr) = S5Q 1k Vi—1k + T Qg g Vi 1h-1, (5.18)
e (Vijk) = ij]—i—l pVitlj+1k+1 + 1) 1, ng+1 EVitl,j+1.ks

(Vi) = S, Q5 1 wVieri—1k — T 1 Qg 4 Vie1j-1k—1,

e21(Vijk) = 2T 4 1 Vi1 241, f21(Vijr) = 2T, \Vio1j—2k1.

These formulas define a I'-module structure on V' (a1, as,as, aq,n), but at this point we
can not claim a g-module structure.

Lemma 5.3. The subalgebra I' has a simple spectrum on V(a1 as,as,aq,n), and hence
separates the basis elements v;j;;, if and only if a3 ¢ Z.

Proof. We need to show that I' acts with different characters on basis elements v; ;. It is
sufficient to consider vectors from the same weight space. Suppose

hi(viji) = (a1 + 20 — J)Vije = AVijk, ho(Vije) = (a2 — 26 + 2J)Viji = Vi,

for some fixed A and . Then ¢ and j are uniquely determined: j = A+ pu — a; — ag and
= %()\ + j — a1). Hence, basis elements of this weight subspace differ by the third index.
Consider v;ji, and v;j, for arbitrary integer 4, j, k1, k2. We have

c1(Vije) = foreor(Vigr) = for (S;5, pvirijn) = Sipy 1574 (Vih) (5.19)

Suppose that c; has the same value on v;j;, and v;j,. Then we have the equation
= Sitim S” ke~ S kQS;“j ks which simplifies to 0 = (k1 — k2)(ag — j + k1 + k2 — 2). Since
k:1 # ko, it follows that ag = j — k1 — ko + 2, which must be an integer. O

Denote V1 (a1, a2, a3,m) = V (a1, a2, a3, az,n) and Va(a1, az, a3, as) = V(ay, az, az, as,0) and
£=2(n+1)n-2).
Theorem 5.4. Let V = V(ay, ag,as, as,n). Then

1. Vis a g-module if and only if V' = Vi (a1, as,as,n) with as ¢ Z, or V = Va(ay, ag, as, as).

2. The g-module V is a torsion free I'-pointed g-module if and only if S;;kSsz]kT F 40
for all i, 4,k € Z.

3. The torsion free I'-pointed g-module V is simple if and only if Q ng % 0 for all
j, ke Z.

4. If V' is a simple torsion free I'-pointed g-module with a basis parametrized by the lattice
Z3 and with separating action of I' on basis elements, then V' ~ V(a},d},a},a},n’)
for some suitable choice of parameters such that 0 < Rea] < 1, 0 < Rea) < 2,
0 < Realy < 2, where Rea denotes the real part of a.
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5. The action of the Casimir elements in the case ag = ag4:
1
21(Vij) = EVijr, 22(Vijk) = —Zf(ﬁ +4)vijk
and in the case ag # as: 21(vijr) = ((a3 — as)? — 4)vijg, 22(vije) = 0.

Proof. The formulas (5.17) and (5.18) are well defined if and only if V' = Vi(a1,a9,as,n)
with ag ¢ Z, or V. = Va(aj,a9,as,a4). The statement that V is a g-module follows by
checking all defining relations of the Lie algebra. The relations 5.11-5.15 give only two al-
ternatives Vi(ai,ag,as,n) and Va(aq,az,as,aq). It follows immediately from the formulas of
the action of g that V' (a1, as,as,as,n) is a torsion free module if and only if S;,Lj,k, Sl.jk, T]_k
and T,j_l are different from zero, for all 7,5,k € Z. Note that I' has a simple spectrum on
V(a1,asz,as,a4,m) and hence, the action of I' separates the basis elements by Lemma 5.3. In
particular, V' (a1, a9, as, aq,n) is I'-pointed. This implies the second statement.

Suppose the module V' (a1, as,as,aq,n) is torsion free. Similarly to case of Ag, using
the relations in Up(g) we get that c1, co are presented by infinite diagonal matrices, while the
element c3 is presented by a 3-diagonal matrix on every weight subspace of V' (a1, az, as, as,n).
Using this fact and the separating action of I' on basis elements, it is easy to see that conditions
Q;%Q;k # 0, for all 4, j,k € Z are necessary and sufficient to guarantee that any element of
V(a1,a2,as,aq,m) generates the whole module, which is equivalent to the simplicity of the
module. This implies the third statement. Let V'’ be a simple torsion free I'-pointed Cs-
module with a basis {v;jk, i,j,k € Z} such that T" acts by different characters on the basis
elements v/, k- Fix one basis element v;jk and apply the generators of the centralizer Uy(g).
One can see directly from the action that Up(g)V/, ik will be equal to the whole weight space of
V', which v/ ik belongs to. Moreover, the action of the generators of I' will determine uniquely
the corresponding parameters aq, as, as, aq,n. Hence, we get a non-zero homomorphism 6 of
Uo(g)-modules Uy (g)vijr and Uo(g)vi,;: 0(Vijk) = Vi, Moreover, Up(g)v,, is a simple Up(g)-
module as V' is simple. Hence, 0 is surjective. It extends to a surjective homomorphism from
V (a1, as,as,aq,n) to V'. Comparing the bases of both modules we conclude the isomorphism
V' ~V(ay,as2,as,as,n). Since V' is torsion free we can choose any weight of the weight lattice
as part of the parameter set. This proves the fourth statement.

The last statement follows by direct computation. O

Hence, Theorem 5.4 provides two 4-parameter families of simple torsion free I'-pointed
g-modules. If V(ay,as2,as,aq,n) is a torsion free I'-pointed g-module which is not simple,
then all its simple subquotients are torsion free I'-pointed modules. They exhaust all generic
simple torsion free I'-pointed g-modules, which are analogs of generic simple Gelfand-Tsetlin
modules in type A.

6. Gelfand-Tsetlin modules for G,

In this section we extend the results of previous sections to the of the Lie algebra of type
Ga.

6.1. Construction of Centralizer of G,

Define the root system for G2 (for convenience will use notation 3; ; for a_; _;):

A = {ag1, a0, a11, a21, @31, @32, B32, B31, P21, P11, B0, Boi },
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where Qi = iag + jagr. Fix a Chevalley basis: eqg1 = F31 + Fga, f01 = Fi13 4+ Fug, €10 =
2F17 + B3 — Eys — Erg, flo = E32 — Esq — 2Es7 + E71, e11 = —FEo1 + 2E37 — Egs + Ery,
J11 = —E12 +2E47 — Esg + Er3, €21 = E14 + 2E97 + E36 + Ers, for = By + 2E57 + Egs + Er,
e31 = Ei5 + Fa, f31 = E51 + Fe, €32 = —FEoy + E35, f3o = —FEy9 + Es3, hot = —E11 +
Es33 — Eyg + Eg6, h1o = 2E11 + Eog — E33 + Eyy — Es5 — 2Eg6, ha1 = E11 + E2g — Es5 — Fge,
ho1 = E11 + 2FE20 + E33 — Eyy — 2FE55 — Ege.

Here we are using a standard realization of G with matrix units F;;. All indecomposable
lists of roots of GG3 can be obtained from primitive lists of roots by Lemma 2.3.2.

Then we obtain the following description of perfect monomials (we omit the details).

Lemma 6.1. The following is the set of all perfect monomials:

hy = ho1, h2 = ha1, c1 = foreo1, c2 = fioe10, c3 = frie11, ca = fiieioeor, ¢s = foifioen,

c6 = far€21, 7 = fareriern, cs = fiofiean, co = far€ipeor, 10 = forfipear, ci1 = frieaneon,

c12 = forfor€ly, c13 = faies1, cia = fsiearern, cis = fiofor€31, c16 = faren1€ig, c1r = fiofiiest,
cis = fa1eipeor, 19 = forfipest, c20 = fazes2, ca1 = fsaesieor, caz = fazearenr, ca3 = forfares2,
o1 = fi1fa1es2, Ca5 = fszeareroeo1, Ca6 = fi1for€sie01, Cor = fazeiiern, cos = forfsieaienn,

29 = forfrofa1esa, c30 = fiofiies2, cs1 = faerielpeor, cs2 = fiofiiesieor, cs3 = forfsieiieio,
31 = forfiofiiesa, css = fazeioeqs, cs6 = fo1finesa, c3r = fiiesaeor, css = forfazel),

c30 = fiiesiedy, cuo = forfsielr, ca = fiifaeszein, car = faiesern, ca3 = fiofseesien,

cas = faiesienn, cus = frofseedy, cas = fiifaies, car = faiesienoeon, cas = forfiofsiess,

ca9 = fu1fsaesieo, cso = forfaiesaenr, cs1 = forfareseely, cs2 = frofsaesiean, cs3 = fo1fszesied,
csa = fhifsieszear, cs5 = fhesaely, s = [iofs2e31, c57 = fa1fa2e3,, css8 = f3 €30€31,

2 2 2 2 2 2
Cs9 = f231€31@0h C60 = f01f316317 C61 = f32€§16017 Ce2 = f32€31€?17 C63 = f131f316327 Ce4 = f01f231€32-

Define the order on the set of perfect monomials as follows: h1 < ho <1 < co < -+ <
ce3 < cg4- The following proposition can be easily checked.

Proposition 6.2. The centralizer subalgebra Uy(G2) is generated by a finite set of monomi-
als {h1, ha,c1,. .., ces} with a finite number of relations {r1,...,r,}, where r; is a polynomial
in hl, hg, Cly...,C64 of length <A4.

We will use the following quadratic Casimir element of Up(g):
z1 =3c1 + o+ c3+ cg + 3c13 + 3e0 + h(2)1 + ho1hio + h%o + 4ho1 + Shio.

Tedious computations show that using the relations, the elements cgq, . . ., c5 can be written
in terms of ¢4, c3, o, c1, h1, ha, 21.

The Lie algebra G2 contains the subalgebra § of type As generated by the following
elements hoi, hsi, eo1, foi, es1, f31, €32, fs2. We will use the results from the previous
sections just adding "hat” to all generators and to all formulas. Consider a natural embedding
prg—g

~

¢(ho1) = hot, (h10) = ha1, ¢(é01) = eo1, ¢(for) = for, p(é10) = ean,
o(fi0) = fa1, p(e11) = es2, o(fi1) = fa
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and extend it to the embedding of the universal enveloping algebras.
The images of the Casimir elements 21, 22 of U(g) in U(g) are:

Zy=p(Z1)=co+cz+ec+ 3 (h31 + 3h31 + hy + 3ho1 + harhot)
Zy = p(22) = ca3 + co1 + = (hm hs1)cao — 7(6 + 2ho1 + hs1)cis + = (h01 + 2h31)cy

27( hs1 — 3+ h01)(6 + 2ho1 + h31)(h01 + 2h31).

6.2. Torsion free Gy-modules

Let I' be commutative subalgebra of Uy(G2) generated by elements hq, ha, 21, ¢1. This our
Gelfand-Tsetlin subalgebra for GGo. We will give a construction of a 3-parameter family of
I'-pointed modules with separating action of I on basis elements.

Fix a1, ag,as € C such that ag ¢ Z. Define the following set of indexed variables:

.. . .. 1 .. . 1 ) )
ho1(i,§) = ay +2i — 4, hio(i,j) = §(h21(17]) —3ho1(i, 7)) = §(a2 —3a1) — 3i + 27,

o ) . 1 o . 1 L
ho1(i,j) = as + j, h11(i,j) = §(h21(%]) +3ho1(i,7)) = 5(0,2 +3a1) + 3t — j,

1 . .
5(612 —ay) — i+,

1
(a2+a1)+i’ S'k:a3_j+2k_la
92 J

hor(is) = 5 (h21(0, ) — hon (i) =

hya(is ) = 5 (haa (i ) + o () =

1 1
Sk = 5 (i +ho1(i, 7)) = S (a1 + ag +2i = 2j + 2k — 1),
L= - ! 6.1
S = 5 (sok = ho1(2,0)) = 5(~a1 + a3 — 20 + 2k — 1), (6.1)
1 1 T _
T = 5 (sjk + 3h2.1(0,5)) = (a1 + 205 + 3ag — 2j + 6k — 3),
_ 1 1 , 1 _
Tj = 5w = 3h21(0,) = g(—a1 — 2a2 + 3az — 4j + 6k — 3),
At Ty DT 4 — T e T Tk
I Isjksjie " 9sjksj+1k
+ bt -
Bt — T 1ijkTJ+1k B.*:T 1,k— 1T T]+1k+1 ke
T spsig T 2Tsjksjre '

Define the action of the Lie algebra g on V' (a1, a2, a3) = spanc{vy;x | i, j, k € Z} as follows:

hot(Vijk) = ho1 (i, 7)Vijk, R1o(Vijk) = h1o(2, 3)Vie, hi1(Vije) = ha(i, ) Vi, ha1(Vijk) = ha1(i, ) Vijk,
ha1(Vijk) = ’131(Z IVijks ha2(Vige) = haz(i, 5)Vijk, eo1(Vijk) = Sy5pVinrjiks for(Vijk) = SipVio1,jks
e21(Viji) = ]H KVitlj+2,k41, f21(Vige) =T g 1 Vie1j-24k—1, €10(Vijk) = 3Vij1h + A;rksﬁgvi,j—i—l,k—&—la
fro(vijk) = =3Vij-16-1 — A S]kvw Lk €11(Vijk) = —=3Vig1 416 + A;rks;;l,jJrl,kvi—i—l,j—i-l,k—i—l7
Ju(vije) = =3Vierj-16-1 + ApSiy k1 Vic1i-1ks €31(Vigk) = Vi1 j+3k41 — B;-; 1 k1 Vit 1, 43,k+25
31(V k) = Vie1,j-3k—2 — BjkSi+17j+17kvi—1,j—3,k—17 e32(V jk) = —Vit2 j+3k+1 — B 5+1]+1 B Vit2,j4+3,k+25
fs2(Vijk) = Vieaj3 k-2 + BjSi 1 g1 Vi-2,j-3k—1, 21(Vijk) = 134Vijk-
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Lemma 6.3. Subalgebra I has a simple spectrum on V'(ay, az, as), and hence separates the
basis elements v;;i, if and only if a3 ¢ Z.

Proof. Tt is sufficient to consider vectors from the same weight space. Suppose
hi(Vije) = (a1 + 28 — §)Vigr = AVije, ha(Vijk) = (a2 + J)Vije = pvijk,

for some A and p. Then j = p—ag and ¢ = %()\ + p — ap — az). Hence, basis elements of this
weight subspace differ by the third index.
Consider v;ji, and v;ji, for arbitrary integers i, j, k1, k2. We have

c1(Vijr) = foreo1 (Vi) = foi( ijvl+1]k) Sii1 ksmk(vijk)

Since the formulas for S;; and St ;1 are the same for Cy (5.17) and G (6.1), we obtain
similar results as in (5.19) and conclude that c; separates the basis elements v;;, and v;jg,.
This implies the statement. U

Theorem 6.4. For any complex aq,ag, a3 such that ag ¢ Z, the above formulas define the
Go-module structure on the space V(ay,az,as).

Proof. Follows by checking that the defining relations of the Lie algebra (G2 are satisfied on
V(a1,az,a3). We omit the details. O

Theorem 6.5. Let a1,a9,a3 € C and ag ¢ Z. Then

1. V(a1, a2, as) is a torsion free simple I'-pointed Ga-module if and only if Smk m ]k ]k =+
0, for all ¢, 4,k € Z.

2. If V' is a simple torsion free I'-pointed Go-module with a basis parametrized by the
lattice Z3 and with separating action of I' on basis elements, then it is isomorphic to
V (a1, az,a3) for suitable parameters ai, as, ag such that 0 < Rea; < 1,0 < Reag < 2,
0 < Reasg < 2 and ag # 1.

Proof. Tt follows immediately from the formulas of the action of Gy that V(aj,as,as) is a
torsion free module if and only if .S zyk #0,8;, #0, 7é 0 and Ty # 0, for all 4,5,k € Z.
Note that I" has a simple spectrum on V'(aj, az,as) and hence, the action of I' separates the
basis elements by Lemma 6.3. In particular V(ay,az2,a3) is I-pointed. Using this fact, it is
easy to see that conditions SZ]kSm p oL ik =% 0, for all 7,j,k € Z are necessary and sufficient
to guarantee that any element of V(a1,a2,as) generates the whole module, and hence the
simplicity of the module.

Suppose that V' is a simple torsion free I'-pointed Go-module with a basis {vwk, i,j,k € Z}
such that I' acts by different characters on the basis elements vw - Then the same argument
as in the proof of Theorem 5.4 shows that V' ~ V(aq,as,a3) for some choice of complex
parameters a1, ag,ag with as ¢ Z. Since module V' is torsion free, we can choose any weight
of the weight lattice and hence the parameters can be chosen in such a way that their real
parts satisfy the inequalities 0 < Rea; < 1, 0 < Reas < 3, 0 < Reas < 2. This completes
the proof.

O

Consider the following standard embedding 0: Ay — Go: (6012 = ep1, O( fm) = fo1,
0(é10) = ea1, 0(f10) = fa1, 0(é11) = €32, O(f11) = faz, 0(ho1) = hou, 0(h1o) = ha1, and denote
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by § its image. Consider the restriction V (a1, as,as) of V(ayi,as2,a3) on §. The images Z;
(respectively Zs) of the Casimir elements of Az act on V' (a1, az,as) by %8 (respectively %).
We have the following decomposition of V(al, az,as).

Theorem 6.6. Suppose that V' (a1, az, as) is torsion free. The As-module V(al, az, az) decom-
poses into a direct sum of three torsion free submodules V' (a1, as,a3) = V(1) @ V(2) @ V(3),
where
7 (m) = i _ v m ) —8 8
V(m) - Span(C{Vi,Sj+m,k |27]7 ke Z} ~W = V(a’l y Ao 7, A3, ?a §)’

agm) =ay —m, aém) = %(GQ —a1) +m, for m=0,1,2.

i,7,k € Z} of V(al,ag,a;g), for m =
0,1, 2. Clearly, V(m) is a g-submodule ofV(al, az,a3). The g-module W = spanc{w;j | 4, j, k €
Z} is defined by the formulas (4.15), (4.16), and we have a homomorphism of g-modules
Ym : W — V(m), such that ¥, : Wijk = Vitj3j+m.k+j, and for any « € g holds 9, (x(wijr)) =
0(x) (Ym(wijr)) = 0(x)(Vigj3j4+mk+j)s for 4,5,k € Z and m = 0,1,2. Since vy, is a linear
isomorphism, the statement follows. O

Proof. Consider the subspace V(m) = spanc{ Vi 3j+mk

7. Conclusion

For all simple Lie algebras of rank 2 we constructed families of simple modules with
infinite-dimensional weight spaces. These modules admit a diagonalizable action of a certain
commutative subalgebra with a simple spectrum. In type As, this commutative subalgebra
is a famous Gelfand-Tsetlin subalgebra and the corresponding modules are generic Gelfand-
Tsetlin modules. In type Cy we construct two 4-parameter families of simple modules which
are analogs of generic Gelfand-Tsetlin modules, while in type GGo we construct a 3-parameter
family of such simple modules.

Detailed computations are available at
https://icm.sustech.edu.cn/en/people/faculty /vyacheslav-futorny-en .
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