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Abstract. This paper explores the fundamental connections between Neutrosophic MR-Metric
Spaces (NMR-MS) and classical Fuzzy Metric Spaces (FMS). We present three key theoretical
contributions: (1) an embedding theorem showing how any FMS can be systematically incorporated
into an NMR-MS framework, (2) a fixed point theorem for contraction mappings in complete NMR-
MS that generalizes the fuzzy Banach contraction principle, and (3) a characterization of sequence
convergence in NMR-MS that reveals its stricter requirements compared to FMS. Through concrete
examples and applications in machine learning classification, robotic path planning, and medical
image reconstruction, we demonstrate how the additional structure of NMR-~MS - particularly its
explicit handling of truth (7), falsity (F), and indeterminacy (Z) components offers enhanced
modeling capabilities for uncertain systems. The compatibility conditions between the MR-metric
(M) and neutrosophic components are shown to be crucial for maintaining theoretical consistency
while enabling practical applications.
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1. Introduction

Classical metric spaces provide a solid foundation for analyzing deterministic phe-
nomena. However, many modern scientific and engineering problems involve impreci-
sion, uncertainty, and incomplete knowledge. To address these challenges, generalizations
such as fuzzy metric spaces (FMS) and MR-metric spaces have been developed. These
frameworks extend classical concepts by incorporating more flexible structures suited for
modeling non-deterministic behavior, see ([1-17].

Fuzzy metric spaces, introduced by Kramosil and Michalek [18], allow for gradated
truth values in distance functions. MR-metric spaces[19], on the other hand, introduce a
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triadic metric M : X x X x X — [0,00), capable of capturing more complex interrelations
among triplets of elements. Yet, neither framework alone fully captures the indeterminacy
often observed in real-world applications such as machine learning, control systems, and
medical imaging[20-28].

Neutrosophic logic, developed by Smarandache, complements these spaces by intro-
ducing three membership degrees: truth (7'), falsity (F), and indeterminacy (I). Incorpo-
rating these into MR-metric spaces yields a new framework: Neutrosophic MR-Metric
Spaces (NMR-MS)[29], which is capable of more expressively modeling uncertainty in
mathematical and applied contexts.

This paper introduces and analyzes the structure of NMR-MS, aiming to achieve the
following contributions:

(i) We establish an embedding theorem, showing that any fuzzy metric space can be
systematically represented within an NMR-MS framework.

(ii) We prove a generalized fized point theorem for contraction mappings in complete
NMR-MS, extending the classical Banach contraction principle.

(iii) We provide a characterization of convergence in NMR-MS, demonstrating that it is
strictly stronger than that in FMS due to the inclusion of F' and M components.

The theoretical developments are supported by illustrative applications in:
e automated classification systems under uncertainty,

e robotic navigation in noisy environments,

e and medical image reconstruction with incomplete data.

The remainder of this paper is organized as follows. In Section Theorems Linking
NMR-MS and FMS, we present the foundational definitions and the embedding theorem.
Finally, Section Examples and Applications discusses practical applications with concrete
examples, followed by conclusions and suggestions for future work.

Definition 1 (Fuzzy Metric Space (FMS) [18, 30]). A 3-tuple (Z,T,*) is a Fuzzy Metric
Space if:

e Z is a non-empty set,
® x is a continuous t-norm,
o T:Zx Zx(0,00) = [0,1] satisfies:
(i) T(v,§,7) =1 <= v=¢,
(i) T(v,&7) =T(&v,7),
(i) T(v,&7) *T(&,S,p) < T(v,3,7+p),
(i) limy oo T(v,&,7) = 1.
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Definition 2. [19] Consider a non-empty set X # () and a real number R > 1. A function
M: X xXxX —[0,00) is termed an M R-metric if it satisfies the following conditions
forallv, £, e X

o (M1) M(v,£,3)>0

o (M2) M(v,£,3) =0 if and only if v =€ =S

o (M3) M(v,&,) remains invariant under any permutation p(v, &, ), i.e., M(v,§,F) =
M(p(v,§,9)).
e (M4) The following inequality holds:

M(v,&,3) < R[IM(v,&,01) + M(v,41,3) + M(41,£,9)] .

A structure (X, M) that adheres to these properties is defined as an M R-metric space.

Definition 3. [29] [Neutrosophic MR-Metric Space (NMR-MS)]
A 9-tuple (Z,M,T,F,Z,0,0,R,x) is called a Neutrosophic MR-Metric Space if:

(i) Underlying Set: Z is a non-empty set.
(ii)) MR-Metric Component: M : Z x Z x Z — [0,00) satisfies:

(M1) Positivity: M(v,€,3) >0

(M2) Identity: M(v,&,3) =0 <= v=¢§=S.

(M3) Symmetry: M(v,&,3) = M(p(v,§,S)) for any permutation p.
(M4) MR-Triangle Inequality (x-weighted):

M(v,€,3) < RIM(v,§,0) % M(v,£,3) « M(£,¢,3)], R>1.

(i7i) Neutrosophic Component: T,F,I:Z x Z x (0,00) — [0,1] satisfy:

(N1) T(v,&,v) =1 < v =¢& (Truth-Identity).
(N2) T (v,&,v) =T(&v,7y) (Truth-Symmetry).
(N3) T(v,&,7)eT(£,3,p) <T(v,3,v+ p) (Truth-Triangle).
(N4) limy o0 T(v,&,7v) = 1 (Truth-Asymptotics).
(N5)-(N8) Analogous conditions for F (using ©) and Z.

(iv) Compatibility Conditions:
(C1) Metric-Neutrosophic Link:

M(v,§,§)

P8 < T g 8

1
(vﬁv)_—1+M(U££)
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(C2) Consistency of Operations:
(axb)ec<(aec)*(bec), Va,b,ce]0,1].

(v) Operations:

o o: Continuous t-norm (e.g., product or minimum,).
e o: Continuous t-conorm (e.g., probabilistic sum or mazimum).

e x: Binary operation generalizing + (e.g., weighted sum or matriz product).

2. Theorems Linking NMR-MS and FMS

Theorem 1 (FMS Embedding in NMR-MS). Every Fuzzy Metric Space (Z,7T,*) can be
embedded into a Neutrosophic MR-Metric Space (Z, M,T,F,Z,e,0, R, %) by:

e Defining M (v,£,3) =0 if v =& =S, otherwise M (v,£,3) =1,
o Setting F(v,&,v) =1—"T(v,&,7),
o Z(v,&,v) =0 (no indeterminacy),
e Choosing @ = x, © = max, x = +, and R = 2.
The resulting structure satisfies all NMR-MS axioms, with (C1) and (C2) trivially satisfied.

Proof. We verify each component of the NMR-MS definition:

1. MR-Metric Component M
(M1) Positivity: By definition, M(v,&, ) € {0,1} C [0, 00).
(M2) Identity: M(v,{,3) =0 <= v = ¢ = < holds by construction.

(M3) Symmetry: M is symmetric in all arguments since its definition depends only on
the equality of v, £, ¥, not their order.

(M4) MR-Triangle Inequality: For R =2 and *x = +, we need:
M(v,€,3) <2[M(v,&,0) + M(v,£,3) + M(£,€, )]

— Ifv=¢=7S, then M(v,{,J) =0 and the inequality holds.

— Otherwise, the right-hand side is at least 2 x 1 = 2 (since at least one term
M(-,-,-) = 1), while the left-hand side is 1 < 2.
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2. Neutrosophic Component (7, F,7)
(N1-N4) Truth (7): Inherited directly from the FMS:
— (N1) T(v,&,7) =1 <= v =¢ (FMS axiom).
— (N2) Symmetry holds as T (v,&,v) = T (§,v,7) in FMS.

— (N3) The triangle inequality T (v,&,v) * T (£,S, p) < T(v,S, v+ p) is the FMS
condition (since ® = x).

— (N4) limy 00 7 (v,€,7) = 1 by FMS definition.
(N5-N8) Falsity (F) and Indeterminacy (Z):
= F(v,§,7) =1 —"T(v,§,) satisfies:

* (N5) F(v,&,7) =0 <= v =¢ (from N1).

* (N6) Symmetry via 7’s symmetry.
« (NT) F(0,6,7) 0 FIE, S, p) = F(0,9,7 + p) where o = max:

maX(l - T(’U7£a’7)7 1- T(é'a %,p)) >1- T(Uv %a7 + p)a

which follows from (N3) in FMS.
% (N8) limy—o0 F(v,&,7) = 0 since T — 1.

— Z(v,&,v) = 0 trivially satisfies all neutrosophic axioms.

3. Compatibility Conditions
(C1) Metric-Neutrosophic Link:
- T(v,&7) > mi

Tf 0= € M(0,6,6) =0 and T(v,6,7) =1 = 1.
*« fo#& M, &€& =1,s0 5 <T(v,§,7) <1 (since T >0 in FMS).

— f(v,iﬁ)ﬁ%:

x* fo=¢( M=0and F=0<0.
« Hv#¢ M=1and F=1-"T(v,&7) <1 (since T > 3 as above).

(C2) Consistency of Operations:
(axb)ec=(a+b)xc<(axc)+ (bxc)=(aec)*(bec),

holds because t-norms are subadditive (e.g., * = min or product).
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4. Operations

e o = x (t-norm from FMS) is continuous by FMS definition.
e ¢ = max is a continuous t-conorm.

e x = + is associative, commutative, and generalizes addition.

Thus, all NMR-MS axioms are satisfied, and the embedding preserves FMS properties.

Theorem 2 (Fixed Point in NMR-MS as Fuzzy Extension). Let (Z, M, T,F,Z,e,0, R, *)
be a complete Neutrosophic MR-Metric Space with e = % (the t-norm from an underlying
Fuzzy Metric Space). If a mapping V : Z — Z satisfies for all v,§ € Z and v > 0:

T, W&, y) 2 T(v,&/k), M(Wv, V¢ V) < kM(v,§,§),

where k € (0,1) is a contraction constant, then W has a unique fized point in Z. This
generalizes the Fuzzy Banach Contraction Principle.

Proof. We proceed in four steps: (1) Constructing a Cauchy sequence, (2) Proving its
convergence, (3) Verifying the fixed point, and (4) Establishing uniqueness.

Step 1: Constructing a Cauchy Sequence

Fix an arbitrary vg € Z and define the iterative sequence v,41 = Yv,. We show {v,}
is Cauchy.

e Neutrosophic Condition (7): By the contraction on 7, for any n > 1 and v > 0:
T(Una Un+1, ’Y) 2 T(Un—la Un, PY/k) Z e Z T(U()a U1, V/kn)
Since limy, o0 T (vo, v1,7/k™) = 1 (by N4), we have:

hm T(Un,Un+1;'7) - 1

n—oo
e MR-Metric Condition (M): The contraction on M implies:
M(Un7 Un+1, UTL+1) g kM(Unfb Un, Un) S e S an(U07 U1, Ul)'

Thus, limy, 00 M (Vn, Upt1, Unt1) = 0.

e Falsity Condition (F): From (Cl), F(vn, Un+1,7) < 1%5;&::}:157522) — 0 as

n — Q.
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Step 2: Convergence in Complete NMR-MS

We show {v,,} converges to some v* € Z. For m > n, iteratively apply the MR-triangle
inequality (M4) with R > 1 and x = +:

M(Unv Um, Um) < R [M(U’m Un+1, Un+1) + M(U’ﬂ-‘rlv Um, Um)] .

By induction, this expands to:

m—1
M (Un, U, vm) < R Z(sz)iM(vo,vl,vl).

i=n

For k € (0,1) and R > 1, the series converges as n,m — oo, proving {v,} is Cauchy. By
completeness, v, — v*.
Step 3: v* is a Fixed Point

Using the continuity of ¥ (implied by the contraction conditions):

T(\I/’U*,’U*,")’) 2 hm T(\I/UTL?Un”y) = hIH T(UH+1vvna7) = 17
n— oo n—oo
M(Uv*,v*,v*) < lim M(vny1,Un,v,) = 0.
n— o0

Thus, Yv* = v*.
Step 4: Uniqueness

Suppose v* and &* are fixed points. Then:

T(U*vé-*vf}l) > T(U*7€*77/k> > 2 T(U*7§*77/kn) —lasn— 0,
M(v*, &, ¢&) < kM0, §,§) = M(v",¢§,¢) =0.

By (M2), v* = &

Verification of Compatibility

e (C1): Holds as T (v,&,7v) > m and F(v,&,v) < % are preserved
under the contraction.

e (C2): The t-norm e = % and * = + satisfy (a +b) xc < (a*c) + (b*c).
Theorem 3 (Neutrosophic Convergence in NMR-MS). Let (Z, M,T,F,Z,e,0, R, *) be a

Neutrosophic MR-Metric Space. A sequence {v,} in Z converges tov € Z in the NMR-MS
topology if and only if:

Jim T(vp,0,7) =1, lim F(up,0,9) =0, lim M(v,,v,0) =0,

for ally > 0. This convergence is stricter than in Fuzzy Metric Spaces due to the additional
F and M conditions.



A. Malkawi / Eur. J. Pure Appl. Math, 18 (3) (2025), 6475 8 of 20
Proof. We prove both directions of the equivalence and demonstrate the strictness

compared to FMS.

Part 1: Convergence Implies Neutrosophic Limits

Assume v, — v in the NMR-MS topology. By definition of the topology:

e Forevery e > 0 and v > 0, there exists N € N such that for alln > N, v, € B(v,€,7),
where:

B(v,e,7) ={£ € Z| T, &) >1—¢€F(v,§,7) <e, M(v,EE) < €}

e This immediately implies:
lim 7 (vp,v,7) =1 (since T > 1 — € for arbitrary e),
n—oo
lim F(vp,v,7) =0 (since F < e for arbitrary ¢),
n—oo

lim M(vp,v,v) =0 (since M < e for arbitrary ).

n—oo

Part 2: Neutrosophic Limits Imply Convergence

Conversely, assume the three limit conditions hold. We show that for any ¢ > 0 and
v > 0, there exists N such that for all n > N, v, € B(v,€,7):

e From lim,, o 7 (vn,v,v) = 1: For any € > 0, IN; such that Vn > Ny, T (v, v,7y) >
1—e

e From lim,,_,~ F(vp,v,v) = 0: For any € > 0, IN3 such that ¥n > No, F(v,,v,7) <
€.

e From lim,,_,o, M (v,,v,v) = 0: For any € > 0, 3N3 such that Yn > N3, M (v, v,v) <
€.

Taking N = max{Ny, No, N3}, all three conditions are satisfied simultaneously for
n > N, proving v, — v in the NMR-MS topology.

Part 3: Strictness Compared to Fuzzy Metric Spaces
In a Fuzzy Metric Space (FMS) (Z, T, %), convergence only requires:
nh—>nolo T(Un7 v, 7) =1
The NMR-MS imposes two additional conditions:

e lim,, oo F(vp,v,7y) = 0: Ensures falsity diminishes.

e lim,, oo M(vy,,v,v) = 0: Ensures the metric component vanishes.
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Example Showing Strictness: Consider Z = R with:
o T(v,&7) =e vt/

o F(v,6,7)=1—elv=¢l/7,
o M(v,&,8) =v—¢l.
Let v, = 1/n. Then:
e In FMS: T (v,,0,7) = e~ Y™ - 1, 50 v, — 0.
e In NMR-MS: We also need:
— F(0n,0,9) =1—e /() 0,
— M(v,,0,0)=1/n — 0.
Thus, v, — 0 in both, showing consistency.

However, if we modify F to not converge to 0 (e.g., F(vyn,0,7) = 0.5), the sequence
would converge in FMS but not in NMR-MS, demonstrating the stricter nature of
NMR-MS convergence.

Verification of Topological Properties

The NMR-MS topology is Hausdorff because:
o If v # £, there exists v > 0 such that:

- T(vavv) <1 (by N1)7
- M(Uagag) >0 (by M2)

e Thus, we can find disjoint neighborhoods B(v,e€,7) and B(&,€,v) for sufficiently
small e.

Remark 1. The three limit conditions in Theorem 3 are interdependent through the com-
patibility condition (C1):

1 M (vp,v,v)

> ) ‘F 9y ) S
~ 14+ M(vn,v,v) (vn, 0,7) 1+ M(vp,v,v)

T(vn,v,v)

Thus, M(vy,v,v) — 0 implies both T — 1 and F — 0, but the converse isn’t automatic,
making all three conditions necessary for the full NMR-MS convergence.
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3. Examples and Applications

1. Example for Theorem 1 (FMS Embedding in NMR-MS)

Example 1 (Standard FMS as NMR-MS with Full Verification). Consider the Fuzzy
Metric Space (FMS) (R, T, ) where:

_lv=¢l
o T(v,&,v)=e 7 (standard exponential fuzzy metric),

e x is the product t-norm (axb=a-b).

We construct a Neutrosophic MR-Metric Space (NMR-MS) (R, M,T,F,Z,e,o,%, R)
as follows:
1. MR-Metric Component M

Define the metric M : R3 — [0,00) by:
0 ifv=£=9S,

M(v.&,9) = {1 otherwise.
Verification of Axioms:
(M1) Positivity: Immediate from definition.
(M2) Identity: M(v,£,3) =0 <= v =¢ =S by construction.
(M3) Symmetry: M is invariant under permutations of v, &, .
(M}) MR-Triangle Inequality: For R =2 and x = +:
M(v,&,3) <2[M(v,&,0) + M(v,0,3) + M(¢,£,93)].

— Ifv=£=S, both sides are 0.
— Otherwise, right-hand side > 2 x 1 =2 (since at least one term M = 1), while
left-hand side is 1 < 2.

2. Neutrosophic Components 7, F,7
e Truth Membership (T ): Inherited directly from FMS.

[v—¢]
e Falsity Membership (F): Defined as F(v,§,v)=1—T(v,&,vy)=1—€ 7

o Indeterminacy (Z): Set to Z(v,&,v) =0 (no indeterminacy).

Verification of Neutrosophic Axioms:

(N1-N4) T satisfies all FMS azioms (inherited).
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(N5-N8) For F:

(N5) F(v,&,7) =0 < v =¢ (from N1 for T).
(N6) Symmetry inherited from T .
(N7) F(v,&,7v) o F(&,S,p) > F(v,S,v+ p) with © = max:

_lv—=¢l _le=9] _v=S
max|1l—e » ,1—e » >1l—e tr |

[v=S] _lv=¢l _1&=9]

which holds because e~ 7+ >e 7 -e » (subadditivity).
(N8) limy oo F(v,&,v) =0 (since T — 1).

o T trivially satisfies all axioms.

3. Compatibility Conditions
(C1) Metric-Neutrosophic Link:

[v=¢]

T, §y) =€ 7

S N
STHM©.E8) |3 duAe

This holds because e™* > % for x <In2. Similarly for F:

L o M@EE
Pt =1=¢c 7 S g8

(C2) Operation Consistency: For e = x (product) and x = +:
(a+b)-c<a-c+b-c Va,bcel0,1],
which is the distributive property (always true).

Application 1 (Neutrosophic Data Classification in Machine Learning). Consider a bi-
nary classification problem with uncertain data points x; € R, where each point has:

e A truth membership T (z;,c;) (degree to which z; belongs to class c;),

o A falsity membership F(z;,c;) (degree to which x; does not belong to c;),
e Indeterminacy Z(z;,c;) =0 (no ambiguity in measurements).
Implementation Steps:

(i) Embedding: Convert a standard fuzzy classifier (using FMS) to an NMR-MS clas-
sifier by:
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llag —pjl
e Defining T (x;,¢cj) =e 7 ’ (Gaussian kernel),
o Setting F(xi,c;) =1 =T (xi,¢5),
e Using the trivial metric M(x;,c;,¢j) = 0 if x; = p; (perfect match to class
center), else 1.

(it) Training: Optimize class centers p; to minimize:

N

S F@ivey) + > Twie) |

i=1 J#Yi

where y; is the true label of x;. This mazximizes truth for correct classes and mini-
mizes falsity.

(iii) Inference: For a new point x, predict class ¢* =; T (x,c;), subject to F(x,c*) <1
(reject if falsity exceeds threshold ).

Advantages over FMS:
o Explicit handling of falsity allows rejection of ambiguous predictions.
o The trivial metric M simplifies computation while maintaining interpretability.

o Compatibility condition (C1) ensures consistency between metric and membership
values.

Remark 2. In practice, T can be non-zero to model measurement ambiguity (e.g., sen-
sor noise). This requires extending the example with I(x;,c;) = €;, where €; quantifies
uncertainty in x;.

2. Example for Theorem 2 (Fixed Point Theorem)

Example 2 (Contraction Mapping on the Interval [0,1). | Consider the Neutrosophic
MR-Metric Space (Z, M,T,F,Z,e,¢, R, %) where:

e Z =10,1] (the closed unit interval).
e The MR-metric M : Z3 — [0,00) is defined by:
M (v,€,9) = max(fo — €, € - 1,3 — vl).
This metric measures the mazimum pairwise distance between the three points v, £, S,

o The truth membership function T : Z x Z x (0,00) — [0, 1] is given by:

_ Y . y
Tw&) = e v

This function approaches 1 as -y increases or as v and & get closer.
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{ A
(1) Compute T, F* for
each class.

N v
Y
{ 3

(2) Reject points with
high F.
\ J
Y
" A
(3) Assign to class
with highest 7.

Neutrosophic classifier
workflow

Figure 1: Neutrosophic classifier workflow: (1) Compute 7, F for each class, (2) Reject points with high F,
(3) Assign to class with highest 7.

e The falsity membership function F : Z x Z x (0,00) — [0, 1] is defined as:
M@, _ Ju—§

T+ M@w,EE) v+ [v—¢

This is the complement of T and models the degree of disagreement between v and

€.

e The indeterminacy function T is set to zero (Z(v,&,v) = 0) for simplicity, indi-
cating no ambiguity in measurements.

F(v,&,7) =

e The operations are defined as:

— e = min (the minimum t-norm),

— *x =+ (standard addition),

— R =2 (the scaling constant for the MR-triangle inequality).
Contraction Mapping: Define the mapping ¥ : Z — Z by ¥(v) = 5. We verify the
contraction conditions for W:

e For the truth membership T :

g} gl
T(Tv, V€, y) = > =T (v,€,7/0.5).
(Wo, WE, ) R T (v,€,7/0.5)

Here, k = 0.5 is the contraction constant, and the inequality holds because ,H_Z:/Z >
for x > 0.

0
vtz
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o For the MR-metric M :
_v=¢
M(\I’U,\Ifg,\llf)—72 <0.5- M(v,&,€).

This confirms that U contracts the metric M by a factor of 0.5.

Fixed Point: By Theorem 2, U has a unique fized point v* € Z. Solving ¥(v*) = v*
yields:

U*

2

The sequence {vy} defined by vy41 = V(vy,) converges to v* = 0 for any initial vy € [0, 1].
For example:

1
vo=1, v1=0.5, v2=025 ..., Un:2—n—>0.

Application 2 (Robotic Path Planning with Neutrosophic Uncertainty). Consider a
robotic system navigating in a dynamic environment where sensor measurements are sub-
ject to uncertainty. The Neutrosophic MR-Metric Space framework can model this scenario
as follows:

Components:

e State Space: Let Z C R? represent possible robot positions.
o Uncertainty Modeling:

— T(x,y,7): Confidence level that the robot is at'y given a noisy observation x.
— F(x,y,7): Degree of discrepancy between x and'y (e.g., due to sensor noise).

— I(x,y,7): Optional indeterminacy term for unmodeled disturbances (e.g., T =
0.1 for 10% ambiguity).

e Metric: M(x,y,z) could be the maximum Euclidean distance between X,y,z.

Contraction-Based Navigation: The robot’s path planner uses a contraction mapping
U (e.g., U(x) =x+a(g—x), where g is the goal and o € (0,1) is a gain). The conditions
of Theorem 2 ensure:

e The robot’s estimated position converges to the true goal g (fized point).

e The convergence is robust to noise (F diminishes as x — g).

o The MR-metric M ensures geometric consistency in the robot’s movement.
Advantages:

e Explicit Uncertainty Handling: F allows the robot to quantify and reject unre-
liable sensor data.
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o Theoretical Guarantees: Theorem 2 ensures convergence even with noisy mea-
surements.

o Flexibility: The framework accommodates indeterminacy (Z) for complex environ-
ments.

Implementation Outline:
(i) Define T, F, and M based on sensor characteristics.
(ii) Design ¥ as a contraction mapping toward the goal.
(11i) Iterate Xn+1 = V(xy) until M(x,,g,8) < € (threshold).

(iv) Reject steps where F(xp,,8,7) > 7 (noise threshold).

3. Example for Theorem 3 (Neutrosophic Convergence in R?)

Example 3 (Convergence of a Sequence in a Neutrosophic MR-Metric Space). Consider
the Neutrosophic MR-Metric Space (Z, M, T ,F,Z,e,o, R, x) where:

e Z =R? (the Euclidean plane).
e The MR-metric M : 23 — [0,00) is defined by:
M(v,w,u) = max (||v — wl|[, [|w —ul|, [u—v]),

where || - || is the Euclidean norm. This metric captures the mazimum pairwise
distance between the three points v, w, u.

e The truth membership function T : Z x Z x (0,00) — [0, 1] is given by:

1

TV, W) = — ]
Ty =

This function quantifies the degree of similarity between v and w, approaching 1 as
V nears W or as -y increases.

e The falsity membership function F : Z x Z x (0,00) — [0, 1] is defined as:

[v=wl|
v

F(v,w,y) = 1o el
v
This represents the dissimilarity between v and w, complementing T .

e The indeterminacy function I is set to zero (Z(v,w,vy) = 0) for simplicity,
indicating no ambiguity in measurements.
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Sequence Definition: Consider the sequence {v,} in Z where:

1 1
Vn = Evﬁ , V= (0’0)

We analyze the convergence of {v,} to v in the NMR-MS topology.
Verification of Neutrosophic Convergence: By Theorem 3, v, — VvV requires:

o limy, oo T(Vp,v,y) =1,

o limy, oo F(Vp,v,7y) =0,

o limy, oo M(vy,v,v) =0.

Step-by-Step Calculations:
(i) Truth Membership (T ):

T(Vn,V,'Y) = ! = !

1_|_ |V’ﬂ7V|I
1 1 .
Asn — 00, \/=3 + 77 — 0, so:

|
v 14 Vn2 Tt

1

A T (Vs voy) = 355 = 1
(ii) Falsity Membership (F):
F(vn,v,7) = 71 T
22 T
1+ 5
The numerator — 0 as n — 00, so:
nh_)rrolof(vn,v,'y) =0.
(11i)) MR-Metric (M ):
M(vp,v,v) = max ([|vn, = v, [v = V[, |V = val) = [[va = v].
Thus:
. . 1 1
lim M(vy,,v,v)= lim {/— + — =0.
n—00 nooo | n2 n4

Conclusion: All three conditions of Theorem 8 are satisfied, proving that v, — v in the
NMR-MS topology. This convergence is stricter than in standard metric spaces due to the
simultaneous vanishing of F and M.
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Application 3 (Medical Image Reconstruction with Neutrosophic Uncertainty). In med-
ical imaging, sequences of noisy or incomplete images (e.g., MRI or CT scans) can be
modeled as a sequence {v,} converging to a “"true” image v. The Neutrosophic MR-
Metric Space framework provides a robust way to quantify and manage uncertainty during
reconstruction.
Components:

e Image Space: Let Z be a space of 2D or 3D images (e.g., pizel/vozel intensity
matrices).

e Uncertainty Modeling:

— T (Vn,v,v): Confidence that v, approrimates the true image v.
— F(Vn,Vv,7): Artifacts or noise in v, relative to v.

— Z(vp,v,7): Optional term for indeterminacy (e.g., missing scan regions).

e Metric: M(vy,v,v) could be the mazximum intensity difference across pizels/vozels.
Convergence in Practice:

e Noisy Sequence: Let {v,} be a sequence of progressively denoised MRI scans.

e Truth Membership: T (v,,Vv,7) increases as denoising improves.

e Falsity Membership: F(v,,v,v) decreases as artifacts are removed.

e Metric: M(vy,v,v) — 0 ensures pizel-wise convergence.
Algorithmic Steps:

(i) Imitialization: Acquire noisy images {vy} from scans.

(ii) Neutrosophic Embedding: Define T, F, and M based on imaging physics (e.g.,
T = PSNR-based).

(i1i) Iterative Reconstruction: Apply a convergence-guaranteed algorithm (e.g., The-
orem 3) until:

T(vp,v,v) > 0095  F(vp,v,y) <0.05, M(vp,v,v)<e.

(iv) Validation: Reject reconstructions where F or L exceeds thresholds.
Advantages:
e Robustness: Ezxplicit handling of noise (F) and missing data (Z).
e Theoretical Guarantees: Theorem 3 ensures convergence under uncertainty.

o Flexibility: Adaptable to various imaging modalities (MRI, CT, ultrasound).
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Example Workflow:

(i) A radiologist acquires a sequence of low-resolution MRI scans {vy}.

(i) The system computes T, F, and M for each v, against a predicted v.

(i1i) Reconstruction stops when all three convergence conditions are met.

(iv) The final v is a high-fidelity image with quantified uncertainty.

1]

Summary Table

theorem Example Application

1 (Embedding) | Fuzzy metric — NMR-MS | Data classification

2 (Fixed Point) | ¥(v) =v/2 on [0, 1] Robotic control

3 (Convergence) | v, = (1/n,1/n?) in R? Medical imaging
References

I. A. Bakhtin. The contraction mapping principle in almost metric spaces. Functional
Analysis, 30:26-37, 1989.

S. Czerwik. Contraction mappings in b-metric spaces. Acta Mathematica et Infor-
matica Universitatis Ostraviensis, 1:5-11, 1993.

Y. J. Cho, P. P. Murthy, and G. Jungck. A common fixed point theorem of meir and
keeler type. International Journal of Mathematical Sciences, 16:669-674, 1993.

R. O. Davies and S. Sessa. A common fixed point theorem of gregus type for com-
patible mappings. Facta Universitatis (Nis) Series: Mathematics and Informatics,
7:51-58, 1992.

B. C. Dhage. Generalized metric spaces and mappings with fixed points. Bulletin of
the Calcutta Mathematical Society, 84:329-336, 1992.

T. Qawasmeh. (h,wp)-interpolative contractions in wp-distance mappings with appli-
cations. European Journal of Pure and Applied Mathematics, 16(3):1717-1730, 2023.
T. Qawasmeh. h-simulation functions and wp-distance mappings in the setting of
gp-metric spaces and application. Nonlinear Functional Analysis and Applications,
28(2):557-570, 2023.

A. Bataihah and T. Qawasmeh. A new type of distance spaces and fixed point results.
Journal of Mathematical Analysis, 15(4):81-90, 2024.

W. Shatanawi, T. Qawasmeh, A. Bataihah, and A. Tallatha. New contractions and
some fixed point results with application based on extended quasi b-metric spaces.
U.P.B. Scientific Bulletin, Series A, 83(2):1223-7027, 2021.

T. Qawasmeh, W. Shatanawi, A. Bataihah, and A. Tallatha. Fixed point results and
(a, B)-triangular admissibility in the frame of complete extended b-metric spaces and
application. U.P.B. Scientific Bulletin, Series A, 83(1):113-124, 2021.

A. Bataihah, W. Shatanawi, and A. Tallafha. Fixed point results with simulation
functions. Nonlinear Functional Analysis and Applications, 25(1):13-23, 2020.



A. Malkawi / Eur. J. Pure Appl. Math, 18 (3) (2025), 6475 19 of 20

[12]

[13]

[14]

[15]

[21]

[22]

[23]

[24]

[27]

K. Abodayeh, W. Shatanawi, A. Bataihah, and A. H. Ansari. Some fixed point and
common fixed point results through w-distance under nonlinear contractions. Gazi
University Journal of Science, 30(1):293-302, 2017.

A. Bataihah, A. Tallatha, and W. Shatanawi. Fixed point results with w-distance
by utilizing simulation functions. Italian Journal of Pure and Applied Mathematics,
(43):185-196, 2017.

K. Abodayeh, A. Bataihah, and W. Shatanawi. Generalized w-distance mappings and
some fixed point theorems. U.P.B. Scientific Bulletin, Series A, 79:223-232, 2017.
T. Qawasmeh, W. Shatanawi, and A. Bataihah. Common fixed point results for ratio-
nal («, f)¢-mw contractions in complete quasi metric spaces. Mathematics, 7(5):392,
2017.

A. Rabaiah, A. Tallatha, and W. Shatanawi. Common fixed point results for map-
pings under nonlinear contraction of cyclic form in b-metric spaces. Advances in
Mathematics Scientific Journal, 26(2):289-301, 2021.

I. Abu-Irwaq, W. Shatanawi, A. Bataihah, and Nuseir. Fixed point results for non-
linear contractions with generalized -distance mappings. U.P.B. Scientific Bulletin,
Series A, 81(1):57-64, 2019.

I. Kramosil and J. Michalek. Fuzzy metrics and statistical metric spaces. Kybernetika,
11(5):336-344, 1975.

A. Malkawi, A. Rabaiah, W. Shatanawi, and A. Talafhah. Mr-metric spaces and an
application. Preprint, 2021.

A. A.R. M. Malkawi. Existence and uniqueness of fixed points in mr-metric spaces and
their applications. Furopean Journal of Pure and Applied Mathematics, 18(2):6077,
2025.

A. A. R. M. Malkawi. Convergence and fixed points of self-mappings in mr-metric
spaces: Theory and applications. Furopean Journal of Pure and Applied Mathematics,
18(2):5952, 2025.

A. A. R. M. Malkawi. Fixed point theorem in mr-metric spaces via integral type
contraction. Furopean Journal of Pure and Applied Mathematics, 24:295-299, 2025.
A. A. R. M. Malkawi, D. Mahmoud, A. M. Rabaiah, R. Al-Deiakeh, and
W. Shatanawi. On fixed point theorems in mr-metric spaces. Nonlinear Functional
Analysis and Applications, 29(4):1125-1136, 2024.

G. M. Gharib, M. S. Alsauodi, A. Guiatni, M. A. Al-Omari, and A. A.-R. M. Malkawi.
A common fixed point theorem in m*-metric space and an application. Nonlinear
Functional Analysis and Applications, 27(2):289-308, 2022.

A. A. R. Malkawi, A. Tallaftha, and W. Shatanawi. Coincidence and fixed point results
for generalized weak contraction mapping on b-metric spaces. Nonlinear Functional
Analysis and Applications, 26(1):177-195, 2021.

R. Al-deiakeh, M. Alquran, M. Ali, S. Qureshi, S. Momani, and A. A. R. Malkawi. Lie
symmetry, convergence analysis, explicit solutions, and conservation laws for the time-
fractional modified benjamin-bona-mahony equation. Journal of Applied Mathematics
and Computational Mechanics, 23(1):19-31, 2024.

S. Al-Sharif and A. Malkawi. Modification of conformable fractional derivative with



A. Malkawi / Eur. J. Pure Appl. Math, 18 (3) (2025), 6475 20 of 20

classical properties. Italian Journal of Pure and Applied Mathematics, 44:30-39, 2020.

[28] G. M. Gharib, M. S. Alsauodi, A. Guiatni, M. A. Al-Omari, and A. A.-R. M. Malkawi.
Using atomic solution method to solve the fractional equations. Springer Proceedings
i Mathematics and Statistics, 418:123—-129, 2023.

[29] A. Malkawi. Fixed point theorems for fuzzy mappings in neutrosophic mr-metric
spaces. Preprint, 2025.

[30] A. George and P. Veeramani. On some results in fuzzy metric spaces. Fuzzy Sets and
Systems, 64(3):395-399, 1994.



