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Abstract. The paper considers the Cauchy problem for a singularly perturbed integro-differential
partial differential equation with a rapidly oscillating right-hand side. When considering such prob-
lems, it turned out that the existing technique for regularizing singularly perturbed equations is not
effective and requires significant rethinking. The development of a new technique for constructing
regularized asymptotic solutions for integro-differential equations with partial derivatives and ex-
ponential inhomogeneity constitutes the main content of this work. The problem was regularized
and the normal and unique solvability of general iterative problems was proved. The asymptotic
convergence of formal solutions is proved and a solution to the first iterative problem is constructed.
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1. Introduction

In the paper, we consider the Cauchy problem for the singularly perturbed integro-
differential equation with partial derivatives:

e 2Bt — a(a)y(w,te) + [ K(x,t,5)y(s,t,)ds + ha(x, )+ (1.1)
xo )
iB(x)
tha(z,t)e =, y(ro,te) = 4°(t) (1) € [0, X] x [0,T])

where 3'(z) > 0, a(x) is a scalar functions, y°(¢) constant, ¢ > 0 is a small parameter.
The purpose of the work is to generalize the algorithm of the regularization method [1, 2]
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on problems of type (1.1) and analysis of singularities in the solution y(t,¢), introduced
¢

by the integral operator [ K(xz,t,s)y(s,t,e)ds and the rapidly oscillating inhomogeneity
0

ho(z, t)ezgém. For the sake of simplicity, a scalar version of this problem is studied.

Lomov’s regularization method [1, 2] was developed to construct regularized asymp-
totic solutions of ordinary differential equations in the case of stability of the spectrum
of the limit operator. Problems devoted to the construction of regularized asymptotic
solutions of Cauchy problems in the presence of weak turning points of the limit operator
are considered in the works of [3-5], initialization in the work of [6]. The works of [7]
considered the problems of constructing a regularized asymptotic solution to a nonlin-
ear differential equation in a Banach space and the analytical aspects of the theory of
Tikhonov systems [8]. Singularly perturbed ordinary differential equations with rapidly
oscillating coefficients from the perspective of the regularization method were carried out
in the work of [9]. The justification of the regularization method for linear and nonlinear
integro-differential equations with a zero operator of the differential part was studied in
the works of [10, 11].

Singularly perturbed integro-differential equations with rapidly oscillating coefficients
and rapidly changing kernels in the case of a multiple spectrum were considered in the
studies of [12-14], with rapidly oscillating coefficients and with rapidly oscillating inho-
mogeneities in the works of [15-21]. The Fredholm integro-differential equation with a
rapidly decreasing kernel and an exponentially oscillating inhomogeneity was studied in
the work of [22]. The integro-differential Cauchy problem with exponential inhomogeneity
and with a spectral value that vanishes at an isolated point on a segment of an inde-
pendent variable is considered in the work of [23]. The problem belongs to the class of
singularly perturbed equations with an unstable spectrum and has not been considered
previously in the presence of an integral operator. It is especially difficult to study it in
the vicinity of zero spectral value of the inhomogeneity. In this case, it is not possible to
apply the well-known procedure of the Lomov regularization method, so the researchers
chose a method for constructing the asymptotics of the solution to the original problem,
based on the use of the regularized asymptotics of the fundamental solution of the cor-
responding homogeneous equation, the construction of which from the standpoint of the
regularization method has not been considered until now.

It should be noted that singularly perturbed differential and integro-differential equa-
tions with fractional derivatives in the absence and presence of rapidly oscillating com-
ponents were considered in works [24-28]. In these works, the ideas of the regularization
method were generalized for equations with fractional derivatives, regularized asymptotic
solutions of problems were constructed, and the influence of rapidly oscillating coefficients
on the leading term of the asymptotics was studied.

For the first time, singularly perturbed partial integro-differential equations from the
standpoint of the Lomov regularization method [1] were studied in the works of [29, 30].
First, a system of integro-differential partial differential equations with slowly varying
kernels is considered. It turned out that the regularization procedure significantly depends
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on the type of integral operator. It turns out that the most difficult case is when the upper
limit of the integral is not a differentiation variable. The case is studied when the upper
limit of the integral operator coincides with the differentiation variable. Next, we consider
a system of integro-differential partial differential equations with rapidly changing kernels.
The study revealed that the type of upper limit of the integral operator in such equations
leads to two fundamentally different situations. The most difficult situation arises when
the upper bound of the integration operator does not coincide with the differentiation
variable. As studies have shown, in this case the integral operator can have characteristic
values, and to construct the asymptotics, more stringent conditions on the initial data of
the problem will be required. A singularly perturbed partial integro-differential equation
with rapidly oscillating coefficients in the absence of resonance was studied in the works
of [31-33].

Thus, in this paper, S. A. Lomov’s regularization method [1] is generalized to integro-
differential partial differential equations with exponentially oscillating right-hand side.
The influence of oscillating components on the structure of the asymptotics of the solution
to the original problem will be revealed.

Denote by Ai(x) = —a(z), 8'(x) is a frequency of rapidly oscillating inhomogeneity.
In the function Ao(x) = /() will be called the spectrum of a rapidly oscillating inhomo-
geneity. We assume that the conditions are fulfilled:

(i) a(z),B(z) € C ([xo, X],R), hj(z,t) € C= ([wo, X] x [0,T],C?),j = 1,2,

K(z,t,s) e C® ({ro<a<s<X, 0<t<T} C?;

(i) Au(e) # da(@), Ay(x) # 0 (Va € [z, X)), j = 1,2;

(iii) )\1(3}) <0 (Vl’ S [xo,X]).

We will develop an algorithm for constructing a regularized [1] asymptotic solution of
problem (1.1).

2. Regularization of the problem

Based on the spectrum A\;(x) = —a(z), the frequency of the rapidly oscillating inho-
mogeneity \y(z) = if'(x), we introduce regularizing functions of the form:

T

1 .
7 = E/Aj(e)de = wfe(””), j=T.2.
Zo

We introduce the notation 7 = (11,72), ¥j(x,e) = (Y1(z,€),92(z,€)) and instead
of the desired solution y(x,t,¢) to problem (1.1), we will study some extended function
u(z,t,7,e) such that its restriction identically

£

coincides with the desired solution to problem (1.1). We find the total derivative for the
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function u (a:, t, @, 5), and instead of problem (1.1), consider the problem

sax-i-Z)\( )——/\1 u—fK z,t, s)u(s,t, gs),s)ds:hl(x,t)-i-
o
(2.1)

+ho(x,t)e0, u(zo,t,0,e) =y°(t), ((x,t) € [v9, X] x [0,T]), 0 = ew:O)

However, it cannot be considered fully regularized, since it does not regularize the
integral

Ju=J (u(x,t,T, 075)‘x=s,7=w(s)/s) = /K(m,t, s)u (s,t, 7’028),0, 8) ds (2.2)
o

has not been regularized in it. To regularize it, we introduce a class M. that is asymptot-
ically invariant with respect to the operator (see [1], p. 62).

Definition 1. We will say that a function u(z,t,7,0) belongs to the class U, if it can be
represented as a sum

U= {u(:c,t,T,a) u=uo(x, t,0)+ > uj(z,t,0)e”
j=1 (2.3)

uj(z,t,0) € C= ([0,X] x [0,7],C?),j =0,2}.

As a class M, we take restrictions of the class M. for 7 = w(f). We prove that U ’7:1”

is invariant with respect to the integral operator J.

Theorem 1. Let conditions (i) - and (iii) be satisfied. Then the class M. = U|__y) is

asymptotically invariant with respect to the integral operator J.

Proof. Substituting (2.2) into Ju, we have:

E]

[ 27 L[ 2(0)d0
u(z,t,7) = /K(x,t,s)uo(s,t)ds—i—Z/K(:p,t, s)uj(s,t)e *o ds.

It is necessary to show that integrals containing exponentials are expanded into an asymp-
totic series in powers € (for € — 40 ). Applying the operation of integration by parts; we
will have

x,t,s e o ==

/K:ctsujst)d 1 [ Ai(0)do

s s=x
K(x,t, s)uj(s,t) éi} X;(0)d6
= e _

Aj(s)

s=xg
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_] QK(:U,t, s)uj(s,t) eézfo >\j(9)d9d
o5 N(s)

S =

o

K(z,t,x)uj(x,t) éLIO AO K (2, mo)u (2o, 1)
e

Aj(z) B Ai(@o0)
. ' L[ x(60)d0
—E/ QK(HZ‘,t, S)UJ(‘S’t) eamfo ( ) ds.
Os Aj(s)
o

Thus, after a single integration by parts, the terms outside the integral are distinguished,
which for 7 = 4 have the form of summands (2.2), and the integral term is again an
integral of the type J;(t,e). Multiple integration by parts leads to a formal series

Ji(a,t,e) = égvﬂ (K, tshuy(s, 1) o~

S=T

__<];(}((x,t,8)Uj<3’t))>s:mo]

where ) 1 8
N —— I'=———1"1 (v>1),j=1,2
J )\](8)’ 1 )\](S) 88 7 ?(V— )7] Y
The series (2.4) converge asymptotically as e — +0 (uniformly in (z,t) € [0, X]x [0, T7).
The partial sum of this series

N-1 L [ x;j(0)do
Sn(x,te) =Y (=1)7e" ™ |(I} (K (x,t, s)u;(s, 1)), __e 0 -
v=0

_ (I]”(K(x, t,s)u;(s, t)))s:m}
satisfies the equality

VO
T te) = Swatie) = (o) [0 (N sy (s,1) ) d.

zo

Let us integrate by parts the integral standing here, selecting one more power € on the
right-hand side:
i ! o
Ji(a.t,e) = Sn(w,tye) = ()N { (N (K, spus(s,0),_ e o0 -
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—(IN (K (2,t, s)u (s, t)))s:a;o} -

: J As(0)do
+(—1)N+1/e *0 I]]-VH(K(w,t,s)uj(s,t))ds

o
Due to the infinite differentiability of the function K(z,t,s) on (z,t,7) € [zo, X] x [0,T]%
x(0,e0] and Aj(x) on [z, X], and also due to the uniform boundedness of the function,
the equality in the square brackets of the last one is uniformly bounded for (z,t,7) €
€ [0, X] x [0,T] x {7 : ReTj,j =1,2}}). Consequently,

N

HJJ('CE7 t? E) - SN(x7 t; €)||C[Cﬂ0,X]X[O,T] S Csz +1

where Cy > 0 is a constant independent of ¢ for € € (0,g¢] (g0 > 0 is sufficiently small).
This means that the series (2.4)) converges to the integral asymptotically for e — +0.
The Theorem 1 is proved.

Thus, the image Ju(t,¢) is expanded into an asymptotic series

Ju(t,7) = /K(x,t,s)uo(sjt)ds—i—

Zo

+ZZ ) cvtl [ IV (K (,t, S)Uj(s)))sza: e — (IV (K(t,s)uj‘(S)))S:m]
j=1

v=0

where 7 = % This proves that the class M. is asymptotically invariant with respect to

the integral operator J.
Let us now construct an extension of the operator (2.2).

If now the series

u(x, t,T,¢€) Zs ug(z, t,7), up(z,t,7) €U (2.5)
on the narrowing 7 = w(;) is an asymptotic series for ¢ — +0 (uniformly in (z,t) €

€ [z, X]x[0,T]), then the image of Ju(x, t,T,¢e), obviously, will be the same. To construct
the series Ju(t, T,€), we introduce the so-called order operators. Let ug(z,t,7) € U be an
arbitrary element (2.3). Then we have the expansion (2.5), which can be written as

Ju(z,t,7) = Rou(z,t,7) + Z MR,y (z,t,T) (2.6)
v=0

where 7 = @, and the order operators R, have the form:

Rou(z,t,7) = /K(x,t,s)ug (s,t)ds, (2.70)
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Mw

Riu(z,t, 1) = { K(z,t, s)uj(s,t)))szxeTj - (I]Q (K(x,t,s)uj(s,t)))szxo}, (2.71)

J=1

v>1.

s:xg]’ -

(2'7u+1)

The R, : U — U operators are called order operators because they extract the sum of

the terms of the order v with respect to the parameter ¢ in the expression Ju(t, 7). Apply-

ing the operator J to the series (2.5), and then using formulas (2.6),(2.7¢), ..., (2.7,41),

and collecting the coeflicients at the same powers of €, we arrive at the following expression
for Ju(z,t,T,¢€):

Ju(z,t,7,¢e ngejuk ,1,7) ZETZRT—Sus(x7th)|T:¢(ﬂc)/a'
r=0 5=0

This equality is the basis for defining the extension of the operator J.

Ry iiu(x,t,m) =

M-

[(IJ” (K (z,t, s)uj(s,t)))s:me” — (Ij” (K(x,t, s)uj(s,t)))

7=1

Definition 2. The formal extension of the integral operator (2.2) is the operator J, which
acts on each function of the form (2.6) according to the law

Ju (z,t,T,e) = (Zs ug(z, t, 7 ) défZHZRT_sus(x,t, 7). (2.8)
r=0 s=0

The operator J is defined at least in the class of series (2.5) (with coefficients uy(x, ¢, 7) €
€ U) converging asymptotically at ¢ — +0 (uniformly in (x,t,7) € [zg, X] x [0,T]x
x {7 :Rer; <0,5=1,2}.

Now we can write the system, completely regularized with respect to the original
problem (1.1):

Lou(z,t,7,e) =t + Z)\ (2) 8% — Ny (z)id — Ju = hy(z,t)+
(2.9)
+ho(x,t)e™0,  a(xo,t,0,e) =y°(t), ((z,t) € [x0, X] x [0,T])

where the operator .J has the form (2.8).

3. Solvability of iterative problems

We will define the solution of system (2.9) in the form of series (2.5). Substituting
(2.5) into (2.9) and equating (2.7¢),...,(2.7,41) the coefficients € at the same powers
(taking into account the formulas (2.7p),. .., (2.7,41)), we obtain the following systems of



M. Begaidarov, D. Bibulova, B. Kalimbetov / Eur. J. Pure Appl. Math, 18 (4) (2025), 6488 8 of 20

equations:

2
Lug(z,t,7) = > /\j(x)?%] — M (2)up — Roup =

7=t (3.10)
- hl(x7t) + h2($,t)€T20', UO([EO,t,O) = yo(t)7
0
Luy(z,t, 1) = —% + Ryug, ui(xo,t,0) = 0; (3.11)
8U1
L’U/Q(.'I), t, T) = —E + R1U1 + RQ’U,(), ’U,Q(xo, t, 0) = O; (3.12)

Luk(ac, t, 7‘) = —8%13;1 4+ Rpug + ...+ Riug_1,
(3.1k)
uk(xo,t,()) = O, k > 1.

To calculate solutions to iterative problems of the (3.1p),..,(3.1x) we need to study
the solvability of the general iterative system

2
Lu(z,t,7) = Z )\j(x)g;; — A(x)u — Ryu = H(x,t,7) u(wo,t,0) = y.(t) (3.2)

j=1
2
where H(z,t,7) = Ho(z,t) + Y Hj(z,t)e™ € U is the known vector function of space U,
=1

j=
Y« is the known constant vector of the complex space C, and the operator Ry has the form

(see (2.70)):

2 X
Rou(x,t,7) = Ro |uo(z,t) + Zuj(x,t)eTj 2 /K(x,t, s)up(s,t)ds.
=1 2

We introduce scalar (for each = € [xg, X]|, t € [0,7]) product in space U:

2 2 2
(u,w) = <u0(x,t) + Zuj(x,t)eTj,wo(:c,t) + ij(a:,t)efj> 2 Z (uj(z,t), wj(z,t))
j=1 j=1 0

j=

where we denote by (x,*) the usual scalar product in the complex space C. Let us prove
the following statement.

Theorem 2. Let conditions (i)-(ii) be fulfilled and the right-hand side H(z,t,7) =
2

Ho(z,t)+ + > Hj(x,t)e™ of equation (3.2) belongs to the space U. Then the equa-
j=1

tion(3.2) is solvable in U, if and only if

Hi(z,t,7) =0 Y(x,t) € [x0, X] x [0,T]. (3.3)
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Proof. We will determine the solution of equation (3.2) as an element (2.3) of the space
U. Substituting (2.3) into equation (3.2), we will have

2
Z Aj(x) = M(x)] uj(x, t)e™ —
=1
[ 2
=i (@)ug(z,t) — /K(:c,t, syuo(s, t)ds = Ho(x,t) + > Hj(z,t)e™.
=1

o

Equating here the free terms and coefficients separately for identical exponents, we obtain
the following equations:

—A1(x)ug(x,t) — /K(x,t, s)ug(s,t)ds = Hy(x,t), (3.4p)
(Aj(@) = M (@) w (2, 1) = Hj(x,t), j = 1,2. (3.45)

The equation (11p) can be written as

x

uo(x,t) = —/)\l_l(x)K(x,t, s)ug(s, t)ds — A\ (x)(x) Ho(, t). (3.5)

o

Due to the smoothness of the kernel —\ () K (z,, s) and heterogeneity —A\[* (z)Ho(z, 1),
this Volterra integral equation has a unique solution ug(z,t) € C*®[xp, X] x [0,T]. The
equations (3.42) have unique solutions

us(z,t) = Ma(z) — M (2)] ! Halz,t) € C®[xo, X] x [0,T7.

Equation (3.4;) are solvable in space C*°[xg, X| x [0, 7] if and only if there are identities
Hi(z,t,7) =0 Y(x,t) € [z9,X] x [0,T]. Thus, condition (3.3) is necessary and sufficient
for the solvability of equation (3.2) in the space U. The Theorem 2 is proved.

Remark 1. If identity (3.3) holds, then under conditions (i)-(ii), equation (3.2) has the
following solution in the space U :

w(x,t,7) = up(x, t) + ar(z, t)e™ + [Ao(x) — A1 (2)] " Ho(z, t)e™ (3.6)

where ay(z,t) € C®xo, X] x [0,T] are arbitrary function, ug(x,t) is the solution of an
integral equation (3.5).
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4. Unique solvability of the general iterative problem in the space U.
Remainder theorem

As seen from (3.6), the solution of the equation (3.2) is determined ambiguously.
However, if its solution satisfies to the additional conditions

U(IDO, t? O) = Yx (t),
(4.1)
(=24 + Riu+Q (x0,t,7),e™) =0, Y(z,t) € [x0, X] x [0, T]

2
where Q(z,t,7) = Ho(z,t) + > Qj(x,t)e™ is a known function of the space U, y, is a
j=1
constant number of the complex space C, then equation (3.2) will be uniquely solvable in
the space U. More precisely, the following result holds.

Theorem 3. Let conditions (i)-(ii) be satisfied, the right-hand side H (x,t,T) of the
equation (3.2) belongs to the space U and satisfies the orthogonality condition (3.3). Then
equation (3.2) under additional conditions (4.1) is uniquely solvable in U.

Proof. Under condition (3.3), equation (3.2) has a solution (3.6) in the space U, where
the function oy (x,t) € C*[xg, X]| x [0,T], are still arbitrary. Subordinating (3.6) to the
first condition (4.1), i.e. u(xo,t,0) = y.(t), we obtain the equation

—a_l(xo,t)Ho(.CEo,t) —|- 051(550,75) —|- [)\Q(ZEU) — )\1(560)]71 Hg(xo,t) = y*(t)
and we find the values
041(35'0, t) = y*(t) + CL_I(CC(), t)Ho(SU(], t) — [)\2(1‘0) — )\1 (xo)]il HQ(SC(), t). (42)

Let us now subordinate solution (3.6) to the second condition (4.1). The right-hand side
of this equation has the form

_%f+mw+Q@mﬂ:‘£ﬁM%m_ JM@ﬁnn+(m@ﬁ@Qeﬁ+

x,t,wuj:ct - Kz, t,x0)uj(wo,t
o [Htanten,, Ketominn) i,

we obtain equations

K(xz,t,x)
/\1(x)

Adding the initial conditions (4.2) to them, we can uniquely find the function oy (x,t) :

dl(xat)_ al(m7t)_Q1($>t) =0

7fK)\(StS>d 7IK>\(SZS)d
c1(z,1) = o (o, e 0 +/e 9 (s, s

Zo
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and hence, we define the solution (3.6) of the equation (3.2) in the space in a unique way.
The Theorem 3 is proved.

Applying Theorems 2 and 3 to iterative problems (3.1j), we find uniquely their solu-

N
tions in the space U and construct series (2.5). Let u.y(x,t) = kzo ekuy, (9:, t, @) is the
restriction of the N—th partial sum of series (2.5) for 7 = %m). Same as in [1, 34], it is

easy to prove the following statement.
Lemma 1. Let conditions (i) - (iii) be satisfied. Then the partial sum u.n(x,t) satisfies
problem (1.1) up to O(eNT1) (e — +0), d.e.

edugN(L t)
dt

= a(z)usn(z,t) + /K(x, t,s)usn(s,t)ds + ha(z, t)emil) +

zo

+hi(z,t) + N RN (2,1 €), uen(zo,t) = y0(t), V(z,t) € [x0, X] X [0,T]

(4.3)

where || RN (2,1, )|l o0, x1x[0,7] < Ry for all (z,t) € [x9, X] x[0,T] and for alle € (0,en].

Consider now the following problem:

Eau(g;’a) = a(@)u(z, t,e) + [ K(x,t,s)u(s,t,e)ds+
o

+&(z,t,e), u(xo,t,e) =0, (z,t)€ [xo, X] x [0,T].

(4.4)

Let us show that this problem is solvable in the space C![zg, X] x [0,T] (i.e. it has a
solution for any right-hand side ® (¢,¢) € C ([zg, X] x [0,7],C?) and that in this case
there is an estimate

14
ulz, £, €)ll oo, x]x (0,1 < ;OH‘I’(%t75)||c[xo,X]x[o,T]' (4.5)

Theorem 4. Let conditions (i) - (iii) be satisfied. Then, for sufficiently small € (0, gg]
problem (4.4) for any right-hand side ®(z,t,e) € C [xo, X] % [0,T] has a unique solution
u(x,t,e) in the space C [xg, X] x [0,T] and estimate (4.5) holds, where vy is a constant
independent of € > 0.

Proof. Introduce an additional unknown function

z(x,t,e) = /K(:J;,t, s)z(s,t,€)ds.

o

Differentiating it with respect to x, we will have

0z (x,t,€) i 0K (z,t,s)

e———- =cK(z,t,x)z(x,t,e) + 8/ o

o z(s,t,e)ds.

zo
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From this and (4.3) it follows that the vector function w = {z,u} satisfies the following
system:

0
9. _ [ alz) 1 -
Cor — < 0 0 )w+5 K(z, t,x)z+ [ %z(x,s,e)d:ﬁ T

2 (4.6)
+ < @(:U;tag) ) ,w(wo,t,f) — 0
Denote by Y (z,t, s,e) the normal fundamental matrix of the homogeneous system

e (51

i.e., the matrix satisfying the equation

EW-(S(:C) (1)>Y(x,77,g), Y(z,z,e) =1, zo<n<z<X.
x

1
Since the matrix( a(Oa;) 0 ) is a matrix of simple structure and its spectrum {\;(z), 0}

lies in the half-plane Re A1 (z) < 0, then the Cauchy matrix Y (x, n, €) is uniformly bounded,
ie.,
||Y(.’L‘,77,E)” < ¢o V(%ﬁﬁ) rxp <<z < X75 >0

where the constant ¢y > 0 does not depend on ¢ > 0 (see, for example, [1], pp. 119-120).
We now write down an integral system equivalent to system (4.6):

z 0

B 7
w(x,te) = /Y(x,n,s) K t,)z(nt,e) + [ %f”s)z(s,t,&)ds dn+
o o

- (1, t,¢)
+ é_/Y(:x,n,e) < 0 >dn.
)

Since for each € > 0 there exists the solution w(z,t,¢) of the system (4.6) in the space
C* [0, X] x [0, T)] then substituting it into (4.6¢), we obtain the identity. Let’s move on
to the norms:

|lw(z,t, )]l S/HY(‘T7C7€)H'||K(C7C)|’HZ(€7€)HdC+/HY(xvgag)HX

¢

0K -
< I et s + 2 [ .ol ot o)lac <

o
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<coko/|w ¢e) |dc+cok1//||w 5,€)||dsd¢+

Zo To

X
+ 20001 (, )l x)xioi < coko / (s, )] ds+

o

Tr T
coX|
weoby [ [ lwts.2)ldsd + L1002, ofan 51410 <

Zo To

<cok:0/||w se |ds+cok:1//||w 5,8)||dsdc+

Ty To
CoXo
@ (2, &)l clzo, x1x[0,77 < (coko + cok1Xo) Hw s,€)|ds+
zo
coXo
+ [1@(z, )l cfzo,x7x[0.7]

OK (w,t,s)

where Xo = X — o, HK(x?tvS)HC[:BO,X]X[O,T] ko, || K( - ||Caco,X]><[0T] = k1. We got

the inequality

coXo

(e t, o) < 20D (e, b, )] ooz + (oko + ok Xo) / (s, <)|[ds.

zo

Applying the Gronwall-Bellman lemma to this inequality [35], we have

xT
(Cok0+60k1X0) f ds

coXo :
||(1>('T’tvs)HC[mO,X}X[O,T}e ¢ =

[w(z,t,e)]| <

coXo

19 (2, 8, €) gz, x)x o,y 0T ORI O <

Yo
< ;H(I)(x7tv‘g)”O[zO,X}X[O,T} =
70
= 22,1, )l X<,y = NP 8 )l cpag,x)x (079

where vy = cg Xy - max elcokotcokiXo)(@=20) The Theorem 4 is proved.
t€[z0,X]x[0,T]



M. Begaidarov, D. Bibulova, B. Kalimbetov / Eur. J. Pure Appl. Math, 18 (4) (2025), 6488 14 of 20

Theorem 5. Let conditions (i)—-(iii) be satisfied. Then for any e € (0, e, where eg > 0 is
small enough, the problem (1.1) has a unique solution y(x,t,e) € C* [z, X]| x [0,T]; in
this case, the estimate

(@, ,) — e (@)oo xpwor < Cve¥ N =0,1,2..)
holds true, where the constant Cn > 0 does not depend on € € (0,¢eq].
Proof. By the Lemma 1, the partial sum u.y(x,t) satisfies the problem (4.3), so the

remainder ry(z,t,¢) = y(z,t,€) — uen (2, t) satisfies the following problem:

EarN(x7 ta 8)

5 =a(x)ry(z,t,e) + /K(:c,t, s)ry(s,t,e)ds+

zo
+5N+1RN(567 t, 8)7 TN('I(]a ta 5) =0

x
where ®(z,t,€) = —eM 1 [ Ry(s,t,e)ds. By Theorem 4, we have the estimate
o

HTN(%taE)HC[xO,X}X[oﬂ <eVRy

forall N =0,1,2,... and all € € (0,ey], which means that the partial sum u. ny4+1(z,t) =
P(t)

3

= un(z,t) + eNFTluy (2, t, ) satisfies the inequality

lly(z,t,€) — ue N+1(2, )| o, x)x[0,7] =

e ;
= 13, 2) — i) — i (2,8, U)oy xiso < Onene™™
Using the inequality ||a — b|| > |||a|| — ||b]||, valid for any numbers a and b, we will have
_ 1][) x
ly(@,t,€) — uen (2, )| Clag, x]x [0,7) < <CN+ UN11 <5L’,t, (=) g+t
Clzg,X]x[0,T]

whence we derive the estimate

ly(z,t,e) — UEN($7t)HC[a:o,X]><[O,T] < CNgNJrl

where the constant C'y > 0 does not depend on ¢ € (0,en].

5. Construction of the solution of the first iteration problem in the
space U

Using Theorem 2, we will try to find a solution to the first iterative problem (3.1).
Since the right-hand side hq(t) + ha(x,t)e™ of the equation (3.1p), satisfies the condition
(3.3), this equation has (according to (3.6)) a solution in the space U in the form

o (t,7) = ul” (2,t) + ol (2, ) €™ + Mal@) — A1 (2)] " ho(z, t)e™ (5.1)
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(0)

(z,t) € C*®[xg, X] X [to, T] are arbitrary function, ug’ (x,t) is the solution of

where ago)

xT
the integral equation —a (z)ug (z,t) — [ K (z,t,8) ug (s,t) ds = hy (z,1).
o
Subordinating (5.1) to the initial condition ug (z0,¢,0) = 3°(t), we obtain values

ul) (20, ) + ot (w0, 1) + Pa(wo) — Ai(w0)] "V halwo,t) = 10(t) &

& ol (o, 1) = 40(t) + A1 (20) B (w0, ) — Palwo) — Ma(xo)] L hawo, ). (5.2)
For a complete calculation of the function ago) (z,t), we pass to the next iterative
problem (3.17). Substituting the solution (5.1) of the equation (3.1p) into it, we arrive at

the following equation:

Lur (1) = = (0 @.0) = 2= (o (@.1)) €7

_88x ([/\2(-%') - Al(x)]_l h2($,t)) e 4 53)
2 (K (z,t,x) ong) (x,t)) ; (K (z, ¢, 20) a§0) (xo,t))
b V@ NG

Subordinating the right-hand side of this equation to the solvability conditions (3.3), we
obtain the equation of ordinary differential equations

0 (0) K (z,t,x) (0 B
—o <a1 (;m)) + @) @ ay ' (z,t) = 0.

Adding the initial condition (5.2) to them, we find

f K(0.,0) 49
Oé:(LO) (x, t) — ag()) (:L‘O’t) ex() A1(0)

and therefore, the solution (5.1) of the problem will be found uniquely in the space U. In
this case, the leading term of the asymptotics has the following form:

0 O

0) J AL o1 [ xi(0)do
Yeo (z,t) =y (x,t) +0og ' (x0,1) €0 0

_|_

. L [ xa(0)do
+ [A2(x) — A (2)] " ha(x,t)e *o (5.30)
(0)

where u~ (2,t) is the solution of the integral equation

—a (t)ug (x,t) — /K (x,t,8)ug (s,t)ds = hy (z,t) .

zo
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Example 1. Let us consider the following problem:

oy(z,t,¢) i(ota® 0
oy =V + [ atsy(s,t,e)ds+ 2zt +ate” =, y(xo,t,e)=y (), (5.4

o
where
a(x) = -1, K (z,t,s) = xts, hi(x,t) = 2xt, ho(z,t) = xt.

Let’s try to construct its main term of the asymptotic solution. In this equation we has
the following spectrum: {\1 (t), A2 (t)} = {—1,i (1 + 32?)}.
Regularizing problem (5.4) using the functions

=21 fxa0)ds, & 1= —%(:c—xo),

ro="1 [ (1+36%)df =1

L (z = wo + 2 — 20?)]
o

we get the following extended problem:

Lgu(x,t,r,&?)—sa +/\1 +)‘28m M(8)g— Ju=
(5.5)
= h1(x,t) + ha(z,t)e™0, u(zo,t,7,€) [r=(0,0) = yO(t)

—i(zo+mo3)

6 , J 1is extension of the integral operator J on series

where 7 = (11,72), 0 = exp
of the form

u(z,t,T,¢) Zsukath (5.6)

with coefficients uy, (x,t,7) from the space U of vector functions

2
w(w,t,7) =up (x,t) + Y uj(x,t) €7, ug (z,t) € C* ([xo, X] x [0,T],C) ,k =0,2.
j=1

This extension has the form

o0
Ju(z,t,T,€) g g’ R, _sus(z,t, 1)
r=0 s=0

where the operators R, : U — U are calculated by the formulas :

Rou(z,t,7) = [ wtsug(s,t)ds,
o

2
Riu(z,t,7) = z?tu,(x, t)eTJ . :Etmg w;(xo,t) ’
o t,1) = 3 [5 e
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(operators Ry, at v > 2 we do not write out, because we do not need them when constructing
the leading term of the asymptotics). Defining the solution of the problem (5.5) in the
form of series (5.6), we obtain the following iterative problems:

— 0 o]
Lug = )\187:? + )\287:3 — AMug — Rug =

(5.7)
= hy (x,t) + ha (2,t) €™0, ug (x0,t,7) |r=0 = y°(¢);
0
Luy = —% + Riyo, w1 (xo,t, 0) = 0; (58)
The solution of the first iterative problem (5.7) will be as follows:
uo (2, t,7) = ug (z, ) + a1 (z,t) €™ 4+ (Ag(x) — A1)~ ho(z, t)e™ (5.9)

where ay (z,t) € C®[xg, X] X [to, T] are arbitrary function, ug (x,t) is the solution of the

integral equation
xT

—up (z,t) — x/tsuo (s,t)ds = 2xt. (5.10)
o

Subordinate (5.8) to the initial condition ug (z,t,T) |z—zor—0 = y°(t). Taking into
account the form of function (5.10) and hs (x,t), we obtain the equation oy (rg,t) =
yO(t). For a complete calculation of the functions oy (x,t), we pass to the next iterative
problem (5.8). Taking into account that under the conditions of solvability (3.2) of problem
(5.8) only exponentials e™ and €™ are involved we keep in its right-hand side only terms
depending on these exponentials:

d(orlw,t) o
9 e x°t-aq (z,t)e™ =0.

We will have
oy (z,t) + 2t - oy (2,8) = 0

or
oy (z,t) = =22t - oy (2, 1) .

Adding to these equations the initial conditions oy (zo,t) = y°(t), found earlier, we uniquely
find the functions

23

ar (z,t) =y (t)e” 3"

and hence, we will uniquely construct solution (5.9) of the first iterative problem (5.7).
—x0 )

Making a narrowing in it at 71 = —*_0 T = 1 [(a: —xo + 23 —$03)] , we obtain the

leading term of the asymptotic solution of the problem (23):

z3 z—x i
yeo (x,t) = yo (z,t) + WCt)e Tle = + [i(1 + 32?) — 1] wtet [(@=zota’—wo?)] (5.11)

where ug (x,t) is the solution of the integral equation (5.10). It is seen from (5.11) that,
at the exact solution y (x,t,€) of the problem (5.4) does not tend to the solution yo (z,t)
of the integral equation (5.10) at e — 40, but performs quick oscillations near it.
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6. Conclusion

From the expression (5.3g) for y-o(t), it can be seen that the construction of the leading
term of the asymptotics of the solution to problem (1.1) is significantly influenced by both
the rapidly oscillating inhomogeneity and the kernel of the integral operator.

Note that the application of other asymptotic methods (for example, the method
of boundary functions [36-38]) to problems of type (1) with rapidly oscillating inhomo-
geneities is problematic, since many of them rely heavily on the fact that all points of the
spectrum (including the spectral value of the inhomogeneity) lie in the open half-plane
Re A < 0.
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