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Abstract. The tripolar complex fuzzy set (TCFS) is an extension of the bipolar complex fuzzy
set (BCFS), which itself generalizes traditional fuzzy sets and bipolar fuzzy sets. In this paper, we
further develop this framework by introducing the concept of tripolar complex fuzzy Lie brackets
and investigating their algebraic properties. Additionally, we demonstrate that the scalar multipli-
cation and addition of tripolar complex fuzzy Lie subalgebras yield another tripolar complex fuzzy
Lie subalgebra. Moreover, we establish that the homomorphic image of a nilpotent (or solvable)
tripolar complex fuzzy Lie ideal remains a nilpotent (or solvable) tripolar complex fuzzy Lie ideal.
Finally, we establish that every nilpotent tripolar complex fuzzy Lie ideal is solvable.
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1. Introduction

A Lie algebra is a fundamental mathematical framework in algebra that has important
applications in many domains, including theoretical physics and mathematics. Lie alge-
bras, named after Norwegian mathematician Sophus Lie [1], provide a robust framework
for examining the algebraic properties of symmetries, vector fields, and transformations.
Over time, academics have thoroughly investigated Lie algebras, revealing a variety of
structural themes that apply to groups, rings, fields, and other algebraic systems. Lie
algebras have applications in domains such as computer science [2] and coding theory [3].

Zadeh’s introduction of fuzzy set theory (FS§) in 1965 [4] transformed the mathematical
representation of uncertainty. Zhang introduced bipolar fuzzy sets (BFS) in 1998 [5],
and Lee [6] expanded on this by introducing the notion of bipolar-valued fuzzy sets with
membership functions {g : £ —[0,1] and fB]y L —[-1,0].
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In the complex plane, Ramot et al. [7] developed the concept of complex fuzzy sets
(CFS), expanding the range [0, 1] to the unit disk. Tamir et al. [8] expanded on this
notion by mapping the range to [0, 1] + i[0,1]. Mahmood et al. [9] proposed bipolar
complex fuzzy sets (BCFS), which combine BFS and CFS concepts. Rosenfeld [10] was
the first to connect fuzzy set theory (FS) to group theory. He invented the concept of
fuzzy subgroups and investigated its fundamental features. Following this, other scholars
expanded these ideas to various algebraic structures, including HX-subgroups, ordered
semigroups, and BCK/BCl-algebras, in the setting of uncertainty (see [11-16]).

Yehia [17] introduced the concept of fuzzy Lie algebras by incorporating FS theory
into the study of Lie algebraic ambiguity. Subsequent studies investigated Lie algebras in
the context of FSs (see [18, 19]). Atanassov [20] generalized fuzzy sets by introducing intu-
itionistic fuzzy sets (ZFSs), which incorporate degrees of membership, non-membership,
and hesitation to model uncertainty more robustly. Akram and Shum [21] studied intu-
itionistic fuzzy Lie subalgebras and their properties. Akram [22] studied fuzzy Lie ideals
with interval-valued membership functions, as well as solvable and nilpotent Lie L-algebras
utilizing bipolar fuzzy sets (BFS) [23].

Shaqagha [24] introduced the concept of complex fuzzy Lie subalgebras, examining
their key properties. Kousar et al. [25] studied nilpotent and solvable Lie algebras in an
image fuzzy environment. Al-Masarwah et al. [26] established the notion of crossing cubic
Lie algebras, researching homomorphisms, isomorphism theorems, Cartesian products,
and quotients within this framework. Jaleel et al. [27] proposed interval-valued bipolar
complex fuzzy sets (ZVBCFS), whereas Qiyasi et al. [28] created the underlying theory of
confidence-level-based bipolar complex fuzzy sets. Prommai et al. [29] presented tripolar
fuzzy ideals in semigroups. Wattanasiripong et al. [30] introduced tripolar fuzzy pure
ideals in ordered semigroups.

Muhiuddin et al. [14] developed tripolar picture fuzzy ideals of BCK-algebras. Balamu-
rugan et al. [31] introduced complex fuzzy subalgebras and investigated their properties.
Al-Masarwah et al. [32] investigated complex linear diophantine fuzzy ideals in BCK-
algebras. The aim of a tripolar complex fuzzy set (7CFS) is to extend the capabilities of
traditional fuzzy sets, bipolar fuzzy sets, and complex fuzzy sets by incorporating three
independent dimensions of information to model more complex and nuanced real-world
scenarios. From the above literature we found the research gap and tripolar complex
fuzzy set is introduced. The paper is organized as follows: Section 2 provides a concise
set of basic definitions. Section 3 introduces the novel concept of tripolar complex fuzzy
Lie bracket and examines its key properties. Section 4 develops the concept of tripolar
complex fuzzy Lie subalgebras. Section 5 investigates nilpotent and solvable tripolar com-
plex fuzzy Lie ideals. Section 6 concludes the study and suggests promising directions
for future research. To ensure clarity, Table 1 summarizes all mathematical notation and
terminology used throughout the paper.
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Table 1: Acronyms list.

Acronyms Representations

L Lie Algebra

FS(s) Fuzzy set(s)

CFS(s) Complex fuzzy set(s)

IZFS(s) Complex Intuitionistic fuzzy set(s)

BFS(s) Bipolar Fuzzy set(s)

BCFS(s) Bipolar Complex Fuzzy set(s)

TFS(s) Tripolar Fuzzy set(s)

TCFS(s) Tripolar Complex Fuzzy set(s)

TCFLS(s) Tripolar Complex Fuzzy Lie Subalgebra(s)
TCFLL(s) Tripolar Complex Fuzzy Lie Ideal(s)
NTCFLI(s) Nilpotent Tripolar Complex Fuzzy Lie Ideal(s)
STCFLI(s Solvable Tripolar Complex Fuzzy Lie Ideal(s)

2. Preliminaries

Definition 1. [21] A Lie algebra L defined over a field F is a vector space together with
a bilinear operation, called the Lie bracket, which adheres to certain key properties:
(i) Bilinear: The Lie bracket [,] : L x L — L is a bilinear.
(ii) Skew-symmetry: For any ¢,7n € L,

(6,77 = =[71, 6]
(iii) Jacobi identity: For any b, 0,p€ L,

[, 2, )] + [ 16, 6]] + [, [, 7] = 0.
Definition 2. [4] A FS F = {(¢, ff_(d;)) | ¢ € L}, where fj—j(qg) : L — [0,1] is the MD
of d to FS F.
Definition 3. [7] A CFS C in L is the structure
C = {(9.£:(0) = Fe(@)e?e?) | § € L},

where 75(¢) € [0,1], @(9) € [0,27].
Definition 4. [20] An TFS I in L is the collection T = {(gz;,gf(qz;),nf(qz;)) | ¢ € L},
where £:(¢) : L — [0,1] and n7(¢) : £ — [0,1] denotes the MD and NMD degree of o,
respectively with 0 < §f(¢~5) + nf(qg) <1 foralg¢edL.
Definition 5. [5] A BFS B = {(¢,¢L(9),£¥(9)) | ¢ € L}, where ¢E(§) : £ — [0,1] and
fg(g?)) : L — [-1, 0] are +MD and —MD of ¢, respectively, with —1 < fg(g?))—i—{g((;;) <1.
The pair (/ﬂg, 53[) denotes the BFN. The +MD is the degree of conformity of any

property for an entity, while —MD shows the satisfaction degree of the inherent opposing
characteristic.
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Definition 6. [9] A BCFS B in L is the structure

B = {(6,€8(d) = FE(§)e™ 5@ N (§) = #(§)e™™ 5 9)) | § e L},
where 573(¢) L —[0,1], 52,[(5)) L — [-1,0].

Definition 7. [29] A TFS 1= {9, ‘53 (¢), {N(gb) (j(gg)} with ¢ € L, where f%’(gz;) L —
[0,1] is the +MD, EN(gb) L — [-1,0] is the —MD and Cj(g?)) : L — [0,1] is the NM
degree with —1 < ¢ (q3> +15(6) <1 and 0 < €8 ($) + (3(9) < 1.

Remark 1. A TFS consists of the MD (also called +MD), —MD, and NMD all to-
gether. The + MD(MD) denotes the somewhat satisfied property, NMD denotes the

property that is not fulfilled, and —MD denotes some implicit-counter property (opposite
to MD).

3. Tripolar Complex Fuzzy Bracket Product
Definition 8. A TCFS 1 in L is the structure

= {(6.€8(9) = ()T D) &(§) = i (§)eT D, (3(9) = 73(9)e> =) | § € £},
where €8(3) : £ = [0,1],64(¢) : £ = [-1,0],G: £ — [0,1].

Example 1. Let £ = {¢1, ¢, ¢3} be a universe of discourse. A TCFS I in L is defined
as:

(41,08627(0T), —0.5¢727(09) 0.4727(05)),
. (&2’ 0.6¢27(0:6) _( 4¢i27(04) 0.361-2”(0.4)) ’
(553, 0.9¢27(08) | _.7¢72m(02), 0,26i27f(0-3))
Here:
y 5?(&1) = 0.8¢27(07) is the + MD of ¢1 with amplitude 0.8 and phase 0.7,

) fg\/(qgl) = —0.5¢2703) s the —MD of ¢, with amplitude 0.5 (but sign —1) and
phase 0.3,

° Cj(qgl) = 0.4¢27(05) 45 the NMD of ¢y with amplitude 0.4 and phase 0.5.
Definition 9. For any TCFSs 1= (67(6).&4(9),¢3(9)) and T = (¢€£(9).£5(9).¢+(9))
Ofﬁ' ~Th€n Dl_l] = (égj](gb)a{%/:ﬁ](qb)aqjj] (¢)), where
(i) if B € F,¢;,7; € L, then

~ . ~ 7 ~ ~ 427 min wP w
f[?ﬁ](qﬁ) =SUPg=y> gj[gsj,;,j]{mlnjex\/{r%)(ﬁbj) A 7’1‘)(773‘)} 2 sen (57 (60 (7))
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and if ¢ # 3 jep Bildi, 1], then €55 (#) =0,
(i) if B; € F,¢j,7; € L, then

N @) =infyy g o majen (7 (8) v Y () P 95 @V B0}
and if ¢ # 3jen Bildi, ], then & (9) =0,
(iii) if Bj € F., ¢;,ij € L, then

(@) =infs_g 05 5 imaxen{75(65) V (i) per 2T mesien @0 vaa i)
and if ¢ # 3 e Bildis 7], then (5.5(6) =0
Remark 2. If <Z~>,77 e L, then
. i2ro” (d) - ~ - ~ - - ~

(1) 5[] -[]([ ]) T7j9 ([(;57 ]) 3.7 [ 77} ) T[?,ﬁ]([qba T]]) 2 T,[Ij)7‘i](¢)/\’r§7ﬁ] (77)} and WE:;”([QZ&, 7]]) Z

(2) €45 (19.8]) = 7 (@A) BN (16.8]) < Y (DVAY (), and & (6.7) <
() v o4 ),
(3) 5 ‘[]([Naﬁ]) = 73,5 ([, 7]) 2o, i ‘”([(57 ) <73 ﬁ](qg)\/r[] 51(71), and &3 5([,7]) <

Theorem 1. Let 1= (¢7(6),6}(9), G5(0)), T = (¢£(6),65(9), (3(0)), and ® = (£F(6), 6} (9). G(9))
]

(
be TCFSs of L such that I C R and R C R. Then I+ R C R,
Proof. Let ¢ € £. Then

f%lﬁ(é) = f%l;l(é)e 349
> o ot 9 2w (WP () AIP (¥
> sup {(7F(p) AL (1)) (@M50)
¢ = otV
o 5 ~ 9 2m(AP (AP (D
> sup {(75(8) AFE(D))e” (@R @Aag )y
¢ = o+9
> sup {7L(a+0)e?m R @)y
¢ = o+
~ 7\ i2roP (¢
= P (3)e @)

=L (9),

%Yrﬁ(@ = fj+ﬁ(€5)622m3+-‘(¢)

< inf {(r~ (0 )\/f/;l\/(ﬁ))ei%(@ (@)val (19))}
¢ = o+0
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< inf {( ( )vr/\/(g))e%?ﬂ(@ (@)val (’19))}
¢ = o+0
< inf {FA(5+9)e i2nGy (2+9))
= o+9

and

(5, 5(0) = 75, 5(@)e?™a+3(?)
< inf {(75(8) V 7= (D)) @(@Va()y

Hence, 1+ T C XN

Theorem 2. Let I, = (fg?l(i)),f?f (0),G5,(9), 1o = (34 (0),6Y(8).¢5,(9) and T =
(5?2(&)75%(<Z~5),C~ (¢)) be TCFSs of L such that I} C
]

(65, (0),65(9),¢5,(9), T =
]

Proof. Let ¢ € £. Then

7 < 127 max oF wp
672 _ (¢) — sup {mln{fP (¢]) A flp,, (ﬁ])}e 2 JEN{ (‘z)])/\ (77])}}
(A1,7] 3= s Byldyiiy] I T T
jEN Pil®5,M;
> s {min{iD(§) AE () M RO Bl
(Z)_Z] eEN B; [‘Z’J ;] JEN
% L (),
N (0N _ inf zQﬂmaxJEN{w ((;SJ)\/w (77])}
B o, M PR )V e }
< inf{mafll(d) v A () T RGN, Bl

¢ ZJENBJ[¢] ;] JEN T
— ¥ 5 ().
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and
C (D) = i AF (BN T (7)) 2T M en (g, (65) Vi, (7))}
C[Jl,‘il](@*(;:Zjefflgj[&jm{?é%{m(¢y)vhl(m)}e NG )
S s (0) v A ) R R
= (5, 51 (9):
Theorem 3. Let I = (¢ (), £5/(6 ><JI( M) B = (€£(0),65(9).G;,(9) and T =
(€% (9),65.(). ¢, (), T =<7;<¢> 2(6),¢5,(9)) a nd:=<§§’<¢>> &/(9).¢3(0), 7 =
(€2(0), €Y (9),¢5(0)) be TCFSs of L. Then[ Ti+D, = [, T+ e, T and 3, T+ ] =
3, 7] + 3, T2
Proof. Let dNJ € £ and SUp = sup;_y~ Then

sen Bildsii]

5[]1 +12,9) ((b)

~ 127 minje n {0F (¢)/\5J?(ﬁ)}
:Supqﬁ ZGNﬁJ[(van] {manGN{T +32(¢] AT :( )} i€ T +3 S\ }

)
( ])}/\T‘ ( )} 127rm1nJ€N{supq5 =5; +19{ 73(gj)/\cu (79 )}/\w (7 )}}
- (
-

= sup{mlnjej\/{sup¢ =3; +19 { 31(9]) 1§ i o
&]) (77])}} 127rm1Hg€N{Sup¢, =5 +79 { (g]) (7‘9].)/\"‘}ﬁ ("7])}}}
9N

f
:sup{mlnjeN{sup¢J 5,49, {r 31(9]) f
f 19,107 ()0 (B5)7ak (7)1}

12wsup{min su
= sup{mmJeN{supd) ;49 {r (Qj) AT ( ) e p{minjen{supg. _;.
_ i2ml (4)
=559 it )
~ 2nF (6)
[31,1]+[32,-u(¢’) R
f[31, +[32, }(¢)’

é‘[31 +12,7) (¢)

) z27rmax]e/\/{w] 5 (¢;)Vid (77])}}
(~j)}6127rmax]€/\/{1nf =049 { (Q])VwN(ﬁ )}VwN(nJ)}}

A }}6127rmaxjej\/{1nf =5 Jﬂg {w (Q])VwN(ﬂ )\/w (7]])}}}

)
1nf{maxj6/\/{1nf¢] —6;49; {7 5 N (g))V 7“?2[( J)}V":jﬁv
= 1nf{maxjeN{1nfq;j:@j+5j {7’51 (éj)\/TJQ (

(9

<
N—
<
s
—~
bI
\_/ ~—

T r i2mwinf{max n w N ; a;/.\f 14
:inf{maxjEJ\/{inf(i)J §'+§j{7:?1/-(§j)Vf~ i e 2minf{maxjen{infy _; 5 A& (6;)vag) (0;)vol (7;)}1}
~./\f ~ i2na (@)

Mg @e AR

N (5 Z27““[: 4[5 (‘Z’
SRR

N
< 5[:1,‘l}+[i2,‘u (4),
and )

¢ [+32,7] ()

~



M. Balamurugan, G. Ellammal, A. Iampan / Eur. J. Pure Appl. Math, 18 (3) (2025), 6489 8 of 26

( )} z27rmaxje/\/{wjl+32 ((i?])\/wj "7])}}

‘31

= infquszN B;1 d;j:ﬁj {manEN{fi-‘rh( )

127 max; inf- - = {aoN (5o (9:)YWa= (7
1nf{maxj€_/\/{1nf $i=6,49; {rjl(gj)\/rj2( D IVis(ii) e i2 jen{inty. 5. 45 A&7 (8)Vy, (9} 1(771)}}

s
= inf{maxjen{infy, g, ., {75, (1) ViP5, (07)Via ()} e ammassenlini,_s, ., (53] 21)Vos, (0)VE(1)} )y

= ﬁ{maxje/\/{infqéj=éj+l§j {fj} (@j)\/f;;} (75]) ( i)} e a2minf{max;jen {infz _; 5 {@y, (8)Vy, () (7)1}
= Tfi+%, ;I](é)ewﬂa[ﬂﬂéﬁ](ﬁs) ~

1,9+, 7] ()™ +15.7 ()

,i;
Goama®
This shows that [T +J2, 7] € [3, 7] + [J2, 7). Let ¢ € £. Then

IN A

~ ~2n@f ()
55, (0) =75 5 (@)e e

=\ i2n(@F () AaT (9
= swp {(iF(2) M?w))e? R

¢ = ot :

N - i2n (@l (§)val (0))
< (F (@) v (0)e

N~ i2malY (¢
= (@)=,

and

2 = 7 w\ i2mr L (b
C45,(0) = 5, 5, ()T )

= _inf {(7(8) V 7, (9))e T ER @VER )y
¢ = o+9
(

The efore,jl C J~1~+J~2. Similarly, I, C J; :I—jg . By Theorem 2, we have [, € [Jl—l— ],
] € [31432,77]. So, by Theorem 1, [31, 1] + [J2, 7] € [T + T, 7). Hence, [1; —I—JQ,_I] =
1+ [32, 7).

[T

;I
[~‘I
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Theorem 4. Let 1 = (¢0(9),£(0),¢3(9)), T = (6L(9),64(9),¢5(9)) be TCFSs of L.
Then

for every B € F.
Proof. Let ¢ € L. Then

am(@ = s {min{rE(o,) ATE () e MmN 0T )y
=3 ;e Bildj 1] I€
7 ~P~ 127 min @3 -1 oP
= sup {rré%{r (B7'85) A FE (i) ye'm minsen (37 (571008 (1)}
d’ Z]ENﬂJ[¢] 773]
7 ~P~ 427 min @ -1 ol
B s {min{i (3716) A7 ()} B S )y
¢ Z]ENﬁﬁj[ 1¢J 77]]
=2 (5719)
= fé[i;”(gb)v
(@)= it {max{(gy) v (i) e 2T e EEVET
[Bj:-l} ‘{) Z]GNBJM)J m] JeN Al ! 773
=it RV (571G) v () et e SOV
d=>" en Bileysi;] 1€
=t () v et e 0y
=2.5eN PP 777
53-.](6‘1¢)
and
e (D) = ; S TN a1 i2mmaxjen{@ s () Vs (7))
C[m’j](qb)_é:Zjel;gj[éj nj]{%%{{rﬁl( i) V77 be JENTEIRTER T
= b fmadFs(BTG) v () fe e (0T
=2_jen Bileinj
= b (medis(5 ) v () et e O ey
FJEN FFI 55705
=&35(8719)
§ m<¢>
If 3=0,¢ +# 0, then
7 ~ 127 min;; OGP (d)NDE (7
Fam@=_ s g6, A ()TN RO,
’ ]

=2 en Bilds 7
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~ ~ 127 max; o (b VL (77
(@) = inf  {max{il(6y) v () e T RO O,
= ZJeN BJ[¢J i3] JeN
and
Gaam(@) = inf _ {max{g(g;) Vg (i) e e @a@Vea @l

~ . ]
3= cn Bylds.;] TEN o

there exists ¢ # 0, which implies that rﬁj(qﬁ )=0 w~~(¢]) 0 r~~(¢j) =1, (ZJ (gbj)

and 753(¢;) = 1,@35(¢;) = 1. So, f/m (¢) =0 gﬁn (g@) 1 and gwm(@ = 1 If B =

and gb = 0, then it is obvious. The second one can be obtained in the same way.

4. Tripolar Complex Fuzzy Lie Subalgebras

Definition 10. 4 TCFS 1= {(4,€0(6) = L ()¢ ¥, &/(9) = i ()¢ ), () =

fj(q;)e””wi(‘;)) | ¢ € L} on L is termed as a TCFLS on L if ¢,71 € L, 3 € F, the under-
neath holds: .

0) 5% +1) 2 §6) AL () = T+ ™ T > PG 4 7)e @ AP +

ﬁ) z27rw

( ) = 7‘;(¢+77) 127rw3(¢>+77) )eiZij(qZ;)vfj(q;_i_ﬁ)ewrrwj(ﬁ);
P(53)e™™5 50 > 7P (G)e T

Té\[( ”) z27rw (B¢) J ((Z;)ei%r

= 73(B¢)e2m(P0) < 7

vii) €2 ([9, 7)) > ;’( 5) A ?( )z»rj <[<5 il

& 7

ir) G([¢,7]) < G(8) v <j<n> = rj([<z>, i) e2m@s 19 > r;(qs) ﬂ“:(@ (7)€ 23

‘31 l-ll
N IA
I_ﬂ
—~
-
+
il

(9)e?real?),
)emw ([$.71) > i ~§’(d>) 1270F (6) M (ﬁ)ei%&%’(ﬁ)’

vn

—

]) 127rw ([6,7]) ( )61271'0.) \/fév(ﬁ) iQWQ?f(f])’

?
A

3
¢

L.?Z
S
!

When the conditions (vii), (viii) and (zx) are modified to
() £ (16.7) > €0(d) v €L (7) = (6, 7)e>™3 10 > 7P (3)e53 ) v g (i7) 275 D,
(LL’Z) §N([(z;7 ~]) < gé\/’(d))/\fé\/( ) = T~ ([(z)’ ]) 127rwj ([¢ 777]) > fé\/((z;)ez%rw/\[(d))ATj (ﬁ)ez%wg\f(n)’
¢

(wid) G((:7]) < G(@) A G i) = (B, A5 BI) > (G5O (1), the
TCFS I is a tripolar complex fuzzy Lie ideal (shortly, TCFLL) on L.

Definition 11. Let I = {(6,60(9) = T (9)e™™F @ el (§) = #(9)e™™ @), 5(9) =
fj(fg)e"%fi(‘;)) ‘f; € E:} be a 7:C.7-'S on L. For 8 € F and qﬁ e L, define f1 =
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) (B'9) fB#0
$a(0) =14 1 if =0, ¢=0
0

and

Example 2. Let £ = {&,ﬁ,ﬁ} and define the TCFS 1 on L as:

(B, 0.5¢i27(02) 0 4¢27(02) ) 6i27(03)),
j{ (7, 1ei2m(0) | (ei2m(0) Oeizw(O))7 }

(7, 0.8¢:27(0-1) () 9¢i27(0-1) 0_7€i27r(0.25))

Let B =1. Then
L) = (579 =€ (9)
and similarly for €N and ¢. Therefore,
BI=1 (since 3=1)
Now consider 8 = 0. Then for each ¢ € L,
s%@w—ﬁ;gzzg,fﬁ@w—ﬁ?gzig

- 0 ifp=0
ng(¢)={1 if &40
(

- (¢, 0, 1, 1),
81 = 7, 1, 0, 0),
(5, 0, 1, 1)

Theorem 5. Let J be a TCFLS on I. Then B is also a TCFLS for any 3 € F.

Proof. Let 1= {(6,] (9) = 77 (9)e™™ @), 6 () = 7 (§)e™F @), 5(9) = i5(@)e ) |

¢ e L} beaTCFLS on L. Define 5I = {(qb sg(qb),&ng(qb) (55(0)) | ¢ € L}, where

So,

¢5(0) = €7 (5719),
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NIy N 1]
() = &'(579),
(53(9) = (B 9).

We need to verify that 5] is also a TCFLS for any 3 € F. Let ¢,7 € L.
Case 1.

Case 2.

Case 3.

Case 4.

Case 5.

12 of 26
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Case 6.

Case 7.

Case 8.

NG 1¢>>v53 (5~"7)

Case 9.

Hence, 3] is indeed a TCFLS on L.

Definition 12. Let I = {(6,67(6),(9), G3(0))} and T = {(6,€£(6),65(9), (())} be
two TCFLS on L. Then I+ T = {(¢, fj+1<¢) &V (o), G35(e ®))} be TCFS on L given by

35
Py ) Wi AEEENEQ) fP=E+S
§j+-i(¢) { 0 : { i ) } otherwise,
N ooy i @V Q) ife=E+3
gj—ﬂ(@ { 1 { } otherwise,

and
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IV Q) ifd=e+<

otherwise.

Cm(é):{ ) fomere G

Theorem 6. Let I and 71 be a TCFLS of L. Then I+ T is a TCFLS of L.

Proof. Let I = {(¢,6F(9),&¥(9),¢3(9)} and T = {(¢,¢L(9),£4(), (5(9))} be two
TCFLS on L. Define their sum as:

where for each gg eL,

sﬁ4@=ﬁm>&ﬂaA£@ﬁ

Pp=E+<S

To verify that J+ Tis a TCFLS of L. Let ¢,7j € L.
Case 1.

g6+ = _sw {LENZ©O)
(i) =e+<
> e {gg’(él +E) NEL (G + 52)}
n=z2+32
> swp {(FE) AT E) A (@) Ad@)}

d) £1+<1
nN=£&2+¢2

= (~ sup {fjp(él) /\51?(51)}) A ( sup {53 (€2) /\f-i( )}>

d=E1+a nN=&z2+<2
- —
= fiﬁ(ﬁb) A &5 5(1)-
Case 2.

SRR R CONE (O}
§$giﬂ{§¥@1+éﬂv§¥@y+@ﬁ
n=€2+<S2

§$£iﬁ“%<>vé< D)V (€ @) v @}
N=£&2+S2

:(~ inf {&(&1) ved (e )}>V( inf_{&'(e) vel (@ )})

Pp=E1+81 =&2+62
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= gf'/,\iﬁ((g) Vv fﬁﬁ(ﬁ)-
Case 3.
(p5(0 + 1) = (é+7i71)1£5+€ {G(8) v ¢s(9)}
< _inf {Cj(51 +&2) V (5(S1 + 52)}

p=¢1+<1
n=€2+<2

< (5:1;15.5 {(G(E1) v (&) V (G5(a1) V ¢5(2)) }
N=E2+G2

N=E&2+S2

= ( inf {Cj(él)VCﬁ(fl)}> Vv ( inf {G3(&2) vV ¢5(R)}

Pp=E1+81

Case 4.
459 = sw {LEnL©)}
Bo=e+<
= s {L(BE/B) NGB}
¢p=¢/B+</B
> swp {LE)NE@)]

Case 5.
§la(30) = it {&eved©}
— b {eN(BE/B) v e (BB
SR CRCCINS (EORN)
in N N
<t {g'erve @
= &=(9)
Case 6.
(5,5(B0) = g@iil;g {GE) VEE©)])
i R CCCRINSIECEN)
< _inf {GE)V&@)
p=&'+¢'

15 of 26
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Case 7.
&6 = sw {LEArEE)]

[B,7]=6+¢

= o (e A& (@D}
=243

> s (e ngE)nE@ @)}
n=£&2+%2

= {%1;[(&) A fjiﬁ(ﬁ)-

Case 8.

[¢,7]=E+<

giaea) = it {e@ve©}

< ot {g' s ve@a.an)
n

Case 9.

< _inf {G(Enal) Vv a e}

Farh
< it {(GE) vV G(E)) V (G1(6) vV 5(&2) )
N=€2+3

(RS

= (3,5(8) V G 5(0).

Hence, 1+ T is indeed a 1+ Tis a TCFLS of L.

5. Nilpotent and Solvable Tripolar Complex Fuzzy Lie Ideals

Definition 13. A TCFLZ J = (5:71),%\/, fj) is called nilpotent if there exists a positive
integer n such that I"=o.
Theorem 7. A homomorphic image of an NTCFLL is an NTCFLT.

Proof. Let f : £L1 — L be a homomorphism of £, and let J = (@?,%\/,C}) be an
NTCFLT in L1. Assume f(I) = 1. We proceed by induction to establish that f(3() D
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0 for n e N. As a base case, we first demonstrate that f£([3,J]) 2 [f(), f(3)] = [7, 7.
Let n € £L9. Then

and

Also,
£ ({465, G0) () = inf { (G5, ) (@) | £(@) =7}
= inf {1 f{max{{i 5),(3(5)} | €, € Ly, [€,¢] = o, f(d) = ﬁ}}
:mf{max{g“:I G(S)} |6, € L1,[6,d = o, f(4) = }
= inf {max{qj(e , j(f)} | £,¢ € Zb [f(6), f(Q)] = 77}
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éef~H(w) cef-1(9)

7
< inf{max{ inf ~ (5(6), inf Cj(f)} | [@7&] :77}

Thus,

For n > 1, we get
FAY=53-IH 2@, FA 20T =T
Let m be a positive integer such that J™ = 0. Then, for 0 # M€ Lo,
o (1) < F(EL)(@) = f(0)7] = sup {0(&) | £(£) =7} =0,

& (n) < F(E0) () = f(0)7 = inf {1() | £(&) =77} = 0.

Also,
G (1) 2 F(Gu) (M) = inf {1(8) | f(8) =7} = 0.

Thus, 1™ = 0.
Definition 14. Let ] = ({?,{é\/,éj) and T = (f%),ﬁj;lv, C~=‘) be two TCFLL of L. The sum
1@ 7 is called a direct sum if IN T = 0.
Theorem 8. The direct sum of two NTCFLLs is also an NTCFLT.

Proof. Suppose that J = (5%3, &V, g}) and 7 = (5%3, &y, éﬁ) are two TCFLZs such that
1N =0. We prove that 7N T = 0. Let ¢(# 0) € £. Then

(€, €8))(9) = sup {min {L(2), ) | [£,¢] = 8}
< min {(9), (9 |
=0
and
(&, e (9) = inf {max {&(8), & (D) }| [.¢] = 6}
> max {¢'(6), &) (4) }
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Also,

Therefore, 3N = 0 = [I™, "] = 0, for all positive integers m,n. Also, we claim that
Je )" CI*a 7" for n € N. We proceed by induction on n. For n = 1,

deq' =felieTcAied Ve 1Ie[ T =1+ .

Ln

Now, for n > 1,

Since, there are two positive integers r&t such that Ir="t= 0, we have

(j ® ;I)rth C jT+t @ ;irth =0.

Definition 15. A TCFLT J = (5%’754\[, 53) is called solvable if there exists a positive
integer n such that ) =

Theorem 9. An N'TCFLZL is solvable.

Proof. To establish the desired result, it suffices to show that I C 37, for all positive
integer n. We will prove this statement by induction on n, making use of Theorem 2,

Lo
|
= !._n

I = 3=, 30D) € (3,300 € 3,30 ) = I

Definition 16. Let J = (5?,%\/, G3) be a TCFLT of L. Construct a sequence of TCFLLs
of L by
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JO = 3,30 = 30 30, 3@ = 30 307, .. I = [J0=1) J0-1),
then 3™ is called the n'* derived TCFLI of L. In which, J0+1) = (§§i+1>:f/j\(/i+1)7<j<i+l>)7
where
(Z) ZfBJ € .7'—, q;j,ﬁj S E, then
7 . ~ bt - ~ 127 min ! (]5 AoP i
f;ﬁH_l) (¢) = Sllpg) Z GNB][QEJWJ]{IHIHJ‘EN{T;? ) (¢]) A T,j]?i) (77]‘)}6 ]EN{ (i )( 5) 3(4) (7]])}}
and if § # Sjen Biloi ), then €,.,(9) =0,
(i) zfﬂj e F, qﬁ],n] e L, then
7 . ~ - - 27 max;en {@N (¢;)VON., (7,

53(”“*1) (¢) - lnfd; > jEN Bild;, WJ]{manGN{Té\/(i)(gbj) v TZ\(/') (Uj)}e sexrt J(Z)( ) 10 (77])}}
and Zf¢ 7é Z]e/\/ Bz[qbu'r/j] then 5 7,+1)(¢) =0,
(#i7) if BJ e F, gbj,nj € L, then
Cj(i+1)(¢) 1nf¢ >, ENg][qs],m {maXJeN{Tj(z (¢J) \ rj (77 )te
and Zbe # Z]e/\/’ 5:[@777]]; then €3(1+1)(¢) 0.
Remark 3. From the Definition 13, we can get 5%)(0) ) 5%3(1) D) 5%3(2) 2.2 {%D(n) O ...,
gy cellycel,c..cell C., and (50 S G5 S Ggm € € G S oo
Definition 17. A J = (gg’,gN ,G3) be a TCFLT of L. Then = (gg’,gN ,(3) is STCFLT
if and if there exists a positive integer n such that f%?m) (n) = 1o, {im (n) = (=1)g and
Ggm (n) = 0o, for all positive integer m > n.
Theorem 10. A homomorphic images of STCFLLs are STCFLLs.

Proof. Consider f : L —>~£~/ be a homomorphism of £, and assume that J = (5%3 &N G)
isa TCFLT L. Let f(I) =T, ie. , &5 = Ejf(j), {éiv = {Jf\éj). We aim to prove, by induction
on n, that §f(j(n) g‘l(n) and §f(3(n) f%\{n), for all positive integer n. As the base case,

127 maxJEN{wj( )(%)VW 77])}}

consider n = 1. Let 77 € £ . Then

gf(j(n)(ﬁ)

_ P s

= &5 ()

= sup {&7 - (7)
ﬁf(é){ 7@}

= sup sup {min {?’%)(QBJ) A f?(ﬁj)} i2m minjen{@F (%)/\wz’(m)}}
ﬁ:f(é) ¢7 Z ﬁ][¢’]’773] JEN

= sup min {7? (6;) AT (ﬁj)} pi2m mingen{@F (6,) AT (m)}}

é= 3 Bjlds.) N
JEN

<

: ~P7 ~P~ 427 min; P (BINP (7 ~ B B ~
IR {mm {T%D(qﬁj) AT?(”j)}eQ sedey @A | §(6,) = &, (i) = }

o= BilE; .S JEN
jen
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B P P~ 27 min-EN{GJ (Eg)/\w ()}
- sup {mln 4 (Ej)NT 5 (Sj)re ! }
Z /39 [€5.55]=0 ]EN{ }

= %, (0)
_fﬁ(l)( )

and

5'/\{5(1))(~)

b N
= inf ¢  inf {max 7 (Qf))/\FN(ﬁ) elzﬂmaxjeN{w ()8 (’7;)}}

ii=f($) ¢:_§Vﬁj[¢j7ﬁj] geN{J J J J}
J

— inf {max 77{\/—((;5)/\77{\/'(77) zmeaxJeN{w (¢])/\w (nj)}}
4= Zﬁj[qu,m jeN{ I\ 3 ]}

ot 7 ~N (= 127 max, N (NN (75 ~ N B 5
=_ _inf {maX{ 3 (cbj)Mé\/(nj)}eQ 1ex &3 @A DY | £(6,) = &, f(7;) = j}

=2 BilE;:¢i] JEN
Jje
) ~N (= ~ N[~
= ~inf _ {max fN(g) A fN(f) eﬂwmaxjej\f{w;i (6]’)/\“;;‘ (9)}}
Z Bjl€5,55]=9 je/\f{ N 3 \55 }
= &l +(7)
= &5 (@)
Also,
Crn (M)
= G (1)
= inf~ C/\[ - (77)
ﬁ=f(¢>){ [7.1] }
= inf inf {%%{E(‘%) A fj(ﬁj)} pi2mmax;jen {5 ((&j)/\&j(ﬁj)}}

i=f(@) | o= X B[]
JEN

T {max 73(65) A 75(75) 6i2“maxjeN{wj(<5j)A@j(ﬁj)}}
¢:.§v5j[¢1,ﬁj} ]EN{ I 37 }
J
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d’:.g{ﬁj[fjij] JEN{ I \"j } ! J J :
J

_ inf ] {max Fe(5) A 7=(S)) €i27fmaX]’eN{&ﬁ(gj)/\@ﬁ(ij)}}
2 BjlEsSl=o B A }
JEN

= ¢5,5(7)

= (3 (7).

The statement holds for the base case n = 1. Now, assume that it is true for some positive
integer n — 1; that is, we assume the induction hypothesis holds for n — 1. Then

P _ P _ P _ P _ P
gf(j(n)) - gf([j(nfl)j(nfl)]) - g[f(j(nfl))hf(j(nfl))] - g[;[(nfl)’;i(nfl)] - gﬁ(n)’

N N N N N
ff(j(n)) = ff([j(n—n’j(n—n]) = g[f(j(n—l))’f(j(n—l))} = g[ﬁ(n—l)’;[(n—l)} = fﬁ(n)

and

Cramy = CpEm-v 3n-07) = SipEm-1y, fGm-1y = SEm-1) Fm-1] = CHm) -

Let §§m) = lo, €f/(\(/;n) = (=1)o, and C5tm) = 0p. Then

€ (1) = €0 (i) = sup {10(8)} =0,

i=f(¢)
€ ) = €53y (1) = _int. {(=1old) } =0.

and

Gy (11) = Cp(gmy (1) = ﬁ:il}(fqg) {Oo(@} =0,

for every 0 # 7 € L. So €&, =10, € = (~1)o and (s = Oo.

Theorem 11. Let ] = (5%3,5?[,5) be a TCFLL of L and suppose that the quotient
forms a STCFLL in the quotient algebra C

of L, and also serves as a TCFLT of I =
= (5%3,{4\/, fj) is solvable.

1
J
. Assume that 1 = (5%),5/;‘\/, Qta‘) is a STCFLT
5%3,55\[,5). If, in addition, (J) = I(J), then

Qi

—

Proof. Let f: L — % be the canonical map. According to the argument presented in
the proof of Theorem 7,

P —_ ¢P N —_ ¢P - — -
§¢(j(n)) - 5(%)(71)’ €¢(j<n)) - 5(%)(71) and Cd)(](n)) - C( )

e
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Since } is solvable, there exists a positive integer n such that §P fN =(-1)o

()() ()
and 1) = 0.

(n

ForO;énE j,we have

P — P~ n) — 0
e foA(i) {fj(n> (m)} $raen () = §(%)<n) =0
me}rlf; ) {gj(n) (m)} gf(:[(m)( ) g(%)(n) (77) 07

and

Hlf {C;m (M)} = Gy () = C(%)m)(ﬁ) =0.

mef-1

Note that m # 0 and m € £. Then 5%?”)( m) =0 fj(n)( m) = 0 and (3¢, (m) = 0.
For 77 = 0, we have

SUp 4 &5, (M) | = 750, (0) =1,
mef<>{<3”> b=y

int, {g Moy () } = €15, (0) = =1

mef—1

and

inf {C(jm))(m)} = Cr(my(0) = 0.

mef=1(0)
Since f~1(0) = J and (J) = I(J), we have
(7)) =L (T), 50 (T) = €0, (T) and o (T) = Ggen (T).
For any ¢ € J, T 1is solvable, then there exists a positive integer n such that fgn) =1y
and &Y, = (=1)o,
&8,y =10, &) = (=1)0 and G = 0p.

Hence, 5%?71) = 1y, fzii(\/n) = (—1)o and (5 = 0Op, which implies that 1= (5%3,54\[, ¢) is
solvable.

6. Conclusion

In this paper, we extended the framework of tripolar complex fuzzy sets (TCFS by in-
troducing the concept of tripolar complex fuzzy Lie brackets and investigating their funda-
mental algebraic properties. We demonstrated that the scalar multiplication and addition
of tripolar complex fuzzy Lie subalgebras yield a tripolar complex fuzzy Lie subalgebra,
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reinforcing their algebraic closure properties. Also, we established that the homomor-
phic image of a nilpotent (or solvable) tripolar complex fuzzy Lie ideal remains nilpotent
(or solvable), highlighting the structural preservation under homomorphisms. Finally, we
proved that every nilpotent tripolar complex fuzzy Lie ideal is solvable, extending a fun-
damental result from classical Lie theory to the tripolar complex fuzzy setting. These
results contribute to the growing body of research on fuzzy algebraic structures, particu-
larly in the context of multipolar and complex-valued fuzzy systems. In future work, we
will extend the framework to n-polar complex Pythagorean fuzzy Lie algebras to explore
higher-dimensional algebraic properties.
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