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Abstract. In this paper, we investigate new identities involving generalized Fibonacci and Lucas
sequences, as well as their associated quaternions. After establishing the fundamental properties
of these generalized number sequences, we derive quaternionic extensions of product-difference
identities originally introduced by Everman and Koshy for Fibonacci numbers. These results not
only generalize classical identities, but also reveal new algebraic structures within the framework
of generalized quaternion sequences.
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1. Introduction

Fibonacci and Lucas number sequences are used in many areas of mathematics due to
their repetitive structures. They arise in number theory with their divisibility properties,
in analysis with their generator functions, in linear algebra with their matrix representa-
tions, in combinatorics with tiling problems, and in geometry with their fractal structures,
etc. Because of such a wide range of applications, many generalized versions of these num-
ber sequences have been defined; some by changing the recurrence relation, and others by
changing the initial conditions. These sequences offer more complex and richer mathe-
matical structures, especially when combined with quaternion structures. Furthermore,
the extension of these numbers to quaternions is being studied by many authors in both
theoretical and applied fields.

Fibonacci sequences are seen in many structures in nature, such as the arrangement
of sunflower seeds, the structure of a pine cone, the crystallization of a snowflake, and the
spiral pattern in seashells. In [1], Sharma explores the evolution of the Fibonacci sequence
and its modern applications, especially in fractal geometry. Generalized sequences can be
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used to explain more complex models of these natural patterns, for example the structure
of DNA [2]. In addition to being used to model patterns in quantum physics and other
physical systems, quarks, which we know from physics theory, can also be given as an
example[3].

Fibonacci and Lucas number sequences are notable for their mathematical structure as
well as their applications in various disciplines. The properties of these number sequences
are utilized in computer science, algorithm development, cryptography, nature science, art,
engineering and design, finance and economics [4]. Among the algorithms used in com-
puter science, the Fibonacci search algorithm and the golden ratio search algorithm offer
particularly good solutions for searching and sorting. The increasing number of different
generalizations of these sequences of numbers is being used to develop new algorithms [5].
Thus, more flexible and adaptable algorithm versions can be developed that reduce data
processing costs, such as the running time of the algorithm used, and how close the results
obtained are to the true value with less error. In addition, these sequences of numbers
are used for key exchange and encryption in secure communication systems. Moreover,
Fibonacci and Lucas sequences are used in engineering for signal processing and struc-
tural optimization, as well as architecture and design [6]. The golden ratio is also used in
determining aesthetic proportions in art and architecture, rhythmic structures and compo-
sitions in music. In addition, Fibonacci sequences are used in technical analysis in finance
and economics to determine support and resistance levels [7]. Generalized sequences can
be used to build more complex models of market movements.

There are many studies on the mathematical properties and applications of quater-
nions whose elements are generalized Fibonacci and Lucas numbers. Research in this area
not only provides new results in theoretical mathematics, but also new solutions in opti-
mization, cryptography, and especially in transformation and rotation problems in physics
and engineering.

Halic1 obtained numerous new equations by generalizing various Fibonacci and Lucas
quaternions and deriving their Binet formulas, generator functions, and matrix repre-
sentations [8-10]. Kesim obtained exponential generator functions for the generalized
Fibonacci and Lucas quaternions and obtained binomial sums of these quaternions [11].
Kome et al. introduced the modified generalized Fibonacci and Lucas quaternions and
gave the generator functions, Binet formulas and matrix representations for these quater-
nions [12]. Moreover, Aydinytiz and Asci introduced the generalized k-order Fibonacci
and Lucas quaternions and obtained their generating functions and matrix representations
[13]. Kizilates et al. define higher-order generalized Fibonacci quaternions with g-integer
components using g-integers and higher order generalized Fibonacci numbers and obtain
Binet-like formulas, generator functions, recurrence relations, and matrix representations
for these new quaternions in [14]. In [15], Shpakivskyi investigates some properties of
generalized Fibonacci quaternions and Fibonacci-Narayana quaternions.

In this paper, we rederive the classical results of Koshy and Everman using general-
ized Fibonacci and Lucas numbers, and subsequently apply these results to quaternions.
In this context, generalized Fibonacci and Lucas quaternions will be defined, and their
properties will be studied in detail. In addition, generalized versions of some equations in
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the literature will also be obtained in this study. The aim of this study is to understand
the mathematical structures of quaternions based on generalized Fibonacci and Lucas
numbers and to show their connection to classical results through the derivation of new
identities.

In this section some literature overwiev is given about Fibonacci and Lucas sequences,
their generalizations, and quaternion generalizations. The rest of this paper is organized
as follows. In the next section, the basic properties of generalized Fibonacci and Lucas
sequences will be discussed and new identities related to these sequences will be obtained.
Then in the third section, the algebraic properties of quaternions whose terms are com-
posed of generalized Fibonacci and Lucas numbers will be given, and new identities re-
lated to these quaternions will be obtained by using Binet formulas. Finally, we will give
quaternion generalizations of product differences of Everman and Koshy based Fibonacci
identities’.

2. Properties and Identities of Generalized Fibonacci and Lucas
Sequences

Definition 1. Let H, be a sequence defined by the recurrence relation
H,=H, 1+ H, o, for n>3, (1)

with the initial conditions Hy = p, Ho = p + q, where p and q are arbitrary integers.
The terms of this sequence are

p, p+q, 2p+4q, 3p+2q, bp+3q, 8p+5q, 13p+8¢q, ....

This sequence is called Horadam’s Generalized Fibonacci Sequence [16, 17].

(F,) is the Fibonacci sequence with the recurrence relation
Fp=0, =1 F,=F, 1+F, 2 forn>2,

defined by taking p = 1 and ¢ = 0 in (1). Similarly, taking p = 1 and ¢ = 2 in (1), the
Lucas sequence (L) is defined with the recurrence relation

Ly=2, L1=1, L,=L, 1+ L, o forn>2, [18], [19]

Kalman and Mena, in [20], defined generalized Fibonacci and Lucas numbers with the
recurrence relation
Apto = a1 +bA,,

for all n > 0 where the sequences depend on initial conditions Ag and A;. They identified
several number sequences corresponding to different values of R(a,b), as illustrated below.
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Table 1: Generalized Fibonacci and Lucas-Type Sequences [20]

4 of 22

Sequence

Initial Conditions

First Terms

Fibonacci numbers

R(1,1), 49 =0, 4, =1

{0,1,1,2,3,5,8,13,21,34,55,...}

Lucas numbers R(1,1), Ay =2, A1 =a {2,1,3,4,7,11,18,29,47,76, ... }
Pell numbers R(2,1), A4g =0, A, =1  {0,1,2,5,12,29,70,169,...}
Pell-Lucas numbers R(2,1), Ap =2, A1 =a {2,2,6,14,34,82,...}
Natural numbers R(2,-1), Ap=0,A; =1 {0,1,2,3,4,5,6,...}
Constant sequence R(2,-1), Av=2,A1=a {2,2,2,2,2,2,2,...}
Mersenne sequence R(3,-2), Ap=0,A;,=1 {0,1,3,7,15,31,...}
Fermat sequence R(3,-2), Ap=2,A1=a {2,3,5,9,16,33,...}
Periodic (with period=6) R(1,-1), Ap=0, 4, =1 {0,1,1,0,-1,-1,0,1,...}
Periodic (with period=6) R(1,-1), Ap=2, A1 =a {2,1,-1,-2,-1,1,2,1,...}
Even-indexed Fibonacci  R(3,-1), 490=0, A; =1 {0,1,3,8,21,55,...}
Even-indexed Lucas R(3,-1),Ag =2, Ay =a {2,3,7,18,47,...}

Koshy, in [19], introduced the notion of (p, ¢) generalized Fibonacci numbers.

In this study, we present several properties of the (p,q)-generalized Fibonacci and
Lucas numbers. Now let us give the definition of a (p, ¢) generalization of Fibonacci and
Lucas sequences.

Definition 2. ([16, 17]) Let p,q € Z. The sequence (U,) defined by the relation
Un = pUpn—1+ qUp—2,

for all n > 2 with initial conditions Uy = 0, Uy =1 is called the generalized Fibonacci
sequence, and the number U, is called the n — th generalized Fibonacci number.

Definition 3. ([16, 17]) Let p,q € Z.The sequence (V,,) defined by the relation
Vi = an,1 + an727
for all n > 2 with initial conditions Vo = 2, Vi = p, is called the generalized Lucas

sequence, and the number V,, is called the n — th generalized Lucas number.

2

The characteristic equation of these generalized sequences are z° — pr — ¢ = 0. Let

A = p? + 4q > 0; the roots of this characteristic equation are given by

p— VA

2 9

o =

5 and =

which satisfy o + 8 = p and o8 = —q. Moreover, a®> = pa+¢ and B? = pB+ ¢. By
induction, it can be shown that for every n € N,

a" = alUp + qUy 1,

(2)
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571 = BU, + qUy,—1. (3)

Similarly, it can be shown by induction that for every n € N, the elements of the
generalized Lucas sequence satisfy the identities

VA" = aV, + qVn-1, (4)
VAP = Vi + qVi-1. (5)
Moreover, the Binet formulas for generalized Fibonacci and Lucas numbers are given
by

an_ﬁn n n
Unzﬁy Vo=20a"+p (6)

for all n € Z [20, 21].

Since each term is a linear combination of the two preceding terms, we have

1 >+
U—l:fa U—Q:_%7 U—3:p 3q7"'
q q q
and ) 5
+ 2 + 3
V_12—27 V—2:p 2 q7 V—3:_p73pq7‘..
q q q

From these results, it was shown in [22], using the Binet formulas, that the generalized
Fibonacci and Lucas numbers with negative indices satisfy

U_, = _(_Q)nUna Vo = (_Q)nvn-

Many authors have used the properties of these sequences and have proved numerious
identities, sum formulas, and matrix structures, while many others have investigated the
product differences of Fibonacci and Lucas numbers. Some of these classical Fibonacci
identities are such as Cassini’s identity

Fy = Fooi Fopn = (Z1)"71,
which was proved in 1680 and Catalan’s identity
Fp = Fom Fppm = (1) E7,
which was proved 1879, and the d’Ocagne’s identity
Foin = Fu 1 Fy + Fpy Fru,

was proved in 1882.

Since we will focus on the product differences of generalized Everman and Koshy
based identities, let us first recall the term “Product Difference Fibonacci Identity” with
the following definition.
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Definition 4. (Product Difference Fibonacci Identity) Let s > 1, and the a; and b; be
specified integers and D, be of some interesting form for all integers n. Then the product
of the form

I Fovra: = T[] Foser = Dulaibis s) = Dn. (7)
i=1 i=1
is introduced by Fairgrieve and Gould in [23].

It can be seen that Cassini’s and Catalan’s identities are some versions of the equation
(7). There are many identities related to (7). For example, Morgado used the Catalan
identity to prove the following equation

FooFy 1 FyiyFuyo — FY = —1.
n [24]. Recently, in [25], Melham discovered the following formula
Fos1FoioFnys — Fiyg = (Z1)"Fy.
More generally the following equation
FoiaFosp — FpFpyasy = (~1)"F, F. (8)

was stated by Everman at al. as a problem in The American Mathematical Monthly [26]
and appears in Vajda [21, p. 177, Eq. (20a)]. (8) can be called the extended version of these
classical Fibonacci identities. Actually, Horadam had already expressed some identities
similar to equality (8) with some generalizations and he had stated the following equation

Hn Hn—f—r-{-l - Hn—s Hn—l—r-{—s—f—l - (_1)n+s [p2 — pPq — q2] Fr+s+1 (9)

in [16].
Then in [25] Melham proved the identity

Fn+a+b—c anaJrc Fn—b+c - Fn—a—b+c Fn+a Fn+b = (_1) ntatbe Fa+b—c(Fc Fn+a+b—c+(_1)c Fafc Fb—c Ln) .

Since Cassini’s, Catalan’s, d’Ocagne’s identities, and all of the identities given in equa-
tion (7), (8), (9) and their variations are also given in Koshy’s book [19], we refer to the
new identities that we prove in this article as “Quaternionic Generalizations of Everman
and Koshy”.

Using the Binet formulas given in (6), Cassini’s and Catalan’s identities can also be
generalized.

Theorem 1. (Cassini’s Identity) For all n € Z, the following identity holds

Un-1Up+1 — U721 = _(_Q)n_l-
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Proof. Using the Binet formula and the relation a8 = —¢, we have
Gt g2 = @ @ ) (o = g2
n— n -
" (a—B)? (a—B)?
a2n + IBQn _ an—lﬁn—i—l _ an-i—lﬂn—l a2n + BQn _ 20&an
a (a—B)? (o —B)?
- _an—l—lﬁn—l o an—lﬁn—‘rl 4 2&”,8”
(a—B)?
10+ B2 —2ap B

= ~(ap) (@Bt = —(—"

(a—p)?

Theorem 2. For alln € Z, the following identity holds
Vi1Vagr = Vi = (=" A
Proof. Using the Binet formula and identities o3 = —¢, @ — 8 = VA, we obtain
VatVagr = Vi = ("4 8771 (@™ 4 7 — (o + )
= (&®" + 2" + ™17 4 oY) — (027 + B2 4 20787
— rtlgnTl L gnolgndl _gangn
= (af)"H(a® + 5 — 2aP)
= (af)" H(a - B)?
= (—q)" A

Theorem 3. (Catalan’s Identity) For all n,r € Z, it follows that
Un—rUn—i—r - Uy% = _(_Q)nirUﬁ'
Proof. Using the Binet formula and a8 = —¢q, we have
—r _ 5n—7’)(an+r . ﬁn-‘,—r) B (an o ﬁn)Q
(a—p)? (a—p)?

a2n 4 /8271 o an—'r/@n—l—'r o an+rﬁn—r B a2n 4 /BZH o 20[",6”

(a—p)? (a—p)?
_an+r6nfr _ anfanJrr + 2@”5”

(a—p)?

_ o a2r + 627“ _ 2ar6r
— e ey

- - o — ﬂr 2
= —teor~ (=5)
= —(aB)" " (U:)?

— (-0,

Un—rUn-l—r - UEL = (a
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Theorem 4. For all n,r € 7Z,
Vi Vigr — Vn2 = (*Q)n_TAUg-
Proof. Considering the Binet formula, identities a3 = —¢ and a — 3 = VA, we have
anrVnJrr a 571—7“)( n—+r BTH-'I“) o (an + 571)2
(a2 + /6211 + a™™ anJrr 4 an+r6n r) (a2n + /B2n + QQan)
an+rﬁn T + an TIBnJrr 2&”,8”
= (aB)" T (a® + 7 —2a7B")
= (aB)""(a" = ")

a—p
= (aB)" U (o — B)?
(—q)" "AU;.

Corollary 1. For all n,r € Z, we have Vi, Vypyy — V2 = —~A(Uy_Upyr — U2).

n

Proof. Follows directly from Theorem 3 and Theorem 4.

Siar and Keskin [27] established several identities using the matrices [}1? (q)] and lU{}H
n

and proved the following results

Vi = (0 + 49Uy = 4(—q)",
AURUn = Vingn — (—¢)" Vin—n,
(=0)"Vin—n = Un+1Vn = Vo1 Un,
UrUnsntr = UntrUntr — (=q) U Un,
UrUngn—r = UnUn = (=) U~ Un—r,
UrUnmin = UnUnyr — (_Q)TUm—rUna
ViVinsntr = Vintr Vatr + (=@)" AU Un,
ViVingn—r = (=@)" " Vin—r Voueyr + AU, Up,
ViUman = UnVinir + (@) " Va—rUn,

and more. Now we will prove other identities as follows.

Theorem 5. For all n,r € Z, we have U2, — ¢*"U2_, = U, Usy.

qUy,

qUn—l ’
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Proof.
2 272 QT — g ’ o (" =TT ’
et (L ()

a2n+27‘ + ﬁ?n—i—?r -9 (aﬁ)nJrT a?n—?r + I82n—27" -9 (O{,B)nir

(a—B)? (a—p)?

— (aB)™

- [a2n+2r + ﬁ2n+2r _9 (aﬁ)n-i-?“} _ (a/@>27’ [a2n72r + 52n72r —9 (aﬂ)n—r}
(a—B)

a2n+27‘ + /82n+2r o a2nﬁ2r _ a2r52n _ a2n+2r o a2n52r 4 62n+2r _ aQrﬁ2n

(o — 5)2 (a— 5)2
_ a2n (a2r _ 62r) + 6211 (627" _ 0421") _ Ct2n (a2r _ BZT) _ BZn (0421" _ l32r)
(a—B)? (a—pB)
(a2n o /82n) (a2r o IBQT’) _ (a2n _ ﬁ2n) (a2r o l82r) _
(Oﬁ _ 5)2 - o — 5 o — ,8 - U2nU2r-

Theorem 6. For all n,r € Z, it follows that V;2,, — ¢*"V;2_, = AUs,Us,.

Proof.
2
Vn2+r _ q2rVnQir _ (an+r + 5n+r) - (_q)2r (Oénir + ﬁnfr)2

— [a2n+2r + B2n+2’r + 9 (aﬁ)nJrr} _ (aﬁ)%‘ |:a2n—2r + 5271—27‘ + 2 (Oéﬁ)nir}

— a2n+2r + 6271—1—27" _ a2n62r _ a2r62n — a?n <a27’ _ 627‘) + 5271 (527’ _ a27‘)

— a2n (a2r o 521") o /6211 <a2r o /62r> — (a2n o BZn) <a2r o ﬁQT’)

_ (a2n _ 5271) (a2r _ 627‘)
- a-—-p a—pf

The following result is a direct consequence of Theorem 5 and Theorem 6.

(o — B)% = AUy, Uy,

Corollary 2. For all n,r € Z, it follows that V;2 . — ¢*"' V2, = A (U2, — ¢*"U2_,] .
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3. Generalized Fibonacci and Lucas Quaternions

Quaternions are four-dimensional hypercomplex numbers introduced by William Rowan
Hamilton in the 19th century and used to represent transformations in three-dimensional
space [28]. Quaternions, whose coefficients are Fibonacci and Lucas numbers, have also
become an interesting sequence with many generalizations over time. Let us start by
giving the fundamental definition of a quaternion.

Definition 5. Let a,b,c,d € R and i*> = —1, j? = —1, k? = —1, with the multiplication
rules ij = k = —ki, jk =i = —kj, and ki = j = —ik. A hypercomplex number of the form

g=a+bi+cj+dk

is called a quaternion [28]. The elements 1, i, j, and k are called the basis or characteristic
elements of the quaternion.

Definition 6. Let a1, a0, as, a4, b1, bo, b3, by € R. For two quaternions
a = a1 + ast + azj + agk, b=0by + bai + b3j + bsk,

the addition, subtraction, and multiplication operations in the quaternion algebra are de-
fined as follows:

a+b= (a1 + azi + azj + ask) + (b1 + bai + bzj + bsk)
= (a1 +b1) + (a2 + b2)i + (a3 + b3)j + (as + ba)k

a—b= (a1 + agi + azj + ask) — (b1 + bai + b3j + byk)
= (a1 — bl) + (ag — bz)i + (a3 — bg)j + (CL4 — b4)k‘

ab = (a1 + agi + asj + agk)(by + bai + bsj + bsk)
= a1(61 + bot + b3 + b4k) + agi(bl + bai 4 b3j + b4k)
+ a3j(by + boi + b3j + bak) + ask(by + bai + bsj + bak)
= (a1by + a1bai + a1b3j + a1byk) + (agbii + agboii + azbsij + agbyik)
+ (asbij + asbaji 4+ asbsjj + asbajk) + (aabik + asboki + asbskj + asbakk)
= (a1b1 — agby — azbs — asby) + i(a1ba + agby + azby — aqbs)
+ j(a1bs + agby — asby + asbs) + k(a1bs + asby + azbs — azbs).
The quaternion
qg=a—bi—cj—dk

is called the conjugate of the quaternion ¢ = a + bt + ¢j + dk. The norm of ¢ is defined by
N(q) = |lall = vag = Va2 + b2 + 2 + d2, [29-31].
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Horadam, in [32], defined Fibonacci and Lucas quaternions as
Qn - Fn + Fn—i—li + Fn+2j + Fn+3k7 Kn - Ln + Ln—i—li + Ln+2j + Ln+3k7
for all n € Z, where F, and L, are Fibonacci and Lucas numbers, respectively.

In this section, we define the (p, q) generalizations of the Fibonacci and Lucas quater-
nions and examine their properties.

Definition 7. Let U, be the n-th generalized Fibonacci number. For alln € N, quaternions
of the form
Qn = Un + Un+1i + Un+2j + Un+3k

are called generalized Fibonacci quaternions. Let V,, be the n-th generalized Lucas number.
For alln € N, quaternions of the form

Kn = Vn + Vn+1i + Vn+2j + Vn+3k
are called generalized Lucas quaternions [28, 29, 31, 33].

Binet Fomulas for generalized Fibonacci and Lucas quaternions will be given in The-
orem 7.

Theorem 7. (/33]) Let & = 1+ ai+a?j + o’k and B =1+ i+ B2 + B3k, then the
generalized Fibonacci and Lucas quaternions are given by

s -

and K, = o™a + "8,
a—pf

Qn:
for alln € N.

Proof. Using (6) in the expression @, = Uy, + Upt1i + Upi2j + Upisk, we obtain

_ a — Bn an+1 _ BnJrl an+2 _ l3n+2 an+3 _ ,Bn+3

Qn = oy + - i+ Py J+ " k
(" + o™i+ " 2j + a"T3k) — (B" + i+ g2 + g k)
- -
(14 ai + oj + a3k) — (1 + Bi + B2 + B3k)
— —
_a"a—pnj
=

Similarly, using (6) in the equation K, = V,, + V410 + V107 + Via3k, we get

K, = (a" + 5" + (a”'H +ﬁ"+l)i + (an+2 +6n+2)j + (an+3 +5n+3)k
=a"(1+ ai + a%j + a3k) + B™(1 + Bi + §%) + k)
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= a"a + B"B.

The generalized negative-indexed Fibonacci and Lucas quaternions were defined by
Takin in [31] as:

Qn=Un+U_ni1i+U_ni2j+U_pni3k and K =V o+ V_ pi1i+Vopi2j+Vopisk

for all n € N. For example,
Q1 =Ua+Uoi+Unj+Usk = +0i+j+pk, Koy = Vot VoitVij+Vak = —§+2z+m+(p2+2q)k-

According to Iyer [34], the following properties involving the Fibonacci and Lucas
quaternions hold. Here, @), and K, are the Fibonacci and Lucas quaternions, not their
generalizations.

Qn - iQn-&-l - an—i—Z - an—i—S = Ln+37

21+ Q2 =2Qam-1 — 3Lanta,
21— Q2 = QnKy = (2Q2n — 3Lany3) +2(—1)""1(Qo — 3k),
Qu-2Qn—1 + QnQn+1 = 6F, Q1 — 9Fhns2 + 2(—1)"(Q-1 — 3k),
Qn-1Qnt3 — Qnypq = (—1)"[2 + 4 + 35 + K],
Qn-1Qnt1 — Qn-2Qni2 = (—1)"[2Ko — k] + 4(=1)""1[Qo — 2k],
Qn—3Qn—2 + QnQni1 = 4Q2n—2 — 6Lon1,
1+ Q2 =6F1Qn1 — 93 +2(—1)"Q_o,
Qn—i—r + (_1)TQn—r = QnLr,
Qna1—rQni1tr — Qg = (—1)" " [F?Ko + Far (Qo — 31)],
QutrLnyr = Qanyar + (=1)"""Qo,
Qn—rLn—r = Qan—2r + (—1)""Qo,
QntrLntr + QnorLn—r = QanLay + 2(—1)"""Qo,
QntrLnyr — QnrLn—r = For Kop,
QntrLn—r = Q2n + (=1)" 7" Q2.

Before presenting the Catalan’s identity for generalized Fibonacci and Lucas quater-
nions, we will first prove some preliminary lemmas.

Lemma 1. Let & = 1 + ai + o2j + o3k, = 1+ Bi + 8% + B3k, and define
A=Ko-(1-q)(1+¢*), B=(-q)i+(-p)j+k,
then the following identities hold

B = A+ qBVA, (10)
Ba = A—¢BVA. (11)
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Proof. Using quaternion multiplication and the identity a8 = —¢q, we compute

aB = (14 ai + % + &®k)(1 + Bi + 8% + k)

13 of 22

= [2+(a+B)i+(a®+52)j+(a’+8°) k]~ [L+as+a? 5 +a’ B2 —ap(a—B)afi—(a+5)j+k]

= Ko— (1 - q)(1+ ¢*) + ¢VA[(=q)i + (—p)j + k] = A+ ¢BVA,
which completes the proof. Similarly, it can be shown that /3’64 = A—¢BVA.

Lemma 2. Let & = 1 + ai + o?j + o3k, B =1+ pi+ B% + 3%k, and r € N. Then the

following identities hold:
Gpp — Baar
a—pf
app” + paa” = AV, — qABU;,
where A= Ko — (1 —q)(1+¢?) and B = (—q)i + (—p)j + k.
Proof. Using equations (10) and (11), we get
aBpr — Baa” _ (A+¢BVA)BT — (A—¢BVA)a"

a—p - a—p
_ gBVA(@" +87) — Aa” — §)

a—p

= QBV;« - AUT»

=qBV, — AU,

which proves the equation (12).
Now considering the equations (10) and (11) we have

GBp" + faa” = (A+ ¢BVA)S" + (A — ¢BVA)Q"
= A(a" + ") — ¢BVA(a" — ") = AV, — ¢ABU,,
which proves the equation (13).

Lemma 3. Let & =1+ ai + o2j + o>k, ,5’ =1+ Bi+ B%j + B3k. Then it follows that

OA‘/B - /305 = (_Q)\/ZQ—M
af" = fa” = VA(-q)'Q,

forallr € Z.
Proof. Using the Binet formula, we achive that
6f — o= ap (Z - g) — (~q)VAQ-,
a8" - fa = (B’ (Oi - ;) VA(~q)'Q_,

(14)
(15)

Now we can prove the generalized product differences of Fibonacci and Lucas quater-

nions in Theorem 8 and Theorem 9.
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Theorem 8. For all n,r € Z, it follows that
Qn—rQn—i—r - Q?L = (_Q)n_TUT [qBV;” - AUT])
where A =Ko — (1 —q)(1+¢?) and B = (—q)i+ (—p)j + k.

Proof. Using the Binet formula and (12), we obtain

QnrQuir — Q2 = (aoﬂ—f—é’ﬁ"—r) (aa"+7“—ﬁﬁ"+r> B <da”—/3’ﬁ">2

a—pf a—f a—pf
B &2a2n 4+ 3252" _ @Ban—rﬁnw _ B&anJrrIanr a2a?n + B2ﬁ2n - Q&Banﬁn
- (a - B)? - (a = B)?
_ —dﬁa”_’"ﬂ”” — Bda””,@’”_r + 2@3@"6”
B (a—pB)?

o 0 () + ()]
_ (@f)"(a” = B") (aﬁ Ba>
(a—B)2

_ (ap)*(a" = B") (dBBT - Bw) _ (apyr. (& =B &8 Bap
(a—B)? (aB) (a=B)  (a—p)
_ n—r a’ — BT aﬁﬁr - Baﬁr
e L (2

— (aB)" U, - (qBV, — AU,) = (—q)" U, [qBV; — AU,
as desired.
Theorem 9. For all n,r € Z, it follows that
Ky Ky — Ki = —(=q)""UAlgBV, — AU,
where A = Ko — (1 — q)(1+ ¢?) and B = (—q)i + (—p)j + k.
Proof. Using the Binet formula and equation (14), we have:
K Knir = K = (60" + B3"7) (G0 + B5™7) — (60" + BB")?
= a2a?" + 325% + déan—rﬁn-‘rr + Bdan—i-rﬁn—T . (&2&271 + BQIBZn + 2&Banﬂn)
= —afa" BT — Baa™ T AT 4 2aBa” B

= —(—q)" "U,AlgBV, — AU, .

As a consequence of Theorem 8 and Theorem 9, we can give Corollary 3.
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Corollary 3. For all n,r € Z, it follows that
Kn v Knyyr — K = =A[Qn—Qnir — Q).
Theorem 10. For all n,r € Z, it follows that
2 — Q2 = Usy 2Qan — (Uan + Uspio + Uspa + Uzpy)] -

Proof.
A ontr _ Apntr 2 A on—r _ Apn—r\ 2
it - (BB (=)

Gaa2H 1 BREH _ (aB)™T (af + Ba)
= 3 *(aﬁ)
(= B)

aaaQ” 2r +,8,652n 2r _ (Oé,B)nir (aB +Ba>
(a —B)*

(G602 2 4 BRE2 — (a)™ (a8 + Ba )| — (aB)" [ada® =2 + BBE2 2 — (aB)" " (4 + Ba)]

(o — B)?

a@a2n+2r + ﬁBAﬁQn—&—Qr o OAéOAéa2n52r . Béa%“ﬁQn & (a2n+2r o a2n/62r) + BB (,B2n+2T . a27‘52n)

(o — B)? (o= B)°
_ Lban (a27‘ o IBQT) + BBBQn (627’ o a27‘) _ LbaZn (a27‘ o IBQT’) - BBﬁQn (a27" o 527‘)
(a—B)? (a—p)?
B a?" — B2 aha®™ 5,6’62” U adam Bﬂﬁ%
T a-p a—p T a-p
:U% (26 —-1-a?—aot —a;_f"(QB 1—52—64—66)

9 (da2n . Bﬁzn) . (a2n . ﬁ?n) . (a2n+2 _ 62n+2) _ (a2n+4 _ 62n+4) _ (a2n+6 _ 62n+6)

a—p
U 2da2n _ /3ﬁ2n a2n _ l32n a2n+2 _ 521@—&-2 a2n+4 _ /82n+4 a2n+6 _ 52n+6
I a—B a—p a—p e

= Uy 2Q2n — (U2p, + Uzpt2 + Uszpya + Uznys)] -
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Theorem 11. For all n,r € Z, it follows that
K2, — ¢ K2, = AUs, [2Qan — (Uzn + Uspio + Uspra + Usnye)] -
Proof.
R 2 R 2
K2, —q" K2, = (6a™ + B5") " — (—q)*" (60"~ + fpn )

= [aGa®™? 1 BAEHT 4 ()™ (4B + Ba)|—(aB)™ [aaa® =2 + BBE* 2+ (aB)" " (4B + Ba)]

d&a2n+2r+33ﬁ2n+2r_d&QQnIB2r_BI3a2TIB2n = &4 (a2n+2r - a2n/82r) +BB (62n+2r o aQTIB2n)

— adQQn (O[2T _527“) _|_BBIB2TL (ﬁQT _a2r) — dda2n (QQT _527“) _835271 (a2'r _527")
_ |:a27" _521"} [&&a2n _BBIBQTL}

_ {Ogr_ﬁar} [a2n(2d_1_a2_a4_a6>_ﬁ2n<23_1_ﬁ2_54_ﬁ6)}

_ |:a2T _ ﬁzr} [2 (&a2n _ Bﬁ%) o <a2n _ B2n) - <a2n+2 o 52n+2> _ (a2n—|—4 _ /3271—{-4) _ <a2n+6 o 52n+6>:|

=(a—5>2[

a2 — 627"] [ aan — 35211 a2 — 6211 a2nt2 62n+2 o2ntd 62n+4 a2nt6 _ ﬁ2n+6]

a—pj a—p a—p a-f a-B  a-p

- AUQT [2Q2n - (UZn + U2n+2 + U2n+4 + U2n+6)]

As a consequence of Theorem 10 and Theorem 11, we can give Corollary 4.
Corollary 4. For alln,r € Z, it follows that K2, . — ¢* K2_, = A[Q%,, —¢*"Q%_,].
Theorem 12. For all n,r € Z, it follows that

Ky = AQ; =4(=q)" A,

where A= Ko — (1 —q)(1 +¢?) and B = (—q)i + (—p)j + k.
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A n_ Apn 2
Proof. K2 — AQ2 = (aa" + fg")” — A (O‘O‘a - gﬁ )
| ada® + BpE* — (ap)" (af + ba)
(o= B)”
= [aaa + BB + (aB)" (aB + Ba) | — |ada® + 335 — (ap)" (a8 + Ba)|
=2(ap)" (24) =4(=9)" A.

aaa® + BBP + (ap)” (B + Bd)}—A[

Theorem 13. For all m,n € Z, it follows that
KZmKQn AQern = (_Q)2n Vm—n [Avm—n + BqAUm—n] P

where A = Ko — (1 — q)(1+ ¢?) and B = (—q)i + (—p)j + k.

Proof. KopKop— AQern — (dan +Bﬁ2m) (da2" i Bﬁ%)—A (@am+: : gﬂmﬂz)

_ [&aa2m+2n + BBBQWH_Q” + &Ba2m62n + BaQQnBQm} [d&a2m+2n + Bﬁﬁ2m+2n o (aﬁ)m—l-n (dB + BOA‘)}
_ &B (a2m62n + am+n/8m+n) + Bd (a2n/82m + am+n/8m+n)

_ am+nl82n&/£> (amfn + Bmfn) + a2n5m+n//§d (amfn + 5mfn)
— (am—n + ﬁm—n) [am—&-n/BQnaB + a2nﬁm+n@&}

= (aB)*" (@™ 4+ =) [ A B + g7 B

= (aB)? (a™ ™ + g [am "(A—f—Bq\F)—F,Bm "(A qu)]
= ()™ (@ " 4 F71) [A (a7 4 57 4 BgVA (" — )
= (=@)*" Vi [AVi—p + BgAUp—y] -

Q

R

Theorem 14. For all m,n € Z, it follows that
KZmKQn - KTQnJrn - (_Q)Qn AUvm—n [AUm—n + qum—n] 5

where A= Ko — (1-q)(1+¢%) and B = (=q)i + (=p)j + k.
) A N 2
Proof. KomKop — K?%H—n = <@02m + /36%71) (da2n + B/@Zn) _ (daern + BBern)
= [aGa?m 2 4 BREIII LGB0 A 4 Baa® B2~ |aaa®™HEn 4 BAETIR 4 (aB)™ " (af + )]

— dé (a2mI32n _ aernﬂern) 4 B& (a2n62m _ am+nﬂm+n)
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_ am+n/@2n@3 (amfn - 5mfn) + a2n5m+n6d (/Bmfn o amfn)
— (am—n o 5m—n) [am—&—n/BQn&B o a2nﬁm+nﬁd}

2n m

of

(@m=m = gmr) [amna B — A Al
aB)’ (= — gy [am=n (A + Bgv/A) — fmn (A~ Bev/A)]
(o=

(08)
(o)
(@) (@ = ) [A (@™ = 57 + Bgy/A (@ + 7
(=0
(-0

¥ VAU [A\/ZUm,n 1 Bq\/ZVm,n}
0)*" AUpp—y, [AUnm—y, + BqVi—y)] -

Let us generalize Everman’s product difference of Fibonacci identities to generalized
Fibonacci quaternions in Theorem 15.

Theorem 15. For all n,k and h € Z, it follows that
QninQnik — QnQnikin = (—9)" Up [AUy — ¢BV;],
where A = Ko — (1 —q)(1+ ¢*) and B = (—q)i + (—p)j + k.
Proof.

a"tha — Bn-i-hﬁ atks — 5n+k/@ a& — /BnB o thtks — ﬁn—l—h-‘rkzé

Qn—l—hQn—l—k _QnQn—l-k—l-h =

a—p a—pf a—p a—pf
atha — BnJth} [anJrkd - IBnJrkB] _ [and _ 6713] [an+h+k& N l3n+h+k33]
- (o= p)*
_ [a2n+h+k &b — an+hﬁn+k dB _ an+kﬂn+h BCA“ + /82n+h+k BB] _ [a2n+h+k & — anﬁ7l+h+k aB _ O/L+h+kﬁn /3)& + 62n+h+k B//E)}
B (a—p)?

[_an+h6n+kd3 . anJrlenJthd} _ [_an6n+h+kdﬁ - an+h+k5n3d}

(= p)*
_ _anthgntk 3 gtk gnthBa 4 gngnthtk g 4 qnthtkgr g
(o= B)*
o " {dﬁ (Bthk o ahﬁk) + Ba (athk - akﬁhﬂ N {_6kd3 (ah - ﬁh) + akB@ (ah . 5}1)}
- (@ — B)> N (@ —p)?

o ) [ 0] o (= ) [ (4 aB) 5 (4B}

(a— B)? (a—B)?
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h_gh |A(aF - gk k| gk
ot — a +
o (A et 0, s, — v
a—p a—p a—p

Now we will generalize Everman’s product difference of Fibonacci identity to general-
ized Lucas quaternions in Theorem 16.

= (ap)

Theorem 16. For all n,k and h € Z, it follows that
KpinKnik — KnKpygpn = A(—q)" Uy [¢BVy, — AU,
where A = Ko — (1 —q)(1+ ¢*) and B = (—q)i + (—p)j + k.

Proof.
KpinKnin—KnKpspin = {an+h& + Bn-&-hﬁ} [an-i—k& + Bn—l—kﬁ} _ [and + Bnﬁ} [an—l—h—i—k& + Bn+h+k8
— [a2n+h+ka@ + an+hﬁn+kd6 + an-i—kﬁn-‘rh[;»& 4+ ﬁ2n+h+kBB:|
. [a2n+h+ka@ + anIBnJthrkaB + an+h+kIBnB& + B2n+h+k33}
_ {an+h6n+kdﬁ + an+k5n+h6d} _ [an6n+h+k&/§ + an+h+k6nﬁ&}
_ anJrhanJrkdB + an+k6n+hléd _ anﬁnJthrkdB o Oszthrkﬁ"Bd
— Q" gn {@3 (ahﬂk _ 6h+k) +B@ (akﬁh _ ah+k)} — ang" [&Bﬁk (ah _ 5h) +Bdak (5h . ah)]

= (aB)" (a" = 8") [aBB" — Baa*| = (aB)" (" — B") [ (A +¢BVA) — ot (A—qBVA))]

= (af)" (at = ") [¢BVA (a* + %) — A (ak - g*)]

= A(ap)" <04(Z ~ gh> aBVA o +5k_) ; A(o* - 54)

= A(—q)" Uy [¢BV}, — AU].

As a consequence of Theorem 15 and Theorem 16, we can give Corollary 5.

Corollary 5. For all n,k and h € Z, it follows that
KninKnik — KnKnykrn = —A[QuinQnik — QuQnrkin] -



B. Demirtiirk, N. Topal / Eur. J. Pure Appl. Math, 18 (3) (2025), 6492 20 of 22

4. Conclusion

This paper presents new identities for both theoretical mathematical theories and var-
ious applied fields, by integrating generalized Fibonacci and Lucas sequences with quater-
nion structures. Known identities of Fibonacci and Lucas sequences, such as the classical
Binet formulas, Cassini’s, Catalan’s and d’Ocagne’s identities are generalized, as well as
new identities, are rederived through quaternion extensions. Therefore, this paper demon-
strates the interaction between number sequences and quaternions by extending some
fundamental equations in the existing literature to high-dimensional hypercomplex struc-
tures. In particular, the original part of the paper is the reconstruction of the classical
results of researchers such as Koshy and Everman by means of generalized Fibonacci and
Lucas sequences and the systematic presentation of the quaternion forms of these equa-
tions and product differences generalizations. Generalized quaternions provide algebraic
models that can be used in many fields such as computer graphics, cryptography, signal
processing, modeling of physical systems and bioinformatics. In particular, quaternion-
based structures provide natural solutions to transformation and rotation problems in a
three-dimensional space, and the use of generalized number sequences in these structures
is important both theoretically and practically. In this respect, this paper provides an
extension of algebraic properties in the intersection set of quaternions and generalized
number sequences.
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