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Abstract. In this paper, we present a variety of notions of quotient ternary semirings, along
with examples and remarks. Moreover, we establish various isomorphism theorems for ternary
semirings.
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1. Introduction

The notion of ideals is fundamental in ring theory, as it plays an important role in
defining quotient rings. Therefore ideal theory has been a major area of research in the
study of rings. Meanwhile, the concept of congruences is crucial for defining quotient
semigroups. Semirings, as algebraic structures, were definitely one of natural choices of
generalizations of rings. Many properties that hold for rings can be extended to semirings.
Quotient semirings were previously studied in [1-3]. The concept of ternary semirings was
first introduced in 2003 [4]. Every semiring can always be turned to a ternary semiring,
though a ternary semiring does not always reduce to a semiring. The notion of ternary
semirings can, in some sense, be regarded as a generalization of semirings, but it goes
beyond a simple generalization, because certain concepts, such as lateral ideals, have
no analog in semirings. In 2011, Chaudhari and Ingale [5] introduced a partitioning
ideal (shortly, @-ideal) of a ternary semiring. )-ideals are useful to develop the quotient
structures of ternary semirings. In 2021, Sunitha et al. [6] provided the characterization
of full k-ideals in ternary semirings. In 2024, Sanborisoot and Ayutthaya [7] constructed
a congruence relation with respect to a full k-ideal on a ternary semiring for the purpose
of forming a ternary ring from the quotient ternary semiring. Quotient ternary semirings
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can be defined by congruences and/or ideals. Moreover, additional research papers related
to ternary semirings, published during 2023-2025, can be found in [8-11].

In this paper, we aim to present various notions of quotient ternary semirings, exam-
ine their properties, and provide a discussion on isomorphism theorems concerning these
quotient ternary semirings.

2. Preliminaries

In this section, we will recall some basic definitions of ternary semirings.

Definition 1 ([4]). A non-empty set R together with a binary operation, called the
addition, and the ternary multiplication, denoted by juxtaposition, is said to be a ternary
semiring if R is an additive commutative semigroup satisfying the following conditions:

(i) (abc)de = a(bed)e = ab(cde),

)

(i) (a+ b)ed = acd + bed,

(iii) a(b+ ¢)d = abd + acd,
)

(iv) ab(c+ d) = abc + abd

for all a,b,c,d,e € R.

Definition 2 ([4]). Let R be a ternary semiring. If 0 € R such that 0 + 2 = x and
Ozy = 20y = 2y0 = 0 for all z,y € R, then 0 is called a zero element. In this case, R is
called a ternary semiring with zero.

Definition 3 ([4]). An additive semigroup S of a ternary semiring R is called a ternary
subsemiring of R if s1s9s3 € S for all s1, 89,83 € S.

Definition 4 ([4]). An additive subsemigroup I of a ternary semiring R is called

1) a left ideal of R if riroa € I for all 1,70 € R and a € I,

2) a right ideal of R if aryro € I for all 1,70 € R and a € I,

3) a lateral ideal of R if riary € I for all r1,79 € R and a € I,

(1)
(2)
(3)
(4) an ideal of R if I is a left ideal, a right ideal, and a lateral ideal of R.

An ideal I of R is called a proper ideal if I # R.

Definition 5. An ideal I of a semiring R is called a k-ideal of R if, for any z,y € R,
x €l and x+yel,it follows y € I.

Definition 6. Let R and T' be two ternary semirings and ¢ be a mapping which maps
R into T. Then the mapping ¢ : R — T is called a homomorphism of R into T if the
following conditions hold:
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(i) ¢la+b) = @(a) + ¢(b),
(i) ¢(abe) = p(a)p(b)e(c)

for all a,b,c € R.

Definition 7. Let R and T be two ternary semirings. The homomorphism ¢ : R — T is
called an isomorphism of R onto T if ¢ is a bijection. If ¢ is an isomorphism, we say that
R and T are isomorphic and use the notation R = T

3. Quotient ternary semirings

In this section, we will present the various kinds of quotient ternary semirings con-
structed by using different concepts.

3.1. Quotient ternary semirings modulo ()-ideals
Firstly, we recall some results from [5].

Definition 8 ([5]). Anideal I of a ternary semiring R is called a partitioning ideal (shortly,
Q-ideal) if there exists a subset @ of R such that

(1) R=U{g+1]qeQ},

(2) forany 1,2 € Q, (1 +I) N (g2 + 1) # 0V & q1 = o

Let I be a Q-ideal of a ternary semiring R. We let R/Ig) = {¢+1 | ¢ € Q} and define
the addition @& and ternary multiplication, for ¢1, g2, g3 € @, by

(+D&(@+)=¢+Tand (@ + 1)@+ )(@z+1)=q¢ +1

where ¢* € Q is a unique element such that ¢ +q2 +1 C ¢* + 1 and ¢’ € Q) is a unique
element such that qiqogs + 1 C ¢ + 1. Then R/I(Q) forms a ternary semiring under
this addition and ternary multiplication. This ternary semiring will be called a quotient
ternary semiring of R by a @Q-ideal I [5].

Example 1. We consider a ternary semiring R = Z;, under the usual addition and ternary

multiplication of integers. Let I = 5Z; = {0,—5,—10,—15,...}. It is easy to show that

I'is a Q-ideal of Zj where Q = {0,—1,-2,-3, -4} and Z; /I(g) = {0+ 1,1+ 1,-2+
I,-3+1,—4+ I} where

0+1={0,-5,-10,—15,...},

—1+1={-1,-6,—-11,-16,...

24 [ ={-2 -7 -12,-17,...

—3+41=1{-3 -8 -13,-18,...

44T ={-4,-9 -14,-19,...

s e

Later, let J = 2Zy \ {-2} = {0,—4,—-6,-8,...}. Clearly, J is an ideal. The quotient
ternary semiring Z /J ) does not easily hold according to this concept.
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Definition 9 ([5]). Let R and T be two ternary semirings such that 7" has a zero Or.
An onto homomorphism ¢ : R — T is called mazimal if, for each a € T, there exists a
unique q, € ¢~ 1({a}) such that x + ker(p) C q, + ker(p) for each x € p=1({a}) where
ker(p) ={x € R| p(x) = 0r}.

Example 2. Consider the ternary semiring Z; under the usual addition and ternary mul-
tiplication of integers, and the ternary semiring Zs under the usual addition and ternary
multiplication of integers modulo 3. Let ¢ : Z; — Zs3 be defined by ¢(n) = 7 for all
n € Zy. Then ¢ is an onto homomorphism and ker(y) = 3Z; = {0,-3,—6,-9,...}.
Let a € Z3 and q, € ¢ '({a}). Assume that a = 0 and suppose that ¢, # 0. So
0 ¢ qo + ker(p). We have that 0 € ¢ !({a}). Then, by definition, we obtain that
0 € 0+ ker(¢) C qq + ker(p), a contradiction. We can conclude that if @ = 0, then
g, must be 0. Similarly, if a = 1, then ¢, must be —2, and if @ = 2, then ¢, must
be —1. Therefore, ¢ is maximal. In addition, taking @ = {0,—1,—2}, it follows that,

Zy [ker(9)(q) = {0 + ker(p), =1 + ker(¢), —2 + ker(¢)} where

0+ ker(p) =40,-3,—6,-9,...},
—1+ker(p) ={-1,-4,-7,-10,...},
—2+ ker(¢) ={-2,-5,-8,—11,...}.

Theorem 1 ([5]). Let R and T be two ternary semirings such that T has a zero Op. If
¢ : R — T is a maximal homomorphism, then there exists a subset Q@ of R such that
ker(p) is a Q-ideal of R and R/ker(p)q) = T.

3.2. Quotient ternary semirings modulo congruences

Definition 10. Let R be a ternary semiring. An equivalence relation p on R is called a
congruence on R if, for all ay, as, b1, bo,c1,co € R, the following conditions hold:

(1) If (al,ag) € p and (bl,bg) € p, then (a1 + b1, a0 + bg) € p,
(2) If (a1, a2) € p,(b1,b2) € p and (c1,c2) € p, then (ajbicy, azbacs) € p.

We denote the congruence class of a € R by a+p and let R/p = {a+p | a €
R}. Furthermore, define a binary addition & and ternary multiplication on R/p, for all
a+p,b+p,c+p€R/p, by

(a4 p) @ (b+p) = (a+b) + pand (a+ p)(b+ p)(c+ p) = abc + p.
Then R/p is a ternary semiring under this binary addition and ternary multiplication.

Proposition 1. Let R and T be ternary semirings and ¢ : R — T be a ternary semiring
homomorphism. Define a relation K(¢) on R by

K(p) ={(a,b) € Rx R | p(a) = ¢(b)}.

Then K(p) is a congruence on R.
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Proof. Straightforward.

Example 3. Let R = Z~ be a ternary semiring under the usual addition and ternary
multiplication of integers, and T' = Z4 be a ternary semiring under the usual addition and
ternary multiplication of integers modulo 4. Define a function ¢ : R — T by ¢(a) = @ for
all @ € R. Then ¢ is a homomorphism. By Proposition 1, K(y) is a congruence on R.
We have that

R/K(p) ={-1+K(p), =2+ K(¢), =3+ K(¢), =4+ K(¢)}

where
-1+ K(p)={-1,-5,-9,-13,...},
-2+ K(p)={-2,-6,—-10,—14,...},
-3+ K(p)={-3,—-7,—11,—15,...},
—4+ K(p) ={-4,-8,-12,-16,...}.

3.3. Quotient ternary semirings modulo ideals

Let I be an ideal of a ternary semiring R. We define a relation p;y on R as
pr ={(z,y) € Rx R |z +a=y+b for some a,b € I}.
This means that
(xz,y) € pr if and only if there exist aj,as € I satisfying = + a3 = y + as.

Then py is a congruence relation on R, and we denote the congruence class of x by a coset
x + I. The collection of all congruence classes is denoted by R/I.

Example 4. We consider a ternary semiring Z, under the usual addition and ternary
multiplication of integers.

et | =54, = 10,—5,—10,—15,...;. It 1s easy to show that [ is a k-ideal of Z; .
1) Let I = 5Z, 0,—5,—-10,—-15 It i h hat I i k-ideal of Z,
Then Zy /I ={0+1,-1+1,-2+1,-3+1,—4+ I} where

0+ 1 ={0,-5,-10,—15,...},
—14+1={-1,-6,—11,—16,
241 ={-2,-7 12,17,
—3+1={-3,-8,—13,—18,
441 ={-4,-9,-14,-19,

s
)
)
)

This quotient ternary semiring obtained here is similar to Z; /I(g) considered in
Example 1. Note that every k-ideal of a ternary semiring R is a (Q-ideal of R.
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(2) Let J =2Zy ~{-2} ={0,—4,—-6,-8,...}. It is clear that J is an ideal of Z; but
not a k-ideal. We have that Z; /J = {0+ J,—1 + J} where

0+ J={0,-2,—4,—6,...},
14 J={-1,-3,-5,-7,...}.

It is also worth noting that, as in Example 1, considering a quotient ternary semiring
Zy | J (@) is not straightforward.

4. Main Results

In this section, we will consider quotient ternary semirings via congruences and ideals
from Subsections 3.2 and 3.3, respectively.

Firstly, as shown in Example 4 (2), we see that —2+.J = 0+ J but —2 ¢ J. Moreover,
J C 04 J and 0 + J need not be equal to J. The following proposition shows some
properties of cosets in a ternary semiring R/1.

Proposition 2. Let R be a ternary semiring, I an ideal of R, and a,b € R. Then the
following statements hold:

(1) If R has a zero and I is a k-ideal of R, then 0+ I = I.

(2) If R has a zero and a € I, thena+1 =0+ 1.

(8) If I is a k-ideal of R and a € I, then a+ 1 =b+ 1 if and only if b € I.

(4) If R has a zero and I is a k-ideal of R, then a4+ 1 =0+ 1 if and only if a € I.

Proof. (1) Assume 0 € R and I is a k-ideal of R. Clearly, I C 0+ I. Let x € 0+ I.
Then (0,z) € pr. Thus there exist a,b € I such that z +a = 0+ b. Given that I is a
k-ideal, z +a € I and a € I imply that x € I. Hence 0 + 1 = 1.

(2) Assume 0 € R and a € I. Since 0+ a = a + 0 = a where a € I, by the definition
of a congruence relation pr, we have (0,a) € pr. Hence 0+ I = a + I.

(3) Let I be a k-ideal of R and a € I. Assume b € R such that a + 1 = b+ I. Then
(a,b) € pr which implies a +u = b+ v for some u,v € I. Then b+ v = a+ u € I because
a,u € I. Since [ is a k-ideal, v € I and b+wv € I imply that b € I. Conversely, we assume
bel. Then a,bel and a+b=>b+ a give (a,b) € p; and consequently, a + I = b+ I.

(4) Assume that a+ I =0+ I. Since 0 € I, by (3), we have that a € I. Conversely, it
is clear by (1) and (2).

Let R be any ternary semiring and I be an ideal of R. The k-closure of I is defined by
Cr(I)={re R|r+z €I for some x € I}.
Then C(I) is the smallest k-ideal of R containing I, as shown in [11].

Theorem 2. Let I be an ideal of a ternary semiring R. Then R/I = R/Ci(I).
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Proof. Define ¢ : R/I — R/C(I) by p(a+I) = a+ Ci(I) for all a € R. First, we let
a,b € R such that a +1 = b+ I. So there exist z,y € I such that a + x = b+ y. Since
x,y € I CCx(I), a+x = a+y yields a+Cx(I) = b+Cx(I). Then ¢ is well-defined. Clearly,
¢ is an onto homomorphism. Let a4+ I,b+ I € R/I such that p(a+ 1) = ¢(b+ I). Thus
a+Ci(I) = b+Cg(I). So there exist x,y € Cr(I) such that a+xz = b+y. Since x,y € Cx(I),
there exist s,r € I suchthat t+s&€landy+re€l. Thusa+zxz+r+s=b+y+r+s
and x +r+s,y+r+s € l. Hence a+ 1 = b+ I. This shows that ¢ is one-to-one and
R/I = R/C(I).

Let R and T be ternary semirings and ¢ : R — 1" be a homomorphism. Recall from
Proposition 1 that K(¢) = {(a,b) € Rx R | p(a) = ¢(b)} is a congruence on R. Let
im(p) denote the sets of all images of ¢, that is, im(yp) = {p(z) | z € R}.

Proposition 3. Let R and T be ternary semirings and ¢ : R — T be a ternary semiring
homomorphism. Then R/K(p) = im(p).

Proof. Define ¢ : R/K(p) — im(p) by ¥(a + K(p)) = ¢(a) for all @ € R. Let
a+ K(p) =b+ K(p). Hence p(a) = ¢(b). Thus ¢ is well-defined. Clearly, ) is an onto
homomorphism. Next, let a + K(¢),b+ K(¢) € R/K(p) be such that ¢¥(a + K(p)) =
P(b+ K (p)). Then ¢(a) = ¢(b) which implies (a,b) € K(¢). Hence a+ K (p) = b+ K(p).

Proposition 4. Let R and T be ternary semirings with zeroes Or and Or, respectively,
and ¢ : R — T be a homomorphism such that ¢(0r) = Or. Then ker(p) = {x € R |
o(x) =07} is a k-ideal of R.

Proof. Let ¢ : R — T be a homomorphism where R and T are ternary semirings.
Since Og € ker(p), we see that ker(p) # (). Let a,b € ker(p). Therefore p(a) = 07 and
©(b) = Op. Since ¢ is a homomorphism, we have p(a + b) = p(a) + ¢(b) = 07. This
implies that a +b € ker(y). Next, we let r € ker(y) and a,b € R. We have that p(rab) =
o(r)p(a)p(d) = O0rp(a)p(b) = Or. Hence rab € ker(yp). Similarly, arb, abr € ker(yp).
Then ker(p) is an ideal of R. Furthermore, let a,b € R be such that a + b € ker(p)
and a € ker(y). Then 07 = ¢(a +b) = p(a) + ¢(b) = 07 + ¢(b) = p(b), so b € ker(p).
Therefore, ker(y) is a k-ideal of R.

Let R and T be ternary semirings with zeroes Or and O, respectively, and ¢ : R — T
be a homomorphism such that ¢(0g) = 0p. A homomorphism ¢ is called a k-kernel
homomorphism if for all s;,s0 € R, ¢(s1) = ¢(s2) implies s; +a = sy + b for some
a,b € ker(p). Next, we provide an analogue of the first isomorphism theorem.

Theorem 3. Let R and T be ternary semirings and ¢ : R — T be a homomorphism with
ker(e). If ¢ is a k-kernel homomorphism, then R/ker(yp) = im(p).

Proof. Assume that ¢ is a k-kernel homomorphism. Let ¢ : R/ker(p) — im(p) be
defined by ¢ (s+ker(y)) = ¢(s) for all s € R. Let s1, s2, s3 be any three elements in R. To
prove that v is well-defined, assume that s; + ker(yp) = s2 + ker(¢). Then s;+a = sy +0b
for some a,b € ker(p). So p(a) = ¢(b) = 07 and

o(s1) = p(s1) + p(a) = p(s1 + a) = p(s2 +b) = p(s2) + p(b) = p(s2).
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In addition, as ¢ is a homomorphism, we have

P((s1+ ker(p)) + (s2 + ker(v)))

= 1(s1 + s2 + ker(y))

= @(s1 + s2)

= ¢(s1) + ¢(s2)

= Y(s1 + ker(p)) +(s2 + ker(p))

and

Y((s1 + ker(p))(s2 + ker(p))(ss + ker(y)))
= ¢(818253 + ker(y))
©(515253)
@(s1)p(s2)p(s3)
Y(s1 + ker(p))y(s2 + ker(p))(ss + ker(p)).

Hence, 1 is a homomorphism. Clearly, ¢ is onto. Next, we will show that v is one-
to-one. Assume that sj,se € R such that i(s1 + ker(y)) = (s2 + ker(y)). Then
©(s1) = ¢(s2). By assumption, we obtain s;+a = s2+0b for some a, b € ker(yp). Therefore,
s1 + ker(p) = so + ker(y) and this leads to the result R/ker(p) = im(p).

Example 5. Let R = Z~ be a ternary semiring under the usual addition and ternary
multiplication of integers and T' = Z,4 be a ternary semiring under the usual addition and
ternary multiplication of integers modulo 4. Define a function ¢ : R — T by ¢(a) = @ for
all a € R. Then ¢ is a homomorphism. We have that ker(y) = {—4,—8,—-12,—16,...} is
a k-ideal of R. We have that R/ker(p) = {—1+ ker(¢), —2 + ker(y), —3 + ker(yp), —4 +
ker(y)} where

—1+ ker(¢) ={-1,-5,-9,-13,...},

—2 + ker(p) = {2, -6, 10, —14,...},
-3+ ker(p) ={-3,-7,—11,—-15,...},
—4 + ker(p) = {—4,-8,-12,—16,...}.

We end this section with a summary of the relationship between the isomorphisms in
the following corollary.

Corollary 1. Let R and T be ternary semirings with zeroes O and O, respectively, and
¢ : R — T be a homomorphism such that p(0g) = Or. If ¢ is a k-kernel homomorphism,
then R/ker(¢) = R/K ().

5. Conclusion

In this paper, we present multiple approaches for constructions of quotient ternary
semirings, namely quotient ternary semirings modulo congruences and those modulo ideals.
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We investigate some relationships between ideals and quotient structures in ternary semir-
ings. A key contribution of this work is the establishment of various isomorphism theorems,
including the fundamental results that relate quotient structures such as R/I = R/Cy(I)
and R/ker(p) = im(p), under suitable conditions. These results help clarify the connec-
tions between homomorphisms, ideals, and congruences, and provide a basis for under-
standing the structure of ternary semirings.
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