EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 3, Article Number 6525
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

MR-Metric Spaces: Theory and Applications in
Weighted Graphs, Expander Graphs, and Fixed-Point
Theorems

Abed Al-Rahman M. Malkawil**, Ayat M. Rabaiah®

L Department of Mathematics, Faculty of Arts and Science, Amman Arab University,
Amman 11958, Jordan

Abstract. This paper introduces the concept of MR-metric spaces, a generalization of traditional
metric spaces that operates on triples of points rather than pairs. We define MR-metrics and estab-
lish their fundamental properties, including non-negativity, identity, symmetry, and a generalized
triangle inequality with a constant R > 1. Three main theorems are presented: (1) a construction
of MR-metrics on weighted graphs via minimal spanning subtrees, with applications in network
design and VLSI circuit optimization; (2) a set-valued fixed-point theorem for contractions in MR-
metric spaces, applied to distributed consensus and fault-tolerant systems; and (3) an MR-metric
based on coupling times in expander graphs, with implications for distributed storage and decen-
tralized machine learning. The results are supported by rigorous proofs, illustrative examples, and
performance analyses demonstrating practical advantages over traditional methods.
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1. Introduction

Metric space theory has undergone significant generalizations since its inception, with
various extended metric structures being developed to address limitations in classical set-
tings. The concept of MR-metric spaces, introduced by [1], represents a fundamental
advancement by considering distance functions defined on triples of points rather than
traditional pairwise metrics. This innovative approach builds upon earlier work in gener-
alized metric spaces [2, 3] while introducing novel topological and analytical properties.

The MR-metric framework extends the axioms of traditional metrics through a function
M : X x X x X — [0,00) satisfying:
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e Non-negativity and identity: M (v,&,s) > 0 with equality iff v =€ = s
e Symmetry under all permutations of arguments
e A generalized triangle inequality with constant R > 1

For further details, we refer readers to the works cited in [4-21].

Recent work by [22] has demonstrated that MR-metrics provide a natural framework
for analyzing complex network structures, particularly in weighted graphs and expander
graphs. This builds upon earlier results in b-metric spaces [3] and €,-distance mappings
[23]. The triple-based distance measure captures higher-order relationships that are es-
sential in modern applications ranging from distributed systems to VLSI design.

Key motivations for studying MR-metric spaces include:

(i) Their ability to model minimal connection costs in network design problems via
Theorem 2.1’s weighted graph embedding

(ii) The set-valued fixed point theory developed in Theorem 2.2, extending classical
results [24]

(iii) Applications in expander graph analysis through coupling time metrics (Theorem
2.3)

This paper makes three principal contributions:

e A constructive method for generating MR-metrics on weighted graphs via minimal
spanning subtrees, with applications in network optimization (Section 3.1)

e A fixed-point theory for set-valued contractions in MR-metric spaces, generalizing
results from [25]

e New bounds on coupling times in expander graphs using MR-metric analysis, im-
proving upon previous work [26]

Our results find immediate applications in content delivery networks (Algorithm 1),
fault-tolerant computing (Table 2), and distributed storage systems (Table 3). The MR-
metric framework also enables new approaches to decentralized machine learning (Example
3.6) and blockchain consensus protocols (Example 3.4), as demonstrated in our experimen-
tal analyses.

The paper is organized as follows: Section 2 presents the main theoretical results and
Section 3 discusses applications with computational examples.

Definition 1. [1] Consider a non-empty set X # () and a real number R > 1. A function
M:XxXxX—[0,00)
s termed an MR-metric if it satisfies the following conditions for all v,&, s, 41 € X:

o M(v,&,s)>0.
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i M(U,f,s) =0 lf and O’flly lf’U = 5 = S.

o M(v,&, s) remains invariant under any permutation p(v,&,s), i.e., M(v,& s) =
M(p(v,§, s)).

o The following inequality holds:

M(v,&,5) <R[M (v, &, 61) + M(v, l1,s) + M(01,€,5)] .
A structure (X, M) that adheres to these properties is defined as an MR-metric space.

2. Main Results

Theorem 1 (Weighted Graph Embedding). Let G = (V, E,w) be a weighted graph with
w(e) > 1. The function:

M (u,v,w) = ;nglg (Z w(e)) ,

spanning w,v,w NeE€ET

defines an MR-metric space with R = 2.

Proof. We need to verify that M satisfies all the axioms of an MR-metric:

1. Non-negativity and Identity: By definition, M (u,v,w) is the minimum weight of a
subtree connecting u, v, w. Since edge weights w(e) > 1, M (u,v,w) > 0. If u = v = w, the
minimal subtree is the single vertex {u}, so M (u,u,u) = 0. Conversely, if M (u,v,w) =0
then all edges in the spanning subtree must have weight 0, which is impossible since
w(e) > 1. Thus, u = v = w.

2. Symmetry: The value M (u,v,w) is invariant under any permutation of u,v,w be-
cause the minimal spanning subtree does not depend on the order of the vertices.

3. Generalized Triangle Inequality: We must show:

M (u,v,w) < 2[M(u,v,£) + M(u,{,w) + M(l,v,w)].

Let T1, T, T5 be minimal subtrees spanning {u,v, ¢}, {u, ¢, w}, and {¢,v, w}, respectively.
The union 77 UT5UT5 contains paths connecting u, v, w. Any minimal subtree T" spanning
{u,v,w} can be constructed by combining parts of 77,75, T5. Due to overlapping edges,
the total weight satisfies:

Zw(e) <2 Z w(e) + Z w(e) + Z w(e) | .

ecT ecTh ecTy ecTs

Taking minima on both sides yields the inequality with R = 2.
Conclusion: Since M satisfies all the axioms, (V, M) is an MR-metric space with R = 2.
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Theorem 2 (Set-Valued Fixed Points in MR-Graphs). Let (V, M) be an MR-metric graph
space and T : V — 2V a set-valued map satisfying:

Har (T(0), T(0), T(w) < k- M(u,v,0), k€ 0,1/ ).
Then, T has a fived point v* € T (v*¥).

Proof. We prove this via a generalized Banach fixed-point argument adapted to MR-
metric spaces. The key steps are:
1. Definition of $,;: For non-empty subsets A, B,C' C V, define:

A,B,C) = inf M(a,b inf M(a,b inf M(a,b,c) .
Hu (A, B,C) maX{ilelgbeg}CeC (a, ’C)’igaeg}cec (a, ’c>’§28aef,lbeg (a, ,C)}

2. Construction of Iterative Sequence: Fix an initial point vy € V. For n > 0, choose
Un+1 € T (vy) such that:

M('Uny Un+1, Un—i—l) < ﬁM(T(Un—l)a T('Un)a T(Un)) + €n,

where €, is a summable sequence ensuring convergence (e.g., €, = k"¢p).
3. Contraction Property: By the hypothesis on 7, we have:

M('Unaanrlvanrl) <k- M(Unflavnavn) + €.

Iterating this yields:

n
M(’Un, Un+1, Un—i—l) < an(’U(M U1, ’Ul) + Z kn_iei'

i=1

4. Cauchy Sequence: For m > n, the MR-metric inequality gives:

M(Un7 Um, Um) <R [M(Un) Un+1, Un—H) + M(Un-‘rh Um, Um)] .

By induction, the right-hand side decays geometrically since kR < 1. Thus, {v,} is
Cauchy.

5. Fixed Point: By completeness (implied by the graph structure), v,, — v*. Using the
closure of T:

(T @), T, T ")) <k-M(@*",v",v") =0,
which implies v* € T (v*).

Theorem 3 (MR-Metrics on Expander Graphs). Let G be a d-regular expander with
spectral gap A. The expected coupling time:

M('LL, v, 'LU) = Ez~u,y~v72~w [Tcouple<m7 Y, Z)] )
defines an MR-metric with R = O (%)

Proof. We verify each axiom of the MR-metric and establish the constant R:
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1. Non-negativity and Identity

By definition, coupling times 7.(z,y, z) are non-negative random variables, so their
expectation M (u,v,w) > 0.
For the identity property:

o If u =v =w, then 7¢(u, u,u) = 0 almost surely, hence M (u,u,u) = 0.
o If M(u,v,w) =0, then 7.(z,y,z) = 0 almost surely for random walks starting at
u, v, w. This implies x = y = z at time 0, so u = v = w.
2. Symmetry

The coupling time 7.(x,y, z) is invariant under permutation of (z,y, z) by definition.
Thus:
M (u,v,w) = M(p(u,v,w)) for any permutation p.

3. Generalized Triangle Inequality

We must prove:

M(u,v,w) < R[M(u,v,l) + M(u, £, w) + M, v,w)].

Key Lemma: Coupling Time Bound

For any vertices u, v, w, £, there exists a coupling where:
E[TC(U7 v, w)] S C()‘) (E[TC(U7 v, E)] + E[TC(U7 Ea w)] + E[TC(& v, w)])

with C(\) = O(1/A).

Proof. [Proof of Lemma] Using the expander mixing lemma, the probability that
random walks haven’t coupled decays exponentially with rate A. For triple coupling:

1. First couple (z,y) starting from (u,v): expected time < % 2. Then couple the
result with z starting from w: additional time < %

The worst-case path length between any three points is controlled by the spectral gap,
giving the O(1/A) factor. The detailed analysis uses the Markov property and the fact
that for expanders, the mixing time is O(lo%).

Taking R = 3C'(\) = O(1/)) completes the proof of the triangle inequality.

Conclusion

All MR-metric axioms are satisfied with R = O(1/)\), making (V, M) an MR-metric
space.
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3. Examples and Applications
3.1. Weighted Graph Embedding

Example 1 (Network Design with Latency Constraints). Consider a 5G cellular network
modeled as a weighted graph G = (V, E,w) where:

o Vertices V represent base stations
o Fdges E represent fiber links

o Weights w(e) quantify latency in milliseconds

[User Cluster 1] [User Cluster 2]

A 4111D ? 3 1115 D @

(O ——6me

User Cluster 3

Figure 1: A weighted network graph showing base stations (circles), user clusters (colored rectangles), and
latency values. The bold path represents the minimal-latency connection between the three user clusters with
total weight 4 + 3 + 2 = 9ms.

For three user clusters at nodes u,v,w, the MR-metric:

M = mi here T
(u, v, w) min (; w(e)) where T spans u, v, w
e

computes the minimal-latency backbone connecting these clusters. In Figure 1, this corre-
sponds to finding the Steiner tree with minimal total weight (shown in bold).

Remark 1. The MR-property M (u,v,w) < 2[M (u,v,z)+M (u,z,w)+M (x,v,w)] ensures
that adding a relay node x never worsens the optimal connection by more than a factor of
2.
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Algorithm 1 2-Approximate Server Placement

Application 1 (Approximation Algorithm for Content Delivery Networks). Require:
Weighted graph G = (V, E,w), demand points D C V'
Ensure: Server locations S C V
1: Initialize S < 0
2: while |S| < k do
3: Find (u*,v*,w*) = argmaxM (u, v, w)
u,v,weD
Compute Steiner tree T spanning u*, v*, w* using;:
1. Metric closure of G
2. Minimum spanning tree (MST) approximation
Add to S the node x € T minimizing maxy, 4 M (u, v, w)
Remove covered demands: D <+ D\ {u*,v*, w*}
: end while
10: Return S

Performance Analysis:

e Approximation Ratio: Guaranteed 2-approximation due to:

M ag(u,v,w) <2 Mopi(u,v,w)
following from Theorem 1’s R = 2 property.

e Time Complezity: O(|D|? - |V|?) using:

— All-pairs shortest paths: O(|[V|3) (preprocessing)
— MST computation: O(|V|?) per triple

e Practical Impact: Reduces backbone latency by 38% compared to k-means placement
in real-world tests (see Table 1).

Method ‘ Avg. Latency (ms) ‘ 95th Percentile
MR-metric 12.4 18.7
k-means 19.8 29.3

Table 1: Performance comparison on EU-wide CDN

Example 2 (VLSI Circuit Design). In chip layout optimization:
e Vertices represent components
e Fdges represent wire connections

o Weights model signal propagation delay
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The MR-metric identifies critical triplets of components where:
M(CPU, GPU, Memory) > clock cycle threshold

requiring placement optimization. The R = 2 property bounds the error when estimating
via intermediate nodes.

3.2. Theorem 2: Set-Valued Fixed Points in MR-Spaces

Example 3 (Distributed Consensus in Multi-Agent Systems). Consider a network of n
agents V= {vy, ..., v, } with:

o Communication graph G = (V, E) with neighborhood sets N (v;)
e MR-metric M (u,v,w) measuring opinion divergence
Define the opinion update rule as a set-valued map:

T (vi) = mode ({x; : v; € N(v;)} U{x;})

where mode returns all most frequent opinions in the neighborhood.
[Consensus Protocol] At each iteration k:

1) Fach agent broadcasts its current opinion 2
7
(ii) Receives opinions {xgk) :vj € N(v;)}

(iii) Updates to xEkH) € T(ng))

Theorem 4 (Convergence Guarantee). If the system satisfies:

Har (T (w), T(v), T (w)) < =M (u,v,w)

1
3
then:

o There exists a fized point x* with =* € T (z*)

e The protocol converges to consensus almost surely

e Convergence time is O(log %) for e-precision

Proof. The key steps are:

(i) Show T is contraction in Hausdorff-MR metric:
Hy(T(X), TY), T(Z) <k-M(X,Y,Z)

with k = 3 < 7.
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(ii) Prove the space (2V,Hr) is complete.

(iii) Apply Banach fixed-point theorem for set-valued maps.

Application 2 (Fault-Tolerant Logic Circuits). Circuit Model:

e States V = {0,1}" with Hamming MR-metric:

M(x,y, z) = minimal flips to make v =y =z

o Gates as set-valued maps Ty : V — 2V

Algorithm 2 Stable Circuit Computation
Require: Initial state () € {0,1}", gates {7,}
Ensure: Stable output z*

1: for £k =0 to Tyax do

2: Compute T (z*)) = |

gEgates E(x(k))

3: Select 1D € T(2*) minimizing M (2, z(k:+1) z(k+1)

4: if Har(T(2®), T (2®), T(z*))) < € then

5: Break > Reached fixed point
6 end if

7: end for

8: Return z(¥)

Performance Analysis:

Circuit Type ‘ Convergence Steps ‘ Error Rate ‘ Speedup

MR-Stable O(logn) 107 3.2x

Traditional O(n) 1076 1.0x
Table 2: Comparison on 16-bit ALU design

Remark 2. The contraction condition k < % ensures:

T@AT ()
B My y)

<k

where A is set symmetric difference.

Example 4 (Blockchain Finality Gadgets). Consider a blockchain network where:
e Nodes have partial views of the DAG (block tree)

o T (v) outputs possible finalized blocks
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o M(u,v,w) measures blocktree divergence

Theorem 2 guarantees that if validators satisfy:
1
Har (T (w), T(v), T(w)) < ZM(u,v,w)
the network achieves deterministic finality.

3.3. Theorem 3: MR-Metrics on Expander Graphs

Example 5 (Random Walk Sampling in Expander Graphs). Consider a d-regular ez-
pander graph G = (V, E) with:

o Spectral gap X = 1 — po where uo is the second largest eigenvalue
e Normalized Laplacian L =1 — éA
e Ezpansion parameter o = min|gj<y /2 % > %
The triple coupling time MR-metric is defined as:
M (u, v, w) = E[rcoupie(Xe, Y2, Zt)]
where Xy, Yy, Zy are coupled random walks starting at u, v, w.

Theorem 5 (Mixing Time Bound). For any € > 0, the e-mizing time satisfies:

tmiz(€) < %log <n>

€

with explicit constant:

min(7y, Ty, TI'w)_1>>

3
M(u,v,w) < —-[|1+1o
( ) A( g( V3

where w, = % 1s the stationary distribution.
Proof. The proof involves three key steps:

(i) Coupling Argument: Construct a joint process (X, Yy, Z) where:
A
PXty1 # Yipa|F] < (1 - ) Ix,2v,

(ii) Spectral Analysis: Using the expander mizing lemma:

IP[X; € S] — n(S)| < e
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(i1i) Triangle Inequality for Coupling: Combine pairwise couplings via:

Tcouple(xa Y, Z) < maX(Tcouple(x7 y), TCOUplE(y7 z)) + C(A)

Application 3 (Distributed Storage with Expander Codes). System Model:
e Data blocks encoded across n nodes using [n, k, d]-expander code
e Each node has storage capacity C' and degree d = O(logn)

e Recovery requires accessing any k nodes

Algorithm 3 Optimal Data Retrieval Protocol
Require: Failed nodes F' C V, request size r
Ensure: Recovered data D

1. Identify surviving nodes S =V \ F'

2: Construct routing graph G = G[F'U S|

3: while |D| < r do

4: Select triple (u,v,w) € S® minimizing M (u, v, w)
5: Initiate random walks X3, Y3, Z; from u, v, w
6
7
8
9

Couple walks at meeting points M = {(z,y,2) : z =y = z}
Retrieve symbols o(x) for x € M
Update D < DU {o(z) : x € M}
: S« S\ {u,v,w}
10: end while

Performance Guarantees:

Metric ‘ MR-Metric Bound ‘ Traditional
Recovery Time O(1logr) O(r)
Bandwidth O(%) O(dr)
Reliability 1 — e $207) 1—-0(1/r)

Table 3: Comparison for r = 1TB recovery on n = 1000 nodes

Remark 3. The MR-metric advantage comes from:

r 1
E[Retrieval Time] < ZM(ui,vi,wi) =0 (7” (;g n)
i=1

versus O(rn) for naive protocols.

Example 6 (Decentralized Machine Learning). In a federated learning setup:

o Workers V' form a A-expander communication graph
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e Model parameters 95? at each node

e Update rule:
) — avg ({69 v € N(w)} U (6})

The convergence rate depends on the MR-metric:
= _ 0) ,(0) (0
E |69 - 09)12] < e ar(of”, 05, 057)

where § is the global average.
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