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Abstract. A set S of vertices of a graph G is a hop dominating set of G if for every v € V(G)\ S,
v is at distance 2 from a vertex in S. The minimum cardinality v, (G) of a hop dominating set is
the hop domination number of G. Any hop dominating set of cardinality v4(G) is a vy,-set. A pair
(S,T) of sets of vertices of G is a disjoint hop dominating pair if S NT = @ and both S and T are
hop dominating sets of G. In particular, if S is a 7;,-set, then T is an inverse hop dominating set of
G. The minimum sum |S| + |T'| among all pairs (S,T') of disjoint hop dominating sets of G is the
disjoint hop domination number, denoted by v, (G). The minimum cardinality of an inverse hop
dominating set of G is the inverse hop domination number of G, denoted by 7, (G).

In this paper, we initiate the study of inverse hop domination and disjoint hop domination.
Interestingly, for every pair of positive integers m and n with 2 < m < n, there exists a connected
graph G for which v, (G) = m and 7, (G) = n. Also, for each positive integer n > 4, there exists a
connected graph G for which v4(G) +J1(G) — Yrr(G) = n. Here we investigate these new concepts
for some specific graphs including the join, corona and lexicographic product of graphs.
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1. Introduction

All throughout this paper, we consider only graphs which are simple, finite and
undirected. Given a graph G = (V(G), E(G)), we call V(G) the vertex set of G and E(G)
its edge set. The cardinality |V (G)| of V(G) is the order of G. All terminologies used here
which are not defined are adapted from [1].

Let G and H be disjoint graphs. The join G + H of G and H is the graph with vertex
set V(G)UV(H) and edge set E(G) UE(H) U{uv :u € V(G),v € V(H)}. The corona
G o H of G and H is the graph obtained by taking one copy of G and |V (G)| copies of H,
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and then joining each i*" vertex of G to every vertex in the i*" copy of H. In particular,
we call G o K7 the corona of G, and write cor(G) = G o Ky. The lexicographic product
G[H]| of G and H is the graph with V(G[H]) = V(G) x V(H) and (u,v)(u/,v") € E(G[H])
if and only if either uu’ € E(G) or u = v’ and vv' € E(H). In any of these graphs, G and
H are referred to as their basic component graphs.

Vertices u and v of a graph G are neighbors if uv € E(G). The open neighborhood of
v refers to the set Ng(v) consisting of all neighbors of v. The degree of v refers to the
cardinality |[Ng(v)| of the open neighborhood of v. Vertex v is isolated if the degree of v is 0.
The closed neighborhood of v is the set Ng[v] = Ng(v) U {v}. Customarily, for S C V(G),
Na(S) = UpesNg(v) and Ng[S] = UyesNg[v]. A subset S C V(G) is a dominating set of
G if Ng[S] = V(G). In case Ng(S) = V(G), then S is a total dominating set of G. The
minimum cardinality v(G) of a dominating set of G is the domination number of G, and
the minimum cardinality 7;(G) of a total dominating set is the total domination number
of G. A dominating set of cardinality v(G) is called a y-set of G. Similarly, a y;-set is a
total dominating set of cardinality ~;(G). The reader is referred to [2-6] for the history,
fundamental concepts and some of the recent developments in domination in graphs as
well as its various applications.

A set S CV(G) is a (1,2)*-dominating set (resp. (1,2)*-total dominating set) of G if it
is a dominating (resp. total dominating) set of G and for each € V(G)\ S there exists z € S
such that dg(z, z) = 2. The smallest cardinality of a (1, 2)*-dominating (resp. (1,2)*-total
dominating) set of G, denoted by 77 5(G) (resp. vi%(G)), is the (1,2)*-domination number
(resp. (1,2)*-total domination number) of G. Any (1,2)*-dominating (resp. (1,2)*-total
dominating) set of G of cardinality v{ o(G) (resp. 7i%(G)) is a 77 y-set (vesp. yi%y-set) of
G. Both (1,2)*-domination and (1, 2)*-total domination are introduced and studied in [7].

A set S C V(G) is a point-wise non-dominating set of G if for each v € V(G) \ 9, there
exists u € S such that v ¢ Ng(u). The smallest cardinality of a point-wise non-dominating
set of G, denoted by pnd(G), is called the point-wise non-domination number of G. A
dominating set S which is also a point-wise non-dominating set of G is called a dominating
point-wise non-dominating set of G. The smallest cardinality of a dominating point-wise
non-dominating set of G' will be denoted by v,nq4(G). Any point-wise non- dominating
(resp. dominating point-wise non-dominating) set S of G of cardinality |S| = pnd(G) (resp.
|S| = Ypnd(G)), is called a pnd-set (resp. Ypnq-set) of G. Point-wise non-dominating sets
and dominating point-wise non-dominating sets are discussed in [7].

Let G be a graph without isolated vertices. A subset S C V(G) is an inverse dominating
set of G if V(G)\ S contains a y-set of G. A minimum cardinality of an inverse dominating
set of G is the inverse domination number of G, and is denoted by 4(G). Motivated by C.
Berge[2], inverse domination of a graph was introduced by V.R. Kulli and S.C. Sigarkanti
[8] in 1991, and studied further in [9-12]. It may be noted that P.G. Bhat and S.R. Bhat
in [9] made mention of its application in an Information Retrieval System.

For a graph G with no isolated vertex, any pair of subsets S and D of V(G) is called
dd-pair if S and D are disjoint dominating sets of G. The symbol vv(G) is the smallest
sum |S| 4 |D| for all dd-pairs (S, D) of G. Since an inverse dominating set together with
its associated vy-set constitute a dd-pair, vy(G) < v(G) + 7(G). Disjoint dominating sets
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are studied extensively in [11-13].

A subset S C V(G) of a connected graph G is a hop dominating set (resp. total hop
dominating set) of G if for each v € V(G) \ S (resp. v € V(G)), there exists u € S
for which dg(u,v) = 2. The minimum cardinality of a hop dominating set (resp. total
hop dominating set) is called the hop domination number (resp. total hop domination
number) of G, and is denoted by v, (G) (resp. ¥,(G)). Any hop dominating set (resp.
total hop dominating set) of cardinality vy (G) (resp. v (G)) is called 7y, -set (resp. i -set)
of G. Using the symbol HD(G) to denote the family of all hop dominating sets of G,
more precisely, v,(G) = min{|S| : S € HD(G)}. Hop domination was introduced by C.
Natarajan C and S.K. Ayyaswamy [14] in 2015, and is investigated further in [7, 15-19].

For a vertex v of a connected graph G, Ng(v,2) = {u € V(G) : dg(u,v) = 2}, and
for S C V(G), Ng(S,2) = UpyesNg(v,2) and Ng[S,2] = Ng(S,2) U S. Precisely, S is a
hop dominating set (resp. total hop dominating set) if and only if N¢[S,2] = V(G) (resp.
N(5,2) = V(G)).

The relevance of hop domination is very well illustrated by the relatively well-known
application cited in [20] which, for our purpose, can be rephrased as follows : A factory
wants to set up a quality assurance team where some employees evaluate their co-workers.
To keep costs low and evaluators anonymous, the number of evaluators is kept as small as
possible and evaluators should not be direct friends or enemies of the workers they assess to
avoid bias. A social network can be modelled by a graph G with vertices representing the
workers where two workers are adjacent in G whenever they are either friends or enemies
of each other. In this graph, evaluators are not connected to the people they evaluate, but
instead are connected to the friends or enemies of those people. In hop domination, every
worker is evaluated by someone who is two steps away in the social network. This method
ensures privacy, fairness and efficient evaluation.

The present study is motivated by the situation where the management considers the
possibility that the quality assurance team might fail to deliver the desired output, and
reserves another separate team (composed of evaluators who are not members of the first
team) that can perform the same evaluation job. It deals mainly with the following two
more likely approaches:

e The second team will proceed only after the management found that the first team’s
evaluation result is a failure; or

e the second team will perform its task simultaneously with the first team.

2. Some existing results in hop domination
The following existing results are useful in the present study.
Proposition 1. [14] (i) For a complete graph K, yn(Ky) = n.

(i7) For a complete bipartite graph Ky, n, yn(Kmn) = 2.
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(#i1) For a path P, on n vertices,

2r,
Wm(Pn) =9 2r+1,
2r 42,
(iv) For a cycle C,, of length n,
2r,
Y(Cr) =< 2r +1,
2r + 2,

(v) For the Petersen graph P, y,(P) = 2.

Proposition 2. [7] Let G be a graph of order n. Then 1 < pnd(G) < n. Moreover,

(1) pnd(G) = n if and only if G = K,,.

if n = 6r;
if n=6r+1;
ifn=6r+s;2<s<5.

if n = 6r;
if n==6r+1;
ifn==6r+s2<s<5.

(13) pnd(G) = 1 if and only if G has an isolated vertex.

4 of 17

(7i7) pnd(G) = 2 if and only if G has no isolated vertex and there exist distinct vertices a
and b of G such that Ng(a) N Ng(b) = 2.

Theorem 1. [7] Let G and H be any two graphs. A set S CV(G+ H) is a hop dominating
set of G+ H if and only if S = Sg U Sy, where Sg and Sy are point-wise non-dominating

sets of G and H, respectively.

Theorem 2. [7] Let G and H be any two graphs. A set C CV(GoH) is a hop dominating

set of G o H if and only if

C=AU (UueV(G)mNG(A)Sv) U (UweV(G)\Ng(A)Ew) )

where

(1) A CV(G) such that for each w € V(G) \ A, there exists x € A with dg(z,w) =2 or
there exists y € V(G) N Ng(w) with V(HY) N C # @;

(i7) Sy, CV(H") for each v € V(G) N Ng(A); and

(1i1) Ey C V(HY) is a point-wise non-dominating set of HY for each w € V(G) \ Ng(A).

Theorem 3. [7|Let G be a nontrivial connected graph and let H be any graph. Then

(1) (G o H) < min{]%5(G), [L + pnd(H)]7(G)}.

(1) (G o H) =2 if {4(G) = 2.
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(1i1) yn(Go H) =2 if v(G) =1 and H has an isolated vertex.

Theorem 4. [7] Let G and H be non-trivial connected graphs. A subset C = Uzecg ({x} x Ty)
of V(G[H]) is a hop dominating set of G[H] if and only if the following conditions hold:

(i) S is a hop dominating set of G;
(13) Ty is a point-wise non-dominating set of H for each x € S with |[Ng(x,2)N S| =0.

Corollary 1. [7] Let G and H be non-trivial connected graphs of orders m and n,
respectively. Then

(1) m(GIH ]) pr(G) if ¥(G) = 1, where pp(G) = min{|.S N Ng(S, 2)| + pnd(H)|S \
Ng(S 2)| : S'is a hop domlnatlng set of G'};

(ii) ~yn(G[H]
(iid) yn(G[H]

Yn(G) if v(G) # 1; and

) =
) =m[pnd(H)| if G = Kp,.

3. Results

By an ntc graph we mean a nontrivial connected graph. For vertices v and v of
an ntc graph G, a u-v geodesic is any shortest path in G joining uw and v. The length
of a u-v geodesic is the distance between u and v, and is denoted by dg(u,v). The
eccentricity of v refers to the quantity e(v) = max{dg(u,v) : v € V(G)}. The diameter
and radius of G are defined, respectively, as diam(G) = max{e(v) : v € V(G)} and
r(G) = min{e(v) : v € V(G)}.

Proposition 3. Let G be an ntc graph with r(G) > 2. For each yp-set S C V(G), V(G)\ S
is a hop dominating set of G.

Proof: Let S C V(G) be a yp-set of G. Suppose, in the contrary, that there exists u € S
for which dg(u,v) # 2 for all v € V(G) \ S. Since r(G) > 2, there exists v € V(G) such
that dg(u,v) = 2. The previous statement implies that v € S. Put S* = S\ {u}. Then S*
is a hop dominating set of G, a contradiction since |S*| < |S| = v,(G). [ |

In what follows, ¢ is the family of all ntc graphs G such that r(G) > 2.

3.1. Inverse hop domination

Let G € 4. A subset S C V(G) is an inverse hop dominating set provided S is a hop
dominating set and V(G)\ S contains a 7p-set of G. The minimum cardinality of an inverse
hop dominating set is called the inverse hop domination number of G, and is denoted by

Y (G).
Clearly, for G € ¢ of order n,

2 < (G) S T(G) <n—m(G) <n-—2. (1)
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Theorem 5. Let G € 4 of order n. Then
(1) A(G) = 2 if and only if yu(G) = 2 and G has two disjoint y,-sets.

(17) n(G) = n—2 if and only if vu(G) = 2 and for every yu-set {u,v} of G, dg(x,y) # 2
for all z,y € V(G) \ {u,v}.

Proof: For (i), from Inequality 1, if 7;,(G) = 2, then 7;(G) = 2 and the conclusion follows.
The converse is clear.

Suppose that 7, (G) = n — 2. Then Inequality 1 implies that 7,(G) = 2. Let {u,v} be
a yp-set of G. Then S = V(G) \ {u,v} is a p-set of G. Let z,y € S with dg(z,y) = 2.
First, if u,v ¢ Ng(x,2), then S\ {z} is a hop dominating set of G, a contradiction. Next,
if u,v € Ng(x,2), then S\ {y} is a hop dominating set of G, a contradiction. Now assume
that v € Ng(z,2) and v ¢ Ng(z,2), and let [z, z,u] be a z-u geodesic in G. Suppose that
z #v. Then dg(z,v) = 2 and S\ {y} is a hop dominating set of G, a contradiction. Suppose
that z =wv. If [x,v,y] is a x-y geodesic in G, then S\ {y} is a hop dominating set of G, a
contradiction. Suppose not, and let [z, w, y] be a geodesic in G. If wv € E(G), then S\ {w}
is a hop dominating set of G. If wv ¢ E(G), then S\ {y} is a hop dominating set of G, a
contradiction. The above contradictions imply that dg(x,y) # 2 for all z,y € V(G) \{u, v}.

Conversely, suppose that v, (G) = 2, and let {u, v} be a yp-set of G. If S = V(G)\ {u, v}
is not a p,-set of G, then there exists = € S such that S\ {z} is a hop dominating set of G.
This means that, in particular, there exists y € S\ {z} such that dg(z,y) = 2, contrary to
the hypothesis. [ ]

Observe that for graph G; in Figure 1, {u,v} in particular, is a y,-set and x,z €
V(G1) \ {u,v} with dg(z, z) = 2. By Theorem 5(ii), 7,(G1) < 3. Since {z,y} is a y,-set,
Yn(G1) = 2 as also affirmed by statement (7).

For G in Figure 1, {u,v} and {v,w} are the only ~,-sets of G5. Both ~y;,-sets satisfy
the conditions in Theorem 5(i7). Thus, 7,(G2) =n—2=6 —2 = 4.

z

Figure 1: Examples of graphs described in Theorem 5

In view of Proposition 1, the following observations hold.

Observation 1. (i) For a complete multipartite graph G = Ky, ry...p, with2 <13 <1y <

o <y T(G) =1

n

(i) For a path P, on n > 4 vertices,

2r+3, ifn=06r+5;

2 (P —
(Fn) {2r+2, if n="06r+s50<s<4
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(#i1) For a cycle Cy, of length n > 4,

r, if n = 3r;
(Cn) =% 2r+1, ifn==06r+1;
2r+2, ifn==6r+s,s=2,4,5.

(iv) For the Petersen graph P, 3,(P) = 2.

Theorem 6. For every pair of positive integers m and n with 2 < m < n, there exists
G €9 for which v,(G) = m and Y,(G) = n.

Proof: If m = n, then we take G = K, p, ., With 2 <7y <79 < ... <1, Assume
that m < n, and write n = m + k, where k > 1. If m = 2, then take the graph
G = (K1 UKj41) + K3 (see graph Gy in Figure 2 when k = 2). If V(K;) = {v} and
V(K3) = {y1,y2}, then {v,y1} and V(Kjy1) U {y2} are, respectively, a y-set and a p-set
of G. Suppose that m > 3. Then we take the graph G = (K1 U Ki11) + Kry rorrn1s
where 11 = r9 = -+ = 1 = 2 (see graph G in Figure 2 for m = 3 and k = 2). Put
V(K1) ={v}andlet U, = {y}j,yfj} (j=1,2,...,m—1) be the partite sets of Ky, 1y, .1, -
Then {U,y;j :7=1,2,...,m—1} and V(KkH)U{yfj 17 =1,2,...,m—1} are, respectively,
a yp-set and a p-set of G. In any case, 7,(G) =m and 3,(G) = (m —1)+ (k+1) =n.1

g %
X1
Y2
G1=(K1UK3)+ Ky Gy = (K1 UK3)+ Koo

Figure 2: Examples of graphs described in the proof of Theorem 6

Corollary 2. The difference Y,(G) — v1,(G) can be made arbitrarily large.

3.2. Disjoint hop domination

For G € ¢4, Proposition 3 guarantees the existence in G of hop dominating sets A and
B with AN B = @. Denote by PHD(G) the family of all pairs (A4, B) where A and B are
disjoint hop dominating sets of G. We define

7n(G) = min{|A| +|B] : (A, B) € PHD(G)}.

Any pair (A, B) € PHD(G) with |A| 4+ |B| = vu1(G) is called vypp-pair of G.



V. A Besana, F. Jamil, S. Canoy Jr. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6536 8 of 17

It should be noted that for (A, B) € PHD(G), any of A and B need not be a 7,-set of
G. For all G € ¢4 of order n,

2790 (G) < Yn(G) < Wm(G) +91(G) < n. (2)

If G is any of the graphs G; and G2 in Figure 2, then y,4(G) = (G) + 1(G) = |V (G)].
Consider the graph G in Figure 3, the sets {a1, b1, c1} and {ag, as, be, b3, c2, c3} are a ~yp,-set
and a 7p-set, respectively, of G. While the sets {a1, a2, b3, cs} and {b1, c1, ba, az} constitute
a ypp-pair of G. For this G, 2v,(G) < Y (G) < Y (G) + Au(G).

b3

as

C1

C2
e3

Figure 3: Graph G with 274(G) < Y1 (G) < Y (G) + 71 (G)

Proposition 4. For all G € 9, if
n(G) < 1+(G),

then
Y (G) = Y (G) + 3 (G), (3)

but not conversely. In particular,

(1) Yrr(G) = 29,(G) for any of the following graphs G: the complete multipartite graph,
cycle Cp, and the Petersen graph described in Proposition 1.

(i) For a path P, on n > 4 vertices,

dr +4, ifn=06r+s,2<s<4;
dr + 2, if n = 67,

dr+ 3, ifn==6r+1;

4r +5, if n=06r+5.

'Yhh(Pn) =

Proof: Equation 3 is clear if 4,(G) = v,(G). Assume Y,(G) = 1 + 7,(G), and let (A, B) €
PHD(G). If |A|+|B| < 142v,(G), then |A| = |B| = 7 (G). Consequently, ¥,(G) = v,(G),
a contradiction. Since (A, B) is arbitrary, v4(G) +3n(G) = 14 279,(G) < Y1 (G). Equation
2 yields the desired equality.
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Revisit the graph G = (K1 U Ki41) + Ky rg,in_ 1 Where 7y =19 = -+ =1y = 2,
in Theorem 6. As shown, y,,(G) = 2m + k = y(G) + 4,(G). However, if £ > 2, then
n(G) > 1+ m(G).

The rest of the proof follows from Proposition 1 and Observation 1.

Proposition 5. For each positive integer n > 4, there exists G € 4 for which v,(G) +
1 (G) = Vun(G) = n.

Proof: Let G be the graph given in Figure 4 which is obtained from the complete graph K4
(with vertices {u,v,w, z}) by adding to K, three copies of the join K; + Cy through the
vertices u, v and w and then adding the join (z) + K,,—o. Let V(K _2) = {z1,z2,...,Tp_2}

b3

Figure 4: A graph G with 7,1, (G) < Y(G) + Y1 (G)

and let the copies of K+ Cy be given by the vertices {a, a1, as,as,as}, {b,b1,be, b3, by} and
{c,c1, ca, c3, ¢4} with au, vb,we € E(G). Then {u,v,w,z} is a y,-set of G and {a, a1, a2} U
{b,b1,b2} U{c,c1,c0} U{x1,29,...,2n-2} is a p-set of G. On the other hand, the sets
{w, c,bs, by, c3,c4} and {u, v, z,c1,ca} constitute a ypp-pair of G. Thus, v,(G) + Fr(G) —
Yn(G) =44+ (7T+n) — 11 = n. |

Corollary 3. The quantity v,(G) + Y(G) — Yun(G) can be made arbitrarily large.

3.3. In the join of graphs
A proof similar to that of Proposition 3 establishes the following lemma.

Lemma 1. Let G € 4. If S C V(G) is a pnd-set of G, then V(G)\ S contains a point-wise
non-dominating set of G.

Lemma 1 makes sense to the following definition. Let G € 4. A subset S C V(G) is
an inverse point-wise non-dominating set of G if there exists a pnd-set D of G for which
SN D =@. The minimum cardinality of an inverse point-wise non-dominating set of G
is denoted by ipnd(G). Any inverse point-wise non-dominating set of G of cardinality
ipnd(Q) is called ipnd-set of G.
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Theorem 7. Let G, H € 4 and S C V(G+H). Then S is an inverse hop dominating set of
G+ H if and only if S = SgU Sy, where Sg and Sy are inverse point-wise non-dominating
sets of G and H, respectively.

Proof: Note first that G + H € 4. Assume that S is an inverse hop dominating set of
G+ H,and let D C V(G + H) be a yp-set of G+ H such that SN D = &. By Theorem 1,
S =5¢USy and D = Dg U Dp, where S and D¢ are point-wise non-dominating sets of
G and Sy and Dy are point-wise non-dominating sets of H. Moreover, Dg and Dy are
pnd-sets of G and H, respectively. Thus, Sg and Sp are inverse point-wise non-dominating
sets of G and H, respectively.

Conversely, suppose that S = Sg U Sy, where Sg C V(G) and Sy C V(H) are inverse
point-wise non-dominating sets of G and H, respectively. Then, there exist pnd-sets
D¢ CV(G) and Dy C V(H), such that S N Dg = & and Sy N Dy = @. By Theorem 1,
both S and D = Dg U Dp are hop dominating sets of G + H. Using the same theorem, it
is straightforward to show that D is a yx-set of G + H. Since SN D = @, S is an inverse
hop dominating set of G + H. |

Corollary 4. For all G,H € ¥,

(G + H) = ipnd(GQ) + ipnd(H). (4)

Given G € ¢, we use the symbol PPN D(G) to denote the family of all pairs (4, B),
where A, B C V(@) are disjoint point-wise non-dominating sets of G. By Lemma 1,
PPND(G) # @. We define

ppnd(G) = min{|A| + |B| : (A,B) € PPND(G)}.
Any pair (A, B) € PPND(G) for which |A| + |B| = ppnd(G) is called ppnd-pair of G.
Theorem 8. Let G,H € ¢, and let A,B C V(G + H). Then (A,B) € PHD(G + H)

if and only if A = Ag U Ay and B = Bg U By, where (Ag,Bg) € PPND(G) and
(Ay,By) € PPND(H).

Proof: Assume (A, B) € PHD(G+ H). By Theorem 1 and since ANB =@, A= AgUAg
and B = B U By, where (Ag, Bg) € PPND(G) and (A, By) € PPND(H).

Conversely, if A = Ag U Ay and B = Bg U By, where (Ag, Bg) € PPND(G) and
(Ap,Bp) € PPND(H), then A and B are hop dominating sets of G + H by Theorem 1.
Moreover, since ANB =@, (A,B) € PHD(G + H). [

Corollary 5. For all G,H € ¥,

V(G + H) = ppnd(G) + ppnd(H). (5)
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3.4. In the corona of graphs

Statements (ii) and (i7i) of Theorem 3 assert that under some conditions, the value
of v,(G o H) is attainable by the value of v{%(G) or [1 + pnd(H)]y(G). Moreover, It is
shown in [7] that a strict inequality in statement (7) is also attainable.

For a (1,2)-total dominating set A of a graph G, we write
I'A)={ve A: Ng(v)\ A+# o}
For each v € T'(A), choose exactly one u, € Ng(v) \ A, and define
A° ={uy:veT(A)}.
Clearly, AN A° = @.

Proposition 6. Let G be an ntc graph of order n and let H be any graph. Then
(1) Yan(Go H) < [1+pnd(H)|vy(G), and this bound is sharp.

(i6) If (G o H) = 77%5(G), then

TG oH) < min{|A% +[4° O Na(A%)] +
[n — |[Ng(A%)|]pnd(H) : Ais a 'y’fo— set of G},

and equality is attained for star graphs G on n > 3 vertices.

(13i) If y(G o H) = [1 4+ pnd(H)|y(G), then
(G o H) < [1+ pnd(H)3(G).

In particular, if v(G) = ¥(G), then y,(Go H) = 7,(G o H).

Proof: Let (A, B) be a vy-pair of G. For each v € A, let S, C V(H") be a pnd-set of H".
Similarly, for each v € B, let T,, C V(H") be a pnd-set of H". Define S = AU (UyecaSy)
and T'= BU(UyepTy). Let x € V(GoH)\ S and let v € V(G) for which x € V(H" +v). If
x = v, then since A is a dominating set and v ¢ A, there exists u € A such that uwv € E(G).
Pick y € Sy,. Then y € S and dgop(z,y) = 2. On the other hand, if = # v, then since S,
is a pnd-set of H” and = € V(H") \ S,, there exists y € S, for which zy ¢ E(H"). This
means that y € S and dgom(z,y) = 2. Accordingly, S is a hop dominating set of G o H.
Similarly, T is a hop dominating set of Go H. Since SNT = @, (S,T) € PHD(G o H).
Therefore, vy(Go H) < |S|+|T| = [1 + pnd(H)]vy(G). In particular, if H has an isolated
vertex, then v, (Py o H) =4 = 29y(G). This proves (7).

To prove (ii), let A C V(G o H) be a 7{’y-set of G. Then A is a ~-set of G o H. For
each v € A° N Ng(A°), let S, C V(H") be singleton. For each v € V(G) \ Ng(A°), let
T, C V(H") be a pnd-set of H". Define

C' = A°U (Uyeoring(42)Ss) U (Duevi@nma(anTv) -
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Clearly, CN A = @. We claim that C is a hop dominating set of Go H. Let v € V(G) \ A°.
We consider the following cases:

Case 1: ve A

Since A is a total dominating set of G, Ng(v) # @. Moreover, because v ¢ A°,
Ng(v) € A. Pick w € AN Ng(v). First, suppose that w € I'(4) and y = u,, € A°. Since
y ¢ Ng(v), dg(v,y) = 2. Next, suppose that w ¢ I'(A). Then w ¢ Ng(A°) and Ty, is a
pnd-set of H*. Pick y € Ty,. Then y € V(H")N C.

Case 2: v¢ A

Since A is a dominating set of G, there exists w € AN Ng(v). Since v € Ng(w) \ 4,
w € T'(A) and there exists y = u,, € A°. If vy ¢ E(G), then dg(v,y) = 2. Suppose
that vy € E(G). If y € Ng(A°), then V(HY)NC = Sy, # @. If y ¢ Ng(A°), then
V(HY)NC =T, # &.

By Theorem 2, C' is a (inverse) hop dominating set of G o H. Thus,
Tn(G o H) < |C| = |A°] 4 |A° N Na(A%)| + [n — |Na(A°)|Jpnd(H).

In particular, if G is the star graph Ky ,,—1 (n > 3), then v,(GoH) =2 and 7,(GoH) =
14+ (n—1)pnd(H), for any graph H. Any 'yikfz—set A contains the central vertex, |[A°| = 1 and
A°NNg(A°) = @. Thus, |A°|+]|A°NNg(A°)|+[n—|Ng(A°)|lpnd(H) = 14+ (n—1)pnd(H).

Finally, to prove (i), let B C V(G) be F-set of G and let A C V(G) be a 7-set of
G for which AN B = @. For each v € A, let S, C V(H") be a pnd-set of H". Similarly,
for each v € B, let T, C V(H") be a pnd-set of H”. Define § = AU (UyeaS,) and
T = B U (UyepTy). As shown in the proof of statement (i), (S,T7) € PHD(G o H).
Moreover, since |S| = [1 4+ pnd(H)]v(G), T is an inverse hop dominating set of G o H.
Therefore,
(G o H) < |T| = [1 4+ prd(EDJF(G).
|
The corona G o H, where pnd(H) > 2 and G is the graph in Figure 5, shows that strict
inequality may be attained in Proposition 6(ii). Here A = {z,w} is the unique 7,-set of
Go H and 4,(Go H) = 2+ pnd(H). Now, choose A° = {y}. Then |A°| + |A° N Ng(A°)|+
(4 — [NG(A°) [pnd(H) = 1+ 2pnd(H) > 3,(G o H).

T
: z w
Y

G
Figure 5: Graph G for illustration of Proposition 6(%)

Let H be a graph with isolated vertex. For n > 2, 4, (Ki,0 H) =n+1 < 2n =
[1+ pnd(H)]y(K1,,). This means that inequality in Proposition 6(iii) is also attainable.
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3.5. In the lexicographic product of graphs

A subset S C V(G) is a pg-set of G if S is a hop dominating set of G with py(G) =

Theorem 9. Let G and H be ntc graphs with v(G) # 1. Then

n(GH]) = %n(G).

Proof: Since v(G) # 1, G admits a total hop dominating set. Let S C V(G) be a
Yn-set of G, and let w,v € V(H) with u # v. By Theorem 4, C; = S x {u} and
Cy = S x {v} are hop dominating sets of G[H]. Since |C1| = v, (G), C; is a ~y,-set of
G[H] by Corollary 1. Consequently, Cs is an inverse hop dominating set of G[H]. Thus,
1n(G) =y (G[H]) < Y(GH]) < |Ca] = 72n(G). u

Theorem 10. Let G and H be ntc graphs with v(G) = 1 and H € &4. Let C =
Uzes ({z} x T) € V(G[H]) with T, # V(H) for x € S. Then C is an inverse hop
dominating set of G[H] if and only if each of the following holds:

(i) S is a hop dominating set of G;
(1) Ty is a point-wise non-dominating set of H for all x € S\ Ng(S,2);

(13i) There exists a pp-set S* of G such that for each x € (SN S*)\ Ng(5*,2), V(H)\ T}
admits a pnd-set of H. More particularly, for each z € (S N S*)\(Na(S,2) U Ng(5*,2)),
T, is an inverse point-wise non-dominating set of H.

Proof: First, assume that C' is an inverse hop dominating set of G[H|. By Theorem
4, both (¢) and (i7) hold for S. Since C is an inverse hop dominating set, there exists
a yp-set C* = Uzeg+ ({z} x ) of G[H] for which C C V(G[H]) \ C*. By Corollary
1, S* is a pg-set of G and T is a pnd-set of H for each x € S*\ Ng(S*,2). Let
x € (SNS*)\ Ng(S*,2). Because CNC* =@, T C V(H) \ T,. More particularly, if
x € (SNS*)\ (Ng(S,2)UNg(S*,2)), then T, is a point-wise non-dominating set of H.
Further, since T, C V(H) \ T, T is an inverse point-wise non-dominating set of H. This
proves (ii).

Conversely, suppose that C' satisfies all conditions (), (i7) and (#¢7). Then, by Theorem
4, C'is a hop dominating set of G[H]. We construct a y,-set C* = Uzeg+ ({x} x T3) for
which C C V(G[H]) \ C* as follows: Let z € S*.

Case 1: Suppose that x € S. If z € Ng(S*, 2), then we take T)F = {y}, wherey € V(H)\T}.
If # ¢ Ng(S*,2), then as provided by condition (iii), we take a pnd-set T, of H with which
T, C V(H)\ T

Case 2: Suppose that x ¢ S. If © € Ng(S*,2), then choose T = {y} for any y € V(H).
If x ¢ Ng(S*,2), then we choose any pnd-set T of H.
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Define C* = U,eg+ ({x} x T3). Then C* is a hop dominating set of G[H] by Theorem
4. Moreover, C N C* = @ and

(G > i+ Y T
x€S*NNg(5*,2) z€S*\Ng(5*,2)
= [S"NNa(S%,2)] + pnd(H)|S™ \ Na (5™, 2)]

= pu(G).
Therefore, C' is an inverse hop dominating set of G[H]. [

Corollary 6. If G and H are ntc graphs with v(G) =1 and H € ¢, then
Yn(G[H]) < min{|S N Ng(S,2)| + ipnd(H)|S \ Na(S,2)|: S € HD(G)}.

Proof: Put pp(G) = min{|S N Ng(S,2)| + ipnd(H)|S \ N¢(S,2)| : S € HD(G)}. Let
S CV(G)beapy-set of G,y € V(H) and A C V(H) an inverse point-wise non-dominating
sets of H. Define C = Uges ({z} x T}), where T, = {y} for all z € S N Ng(S5,2) and
T, = Aforall x € S\ Ng(5,2). By Theorem 10, C is an inverse hop dominating set of
G[H]. Thus,

n(GH]) < [C] =S N Na(S,2)| + ipnd(H)|S \ Na(S; 2)|-
Since S is arbitrary, 3, (G[H]) < pu(G). [
Corollary 7. For all H € 4 and m > 2,
Tn(KH]) = m - ipnd(H).
Proof: Note first that S = V(K,,) is the unique hop dominating set of K,,, and Nk, (5,2) =
@. Thus, Corollary 6 yields v, (K, [H]) < m - ipnd(H).

Now, let C' C V(K,) be a Yp-set of Ky,[H]. By Theorem 10, C' = Uyey(k,,) ({7} X Tx),
where T, C V(H) is an inverse point-wise non-dominating set of H for each z € V(K,,).
Thus,

WEnlH) = Y [Tl = m- ipnd(H).
z€V(Km)

Equality in Corollary 6 can be attained even with a noncomplete G. Consider, for
example, G = P3 = [z1,29,23]. Then G has only three distinct hop dominating sets,
namely S1 = {z1,22}, S2 = {z2,23} and S5 = V(G). In view of Proposition 2, for any
graph H € ¢, S3 is the unique pg-set of G. Thus, 3,(G[H]) = pu(G) = 2 + ipnd(H).

Proposition 7. Let G and H be ntc graphs with v(G) # 1. Then

mn(GH]) = 27:(G).-
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Proof: Applying Corollary 1 and Theorem 9, we have

29 (@) = 29 (GH]) < mn(GH]) < (GH]) +30(GIH]) = 27 (G).

The following follows immediately from Theorem 4.

Theorem 11. Let G and H be ntc graphs with v(G) = 1 and H € &. Let C =
Uzes ({z} X Ty),C* = Uges ({z} x T) C V(G[H]) with T, # V(H) for x € S and
T # V(H) for all x € S*. Then (C,C*) € PHD(G[H]) if and only if each of the
following holds:

(i) Both S and S* satisfy the conditions (i) and (ii) of Theorem 4; and

(1) Ty NT} =@ for all x € SN S*. More particularly, (T, Ty) € PPND(H) for all
S (Sﬂ S*) \ (NG(Sv 2) UNG(S*12))'

Corollary 8. For all graphs H € ¢ and m > 2,
Van(Km[H]) = m - ppnd(H).

Proof: Put S = V(K,,) and let C = Uyzes ({z} X T) ,C* = Uzes ({z} X T) € V(K [H])
such that (T,,T;) is a ppnd-pair of H for each z € S. Then (C,C*) € PHD(K,,[H]) by
Theorem 4. Thus,

m(KmH]) <O +|C* = Y (|Tul +|T35]) = m - ppnd(H).
€V (Km)

Now let (C,C*) be a ypp-pair of K,,[H]. By Theorem 11(7), C' = Uzes ({x} x T};) and
C* = Uges+ ({x} x T) for some hop dominating sets S and S* of K,,, with T, a point-wise
non-dominating sets of H for each z € S\ Nk, (S,2) and T;} a point-wise non-dominating
set of H fo all x € S*\ Nk, (5%,2). Since V(K,,) is the unique hop dominating set of
K, S =5*=V(K,) and Ng,, (S,2) = Nk,, (5%, 2) = @. Further, by Theorem 11(i7),
(T, Tk) € PPND(H). Thus,

mn(Em[H]) = C|+|C* = Y (|Tal + |T;]) = m - ppnd(H).
€V (Km)
|
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