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Abstract. A finite modular lattice A is said to be MPP if there is an endomorphism, called an
MPP endomorphism, whose the pre-period is equal to the length of A. A monounary algebra (A4, f)
is said to be MPP if f is an MPP endomorphism of a lattice A, called an MPP corresponding
lattice to (A, f). In this work, we show all MPP monounary algebras induced by endomorphisms
of the direct products of two chains.
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1. Introduction

One of universal algebras which play important roles to simplify many problems
in computer science is a monounary algebra. It is often considered as a special type
of automata (see e.g. in [1, 2]). The advantage of monounary algebras is their easy
visualization; especially, they can be represented as planar directed graphs. The important
theories of unary and monounary algebras are shown in many monographs; for instance,
[3]. Moreover, monounary algebras have closed relationships with all algebras via their
endomorphisms.

A monounary algebra is a set A equipped with a unary operation f : A — A and it
is denoted by A = (A, f). Denote f° is the identity map on A and f* = fo f*~! for all
n € N. A monounary algebra A is said to be connected if for each a,b € A, there exist
nonnegative integers n, m such that f"(a) = f"(b). An element a € A is called a cyclic
if f"(a) = a for some n € N. The height of an element € A, denoted by ht(z), is the
least non-negative integer i such that fi(z) is a cyclic element. The height of the finite
monounary algebra A is defined by

ht(A) := max {ht(x) | z € A}.
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In other words, ht(A) is the least non-negative integer A(f) satisfying fA()(A) = fAU+1(A)
and it is known as the pre-period of f (see [4]).

For any algebra A, we can study the monounary algebra (A, f) induced by an endo-
morphism f of A. Besides, an endomorphism is studied in any category and it is relevant
to solve many problems in algebraic structures, relational structures and graphs; reader
may look in [5-9]. If A is finite, one can see that |A| — 1 is an upper bound of A(f); so, it
is interesting to study the least upper bound as follows. The pre-period of algebra A is

A(A) =sup {A(f) | f is an endomorphism of A} .

In [10, 11], the authors focused on a finite lattice and showed that for a finite modular
lattice L, its pre-period is less than or equal to the length of L where the length ¢(L) of L
is defined by |C| — 1 for the longest chain C'in L. A finite modular lattice A is said to be
MPP if there is an endomorphism f (called an MPP endomorphism) whose A(f) = ¢(A).
A monounary algebra (A, f) is said to be MPP if there is an MPP endomorphism g of a
lattice B such that (A, f) is isomorphic to (B, g). Such the lattice B is called an MPP
corresponding lattice to (A, f).

In the present work, we will show that all monounary algebras induced by an MPP
endomorphism of the direct products of two chains (studied in [10]) are isomorphic to the
monounary algebras (A, f,) and (B, g,) shown in the figures 1, 2 and 3.
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Figure 1: The graph of (An, frn) where n is an even natural number.
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2. Basic concepts

We denote the top and bottom of a lattice A by 14 and 0a (shortly, 1 and 0), respec-
tively. A unary operation f on a lattice A = (4;V,A) is said to be an endomorphism of
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Figure 2: The graph of (A,, f») where n is an odd natural number.

A if f(aVvb) = f(a)V f(b) and f(a Ab) = f(a) A f(b) for all a,b € A.
The results in [11, Corollary 6] imply the following theorem.

3of 13

Theorem 1. [11] Let A be a finite modular lattice and f be an endomorphism of A. Then

f is MPP if and only if [ satisfies either

0= 1) < O < o< f(1) <1
or

0= f(0) <... =< fAI710) < A(0) = 1.

Corollary 1. Let f be an MPP endomorphism of a finite modular lattice A.

(i) If f satisfies the condition (1), then f(0) =0
ht(z) = min {n € NU{0} | f"(z) = 0}
for allz € A and ht(1) = ((A).
(ii) If f satisfies the condition (2), then f(1) =
ht(z) = min {n € NU{0} | f"(z) = 1}
for allx € A and ht(0) = ((A).

(1)

(2)

We denote the m-element chain by C,,, = {1 <2 < ... <m} for m € N. For conve-

nient, let @ =1 and b = m in C,, for all @ < 1 and b > m.
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Figure 3: The graph of (B, gn) for n > 2.

Theorem 2. [10] For each m € N, the unary operation @pyx2 on Cy, x Cy defined by

o JE=12) ifi>1,
SOmXQ(Zaj) - {(171) Zfl -1

1s an MPP endomorphism of C,, x Co fizing the bottom.

By Theorem 1, the operations (seen in [10]) in the following theorem are MPP endo-

morphisms.
Theorem 3. For each m € N, the operations iy, m—1) : C? — C2 and Clm—1,m) * c? —
C2, defined by

C(m,mfl) (27]) = (j’i - 1)

and o -
C(mfl,m)(@j) = (j - 172)
are MPP endomorphisms of C2, fizing the bottom.

Lemma 1. [10] For each m,n > 3, if f is an MPP endomorphism of C,, x C,, fizing the
bottom, then either

(i) f2(m,n) = (m —k,n—k) and f*(m,n) = (m —k,n— (k+1)) for all0 < k <
min{m — 1,n — 2}, or

(i) f?*(m,m) = (m —k,n —k) and f2**1(m@m,7n) = (m — (k+1),n—k) for all 0 < k <

min {m —2,n — 1}.
Theorem 4. [10] Let m,n € N. Then

C,. x C,, is MPP if and only if either m <2, n <2 or |m —n| < 1.
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3. All MPP endomorphisms of product of two chains

It is well-known that if an algebra A is isomorphic to an algebra B under ¢, the monoid
End(A) of all endomorphisms of A is isomorphic to End(B) under the isomorphism &
defined by ®(f) = ¢o fop ! for all f € End(A). Observe that the pre-period is invariant
under .

Proposition 1. Let ¢ : A — B be an isomorphism between finite algebras A and B and
f € End(A). Then

(i) pofop~! € End(B),
(i) \(f) = N¢o fo o), and
(i1i) ¢ is an isomorphism from (A, f) to (B,¢o fo (ﬁ*l).

Proof. Let g = ¢o fo¢~t. Since ¢, f and ¢~ are homomorphisms, so is g. Hence,
o fop !t € End(B). Moreover,

P (B) =¢o A op™(B)
= ¢o fA(A)
= o [FITH(4)
=¢o Ao s (B)
= " IH(B).

So, A(g) < A(f). Similarly, A(g) > A(f). Thus A(g) = A(f). Since
pof=g¢ofogp lop=goop,

¢ is an isomorphism from (A4, f) to (B, ¢pofo qb_l).

Remark 1. Let m,n € N. Then

(i) ¢:Cp x Cp — (Cpy x C)? defined by

¢(i,j) =(m—i+1n—j+1)
is an isomorphism where (Cy, X Cn)8 is the dual of C,, x C,,.

(ii) ¥ : Cy x C,, = Cy, X Cyy, defined by
v(Z,Y) = (¥,7)

is an isomorphism.
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For each f € End(C,, x C,,), we denote

fl=gofoo!

and

f7i=vofoyp!
One can see that for each f € End(C,, x C,), f~ € End(C,, x C,,) and f fixes the
bottom if and only if f? fixes the top. By Theorem 4 and Proposition 1, we will focus
on MPP endomorphisms of C,, x Co, C,, x C,, and C,, x C,,_1 fixing the bottom for
m € N\ {1}.

Lemma 2. Let m > 3 and f be an MPP endomorphism of C,, x Cq fixing the bottom.
Then

(7’) f(m’ é) = (m - Lé);

(ii) if f(m—1,2) = (m —1,1), then m = 3;

(iii) if there is t < m — 1 such that f(i,2) = (i —1,2) for alli >t and f(t,2) = (¢,1),
thent =1 and f(j,1) = (j — 1,2) for all j > t.

f(m,2) = (m, 1), we get f(1,

(i,i):f(i,i):f(I,Q)/\f(m,i):(E,i)/\(m—l,i),

Proof. (i) Assume that f(m,2) (W,I). Then f(m,1) = (m —1,1). Since f(1,2) <
1,2) = r i

we get k= 1. So,

a contradiction. By Theorem 1, f(m,2) = (m — 1,2).

(i4) Suppose that f(m —1,2) = (m —1,1). By Theorem 1, f(m —1,1) = (m —2,1).
Since f(m—2,2) < f(m—1,2) = (m—1,1), we get f(m — 1

k <m — 1. Since

—1,)=fm—-1,2)=f(m—-1,1)V f(m—2,2) = (m—2,1) v (k, 1),

—~

we get kK =m — 1. Since

fm=21)=f(m=-1,1)Af(m—2,2)=(m—-2,1)A(m—1,1) = (m—2,1)

and (1, 1) is the unique fixed point, m — 2 = 1; that is, m = 3.
(i74) Suppose that there is t < m — 1 such that f(i,2) = (i —1,2) for all i > ¢ and
f(t,2) = (t,1) and let j > t. Then
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For j > t+ 1, we have j — 1 > f which implies by the property of chain that f(j,1) =

(j —1,2) and

Hence,

Since (1,1) is the unique fixed point, ¢ = 1.

Theorem 5. Let m € N with m > 2.

(i) For m < 3, {(mm—-1) lCmxCy and @mxa are all MPP endomorphisms of Cp, x Co
fizing the bottom.

(i) For m > 3, ©omx2 is the unique MPP endomorphism of C,, x Cy fizing the bottom.

(i4) For m > 3, ((mm—1) and ((m_1m) are all MPP endomorphisms of Cp, x Cy, fizing
the bottom.

(iv) For m > 3, ((mm-1) lCnxCpm_y 5 the unique MPP endomorphism of Cp, X Cpq
fizing the bottom.

Proof. (i) Let f be an MPP endomorphism of Cs x Cy fixing the bottom. Then
f(2,2) =(2,1) or f(2,2) = (1,2).
Case f(2,2) = (2,1). Then f(2,1) = (1,1). Since

(2a1) = f(272) = f(271)\/f(172) = (171)vf(172)a

f(1,2) = (2,1) which implies that f = (2 1).
Case f(é, Q) = (i, é) Similarly, f = C(LQ) (: g02><2).
In any cases, we are done for m = 2.

Let f be an MPP endomorphism of C3 x Cg fixing the bottom. By Lemma 2 (i),
f(3,2) = (2,2); and so, f(3,1) < (2,2). Thus f |cyxc, is an MPP endomorphism of
Cy x C,, fixing the bottom.

and
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we get f(3,1) = (2,2). So, f = p3xa.

(i) The proof follows directly from Lemma 2 (i7) and (éi7).

(73i) We will prove by the induction under the cardinality of the chain. By (i), this
statement is true for m = 2. Let m > 3 and f be an MPP endomorphism of C,, x C,,
fixing the bottom. By Lemma 1, we may assume that

f2*(m,m) = (m — k,m — k) and f2+(m,m) = (m —k,m— (k+1))....... (%)
forall0 <k <m—2. Then foreach0<k<m—-2and1<i<m—k,
fm—Fk,m—k)
fm—km—(k+1))V f(i,m— k)
=m-—(k+1),m—(k+1)V f(i,m—k)

(m—Fk,m—(k+1))

which implies that

f@i,m—k)=(m—k,j) forsome 1 <j <m— (k+1) (3)

and

fG,m—(k+1)=f(m—k,m—(k+1))A f(i,m—k)
=m-—(k+1),m—(k+1)A(m—k,j)
= (m_ (k—i_l)?j)a

and for i =m — (k + 1), we get by (%) that j = m — (k 4+ 2). Thus

flm —(k+1),m—k)=(m—k,m—(k+2)). (4)
Besides,
(m—k,m—(k+1)) = f(m—km—k)
=fm—Fk)V fim—(k+1),m—k)
=f(m—Fk,i)v(m—k,m—(k+2))
implies

f(m —k,i)=(j,m— (k+1)) for some 1 < j <m —k. (5)
By equations (3) and (5) (k = 1), Cjp—1 X Ciy—1 is closed under f. By the induction
hypothesis, f |c,,_ixC_1 18 either (1 m—2) O (4m—2m—1)- By the condition (),
G ixCpa= C(m—l,m—2); that is, f(?vg) = (377“— 1) for all 1 < r,s < m —1. For
eachl1 <i<m-—1,
(m—l,i—l):f@,m—l) :f(;m)/\f(m_lam_l) :f(zvm)/\(m_lvm_Q)

implies by the equation (3) that f(i,m) = (m,7 — 1). For each 1 <i <m — 1,
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(i,m—2)=f(m—1,i) = f(m,i)) A f(m —1,m —1) = f(m,i) A (m — 1,m — 2)
implies by the equation (5) that f(m,i) = (i,m — 1). Hence, f = Clmym—1)-
(iv) Let m > 3 and f be an MPP endomorphism of C,, x C,,_; fixing the bottom.
Suppose that f(7,m — 1) = (7, m — 2). By Lemma 1, f2"=3)(m,m —1) = (3,2) and
A=)+ m —1) = (3,1). Again by Theorem 1, f2"=2(m,m —1) = (2,1) and
fR=3)+1(7g m —1) = (1,1). Since
(gaT) = f(gvﬁ) = f(gai) \ f(§7§) = (Qvi) \ f(gaé)a

1
we get f(2,2) = (3,1). Since

we get 2 = 1, a contradiction. By Theorem 1, f(m,m — 1) = (m — 1,m — 1). By Lemma 1,
*m,m—1)=(m—k,m—1—k) and f2*(m,m—1) = (m— (k+1),m —1— k) for
all 0 < k < m—2. By the same arguments of proving (iii), we get f = (mm—1) lCpnxCro_1-

Example 1. All MPP endomorphisms (fizing the bottom) of Ca x Ca, C3 x Ca, C3 x C3
and Cy4 x Cg are shown in the figure 4, 5, 6 and 7, respectively.

¢ ¢

Figure 4: The MPP endomorphisms of C3 x Ca.

g ¢

Figure 5: The MPP endomorphisms of C3 x Cs.

Corollary 2. Let m € N with m > 2.

(i) For m <3, ((mm—1) |CmxCas Pmx2; Cmm—1) L?mecz and @?nxz are all MPP endo-
morphisms of C,, x Cs.

(ii) For m >3, omx2 and ©2,.5 are all MPP endomorphisms of C, x Ca.

(i) For m > 3, ((mm—1)s (m—1,m); C(Bm m—1) and C(am_l m) 07€ all MPP endomorphisms
of Cpp X Cpy.



A. Charoenpol, U. Chotwattakawanit / Eur. J. Pure Appl. Math, 18 (3) (2025), 6538 10 of 13

4 |

: 7

Figure 6: The MPP endomorphisms of C3 x Cs.

V

pi

7

Figure 7: The MPP endomorphism of C4 x Cs.

(iv) Form >3, ((mm—1) 1CmxCpn_1 a1 ((mm—1) Lg‘mxcmfl are all MPP endomorphisms
Of Cm X Cmfl.

For each n € N, we define monounary algebras (A,, f,) and (B, gn) by

Ay ={acp | 2¢—2 < h <nforsome ceNand h €Ny},

B, ={bep | ce{1,2} and h € {1,...,n}},

Qc,h—1 if 2c—2 < h,
fulach) = § @1 p—1 if2c—2=h,
a0 if c=1and h =0,

and

ben—1 ifc=1and h # 1,
gn(bc,h) = bcfl,hfl ifc=2and h #1,
ba 1 ifh=1.

One can observe that
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0 if h =mn,
_ Qe b1 if 2c—1< h <n,
Fi e = { enit) |
{achi1,acripr1}y if 2 —1=h,
{a10,a11} ifth=0
for all a.; € A, and
0 if either h=n or ¢ =2 and h # 1,
9n ({ben}) = { {b11,b2.1} if c=2and h =1,

{bent1saer1nt1} fe=1and h#n

for all b, € By,. Foreachn € N, let ¢, = (p1,m) it n = 2mand let ¢ = Cinp1,m) Loy xCm
if n=2m — 1.

Theorem 6. All monounary algebras induced by an MPP endomorphism of the direct of
two chains are isomorphic to either (A, fn) or (Bn,gn) for some n € N.

Proof. By Theorem 4, 5, and Proposition 1, it suffices to show that (A, f,) is iso-
morphic to (CI’L-Q-Q‘I X C|’L+1‘|7Cn) and (B, gn) is isomorphic to (C), x Ca, pnx2) for all
2 2

n € N. Let n € N.
Firstly, we will show that ¢, : A, — C[LJrq X C|’L+1‘| defined by
2 2

(b+2-cb+1) ifheE,
¢n(ac,h): L
(BE3, hE3 ¢ if he O

is an isomorphism. Let a.j € A,.
Case 1: hc E. If a.j, = a1, then

On(frlaro)) = ¢nlaro) = (L, 1) = (1, 1) = Cu(n(a,))-

If 2c—2 < h, then £ +2—¢> 1 and

h h h h
an(fn(ac,h)) = ¢n(ac,h71) = (%2, %2 — C) = Cn(§ +2—c, 5 + 1) = Cn(¢n(ac,h))'
If 2¢ — 2 = h, then
h
Onlnlaen)) = bnlacrno) = (22 "2 e gy

= (E7T) = Cn(Tvé) = Cn(g +2-g¢ g + 1) = Cn(¢n(ac,h))'
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Case 2: h € 0. Then 2c —2 < h and h # 0. Hence,%>c+%>1and

1 h—1 h+3 h+3

Sulfalaen)) = Onlaen 1) = (o +2— e 2 1) = G2, P ) = Gunaen).

Finally, we will show that ., : B,, — C;, x Cy defined by

is an isomorphism. Let b j, € By. Then t,(be1) € {(1,1),(1,2)} which implies that

¢n(gn(bc,1)) = wn(b2,1) = (T, T) = @nx2(¢n(bc,1))

and for h > 2

Un(gn(b1,n)) = Yn(b1p—1) = (h — 1,2) = onx2(h, 2) = @nx2(¥n(bin))

and

¥n(gn(b2,n)) = Yn(bra-1) = (B —1,2) = nxa(h, 1) = opx2(tbn(ban))-
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