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Abstract. In this work, we examine the properties of completeness and compactness on hesitant
fuzzy normed linear space, also address the same properties on intuitionistic hesitant fuzzy normed
linear space in finite dimension using definitions, lemmas, and theorems. We also investigate the
continuity of underlying t-norms and co-t-norm on finite-dimensional intuitionistic hesitant fuzzy
normed linear space.
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1. Introduction

In 1965, Zadeh [1] invented fuzzy set theory. The search for fuzzy equivalents of clas-
sical theories has been intense since Zadeh’s groundbreaking work. Additionally, other
areas, fuzzy metric spaces along with fuzzy normed linear spaces have seen advancements,
In [[2],[3]] Two kinds of fuzzy bounded linear operators—strong and weak—are developed
in this study, along with the concept regarding boundedness of a linear operator out of one
fuzzy normed linear space to another fuzzy normed linear space. A relationship between
fuzzy boundedness and fuzzy continuity is examined. The concepts of fuzzy dual spaces
and fuzzy bounded linear functionals are defined, establish Uniform Boundedness Princi-
ple, Closed Graph , Open Mapping and the Hahn-Banach Theorem, In [4] a fuzzy normed
linear space, the terms ”strongly and weakly fuzzy convergent sequence,” are defined over
this study. Fixed point theorems for fuzzy non-expansive mappings are established, along
with the notions of uniformly convex fuzzy normed linear space, fuzzy normal structure,
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and fuzzy non-expansive mapping.

In [5] an introduction to fuzzy normed linear space is given. It has been demonstrated that
fuzzy norms are equivalent up to fuzzy equivalency in a finite dimensional fuzzy normed
linear space. It is demonstrated that fuzzy subspaces of a fuzzy normed linear space among
finite dimensions must be full fuzzy normed linear spaces, [6] present the idea of a fuzzy
metric space in this study. In a fuzzy metric space, The separation among two points, is
a normal, convex, upper semicontinuous, non-negative fuzzy number. A few fixed point
theorems are proved and the properties of fuzzy metric spaces are examined.

In [7] a few fuzzy topological vector space properties are examined. Additionally, for a
fuzzy linear topology, necessary and sufficient criteria are shown for a family of fuzzy sets
in vector space E to be the family of all neighborhoods of zero.As a generalized fuzzy
set, Atanassov [8] developed the idea of intuitionistic fuzzy sets. Originating the concept
of intuitionistic fuzzy metric space was J.H. Park [9] and researched a few fundamental
characteristics. However, a significant addition to intuitionistic fuzzy topological spaces is
made by Saadati Park [9]. They have also examined certain fundamental characteristics
in intuitionistic fuzzy normed linear spaces and introduced the idea of such spaces. Many
studies have been conducted on intuitive fuzzy sets, including those by T.K. Mandal and
S.K. Samanta [10],[11].[12] N. Thillaigovindan et al. Vijayabalaji et al. [13] recently ob-
tained some results and presented the idea of intuitionistic fuzzy n-normed linear space.
Bag et al., [10], introduced the concept of a fuzzy normed linear space, which T.K. Samanta
et al. [14] examined. They stated an intuitionistic fuzzy normed linear space through a
general context (using the t-norm * along with the t-co-norm ¢ correspondingly).

In finite dimensional intuitionistic fuzzy normed linear space, they mostly examined vari-
ous outcomes. However, their findings rely on the intuitionistic fuzzy norm’s decomposition
theorem as part of a family of crisp norm pairings, because they have added requirements
on the t-norm and t-conorm as a; *xa; = a; and a; ¢ a; = a1,Va; € 0,1 , leading to
x* = min and ¢ = max. The abstraction of the t-norm and t-conorm is thus practically
lost. However, certain of the requirements involving the functions N(x1,¢1) and M (x1,t;)
in the definition taken into consideration , the relation N(x1,t1) + M(x1,t1) < 1. The
following describes how the paper is structured: Section 2 describes, some preliminary
the outcomes were presented , notion of hesitant fuzzy and intuitionistic hesitant fuzzy
normed linear spaces. Section 3 and section 4 demonstrates some fundamental findings
about completeness and compactness are demonstrated in finite dimension hesitant fuzzy
normed linear space along with intuitionistic hesitant fuzzy normed linear space.

2. Preliminaries

This section provides pre-existing definitions of fuzzy sets, including some fundamental
notions.

Definition 1. [15/
1 [0,1] x [0,1] — [0,1] in binary ezists t—norm in case it meets these requirements
listed below:
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[a] * is associative and commutative.
[b] ajnx1l=aq,Vag € [0, 1].
[c] a11%b11 < ci1%xdy1 whenevera;; < ci1 and by < di; for each a1,b11,c11,d11 € [0,1].

It can be described as the continuous t—norm if x is continuous.

Definition 2. [15/
An operation that is binary ¢ : [0,1] x [0,1] — [0, 1] is a t—co-norm when it meets the
requirements listed below:
[a] © is associative and commutative.
[b] ajntol =a1,vVag € [0, 1].
[C] a11<>b11 < C11<>d11 whenever a;; < c11 and b11 < d11 fO?" each all,bllaclladll € [O, 1]

When ¢ is continuous, it has to be referred as continuous t— co-norm.

Definition 3. [16] Consider the nonempty set V. combined with algebraic operations 4+, .
fulfil, (V,4) is a group and regarding scalar multiplication,

(1) ki(ar +b1) = kiay + kiby

(i1) (k1 +11)ar = kiay +1 k1b

(11i) ki(lar) = (kili)as

(i) l.ay = a1,Vay1,b1,¢c1 €V and k1,l; € R*
The triple (V,+,.) is referred to as vector space.

Definition 4. [17] The fuzzy set N in X x [0, 00) over a linear space X constitutes a fuzzy
norm over X when it meets this criteria,

(7,) (FN]) N(xl,O) =0,Vz; € X
(’ii) (FNQ) N(.’L‘l,t) =1,Vi>0 fo 1 =0.

(i1i) (FN3)N(Ax1,t) =N (xl, ﬁ) NVaxreX,Vit>0,V e K* ,(K* is non negative real

numbers)
(iv) (FN4)N(z1+y1,t+s) = N(z1,0) * N(y1,8), V 21,51 € X,V t,5>0.
(v) (FN5) ¥z € X, N(z1,e) is left continuous along with lim;_,oo N(z1,t) = 1.
Thus,(X,N, *) known as fuzzy normed linear space.

Definition 5. [16]/ Hesitant Fuzzy Normed Linear Space : Given a vector space V
through this field F,* consists of t-norm, together with H : V x [0,00) — P[0, 1] ezists as
a hesitant fuzzy set with the subsequent characteristics, t1,to > 0 and V x,y € V

(i) H(x,0) = 0* (Empty set), V x € V.
(i) H(x,t) = U* (Full set), Vt >0 iff x =0.
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(111) H(ux,t) = H(x, ﬁ),Va: e V,¥t > 0,Vu € R*.

(iv) H(x+y,t1 +t2) 2 H(x,t1) N H(y,t2), Vx,y € V,V t1,t2 > 0.

(v) limy_yoo H(z,t) = U*.

Definition 6. [16] A sequence vy, with a hesitant fuzzy normed linear space (V,H), known
as converges towards v € V suppose every S* # 0* and t > 0,we could locate N using

H(vy, —v,t) DUN\S* V n>N. (or) lim, o H(v, —v,t) = U*.

Definition 7. [16] A sequence vy, in a hesitant fuzzy normed space (V,H,*) is said to be
a cauchy sequence if for all 0* C S* C U*,t > 0 there is number N with H(vy, — vp, t) D
U*\S* for all m,n > N. (or) lim,_,o H(v, —v,t) = U*.

3. Finite Dimensional Hesitant Fuzzy Normed Linear Space

Finite dimensional hesitant fuzzy normed linear spaces are defined, their completeness,
and their compactness are examined in this section.

Definition 8. Let (V,H,*) be a hesitant fuzzy normed linear space. If dimension of a
vector space V' is finite then it is called finite dimensional hesitant fuzzy normed linear
space.

Definition 9. Given a hesitant fuzzy normed space (V,H,*) as well as a subset W of V,
W signifies the closure of W, which corresponds to (J{W C B : B is closed in V }.

Lemma 1. Consider (V,H,*) to become hesitant fuzzy normed space, along with W exists
as a subset of V. A sequence {wy,} within W converges towards y,if and only if y € w.

Definition 10. The completeness of a hesitant fuzzy normed space (V,H,*) is defined as
the convergence of all cauchy sequences in V' toward point in V.

Definition 11. The hesitant fuzzy normed space (V,H,*) is considered complete if all of
the cauchy sequences in 'V converge toward point in V.

Definition 12. The sequence {a,}>2, in R is said to be hesitant fuzzy bounded if there
exists S* € P[0,1] such that Hg(an,t) D U*\S*,Vt > 0.

Theorem 1. Let (V,Hy,x*) ,(R,Hg,*) be two hesitant fuzzy normed linear spaces along
with {v1,v2...v,} be linearly independent set in (V,Hy,x).Then there is (* C S5 C U*
such that Hy [ Bivi + -+ + Bupon ot | € S5« Hr(B;,t) for some 1 < j < n.

Proof. 1f this isn’t the case, we may discover a sequence {v,,} in V where v,, =
Bimvit, ..., +B1nvy so that limy, oo Hy (v, t) = U™
For every fixed j, we now have a sequence Bjm = {Bj1...,0Bjm,-..,) represents hesitant
fuzzy bounded, because if the sequence {a,}72; in R is hesitant fuzzy approaches the
limit ‘a’ then it is hesitant fuzzy bounded. Considering 0* C Hr(Bjm,t) C U*, so {Bjm}
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has a convergent subsequence. For every 1 < j < n., let 3; represent the limit of the
subsequence {f;,}. An analogous subsequence of scalars S, converges for f; for every
1 < j < n., where {vj,,} represents the corresponding subsequence of {v,,}. Now, put
v =322, Bjv; then {v,;} has a subsequence {vj,,} converges to v, since {v1,v2,..., vy}
is linearly independen set so v # 0. Now {vj,,} = v == The fuzzy continuity of the
hesitant fuzzy norm is #,(vj,,,v). But ,H(vm,,1) — U* by our assumption and {v;,, }
is a subsequence of {vy,}. Thus H,(vj,,,v) = U*. Hence H(v,t) = U*. So, v = 0. This
contradicts v # 0.

Theorem 2. Consider a hesitant fuzzy normed space (V, Hy,*). W is complete if it is a
finite-dimensional subspace of V.

Proof. Assume that the sequence {v,,} is Cauchy in W. Assume dim W = n and
B = {wi,ws,...,w,} become any basis to W. After that, every v, is represented in a
distinctive way as vy, = Y1mWi+, - - ., +YnmWy. Given that the sequence {v,,} is Cauchy,
for any m,n > N. Now by theorem 1, we possess some * C S C U* such that
U\S§ C Ho(vm — vnst) = Ho (S (tim = Gyn)st 1) € 85 0 Hrliym — jn: )
= Hr(Vjm — Vjn, 1) D [UT N SF\S3.
The following demonstrates that (v;m) = (751,72, .,) is a Cauchy sequence in R or C,
thus ~yjm,m — 7y for each 1 < j < n.
Let A=3",_; vjwj.clearly A € W. Also now for all m > n,

Ho(vm —v,t) = H, (Z?ﬂ(%’m = Yjn)wj, t )
t t t
0 Hy (Wit ) 0 Ho (W) 00 e ()
%v(vm -, t) 2 (U*\S§1) N (U*\S;Q) ﬂ, R (U*\Si"in)
Where H, (wj, m) — (U"\S3,)for some 0* C (U"\S,) C U*j =1,2,...,n.

Let (U*\S%;) N (U*\S55)N,...,N (U*\S5,,) D (U*\S}). So,Hy (v — v, t) D (U*\S}) where
S; € P[0,1],Ym > N. Hence v, — v.

Theorem 3. Fuzzy normed space (V,H,*) is compact if and only if each {v,} at V
includes {vy, } using {vy, } — v.

4. Finite Dimensional Intuitionistic hesitant Fuzzy Normed Linear
Spaces

The completeness along with compactness features regarding intuitionistic hesitant
fuzzy normed linear spaces with finite dimensions are examined in this section.

Definition 13. Intuitionistic Fuzzy Norm : [18]

V' is a linear space throughout the field F. Suppose x constitute a continuous t-norm as well
as ¢ represent a continuous t-co-norm over V, an intuitionistic fuzzy norm is an object
regarding the following form

{((x11, t11), N1(x11, t11), Mi(x11,t11)) : (x11,t11) € VX R } wherein Ny, My have been fuzzy
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sets overV x RT Nindicates the degree of membership along with Mindicates the degree of
non-membership (x11,t11) € V x RT staisfying conditions listed below,

(i) Ni(xi1,ti1) + Mi(xi1,t11) < 1,V(x11,t11) € V x R,
(ii) NI(XH,tn) > 0.
(ZZZ) NI(XH,tH) =1 foXH =0.

(iv) Ni(exii,ti1) = Ni(xu, tﬁ), c#0,ceF
(v) Ni(x11,511) * Ni(y11, t11) < Ni(x11 + 11, $11 + t11)-
(vi) Ni(x11,.) s non-decreasing function of R™ and limy,, 0o N1(x11,t11) = 1.
(vit) Mi(x11,t11) > 0.
(viii) Mi(x11,t11) = 0 iff 211 = 0.
(

(m) My CX11,t11) = MI(XH, %),C 7'5 0,ceF

() Mi(x11,511) © Mi(y11,t11) > Mi(x11 + yi1, s11 + t11).
(zi) Mi(x11,.) is non-increasing function of R* as well as limy,, 00 Mi(x11,%11) = 0.

According to this definition, the 5—tuple (V, My, N1, *,©) constitutes an intuitionistic fuzzy
normed linear space, whereas (My, N1) represents an intuitionistic fuzzy norm.

Definition 14. Intuitionistic Hesitant Fuzzy Set : [19]

When applied to X, the functions b and §' yield subsets regarding [0, 1], which might be
expressed mathematically E = {(z,b(z), H (x))/z € X}. This consists of intuitioistic
hesitant fuzzy set on X, wherein sets of some values in [0, 1] are represented by b(x), b (z),
The elements x € X that represent the membership along with non-membership degrees of
the set E, Suppose that mazx(h(z))+min(h’ (z)) < lalong with min(h(z))+maz(h’ (z)) < 1,
because (h(x), b (x)) is an intuitionistic hesitant fuzzy element.

Definition 15. Intuitionistic Hesitant Fuzzy Norm : [19]

Owver the field F, V represents a linear space. Let x represent a continuous t-norm, as well
as o represent a continuous t-co-norm and an item of the following type is an intuitionistic
hesitant fuzzy norm on V'

{HIHF = ((XH, tn),./\/}(a;u, tu), M[(Xn,tn)> : (XH, tll) eVx ]R*},wherein N], M are
fuzzy sets overV x R N7 indicates the degree of membership along with M denote the
degree of non-membership (x11,t11) € V X RT meeting the requirements listed here,

(i) Ni(x11,t11) UMp(xi1,t11) € U* V(xa,t11) € V X RT.
(ZZ) N](Xn,tll) ?é (D*
(’LZZ) N[(Xu,tH) = U* iﬁXll =0.
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(iv) Ni(exii,t11) = Ny <X11, %) ,c#0,ceF
(v) Ni(x11,s11) * Nr(y1, t11) € Ni(xun + yi, s11 + ta).
(vi) Ni(x11,.) is non-decreasing function of Rt and limy,, —eoN7(x11,%11) = U*.
(vii) My(x11,t11) # 0.
(viii) My(x11,t11) = 0* iff x11 = 0.
(iz) Mj(cx1,t11) = M; (Xn, %‘1) c#0,ceF
(x) My(x11,811) © Mr(y11,t11) 2 My(xa1 + yi1, 511 + t11)-
(zi) Mj(x11,.) is non-increasing function of R™ as well as limy,, —o0oMp(x11,t11) = 0*.

Definition 16. Intuitionistic Hesitant Fuzzy Normed Linear Space: [19]
Assuming that Higp represents an Intuitionistic Hesitant Fuzzy Norm over V on F, af-
terwards (V, Hrgr) is an intuitionistic hesitant fuzzy normed linear space or IHFNLS.

Example: [19] Consider the normed linear space (V = R,|| . ||), wherein || z [|=
|z|, Vo € R. Describe for all S}, S% € P[0,1],S7 * S5 = S; NS5 and S} ¢S5 = S7US;. Also
define

0  if t;=0and Vx; >0¢€V,

Ni(z1,t1) =4 U* if xy=0and V¥ t; >0,
S*  otherwise S* € P[0,1], Where S* is an arbitrary subset of P[0, 1].

and

U* if t4=0andV x1>0€V,
Mip(zy,t1) =< 0*  if 21 =0andV t; >0,
S* otherwise S* € P[0,1], Where S* is an arbitrary subset of P[0, 1].

Definition 17. Let (V,H;gr) be an intuitionistic hesitant fuzzy normed linear space. If
dimension of a vector space V is finite then it is called finite dimensional intuitionistic
hesitant fuzzy normed linear space.

Definition 18. [19] If given ST # 0*,t > 0,0* C S; C U*,3 ng € N so that, Nrgp(x, —
Xl,tl) D U*\Sik and MIHF(Xn — Xl,tl) C ST, Y n>ng.

Theorem 4. [19] In an IHFNLS (V,H1uF), a sequence {xy}, converges to x1 € V if and
only if limp—oo Nigp(xn —x1,t1) = U* along with limp— 0o Migp(xn, —x1,t1) = 0*.

Theorem 5. [19] In an IHFNLS (V,Hiur), a sequence {xy}, has a unique limit if it is
convergent.
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Lemma 2. Consider an intuitionistic hesitant fuzzy normed linear space (V, Higr), where
{z1,29,...,2,} is a set of vectors in V, that are linearly independent along with the un-
derlying t-norm * along with t-co-norm < are continuous at (0,0) and (1,1) respectively.
Then there exists h1, he > 0 and there exists ST, S5 € P|0,1] so that for any collection of
scalars, {01,02,...,0n},

Nigr {(51x1+52x2—|—...,+5nxn, h12|5k} C U*\Sik (1)
k=1
Migr {51;;;1 + 80x2 + ..., +0pxn, ho Z |5k|} > 83 (2)
k=1

Proof. Let T = |01] + |02] + -+ + |0p|. If T'= 0, then 0, = 0,Vk = 1,2,...n and the
relation, Nigr{dix1 + doxa + ..., +0nXn, A1 Y_p_q |0k|} C U*\S] is true for any h > 0,and
S* e Plo,1].

Then, we assume that T > 0. Then (1) is equivalent to

Niap{wizr +woze + ..., +wpy, b1} C U\ST (3)

for any scalars w's with »;_; |wx| = 1 and for some h; > 0 and S* € P[0, 1].

Assume (3) is not true, if at all possible. Consequently, for each h > 0 and S} € P[0, 1],
there will be a collection regarding scalars {wi,ws, ...wp} using Y, |wg| = 1 for which,
Nrgp{wizr + wazs + ..., fwpxy, h} 2 U*\S*. Then for h = {%},m =1,2,..., there
will be a collection regarding scalars {w{",wh",...,wl'} with > ;| |wi*| = 1 so that
Nur(ym, =) D UN\{L} where y,, = w'x1 + wi'xo+, ..., w0, since, > p_; [wi| = 1,
we have 0 < |w;'| <1 for k = 1,2,...n. Consequently, w” has a convergent subsequence
since the sequence {w;"} is confined for each fixed k. Let w; represent the subsequence’s
limit, as well as allow {y;,,} represent the equivalent subsequence regarding {y,,}. The
equivalent subsequence of scalars {w3'} converges to ws. for the subsequence {yi,,}, ac-
cording to the same argument. Following this procedure, we get a subsequence after n
steps, {yn,, } whereas y1,, = > p_; nita, with Y ;4 |97 = 1, and 0 — wy, as m — oo.
Let y = may + -+ - + nrazr Now we show that limy,, oo N7gp(Ynm —vy,t) = UV t > 0.
We possess Nigp(Ynm — ¥, t) = Nrar (o (0" — wi) Tk, t)

D Nigr(z1, m) -k Nrgp(o, m)

S0, limy,— 00 N1aF (Yn,m =Y, t) 2 limp, 00 Nrar (21, m)*‘ cxlimp, oo Nrgr(21, m)
= im0 N7 F(Ynm —y,t) 2 U*x---xU* (through the t-norm *’s continuity at (1,1))

lim ./\/’]Hp(ymm—y,t) =U*Vt > 0. (4)
m—00

Select m so that % < [. for I > 0. We have

liInm~>oo N]HF(yn,ma l) = hmm%oo N]HF(yn,m +0, % +1- %) 2 hmm%oo NIHF(yn,ma %) *

1My, 00 N7 (0,1 — 1)
D) (U*\%) x U* = U*\% - limmg)ooNIHF(yn/rn,l) U

= mlLrnOON[HF(yn,mv )=U" (5)
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Now, lim;, 00 NIHF(y, 2l) = limy;, 500 NIHF(y — Yn,m + Yn,m, [+ l)

2 limy, 00 NIHF(y ~ Yn,m, l) * imm 00 NIHF(YH,ma l)

— limy, 00 N7 rp(y,2l) 2 U* x U* (through the t-norm *’s continuity at (1,1))

— limy—oo N1arp(y,2l) = U*«U* = U*. (By (4) and (5)) This is because [ > 0 becomes
random. In addition, given that > }_, |w}*| = 1,the linear independence of the vectors
{z1,x9,...2,} is established. Consequently, y = wix1 + wozs + ..., +wpz, # 0.The
result is a contradiction. We now demonstrate the relationship. Mjgp{diz1 + doxs +
oy 0T, ho Y 1|0k} D S5. I T =0, then §; = 0,Vk = 1,2,...n and the relation,
Miap{diz1 + doxa + ..., +0p2pn, had p_y |0k|} D S5 remains true for every h > 0, and
S* € P[0, 1].

Then, assuming that 7 > 0, (2) is equal to

MIHF{wlxl + woxo + ..., tWpTn, h2} D) S; (6)

for any scalars w’s with >"}'_; |wg| = 1. and for some hy > 0 and S5 € P[0, 1].

If at all feasible, assume that (6) is not true. Consequently, for every h > 0 and S* €
P[0, 1], There is such a collection regarding scalars {wi, ws, ... wy along sidey ", Jwi| =1
that,

Migp{wiz) +waze +. .., +wnpxy, h} C S*. Then for h = {%},m =1,2,..., A collection
of scalars {n", 5", ..., nM} exists. with S°7_; |n| = 1 so that Mrygp(zm, =) C {2}

where z, = nl'zi1+,n5'z2+, ..., nux). since, o,y |n| = 1, we have 0 < |p'| <1
regarding £k = 1,2,...n. Afterwards, using the similar justification as before, we obtain
a subsequence {z,, } where z,, = >\ ;& with >0 &7 = 1, and §' — & as

m — oo. Thus Y, _; |&| = 1.
Let z= &1 + - - - 4+ £gxg. Then we have

lign MIHF(Zn,m —z,t) = 0", vt > 0. (7)

In this case, [ > 0, select m so that % < 1. We now possess
liInm~>oo MIHF(Zn,ma l) = hmm%oo MIHF(Zn,m + 07 % +1— %)

- hmm—>oo MIHF(Zn,ma %) hmm—>oo MIHF(O7Z - %) - @* OQ)* = @*
— hmmﬁ\oo MIHF(Zn,ma l) - 0*

— lim M]HF(Zn,m,l) = * (8)
m—0o0

Now, limy,—s00 MruF(2,20) = limy, 500 Miar(2z — Znm + 2Znm, L+ 1)

C limpm—o0o MrarF(2 = 2nm, 1) 0 limyy o0 Miar(2nm, 1)

= limy 0o Mrgr(z,20) C 0* o 0* (according to tco-norm ¢’s continuity at (0,0))

= limy, 0o Mrgr(2,20) = 0* o 0* = 0*. (By (7) and (8))

Assuming that [ > 0 is random. Therefore, z = 0. once again because Y ;|| = 1

along with {x1,x9,...2,} is a collection of vectors that are linearly independent. So

z=§&x1+Exo+ ..., +Exn # 0.Consequently, This leads to a contradiction, This brings

the lemma to an end.
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Theorem 6. All finite-dimensional IHFnNLS (V,Higr) are complete if the underlying
t-norm * at (1,1) together with t-co-norm ¢ at (0,0) are continuous.

Proof. Assume that dimV = k and that (V,H;gp) is an intuitionistic hesitant fuzzy
normed linear space. Consider {x,,} to become a cauchy sequence in V and {ejy, e, ..., e;}
providing a basis of V. Let x, = wiei + wyea+,...,wpe,. where wi,wy,...,w; are
appropriate scalars. Thus,

lm Nigp(xm —Xn,t) =UY t>0 9)
m,n— o0
along with
lim N[HF(Xm—Xn,t):Q*,v t>0 (10)
m,n—o00

It is evident out of lemma (2) that ,there exists hi, ho > 0 and ST, S5 € PJ0, 1] such that

k k

Ninr (Z(%m —wiei b Yy (W~ wz”l)) CUN\ST (11)

i=1 i=1

k k
Minr (Z(wz’" —weisha Yy (o —w?!)) D5 (12)

i=1 i=1
Again for U* D ST D 0* out of (9), Consequently, a positive integer ng exists with regard
to

k
Nigr (Z(wgn —wMei, t) D U*\SE, Y m,n > ng. (13)
i=1
and for U* D S5 D 0* out of (10), consequently, a positive integer exists. mg such that
k
Migr (Z(wlm — w?)ei,t> C S5,¥Y m,n > my. (14)
i=1

Now from (11) and (13) we have, Nigp (Zile(wim — w?)ei,t> D U\ST

O Nrur (Z%{:ﬂ%m — wies, ha Yo (Jwi — W?D) vV m,n > no.

= h; Ele(]wzm —wl') < t,V m,n > ny (Given that Nj(z,.) is non decreasing in t)
— T (M — W) < sV mn >ny = | —wl| < hil,v m,n > ng alon with
i =1,2,...k. Given that ¢ > 0 is random, based on previously mentioned, we possess
limy, oo W —w*| = 0 for i = 1,2...,k. = {w]'} this constitutes a cauchy se-
quence of scalars for every i = 1,2...,k.. Thus, every sequence {w!'} converges. Let
limy, o W' = w; regarding ¢ = 1,2..., k. along with z = Zle wie;. Obviously, x € V.
Afterwards

V t >0, Nrtup(xn—x,t) = Nrgr (Z!(:l whe; — K Wieiat) = Niur (Zik:l(w? - wi)ei,t)
That is

t t
e I P S — 15
NIHF(X'II X, ) _NIHF (el, k‘wn _w1|) * *NIHF <€k, k]w" _wk|) ( )

1 k



K. Kavitha, P. Muralikrishna / Eur. J. Pure Appl. Math, 18 (4) (2025), 6541 11 of 14

_t
Elwl —wi|

the t-norm * continuity at (1,1), we derive from (15)
limnﬁooNIHF(Xn —X,t) DU *---xU*VY t>0.

when n — oo, then — 00 (Since w}* = w;) fori=1,2... k. and t > 0. Utilizing

= 1511 N[HF(Xn—X,t) =U*, Vt>0. (16)

Now from (12) and (14) we have, Mrgp (Z%‘Zl(wzm — wl-")e,-,t> c S

C Minr <Zik:1(w;n —wei h Y (Jwl! — wf )) V. m,n > mno.
= hy Zle(\w};” —w!) < t,V mn > ng (Because My(z,.) has non increasing in t)
— ¥ (Jwt —wl]) < hes ¥V mn>mp = |w' —wf| < h%,v m,n > mg in addition

i =1,2,...k. Given that t > 0 is random, we can derive lim,, ;00 |w]" — w!'| = 0 over
i=1,2...,k foreveryi=1,2..., k. is a cauchy sequence of scalars. Thus, every sequence
{wl'} converges. Let lim, oo w! = w; for i = 1,2..., k. together with z = Zle W;i€;.

Evidently z € V. Afterwards V ¢t > 0,
Mrarp(xn — x,t) = Migr <Zf:1 wite; — S8, wies, t> =Miur (Zle(w? — w;)e;, 75)
That is

¢ t
PR R PO UL 17
Migr(z x,t) D Mrugrp <€1 k\w{‘—wﬂ)o oMiur <€k k:|wg—wk|) (17)

when n — oo, then m — 00 (Since w]* — w;) for i =1,2... k. and t > 0. Applying
the ¢-co-norm’s continuity ¢ at (0,0), we obtain from (17).

limy, oo Migp(x, —x,8) 2 0% 00 0*,Vt > 0.
— li_>m Migp(z, —x,t) =0%, Vt>0. (18)
We obtain x, — = as n — oco. by (16) and (18). Consequently (V,Hrmr) is complete.

Definition 19. Consider the IHFNLS (V,H;gr) and X C V. For every S*, X is consid-
ered to be bounded, 0* C S* C U*,3ty,te > 0 such that Nigp(z,t1) D U*\S* and
M[HF(.CL‘,tQ) C 8% Vx e X.

Theorem 7. A subset X is compact if and only if it is closed and bounded in the finite
dimensional IHFNLS (V,Hrgr), where both the t-co-norm ¢ along with the underlying
t-norm x are continuous at (0,0) together with (1,1) respectively.

Proof. We start by assuming that X is compact. We need for prove it X is bounded
alongwith closed. Take z € X. Then lim,_,~ x, = x. indicates that there is a sequence
{zy} in X. There is a subsequence {zy, } of {x,} that converges to a point in X because
X is compact. Afterwards, {z,} — =z, and since z € X, X is closed. If at all possible,
assume that X is unbounded. Then there exists a S§ with 0* C S5 C U* so that for
any positive number n, there exists xp € X in a manner that Njgp(z,,n) C U*\S§ or
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Miurp(xn,n) O Sg. So there exists a subsequence of {x,,} whereby minimum of one of the
relationships have
NIHF(Xnk, nk) - U*\SS, VYV neN. (19)

MIHF(Xnk, nk) 2 SS, ¥V neN. (20)

possesses. Initially, we consider that N7gp(z,,,nr) € U*\S;, Vn € N holds. Now for
t>0,

U\S§ 2 Niar(xn,, i) = Niap(xn, —x+x,ng — t +t) where t > 0.

= U"\S{ 2 Nrar(xn,, nk) = Niap(xn, — 2,t) * Nrgp(x,ng —t)

- U*\SS o limk;_)ooNIHF(Xnk —x,t) * limg 0o Nygp(x,ng — t)

= U*\Sj D U*xU* = U*. (Applying the t-norm’s continuity at (1,1) ) = U*\S5 2 U*
which is a contradiction. In case Mrgp(zn,,nk) 2 S5, Vn € N possess , examining the
function Mjgp(z,t) and continuing as previously mentioned, We get a contradiction,
Hence X is bounded.

Conversly, Assuming that X is bounded and closed, we must demonstrate that X is

compact. Consider dimV = n along with {e;,es,...e,} as a basis of V respectively. Select
(k) (k) (k) (k)

{z1} as a sequence in Xwhile assume xy = w; 'e1+---+wp ey herew; ’,...wy’ are scalars.
Now, according to lemma (1), there is hy, he > 0 and there exists S}, S5 € P[0, 1] such
that
~ ®) 10 o\ gt
Nige [ D wiein S 1w | c U\ (21)
i=1 i=1
and

Miur (Z w§’“)ei,hz Z |W§k)|> D S5 (22)
i1 i—1

Again since X is bounded, for S} € P[0,1],3 t; > 0, so that
Nimp(x,t1) D U*\ ST and there exists to > 0, so that Myyp(x,t2) C ST,V x € X. So,

Nrur (Z wl(k)ez',t1> D U\S] (23)

i=1
and

Miyr (Zwl( ei7t1> C S5 (24)

i=1
from (21) and (23) we get ,
k k k

Niar (S0 wPen i S0y W) € UR\ST € N (7 wPei )
— Nigr (S e S 1) € Niae (S et
= hiy., |wi(k)| < t1 (Given that N7gp(z,.) is non- decreasing)
= ]wgk)| < }% where i1 = 1,2...n. and k = 1,2... Thus, for every {wz-(k)}lt is bounded
(i=1,2,...n). Asaresult of repeatedly applying the Bolzano -Weierstrass theorem, every
sequence in {wi(k)} possesses a subsequence that converges {wgkl)}, Vi=1,2,...n. Assume
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' (ki)

)

that zy, = wfey 4o+ w§kl)en and that {w%kl)}, {wékl)}, . {wgk')} are all convergent.
Consider w; = lim|,oow; /,i = 1,2...n. and x = wie; + wsesl + - -+ + wpe,. Currently,
for t > 0,

w(kz)

we possess Nigp(xy — ¢,t) = Niap (Z?Zl( = wz-)el-,t))

t t
2 Nrur (e, —ap ok Nigp | ens —
|w1 _Wll Wn _Wn‘

= limy oo Niar(zg, —2,t) D Ut s - % U*.(wﬁbkl) — w; as | — o00)(With the use of
contuity of t- norm * at (1,1)).

- Ilim N[Hp(xkl — X, t) =U* (25)
—00

Currently, for t > 0, we possess

Mrup(zg —x,t) = Migr (Z?zl(wz(kl) - wz‘)ei,t))

t t
C Miur | e1, —mp oo Mipr | en, —my
|w1 _""1‘ |wn _wn|

= limy oo Mrpp(zp, —2,t) D 0* 0 0 @*.(w,(lkl) — wjasl — oo)(using the contuity of

t-co- norm ¢ at (0,0)).
— llim N[Hp(xkl — x,t) = (Z)* (26)
—00

According to (25) and (26), x(k;) — . Given that X is closed, z € X implies that X is
compact. Thus, the proof is completed.

5. Conclusion

We extended the foundational work on fuzzy normed linear space, initially proposed by
Samanta et al., to the domain of hesitant fuzzy normed linear space and also examine the
properties of completeness and compactness on hesitant fuzzy normed linear space, also
address the same properties on intuitionistic hesitant fuzzy normed linear space in finite
dimension using definitions, lemmas, and theorems. We also investigate the continuity
of underlying t-norms and co-t-norm on finite-dimensional intuitionistic hesitant fuzzy
normed linear space. In this context, there is room for more work (If possible in practical
scenario).
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