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Abstract. Our objective in this work is to establish new asymptotic and monotonic properties
of second-order differential equations involving multiple delay terms and a damping component.
These properties are instrumental in advancing the understanding of the qualitative behavior of
their solutions. This study employs a refined comparison technique utilizing first-order differential
equations. The resulting criteria broaden and enhance previously established findings in the litera-
ture. A natural progression and forthcoming challenge of this research is examining the oscillatory
behavior and asymptotic characteristics of solutions for higher-order neutral delay differential equa-
tions, where the interplay between delay and neutral components becomes progressively intricate.
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1. Introduction

Second-order differential equations (DEs) are used in engineering as well as science to
examine a variety of events. Particularly, second-order nonlinear equations play a signif-
icant role in this field. The nonlinear terms in these equations grow more quickly than
the linear terms when the dependent variable rises. There are many applications for these
equations, such as population dynamics models, nonlinear oscillatory systems, and me-
chanical systems with nonlinear damping [1-4]. Since second-order nonlinear differential
equations display a wide range of phenomena, they are an interesting topic for applied
mathematical study (see [5-8]).

The neutral delay differential equation (NDDE) is a type of delay differential equation
(DDE) in which the highest-order derivative of the unknown function occurs both in
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delayed and non-delayed forms. This class of equations commonly appears in the dynamic
modeling of various real-world systems, including pharmacokinetics, frequency-modulated
processes, bursting rhythm phenomena in biological and medical sciences, and optimal
control models within economic theory [9, 10]. In particular, second-order NDDE hold
significant interest in fields such as robotics, where they are employed in the development
of bipedal locomotion systems, and in biology, where they contribute to understanding
the mechanisms underlying human postural balance [11, 12].

Within the present study, we analyze the oscillatory characteristics of solutions result-
ing from the following second-order NDDEs with multiple delays and a damping term:

(7" (s) (z' (s))'{) + h(s) "y qu ®(mi(s) =0, s> so, (1)

in which
z(s):==x(s) +p(s)z(7(s)).
Our investigation proceeds under the following hypotheses:

(Hy) k> 1is a fraction formed by dividing odd positive integers, and n € Z™;

(Hg) r € C! ([sg,00),RT), and

[ e (o] )= »

(Hs) p, h, gi € C([s0,0),[0,00)), for i = 1,2,...,n, 0 < p(s) < pp < 1, where py is a
constant, and ¢; does not vanish identically on any half-line of the form [t., c0),t, >
to;

(H4) T, € C([SO>OO)7R)7 7'(8) <s, 772(8) < s, hms—)ooT(S) = 00, and lim_, i (5) = 00,
fori=1,2,...,n.

Based on a solution to (1), we consider a real-valued function z € C ([s«,0),R),
s« > 80, where z, r(2')" € C!([ss,0),R), and z fulfills (1) on [s4,00). Our focus is
confined to solutions z to (1) that meet sup {|z (s)| : s > s1} > 0 for all 57 > s,. A solution
x to (1) is called oscillatory if it possesses zeros that are arbitrarily large; otherwise, it is
referred to as nonoscillatory.

Condition (2) is called the canonical condition. It has a fundamental effect on the
study because it ensures that there are no positive solutions with corresponding decreasing
functions.

Remark 1. All the relationships and inequalities in the study are eventually satisfied, i.e.
for t > t, where t, > tg.
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2. Literature review

Since NDDE appears in the modeling of many systems in our lives, see [13-15]. The
oscillation of DEs has been a major focus of interest among researchers. For example,
[16, 17] was interested in studying first-order NDDEs but [18-21] was interested in the
second-order equations. Conversely, the even/nth order equations were studied in works
[22-25].

In 1978, Brands [26] proved that, in the case of bounded delays, the solutions of

" (s)+q(s)z(s—mn) =0,

are oscillatory if the solutions of z” (s) + ¢ (s)x (s) = 0 are also oscillatory. Then, based
on the well-known results obtained by Ladas et al. [27] for the oscillation of the first-order
DDE, Wei [28] provided the famous oscillation criteria

limsup/ n(p)aq(p)dp>1
n

$—00 (s)

or

T 1
hmmf/ n(p)a(p)dp > —,
n

S—00 (S) e
for the second order DDE
2" (s) +q(s)x(n(s)) = 0.
Then Koplatadze et al. [29] improved these criteria to the form

——r
n

S$—00 (5) S1

n(p)
77(,0)+/ Vn(V)Q(V)dV] dp > 1,

for ’ >0, or

lim inf / q(p)
S5—00 n s1

n(p)
n(p)+/ VU(V)q(V)dVI dp > %

Investigating the oscillation behavior by using the Riccati technique was a very useful tool
in literature, since this technique aims to diminish the order of the DE to the first-order
DE and allows us to benefit from the wide range of oscillation research regarding these
first-order ones. Dzurina and Stavroulakis [30] used the Riccati technique to provide the
oscillation criteria

* pn w11’ (p) _
[ F 00 - e ?

where k > 1, 7' > 0, and 0 < Ly < 1, for the half linear DDE

(r(s) (' ()") +a (s) 2" (n () = 0. (4)
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After that, Sun and Meng [31] developed (3) to

> KO\ 7 (p) B
/R<n(p))Q(p>_<H+1> R(n(p))rl/“(n(p))dp_oo'

One may find some oscillation results for the noncanonical case of (4), i.e.,

o
[ <
80

in the works of Chatzarakis et al. [32, 33]. Wong [34] found the conditions that guarantee
the oscillation of solutions to the NDDE:

(@ (s) +pa(s—7)" +q(s) f(z(s— 7)) =0,

where the delays and the neutral coefficient 7,7 are constants. Xu and Meng [35] gener-
alized the previous criteria to the NDDE

(r(s) ([ (s) + p ()2 (7 ())])") +a(s) 2" (n(5)) = 0. ()

In 2018, Grace et al. [36] established criteria that are sufficient for the solutions of (5)
to oscillate when 0 < p < 1, and showed that the oscillation can be ensured provided that
at least one of the next conditions is satisfied

limsup [ Q(p) R*(n(p))dp > 1,

S5—00 7](5)

for n’ > 0, or
S
N ~ 1
hmmf/ Q(p) R (n(p))dp > —.
§—00 ,,7(5) e
On the other hand, Baculikova and Dzurina in [37, 38] investigated the second-order
Emden—Fowler NDDE (1). Employing the comparison theorem in order to formulate
adequate criteria for the oscillation of the solutions to (1) when Kk = =1, 0 < p < o0,

and -
/ p1/s (p)dp = oc.

50
Bohner et al. [39] considered the noncanonical case of (1) for k = § and 0 < p < 1. Then,
Baculikova and Dzurina [40] extended the previous results for k > 5 and 7,7 (s) > 0 of
(1). Liu et al. in [41] studied (1) by applying the Riccati technique under the conditions
k> B, 1" (s) >0, and ' (s) > 0, they provided new oscillation criteria for (1) for both
canonical and noncanonical cases.
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3. Asymptotic and Monotonic Properties

For convenience, we define the following notations:

o[ 4)

n(s) :==min{n; (s), i =1,2,...,n},

Zqz p(n: ()",

s 1
Rls) = / 7 () 7w ()

The following lemmas provide some asymptotic and monotonic properties of the cor-
responding function to positive solutions. They also provide the necessary relationships
for proving oscillation theorems.

Lemma 1. Grant that x is a positive solution to (1). Hence, eventually,

2(s) >0, 2(s)>0, (r(s)(<(s)") <0, (6)

and .
[o(s)7 () (' (9))"] + 0() > ai () 2" (mi () < 0. (7)

i=1

Proof. Presume that x is a positive solution to (1). Equation (1) transforms into

lo(s)r(s) (' ()] = (r(s)('()") +N(s) (< (s))"
= _ZQ’L 771 ))7

or

[o(s)7 () (+ ()" ZQz " (n; (s)) < 0.

So, r (2')" is a non-increasing function, and either 2’ (s) > 0 or 2/ (s) < 0, eventually.
Grant that 2’ (s) < 0 for s > s1. Then, there is a K1 > 0 such that

and thus,
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Integrating (8) over [s1, s|, we arrive at

S
1/k 1
z(s)—z(s1) < —K, / dp.
s 07 (p) /= (p)
Hence, using (2), we obtain lims_, 2 (s) = —00, a contradiction. So, 2’ (s) > 0, eventually.

Lemma 2. Presume that x is a positive solution to (1). Therefore the following relations
hold eventually:

(P1) z(s) > (1 =p(s)) 2 ()
(P2) [o(s)r (s) (&' ())”] Q (s) 2" (n (s)) < 0;
ng) ()>@(1/“() 1/’””()Z/(S)R(S);

P4) z(s)/R(s) is non-increasing function.

Proof. Grant that z is a positive solution to (1). Based on the definition of z, we get

z(s) > 2(s) —p(s)2(7(s)) = (L =p(s)) 2 (s) -

Combined this with (7), we obtain

[o(s)r(s) (2 ()] < —0(s)D_ai(s) (L=p(mi ()" 2" (mi(s))

i=1
< =2 () e(s) Y ai(s) (L —p(ni ()"
=1
= —Q(s)2" (n(s))

Now, we have

0z [ o G (27 O ) ()] do = 0 ) ) (5) R ).

and hence

2(9))  R(s)7 () — 0~ V% (s)r~ /% (5) 2 (s)
<R<s>> - B2 (s) =0

This completes the proof.

Lemma 3. Grant that x is a positive solution to (1), provide

/ TR (0(0) Q(p) dp = . (9)

S1

Then
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Proof. Let’s say that x is a positive solution to (1). From (P3), (P4), we get

3(77(5)) Z(‘S) 1/k S 7,,1//{ S Z/ s
R(ﬁ(s))ZR(S)ZQ (s)r /7 (s) ' (s).

Using (P2), we have

—Q(s) 2" (n(s))

Y

7(5))
and so
/ 21K s
O T O ) e s IO R I)
= R () Q5) 2 (0 (s)) (10)

Next, we see that

@ r e (F2)] = e e @rte 0 0]

buy
—~

V)
B,

< ——R(s)R*H(n(s)Q(s)z(n(s)). (11)

Integration of (11) for s from s; to s yields

0 0 (5] <Lt RO R @) Q) () (12
where .
L= —o"% (s1) /% (s1) R? (s1) <;((SS))> - >

Let w := z/R. From (6) and (12), w is positive and decreasing. So,

lim w(s) = wo > 0.
S§—00

Assume the contrary that wg > 0. Hence, (12) becomes

W) S s | RORT @) Q) ()de (13
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Integration of (13) over [s1,00) gets

=z (n(p))
w-win) < | f, FORT 0@ ) s
1 [ 1 u
B _ﬂ/51 o/ (w) r/* (u) R? (u) /31 R(p) R™ (n(p)) Q (p) w(n(p)) dpdu
= _wo/ ol/% (u) 741/}4 (u) R? (u)/ R(p) R" (n(p)) Q (p) dpdu

= —% /OO R (n(p)) Q (p) dp,

which contradicts (9), and thus wp = 0.

4. Oscillation Theorems

The following theorem uses a comparison approach with a first-order equation to study
the oscillatory behavior of solutions to equation (1).

Theorem 1. Assume that (9) holds. If the DDE

/ 1
w' (s) + <KQ1/H (s)rl/% (s) R2 (s)

[ R meew dp) win(s)=0  (14)

is oscillatory, then equation (1) oscillates.

Proof. Assume the contrary that x is a positive solution to (1). Since in the demon-
stration of Lemma 3, we have that w = z/R satisfies (12). Then,

, -1 PRNE .
W) < g [F x| ROR ) Qw0 (o) 4]
-1 1 s .
S i ) R s) |C T RY (n(S))/SlR(p)R (n(r) @ (p) dp]
-1 B 1 S1 .
- ol/% (s)rl/x (s) R2 (s) _L—Ew (77(5))/80 R(p) R" (n(p)) Q (p)dp
L) [ ROE 0E) Q)] (15)

Since w — 0 as s — 00, there is a sy > s such that

L-Lu (n(s)) /Sl R(p) R" (n(p)) Q(p)dp >0 for s > so. (16)

K 50
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Combining (15) and (16), we obtain

/ 1 ° K
o )+ (s | O R 0D QW) de) win) <o ()

Now, we have w is a positive solution to (17). According to Theorem 1 in [42], equation
(14) holds as well a positive solution, a contradiction.

Using the oscillation criteria of solutions of first-order differential equations, which are
known in the literature, we present the following corollary:

Corollary 1. Assume that (9) holds. If

. . S 1 u . E
hﬂg}f/n(s) o/ () 7% () B (1) /50 R(p) B (n(p)) @ (p)dpdu >, (18)

hence equation (1) oscillates.

Proof. Using Theorem 2 in [43], condition (18) implies oscillation of equation (14).
Thus, from Theorem 1, equation (1) oscillates.

Using a different approach, we can establish another comparison criterion by relating
the oscillation of the solutions of equation (1) to a first-order equation, as in the following
theorem:

Theorem 2. Equation (1) oscillates if condition (9) holds and the DDE

H'(s) + %R” (n(s))Q(s)H (n(s)) <0 (19)
is oscillatory.

Proof. Assume the contrary that x is a positive solution to (1). As in the demonstration
of Lemma 3, we arrive at (10). Using (P3), (10) reduces to

o/ (s) V% () 2 (s)] < —%R“ (1()) Q () 0"* (n () r'/" (1 ()) 2’ (n (s)).

Then, H := o'/%rl/%2' is a positive solution to

H' (s) + R (1()) @ () H (n(s)) < 0.

According to Theorem 1 in [42], equation (19) holds as well a positive solution, a contra-
diction.

Corollary 2. If

5§—00

imint [ R () Q) > 5. (20)
n

then equation (1) oscillates.
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Proof. First, we note that (9) is necessary for the validity of (20). Using Theorem 2 in
[43], condition (20) implies oscillation of equation (19). Thus, from Theorem 2, equation
(1) oscillates.

Example 1. Consider the NDDE

n

<:c (5) + 5 ()\s)>” 44 (:c (5) + 5 (m))l Y %x (i) = 0, (21)

S ;
=1

where £ € [0,1), X\, p; € (0,1], and k; > 0 fori=1,2,...,n. Then, o(s) = s',

and
Ry
Q(s) = 55 ; 2
Assume that

po == min {u;, i =1,2,...,n},

and .
i=1

Then, using Corollary 2, equation (21) oscillates if

5. Numerical Solutions

In this section, we include figures that show the numerical solution of the following
example

Example 2. Consider the NDDE

% ((3 + 1)% [z(s) +0.42(s — 1)])
1 d
+ T 1ds [2(s) +04z(s—1)]+22(s—2)+2x(s—3)=0 (22)

with history x(s) = cos(s) for s < 3.
We solve equation (22) numerically by transforming it into a first-order system based
on defining x1(s) = xz(s), x2(s) = 2 (s) in the following form

r1(s) = wa(s),
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m (z2(s) + 0.4 (s — 1)) (23)

(1 (s =2)+x1(s—3)).

Th(s) = —04zh(s—1)—

Cs+1

We then use Matlab 2024 to find the numerical solutions of the transformed system
(23).

The numerical solution of the given equation (22) is shown in Figure 1. The oscillatory
behavior is present and can be seen in the solutions. The numerical solution shown in this
figure is consistent with the analytical investigations discussed in the previous section.

Figure 1 shows the numerical solution of the given equation (22), whereas Figure 2
illustrates the numerical solution of the same equation in the absence of the damping term.
The effect of damping can be clearly seen when comparing the two figures.

with damping term
80 T T T T T T T

60 | !
40 1

20t E

40 I I I I I I I
0 5 10 15 20 25 30 35 40

Figure 1: Numerical solution of equation (22)

6. Conclusion

Analyzing the monotonic, asymptotic, and oscillatory characteristics of solutions to
DEs is fundamental for understanding the behavior of the models described by these
equations. As it is shown in our findings, we derive some new monotonic and asymptotic
properties for positive solutions to NDEs with multiple delays and a damping term (1).
We then used these properties to derive sufficient criteria for the oscillation of all solutions
of the equation under consideration. We also applied our outcomes to the special case
in Example 21. The improved methodology employed in the analysis and investigation
of the oscillatory behavior of equations with numerous delays and a middle term is what
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no damping term
250 T T T T T T

12 of 15

200
150
1007

50 | /

10 16 20

40

Figure 2: Numerical solution of equation (22) without damping

makes our results distinctive. A natural progression and forthcoming challenge of this
research is examining the oscillatory behavior and asymptotic characteristics of solutions
for higher-order neutral delay differential equations, where the interplay between delay

and neutral components becomes progressively intricate.
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