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Abstract. This paper is concerned with the concepts of almost 7*(oq, 02)-continuous functions
and weakly 7* (o1, 02)-continuous functions. Moreover, some characterizations of almost 7* (o1, 02)-
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1. Introduction

In 1968, Singal and Singal [1] introduced the concept of almost continuous functions
as a generalization of continuity. Munshi and Bassan [2] studied the notion of almost
semi-continuous functions. Noiri [3] introduced and investigated the concept of almost
a-continuous functions. Nasef and Noiri [4] introduced two classes of functions, namely
almost precontinuous functions and almost S-continuous functions. The class of almost
precontinuity is a generalization of almost a-continuity. The class of almost S-continuity
is a generalization of almost semi-continuity. Levine [5] introduced and investigated the
concept of weakly continuous functions. Husain [6] introduced and studied the notion of
almost continuous functions. Jankovié¢ [7] introduced almost weak continuity as a gen-
eralization of both weak continuity and almost continuity. Noiri [8] investigated several
characterizations of almost weakly continuous functions. Rose [9] introduced the notion
of subweakly continuous functions and investigated the relationships between subweak
continuity and weak continuity. Popa and Noiri [10] introduced the concept of weakly
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(1, m)-continuous functions as functions from a topological space into a set satisfying some
minimal conditions and investigated several characterizations of weakly (7, m)-continuous
functions. Ekici et al. [11] introduced and studied the concept of weakly A-continuous
functions. In 1992, Abd El-Monsef et al. [12] introduced and studied the notions of
#-closed sets and .#-continuous functions. Semi-.#-open sets, pre-#-open sets, a-.%-
open sets, [5-.£-open sets and §-7-open sets play an important role in the research of
generalizations of continuity. Using these notions many authors introduced and studied
various types of generalizations of continuity for functions and multifunctions. Hatir and
Noiri [13] introduced and investigated the notions of weakly pre-.#-open sets and weakly
pre-.#-continuous functions. Moreover, Hatir and Noiri [14] investigated further prop-
erties of semi-.#-open sets and semi-.#-continuous functions [15]. On the other hand,
the present author introduced and studied the concepts of *-continuous functions [16],
0-.7-continuous functions [17], weakly *-continuous functions [18], §(x)-continuous func-
tions [18], almost x-precontinuous functions [19], weakly x-precontinuous functions [19],
pr-continuous functions [20] and weakly pi-continuous functions [20]. Recently, Boonpok
and Srisarakham [21] introduced and investigated the notion of (71, 72)-continuous func-
tions. Furthermore, some characterizations of almost (71, 72)-continuous functions and
weakly (71, 72)-continuous functions were established in [22] and [23], respectively. In this
paper, we introduce the concepts of almost 7*(o1, 02)-continuous functions and weakly
7*(01, 02)-continuous functions. We also investigate several characterizations of almost
7*(01, 02)-continuous functions and weakly 7*(o7, 02)-continuous functions.

2. Preliminaries

Throughout the present paper, spaces (X, 7,72) and (Y, 01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a bitopological space (X, 71,72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respectively,
for i = 1,2. A subset A of a bitopological space (X, 7i,72) is called Ti72-closed [24]
if A = 7-Cl(72-Cl(A)). The complement of a 717»-closed set is called Ti72-open. The
intersection of all 7372-closed sets of X containing A is called the 772-closure [24] of A
and is denoted by 7172-C1(A). The union of all 7172-open sets of X contained in A is called
the 1 mo-interior [24] of A and is denoted by 7172-Int(A).

Lemma 1. [24] Let A and B be subsets of a bitopological space (X, T1,72). For the T172-
closure, the following properties hold:

(1) A C 11p-Cl(A) and T172-Cl(Ti72-Cl(A)) = T112-CI(A).
(2) If A C B, then Ti12-Cl(A) C 1y12-Cl(B).

(8) Ti12-Cl(A) is TiT2-closed.

(4) A is Ti2-closed if and only if A= T112-Cl(A).
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(5) Time-Cl(X — A) = X — mymo-Int(A).

A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)r-open [25] (resp.
(11, 72)s-open [26], (11, T2)p-open [26], (T1,72)B-open [26]) if A = 7mo-Int(r72-Cl(A))
(resp. A C m1o-Cl(1i72-Int(A)), A C mimo-Int(7172-Cl(A)), A C 71 79-Cl(7172-Int (71 72-C1(A)))).
The complement of a (71, 72)r-open (resp. (711,72)s-open, (71, 72)p-open, (11, 72)B-open)
set is said to be (71, m2)r-closed (resp. (11, 72)s-closed, (11, T2)p-closed, (11,7T2)B-closed).
A subset A of a bitopological space (X, 71,72) is said to be «a(7,72)-open [27] if A C
T172-Int (71 72-Cl(7172-Int(A))). The complement of an «a(r, m)-open set is said to be
a7y, 12)-closed. A subset A of a bitopological space (X, 7y, 72) is said to be 1172-d-open
[16] if A is the union of (71, 72)r-open sets of X. The complement of a 77»-6-open set is
called 1179-0-closed [16]. The union of all 7372-0-open sets of X contained in A is called
the 7179-d-interior [16] of A and is denoted by 7179-d-Int(A). The intersection of all 71 7o-
d-closed sets of X containing A is called the 7179-d-closure [16] of A and is denoted by
T172-0-C1(A). Let A be a subset of a bitopological space (X, 71,72). A point z € X is
called a (11, 72)0-cluster point [25] of A if Ty79-Cl(U) N A # () for every 7i79-open set U
containing x. The set of all (71, 75)0-cluster points of A is called the (71, 72)8-closure [25]
of A and is denoted by (71, 72)0-Cl(A). A subset A of a bitopological space (X, 71, 72) is
said to be (71, 72)0-closed [25] if (11, 72)0-Cl(A) = A. The complement of a (11, 72)6-closed
set is said to be (11, 72)0-open. The union of all (71, 72)#-open sets of X contained in A is
called the (11, 12)0-interior [25] of A and is denoted by (71, 72)0-Int(A).

An ideal .# on a topological space (X, 7) is a nonempty collection of subsets of X
satisfying the following properties: (1) A € .# and B C A imply B € .#; (2) A € .4 and
B € .7 imply AUB € .#. A topological space (X,7) with an ideal .# on X is called
an ideal topological space and is denoted by (X, 7,.#). For an ideal topological space
(X,7,.#) and a subset A of X, A*(.#) is defined as follows:

A(F)={z € X :UNA¢E .7 for every open neighbourhood U of z}.

In case there is no chance for confusion, A*(.#) is simply written as A*. In [28], A* is called
the local function of A with respect to .# and 7 and CI*(A4) = A*U A defines a Kuratowski
closure operator for a topology 7*(.#) finer than 7. A subset A is said to be *-closed [29]
if A* C A. The interior of a subset A in (X, 7*(.#)) is denoted by Int*(A). A subset A of
an ideal topological space (X, 7,.#) is said to be semi*-.#-open [30] (resp. semi-¥-open
[15]) if A C Cl(Int*(A)) (resp. A C CI*(Int(A))). The complement of a semi*-.#-open
(resp. semi-.#-open) set is said to be semi*-.#-closed [30] (resp. semi-.#-closed [15]).

3. On almost 7*(0y, 02)-continuous functions

In this section, we introduce the concept of almost 7*(o1, 02)-continuous functions.
Moreover, some characterizations of almost 7*(o1, 02)-continuous functions are discussed.

Definition 1. A function f : (X,7,.#) — (Y,01,02) is said to be almost 7*(01,02)-
continuous at a point x € X if for each oiro9-open set V. of Y containing f(x), there
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exists a *-open set U of X containing x such that f(U) C oi09-Int(o102-Cl(V)). A
function f : (X,7,.7) — (Y,01,02) is said to be almost 7*(o1,02)-continuous if f is
almost (01, 02)-continuous at each point x of X.

Lemma 2. [31] Let A be a subset of a bitopological space (X, 11,72). If A is TiT2-0pen in
X, then (7‘1,7‘2)—80l<A) = T1T2—ITLt(T17‘2—Cl<A)).

Theorem 1. For a function f : (X,7,.%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost T*(01,02)-continuous at x € X ;

(2) x € Int*(f~Y(o109-Int(d102-CUV)))) for every croz-open set V of Y containing
f(x);

(3) x € Int*(f~((01,02)-sCUV))) for every o109-open set V of Y containing f(z);

(4) x € Int*(f~1(V)) for every (o1,09)r-open set V of Y containing f(x);

(5) for each (o1,09)r-open set V of Y containing f(x), there exists a x-open set U of X
containing x such that f(U) C V.

Proof. (1) = (2): Let V be any oj09-open set of Y containing f(x). Thus by (1), there
exists a x-open set U of X containing x such that f(U) C oy02-Int(c102-C1(V')). Therefore,
r €U C fY(o109-Int(0102-C1(V))) and hence = € Int*(f~!(o102-Int(102-CL(V)))).

(2) = (3): This follows from Lemma 2.

(3) = (4): Let V be any (o1,02)r-open set of Y containing f(x). It follows from
Lemma 2 that V = o109-Int(0102-Cl(V')) = (01, 02)-sCL(V).

(4) = (5): Let V be any (o1, 09)r-open set of Y containing f(z). Then by (4), we have
x € Int*(f~1(V)) and there exists a x-open set U of X containing x such that U C f~1(V);
hence f(U) C V.

(5) = (1): Let V be any oq02-open set of Y containing f(z). Since o102-Int(c102-Cl(V))
is (01, 02)r-open, there exists a x-open set U of X containing = such that

fU) C o109-Int(0109-C1(V)).

This shows that f is almost 7* (o1, 02)-continuous at .

Theorem 2. For a function f : (X,7,.%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost 7* (o1, 02)-continuous;
(2) f~Y(V) C Int*(f~Yor09-Int(o102-CU(V)))) for every oroz-open set V of Y ;
(3) CI(f~Y(o109-Cl(or02-Int(K)))) C f~1(K) for every o102-closed set K of Y;
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(4) CPF(f~Y(o102-Cl(gi0o2-Int(c102-CUB))))) C f~(o102-CUB)) for every subset B of
Y;

(5) f~Y(o102-Int(B)) C Int*(f~Y(o102-Int(c102-Cl(c102-Int(B))))) for every subset B
of Y;

(6) f~1(V) is x-open in X for every (o1,09)r-open set V of Y ;
(7) f7UK) is x-closed in X for every (o1,02)r-closed set K of Y.

Proof. (1) = (2): Let V be any o109- open set of Y and = € f~1(V). Then, f(z) € V.
Thus by Theorem 1, we have x € Int*(f~!(oy09-Int(c109-C1(V)))) and hence

I~ (V) C Int*(f~ (0102 Int(o102-C1(V)))).

(2) = (3): Let K be any ojoz-closed set of Y. Then, ¥ — K is oj02-open in Y
and by (2), X — fYK) = fY(Y — K) C Int*(f Y (o109-Int(0102-CL(Y — K)))) =
Int*(X — f~Y(0109-Cl(o102-Int(K)))) = X — CI*(f~1(0102-Cl(0109-Int(K)))). Thus,
CI*(f~Y(o109-Cl(oy09-Int(K)))) € f~HK).

(3) = (4): Let B be any subset of Y. Then, 0102-Cl(B) is a o102-closed set of Y and
by (3), CI*(f~!(102-Cl(o109-Int(c102-C1(B))))) C f~!(0102-C1(B)).
(4) = (5): Let B be any subset of Y. Then by (4),

f Y o1o9-Int(B)) = X — f Y (0109-CI(Y — B))
C X — Cl*(ffl(UlUg—Cl(Ulag—Int(UlUg—Cl(Y — B)))))
=X — CI*(f 1Y — o109-Int(0109-Cl(0109-Int(B)))))
= Int*(f ! (0109-Int (01 09-Cl(0102-Int( B))))).
(5) = (6): Let V be any (o1,092)r-open set of Y. By (5), we have f_l(V) -
Int*(f~1(V)) and hence f~1(V) is x-open in X.
(6) = (7): The proof is obvious.
(7) = (1): Let x € X and V be any (01,02)7“ open set of Y containing f(x). Since
— V' is (01, 09)r-closed and by (7), X — f~ ( )= f" (Y V') is x-closed in X. Thus,
ffl(V) is x-open and hence x € Int*(F*(V)). Then, there exists a x-open set U of X

containing x such that f(U) C V. It follows from Theorem 1 that f is almost 7*(o1, 02)-
continuous.

Theorem 3. For a function f : (X,7,%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost 7* (o1, 02)-continuous;
(2) CF(f~1(V)) C f~Yo102-CUV)) for every (o1,02)B-open set V of Y;
(3) CF(f~1(V)) C f~Yo102-CUV)) for every (o1,02)s-open set V of Y.
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Proof. (1) = (2): Let V be any (o1,02)8-open set of Y. Then, g109-CI(V) is a
(01,02)r-closed set of Y. Since f is almost 7%(o1, 02)-continuous, by Theorem 2 we have
fH(o109-C1(V)) is #-closed in X. Thus, CI*(f~1(V)) C f~(o102-C1(V)).

(2) = (3): The proof is obvious.

(3) = (1): Let K be any (o1, 02)r-closed set of Y. Then, K is (o1,02)s-open in Y.
Then by (3), CI*(f~1(K)) C f~1(0102-CI(K)) = f~1(K) and hence f~1(K) is x-closed in
X. By Theorem 2, f is almost 7*(01, 02)-continuous.

Lemma 3. [32] For a bitopological space (X, T1,72), the following properties hold:
(1) a1, 72)-Cl(V) = 11712-CUV) for every (11, 72)B-open set V of X;
(2) (11,72)-pCUV) = 1i12-CU(V') for every (1, 72)s-open set V of X.

Corollary 1. For a function f : (X,7,%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost T*(01, 02)-continuous;
(2) CF(f~1(V)) C f~Yalor,02)-CU(V)) for every (o1,02)B-open set V of Y ;
(3) CF(f~1(V)) C f~Y((o1,02)-pCI(V)) for every (o1,02)s-open set V of Y.

Theorem 4. For a function f : (X,7,.%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost (o1, o2)-continuous;

(2) C’l*(ffl(0102-C’l(0102—Int(alag-C’l(V))))) - fﬁl(Uldg—Cl(V)) for every (01,02)}?-
open set V of Y ;

(3) CIF(f~Y(o102-Clgro2-Int(V)))) C f~Yo109-CUV)) for every (o1, 02)p-open set V
of Y;

(4) fXV) C Int*(f Y (o109-Int(c102-CI(V)))) for every (o1,02)p-open set V of Y.

Proof. (1) = (2): Let V be any (o1, 02)p-open set of Y. Then, we have g109-C1(V) is
o109-closed in Y and by Theorem 2,

Cl*(f_l(01Ug—Cl(Jlaz—Int(Ulag—Cl(V))))) C f_l(alaQ—Cl(V)).
(2) = (3): Let V be any (o1, 02)p-open set of Y. By (2),

CI*(fY(o109-Cl(o109-Int(V)))) C CI*(f 1 (0109-Cl(c109-Int(0102-CL(V)))))
- fﬁl(alo'g—CI(V)).

(3) = (4): Let V be any (o1, 02)p-open set of Y. Thus by (3), we have

X — Int*(f Y (or09-Int(0109-C(V)))) = CI*(X — f L (0109-Int(c109-CL(V))))
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Q

F(f~HY = o102-Int(0109-C1(V))))
*(f~Yo109-Cl(Y — 0109-CL(V))))
*(f~Yo109-Cl(o109-Int(Y — 0102-CL(V)))))
“Ho109-Cl(Y — 0102-C1(V)))
LY — o109-Int(109-C1(V)))
(Y -V)
— 71 v)
and hence f~1(V) C Int*(f~!(o109-Int(o102-C1(V)))).
(4) = (1): Let V be any (o1,09)r-open set of Y. Then, V is (01,02)p-open in Y

and by (4), f~Y(V) C Int*(f 1 (o109-Int(0109-CL(V)))) = Int*(f~1(V)). Thus, f~1(V) is
*-open in X. It follows from Theorem 2 that f is almost 7*(o1, 02)-continuous.

NN
N\\\Qo

Lemma 4. [33] Let A be a subset of a bitopological space (X, T1,72). Then, the following
properties hold:

(1) If A is 1i2-open in X, then T175-Cl(A) = 11712-0-CIl(A).
(2) T112-6-Cl(A) is T1m2-closed.

Theorem 5. For a function f : (X,7,.%) — (Y,01,02), the following properties are
equivalent:

(1) f is almost 7* (o1, 02)-continuous;

(2) CI(f~Y(o109-Cl(or02-Int(0109-6-ClB))))) C f~(0102-6-CI(B)) for every subset B
of Y;

(3) CIF(f~Y(o102-Clloi02-Int(c102-CI(B))))) C f~ (o102-0-CI(B)) for every subset B
of Y.

Proof. (1) = (2): Let B be any subset of Y. By Lemma 4, 0109-0-Cl(B) is o102-closed

in Y and by Theorem 2, CI*(f~1(0102-Cl(0109-Int(0102-0-C1(B))))) C f~(0102-6-C1(B)).
(2) = (3): This is obvious since 0109-Cl(B) C 0102-0-C1(B) for every subset B of Y.
(3) = (1): Let K be any (o1, 02)r-closed set of Y. Then by (3), we have

CI*(f~1(K)) = CI*(f ' (0102-Cl(0102-Int(K))))
=CI*(f~ (0102—C1(01Uz-Int(UlaTCl(K)))))
C [N (0102-6-CUK)) = fH(K)

and hence f~!(K) is x-closed in X. By Theorem 2, f is almost 7*(o71, 2)-continuous.
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4. On weakly 7*(01, 09)-continuous functions

In this section, we introduce the notion of weakly 7*(oq,02)-continuous functions.
Moreover, some characterizations of weakly 7*(o1, 02)-continuous functions are discussed.

Definition 2. A function f : (X,7,.%) — (Y,01,02) is said to be weakly 7*(01,02)-
continuous at a point x € X if for each o102-open set V of Y containing f(x), there exists
a x-open set U of X containing x such that f(U) C 0109-Cl(V'). A function

f : (X7T7 j) — (Y701702)

is said to be weakly 7* (01, 09)-continuous if [ is weakly 7*(01, 02)-continuous at each point
z of X.

Remark 1. For a function f : (X,7,.%) — (Y,01,02), the following implication holds:
almost 7 (01, 02)-continuity = weakly 7" (o1, 02)-continuity.

The converse of the implication is not true in general. We give an example for the
implication as follows.

Example 1. Let X = {1,2,3} with a topology 7 = {0,{2},{1,3}, X} and an ideal ¥ =
{0}. Let Y ={a,b,c} with topologies o1 = {0, {a},{a,b}, Y} and

02 = {®¢ {CL}, {b}7 {CL, b}? Y}
A function f: (X, 1,7) — (Y,01,02) is defined as follows: f(1) =a, f(2) =b and f(3) =

c. Then, f is weakly 7* (o1, 02)-continuous but f is not almost 7* (o1, 02)-continuous.

Theorem 6. For a function f : (X,7,.9) — (Y,01,02), the following properties are
equivalent:

(1) f is weakly T (o1, 09)-continuous;

(2) f~YV) C Int*(f*(o102-CUV))) for every o109-open set V of Y ;

(3) CI(f~Yoroo-Int(K))) C 1K) for every oroa-closed set K of Y;

(4) CF(f~Yo109-Int(c102-CI(B)))) C f~ (o102-CU(B)) for every subset B of Y ;

(5) f~Y(o102-Int(B)) C Int*(f~ 1(0102 Cl(oy02-Int(B)))) for every subset B of Y;

(6) CIF(f~Y(o102-Int(o109-CUV)))) C f~Yo109-CUV)) for every oyo2-open set V of Y ;
(7) CF(f~1(V)) C f~Y(o102-CUV)) for every oroa-open set V of Y ;

(8) CI(f~Yo102-Int(K))) C f~Y(K) for every (o1, 09)r-closed set K of Y.
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Proof. (1) = (2): Let V be any o109-open set of Y such that z € f~'(V). Then,
we have f(z) € V. By (1), there exists a x-open set U of X containing x such that
f(U) C 109-CI(V). Therefore, U C f~!(102-C1(V)). Since U is x-open, we have

z € Int*(f 1 (o109-CL(V)))

and hence f~1(V) C Int*(f~1(0102-CL(V))).

(2) = (3): Let K be any oj02-closed set of Y. Then, Y — K is 0102- open inY. By (2),
X—fYK)=fY Y -K)C Int*(f Yo109-CI(Y — K))) = X — CI*(f~1(0109-Int(K))).
Thus, CI*(f~!(o109-Int(K))) C f~H(K).

(3) = (4): Let B be any subset of Y. Then, 0109-C1(B) is a o102-closed set of Y and
by (3), CI*(f~1(o109-Int(0102-C1(B)))) C f~(o102-CI(B)).
(4) = (5): Let B be any subset of Y. Thus by (4), we have

X — Int*(f Y (o109-Cl(o109-Int(B)))) = CI*(X — f~Y(0102-Cl(o02-Int(B))))
= CI*(f ! (o109-Int(0102-C1(Y — B))))
C fHo109-CI(Y — B))
= X — f~Yo10o-Int(B))
and hence f~!(o109-Int(B)) C Int*(f~1(0102-Cl(o109-Int(B)))).

(5) = (1): Let x € X and V be any oj02-open set of Y containing f(x). By (5),
re f7YV) C Int*(f Yo102-C1(V))) and there exists a x-open set U of X containing
x such that U C f~(0102-Cl(V)). Thus, f(U) C 0102-Cl(V) and hence f is weakly
7*(01, 02)-continuous.

(4) = (6) and (6) = (7): The proofs are obvious.

(7) = (8): Let K be any (o1, 092)r-closed set of Y. Thus by (7),

CI*(fY(o109-Int(K))) C f1(o109-Cl(o109-Int(K))) = fH(K).

(8) = (3): Let K be any o109-closed set of Y. Then, 0102-Cl(c109-Int(K)) is (o1, 02)r-
closed in Y and oy02-Int(o102-Cl(o102-Int(K))) = o102-Int(0102-Cl(K)) = o109-Int(K).
By (8),

Cl*(f_1(0102—1nt(K))) = Cl*(f_l(01Jg—Int(0102-01(0102—Int(K)))))
C fYo109-Cl(o1092-Int(K))) C f7H(K).

Theorem 7. For a function f : (X,7,.9) — (Y,01,02), the following properties are
equivalent:

(1) f is weakly 7*(01, 02)-continuous;

(2) Cl(f~Y(o109-Int(o102-CU(V')))) C fY(o102-CUV)) for every (o1,02)B-open set V
of Y;
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(3) CPF(fY(o109-Int(a102-CUV)))) C f~H(o102-CI(V)) for every (o1,02)s-open set V
of Y.

Proof. (1) = (2): This follows from (4) of Theorem 6.

(2) = (3): The proof is obvious since every (o1, 02)s-open set is (o1, 02)-open.

(3) = (1): Since every oj09-open set is (o1, 02)s-open, the proof is obvious by (7) of
Theorem 6.

Theorem 8. For a function f : (X,7,.9) — (Y,01,02), the following properties are
equivalent:

(1) f is weakly 7*(01, 02)-continuous;

(2) ClF(f~Y(o102-Int(o102-CU(V')))) C f~Yo109-CU(V)) for every (o1, 02)p-open set V.
of Y;

(3) CF(f~1(V)) C f~Yo102-CUV)) for every (o1, 02)p-open set V of Y ;
(4) f~Y(V) C Int*(f~Y(o102-CI(V))) for every (o1,02)p-open set V of Y.

Proof. (1) = (2): Let V be any (o1, 02)p-open set of Y. Since oj02-Int(c102-C1(V))
is o109-open, by Theorem 6 (7)
CI*(f Y (o109-Int(0102-CL(V)))) C fL(0102-Cl(o102-Int (5109-CL(V))))
- fﬁl(alag—CI(V)).
(2) = (3): Let V be any (o1, 02)p-open set of Y. By (2), we have
CI*(f~1(V)) C CI*(f ! (o102-Int(102-CL(V)))) € f~ ! (0102-CL(V)).
(3) = (4): Let V be any (o1, 02)p-open set of Y. Thus by (3),
X —Int*(f7H(CI*(V))) = CI*(X — fH(CI*(V)))
(Y - CrF(V))
- fﬁl(alo'g—CI(Y — 0102—CI(V)))
=X — f_l(010'2—Int(0102—C1(V)))
CX—fHV)
and so f~H(V) C Int*(f~!(o102-C1(V))).

(4) = (1): Let V be any o109-open set of Y. Then, V is (01, 02)p-open in Y and by (4),
FHV) CInt*(f~1(0102-C1(V))). By Theorem 6 (2), f is weakly 7*(coy, 02)-continuous.

Lemma 5. [25] For a subset A of a bitopological space (X, T1,72), the following properties
hold:
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(1) If A is Tomo-open in X, then T1719-Cl(A) = (11, 72)0-CI(A).
(2) (11,72)0-ClA) is Tim2-closed in X.

Theorem 9. For a function f : (X,7,%) — (Y,01,02), the following properties are
equivalent:

(1) f is weakly 7*(01, 02)-continuous;

(2) ClF(f~Y(o109-Int((01,02)0-CUB)))) C f~((01,02)8-CI(B)) for every subset B of
Y;

(3) ClF(f~Y(o102-Int(o102-CI(B)))) C f~1((01,02)0-CI(B)) for every subset B of Y.

Proof. (1) = (2): Let B be any subset of Y. By Lemma 5, (01,02)0-Cl(B) is 109-
closed in Y and by Theorem 6, C1*(f (o1 09-Int((01, 02)0-C1(B)))) C f~((01, 02)0-C1(B)).

(2) = (3): The proof is obvious.

(3) = (1): Let K be any (o1, 09)r-closed set of Y. Then, we have

(01,02)0-Cl(0102-Int(K)) = 0102-Cl(0102-Int(K)) = K
and hence
Cl*(f_l(UlUg—Int(K))) = Cl*(f_l(UlJQ—Int(0102—01(0102—Int(K)))))

(01, 02)0-Cl(o109-Int(K)))
Y (o109-Cl(0y02-Int(K)))
FHE).

Thus, by Theorem 6 f is weakly 7%(o1, 02)-continuous.

Theorem 10. A function f : (X 7,.7) = (Y,01,092) is weakly 7*(01,092)-continuous at

r € X if and only if x € Int*(f 1 (c102-CIV'))) for every o1o2-open set V of Y containing
f(z).

Proof. Let x € X and V be any oj09-open set of Y containing f(z). Then, there
exists a *-open set U of X containing x such that f(U) C o0102-C1(V). Thus, U C
f~He102-C1(V)) and hence x € Int*(f~1(o109-C1(V))).

Conversely, let V' be any oj09-open set of Y containing f(x). By the hypothesis,
x € Int*(f~(0102-C1(V))). Then, there exists a x-open set U of X such that

reUC f_l(O'lUQ—Cl(V)).

Thus, f(U) C 0102-Cl(V) and so f is weakly 7 (o1, 02)-continuous at .

Theorem 11. A function f : (X, 7,%) — (Y,01,02) is weakly 7*(01,02)-continuous if
and only if f~1(V) C Int*(f~(o109-CU(V))) for every o1o2-open set V of Y.
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Proof. Let V be any oj0q-open set of Y and x € f~1(V). Then, f(x) € V. Since f
is weakly 7*(o1, 02)-continuous at x, by Theorem 10 we have 2 € Int*(f~!(o109-C1(V)))
and hence f~1(V) C Int*(f~1(o102-Cl(V))).

Conversely, let x € X and V' be any o109-open set of Y containing f(z). Then, we have
€ f7H V) C Int*(f~(o102-Cl(V))). By Theorem 10, f is weakly 7*(o71, o2)-continuous
at x. This shows that f is weakly 7*(o71, 02)-continuous.

Theorem 12. A function f : (X, 7,.%) — (Y,01,02) is weakly 7*(01,02)-continuous if
and only if CI*(f=2(V)) C f~Y(o102-CU(V)) for every o102-open set V of Y.

Proof. Let V be any 0102 openset of Y. Suppose that CI*(f ) & f~Ho102-CL(V)).
There exists € CI*(f~1(V)), but ¢ f~'(o100- Cl(V)). Then f(z) & o0102-Cl(V)
and there exists a *-open set W of Y containing f(z) such that W NV = (. Thus,
0109-Cl(W) NV = (). Since f is weakly 7*(01, 02)-continuous at z, there exists a *-open
set U of X containing = such that f(U) C o109-Cl(W). Therefore, f(U) NV = (). Since
T € CI*(f~Y(V)),Unf1(V)# 0 and f(U)NV # (), which is a contradiction. This shows
that CI*(f~1(V)) C f~1(a102-CL(V)).

Conversely, let V' be any oj09-open set of Y. Then, Y — 0109-Cl(V) is o102-0open in
Y. By the hypothesis CI*(f~1(Y —0109-CL(V))) C f~1(0109-Cl(Y —5109-C1(V))). Thus,
X — Int*(f~ (0102 CI(V))) € X — f~Y(o109-Int(0109-C1(V))) € X — f~1(V) and hence
V) CInt*(f~1(0102-C1(V))). By Theorem 11, f is weakly 7* (o1, 02)-continuous.

Theorem 13. For a function (X, 1,%) — (Y,01,02), the following properties are equiv-
alent:

(1) f is weakly T* (01, 09)-continuous;

(2) f~HV) C Int*(f Y (o102-CUV))) for every o102-open set V of Y ;

(3) CP(f~Horoo-Int(K))) C f~L(K) for every oyoa-closed set K of Y';

(4) CP(f~Horoa-Int(o109-CU(B)))) C f~Yo109-CU(B)) for every subset B of Y';
(5) f~Yo102-Int(B)) C Int*(f~Y(o102-Clloroo-Int(B)))) for every subset B of Y';
(6) CI(f~Y(V)) C f~1(o102-CUV)) for every o102-open set V of Y.

Proof. (1) = (2): It follows from Theorem 11.
(2) = (3): Let K be any o109-closed set of Y. Then, Y — K is 0j09-open in Y and by
(2),
X—fHE) =Y - K)CInt*(f ' (0102-Cl(Y — K)))
= Int*(f 1Y — o109-Int(K)))
= X — CI*(f Y (o109-Int(K))).

Thus, CI*(f~(o100-Int(K))) C f~(K).
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(3) = (4): Let B be any subset of Y. Then, 0102-Cl(B) is g109-closed in Y. By (3),
CI*(f~Y(o109-Int(0102-C1(B)))) € f~(o102-CI(B)).

(4) = (5): Let B be any subset of Y. Thus by (4),

fHoyoo-Int(B)) = X — f Y (0102-C1(Y — B))
C X — CI*(f Y o109-Int(c109-CL(Y — B))))
= Int*(f ! (0109-Cl(0102-Int(B)))).

(5) = (6): Let V be any ojoz-open set of Y and = ¢ f~!(0102-Cl(V)). Then,
there exists a ojoz-open set U of Y containing f(x) such that U NV = . By (5),
r € f7HU) C Int*(f 1 (0102-C1(U))) and there exists a x-open set G of X containing =
such that f(G) C 0102-Cl(U). Thus, GNf~1(V) =0 and so x ¢ CI*(f~1(V)). This shows
that CI*(f=1(V)) C f~(o102-CL(V)).

(6) = (1): Let x € X and V' be any be any oj03-open set of Y containing f(x). Since
V = o109-Int(V) C gy02-Int(c102-C1(V)), by (6) we have

z e fHV) C f(o100-Int(a109-C1(V)))
= X — fYo102-Cl(Y — 0109-C1(V)))
C X — Cl*(ffl(y — UlUg—Cl(V)))
= Int*(f Y (0109-C1(V))).
There exists a x-open set U of X containing x such that U C f~!(5102-C1(V)); hence

fU) C 0109-Cl(V). Thus, f is weakly 7*(o1,02)-continuous at x. This shows that f is
weakly 7* (01, 02)-continuous.

Theorem 14. For a function (X, 7, %) — (Y,01,02), the following properties are equiv-
alent:

(1) f is weakly 7*(01, 02)-continuous;
(2) CF(fYo102-Int(K))) C f~YK) for every (o1,02)r-closed set K of Y;

(3) CUI(f~Y(o109-Int(c102-CI(V)))) C f1(o109-CUV)) for every (o1,02)B-open set V
of Y;

(4) CPF(f~Y(o109-Int(o102-CU(V)))) C f~ (o109-CI(V)) for every (o1,02)s-open set V
of Y.

Proof. (1) = (2): Let K be any (o1,09)r-closed set of Y. Then, ojo9-Int(K) is
o109-open in Y, by Theorem 13 (6) we have

CI*(fY(o109-Int(K))) C f1(0109-Cl(o109-Int(K))) = fH(K).
(2) = (3): Let V be any (o1, 02)B-open set of Y. Then, we have

0102—CI(V) C 0'10'Q-C](O'lO'Q-II’It(UlUQ-Cl(V))) - UlUQ—Cl(V)
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and hence 0109-Cl(V) is (01, 02)r-closed. By (2),
Cl*(f_l(Ulag—Int(Ulag—Cl(V)))) - f_l(dldg—CI(V)).

(3) = (4): This is obvious.

(4) = (1): Let V be any oj02-open set of Y. Then, we have V is (01, 02)s-open in
Y. By (4), CI*(f~Y(V)) C CI*(f~(o109-Int(0102-CL(V)))) C f~1(0102-C1(V)) and by
Theorem 13 (6), f is weakly 7*(o1, 02)-continuous.

Theorem 15. For a function (X,7,.%) — (Y,01,02), the following properties are equiv-
alent:

(1) f is weakly 7*(01, 02)-continuous;

(2) CPF(f~Y(o109-Int(o102-CU(V)))) C f~Ho109-CUV)) for every (o1, 02)p-open set V
of Y;

(3) CF(f~1(V)) C f~Yo102-CUV)) for every (o1, 02)p-open set V of Y ;
(4) f~HV) C Int*(f 1 (o102-CUV))) for every (o1,02)p-open set V of Y.
Proof. (1) = (2): Let V be any (o1, 02)p-open set of Y. Then, we have
0102-Cl(V') C 0109-Cl(o102-Int(0102-CL(V)))
and hence 0102-Cl(V') is (01, 02)r-closed in Y. Thus, by Theorem 14 (2) we have
CI*(f~o1o9-Int(0109-C1(V)))) C £~ (o102-CL(V)).

(2) = (3): The proof is obvious.
(3) = (4): Let V be any (o1, 02)p-open set of Y. By (3),
1) C fHo109-Int(0102-CL(V)))
= X — fYo102-CL(Y — 0109-C1(V)))
C X —CI*(f 1Y — 0102-CL(V)))
= Int*(f ! (0109-C1(V))).

(4) = (1): Let V be any oj0z-open set of Y. Then, V is (01, 02)p-open in Y. Thus by
(4) and Theorem 13 (2), f is weakly 7* (o1, 02)-continuous.

Theorem 16. For a function (X, 1, %) — (Y,01,02), the following properties are equiv-
alent:

(1) f is weakly 7*(01, 02)-continuous;

(2) CF(f~Y(o109-Int(o102-CI(B)))) C f~ (o109-CI(B)) for every subset B of Y;
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(3) CI(f~Y(o102-Int(K))) C

K
(4) CUfH(V)) C fH(o102-CUV)
(5) f~YV) C Int*(f~Y(o102-CU(V))) for every oro2-open set V of Y ;

) for every (o1, 09)r-closed set K of Y;

for every o109-open set V of Y;

)

)
(6) CI(f~1(V)) C f~Yo102-CUV)) for every (o1,02)p-open set V of Y ;
(7) 7YV C Int*(f~Y(o102-CI(V))) for every (o1,02)p-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y and x ¢ f~1(0109-C1(B)). Then,
we have f(z) ¢ 0102-Cl(B) and there exists a oj09-open set U of Y containing f(x)
such that U N B = (. Therefore, 0102-C1(U) N o102-Int(c102-C1(B)) = (). Since f is
weakly 7%(o1,09)-continuous at x, there exists a x-open set W of X containing x such
that f(W) C 0109-Cl(U). Thus, W N f~1(o109-Int(0109-C1(B))) = () and hence

z & CI*(f~Y(o109-Int(o109-C1(B)))).

This shows that C1*(f~!(o109-Int(c102-Cl(B)))) C f~!(0102-C1(B)).
(2) = (3): Let K be any (o1, 02)r-closed set of Y. Then by (2), we have

Cl*(ffl(alag—lnt(K))) = Cl*(fil(0’10'Q—Int(Ulag—CI(Uldg—Int(K)))))
- f_l(UlUg-Cl(UlO’Q—IDt(K)))
= f7H(K).
(3) = (4): Let V be any o102-open set of Y. Then, 0102-Cl(V) is (o1, o2)r-closed in
Y. By ( ) Cl*(f (V)) C Cl*(fil(UlUQ-IHt(UlUQ-Cl(V)))) C fﬁl(UlUQ-Cl(V)).

(4) = (5): Let V be any oj02-open set of Y. Since Y —0102-Cl(V) is g109-0open in Y,
by (4) we have

X — Int*(f Y (o102-CL(V))) = CI*(f "1 (Y — 6102-CL(V)))
C fHo109-Cl(Y — 0105-CL(V)))
CX-f(V)

and hence f~1(V) C Int*(f~1(o109-CL(V))).

(5) = (1): Let x € X and V be any oj02-open set of Y containing f(x). By (5),
r € fYV) C Int*(f~Ho102-CL(V))). Put W = Int*(f~(0102-C1(V))). Then, W is
*-open set of X containing x such that f(W) C 0102-Cl(V'). Thus, f is weakly 7*(o1, 02)-
continuous at x. This shows that f is weakly 7* (o1, 02)-continuous.

(1) = (6): Let V be any (o1, 09)p-open set of Y and z &€ f~(0102-C1(V)). Then,
f(x) & 0102-Cl(V) and there exists a ojoz-open set G of Y containing f(x) such that
GNV =10. Since V is (01, 02)p-open, we have

Vn UlUg—Cl(G) C alag—Int(alag—Cl(V)) N 010’2—01(G)
C Uldg—CI(Jlag—Int(UUTQ—C](V)) N G)
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- 0'10'2—01(0'1UQ—Int(Ulo'Q—Cl(V) N G))
- 0'1Uz—Cl(Ulag—Int(O'le—Cl(v N G)))
Co109-Cl(VNG) =0.
Since f is weakly 7* (o1, 02)-continuous at x, there exists a x-open set W of X containing
x such that f(W) C 0109-Cl(G). Thus, f(W)NV = ) and hence W N f~4(V) = 0.
Therefore, x ¢ CI*(f~1(V). This shows that CI*(f~1(V)) C f~1(o102-C1(V)).
(6) = (7): Let V be any (o1, 02)p-open set of Y. Then, Y — 0109-C1(V) is o109-0pen
and hence Y — 0109-Cl(V) is (01, 092)p-open in Y. Then by (6), we have
X — Int*(f 1 (0109-Cl(V))) = CI*(X — f~Ha102-CL(V)))
= CI*(f (Y — 0102-C1(V)))
C fHo102-CLY — 0102-CL(V)))
= fﬁl(Y . 010'2—Int(0'102—01(V)))
=X — f_l(Uldg—lnt(a'lag—Cl(V)))
CX-fV)
and hence f~1(V) C Int*(f~(o102-CL(V))).

(7) = (1): Let 2 € X and V be any oj09-open set of Y containing f(z). Since V is
(o1, 09)p-open in Y and by (7), x € f~1(V) C Int*(f~(0109-CL(V))). Put

U = Int*(f~(o102-CI(V))).

Then, U is a *-open set of X containing z such that f(U) C 0102-Cl(V). Thus, f is
weakly 7*(01, 09)-continuous at x. This shows that f is weakly 7* (o1, 02)-continuous.

Theorem 17. For a function (X,7,.%) — (Y,01,02), the following properties are equiv-
alent:

(1) f is weakly 7*(01, 02)-continuous;
(2) f(CT(A)) C (01,09)0-CI(f(A)) for every subset A of X;
(3) CIF(f~1(B)) C f~((01,02)0-CI(B)) for every subset B of Y.

Proof. (1) = (2): Let A be any subset of X. Suppose that x € CI*(A) and G is
any ojog-open set of Y containing f(z). Since f is weakly 7*(o1, 02)-continuous, there
exists a x-open set U of X containing x such that f(U) C 0109-Cl(G). Since z € CI*(A),
we have U N A # (. It follows that § # f(U) N f(A) C 0102-Cl(G) N f(A). Thus,
f(z) € (01,02)0-C1(f(A)) and hence f(CI*(A)) C (01,02)0-Cl(f(A)).

(2) = (3): Let B be any subset of Y. Then, we have

FCI(F7Y(B))) € (01, 02)6-CLf(F(B))) C (o1, 02)6-CL(B)
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and hence CI*(f~1(B)) C f~((o1,02)0-C1(B)).
(3) = (1): Let x € X and V be any oj02-open set of Y containing f(z). Since

0'10'2—01(V) M (Y — 0'102—01(V)) = @,

f(z) & (01,02)0-CI(Y — 0102-C1(V)) and hence = & f~1((01,02)0-Cl(Y — 0102-CL(V))).
By (3), x € CI*(f~Y(Y — 0102-C1(V))) and there exists a x-open set U of X containing
x such that U N f~1(Y — 0109-C1(V)) = 0; hence f(U) N (Y — 0102-C1(V)) = 0. Thus,
f(U) C 0109-Cl(V) and so f is weakly 7*(o1, 02)-continuous at x. This shows that f is
weakly 7* (01, 02)-continuous.

Acknowledgements

This research project was financially supported by Mahasarakham University.

References

[1] M. K. Singal and A. R. Singal. Almost continuous mappings. Yokohama Mathematical
Journal, 16:63—-73, 1968.
[2] B. M. Munshi and D. S. Bassan. Almost semi-continuous mappings. The Mathematics
Student, 49:239-248, 1981.
[3] T. Noiri. Almost a-continuous functions. Kyungpook Mathematical Journal, 28:71-77,
1988.
[4] A. A. Nasef and T. Noiri. Some weak forms of almost continuity. Acta Mathematica
Hungarica, 74(3):211-219, 1997.
[5] N. Levine. A decomposition of continuity in topological spaces. The American Math-
ematical Monthly, 68:44-46, 1961.
[6] T. Husain. Almost continuous mappings. Prace Matematyczne, 10:1-7, 1966.
[7] D. S. Jankovié. @-regular spaces. International Journal of Mathematics and Mathe-
matical Sciences, 8:615-619, 1985.
[8] T. Noiri. Properties of some weak forms of continuity. International Journal of
Mathematics and Mathematical Sciences, 10(1):97-111, 1987.
[9] D. A. Rose. Weak continuity and almost continuity. International Journal of Math-
ematics and Mathematical Sciences, 7:311-318, 1984.
[10] V. Popa and T. Noiri. On weakly (7, m)-continuous functions. Rendiconti del Circolo
Matematico di Palermo Series 2, 51:295-316, 2002.
[11] E. Ekici, S. Jafari, M. Caldas, and T. Noiri. Weakly A-continuous functions. Nowi
Sad Journal of Mathematics, 38:47-56, 2008.
[12] M. E. Abd El-Monsef, E. F. Lashien, and A. A. Nasef. On .#-open sets and .#-
continuous functions. Kyungpook Mathematical Journal, 32:21-30, 1992.
[13] E. Hatir and T. Noiri. Weakly pre-I-open sets and decomposition of continuity. Acta
Mathematica Hungarica, 106(3):227-238, 2005.



N. Viriyapong, A. Sama-Ae, C. Boonpok / Eur. J. Pure Appl. Math, 18 (3) (2025), 6568 18 of 18

[14]
[15]
[16]
[17]

[18]

E. Hatir and T. Noiri. On semi-I-open sets and semi-/-continuous functions. Acta
Mathematica Hungarica, 107(4):345-353, 2005.

E. Hatir and T. Noiri. On decompositions of continuity via idealization. Acta Math-
ematica Hungarica, 96:341-349, 2002.

C. Boonpok and P. Pue-on. Characterizations of almost (71, 72)-continuous multi-
functions. International Journal of Analysis and Applications, 22:33, 2024.

C. Boonpok. On characterizations of x-hyperconnected ideal topological spaces. Jour-
nal of Mathematics, 2020:9387601, 2020.

C. Boonpok. Weak openness and weak continuity in ideal topological spaces. Math-
ematica, 64(2):173-185, 2022.

C. Boonpok. 60(x)-continuity. Mathematica, 65(1):31-42, 2023.

C. Boonpok. pi-continuity and weak pi-continuity. Carpathian Mathematical Publi-
cations, 17(1):171-186, 2025.

C. Boonpok and N. Srisarakham. (71, 72)-continuity for functions. Asia Pacific Jour-
nal of Mathematics, 11:21, 2024.

C. Boonpok and P. Pue-on. Characterizations of almost (71, 72)-continuous multi-
functions. International Journal of Analysis and Applications, 22:33, 2024.

C. Boonpok and C. Khanarong. On weakly (71, 72)-continuous functions. European
Journal of Pure and Applied Mathematics, 17(1):416-425, 2024.

C. Boonpok, C. Viriyapong, and M. Thongmoon. On upper and lower (71,72)-
precontinuous multifunctions.  Journal of Mathematics and Computer Science,
18:282-293, 2018.

C. Viriyapong and C. Boonpok. (71, 72)a-continuity for multifunctions. Journal of
Mathematics, 2020:6285763, 2020.

C. Boonpok. (711, 72)d-semicontinuous multifunctions. Heliyon, 6:e05367, 2020.

N. Viriyapong, S. Sompong, and C. Boonpok. (71, 72)-extremal disconnectedness in
bitopological spaces. International Journal of Mathematics and Computer Science,
19(3):855-860, 2024.

K. Kuratowski. Topology, Vol. I. Academic Press, New York, 1966.

D. Jankovié¢ and T. R. Hamlett. New topologies from old via ideals. The American
Mathematical Monthly, 97:295-310, 1990.

E. Ekici and T. Noiri. x-extremally disconnected ideal topological spaces. Acta
Mathematica Hungarica, 122:81-90, 2009.

C. Klanarong, S. Sompong, and C. Boonpok. Upper and lower almost (71, 72)-
continuous multifunctions. FEuropean Journal of Pure and Applied Mathematics,
17(2):1244-1253, 2024.

P. Pue-on, S. Sompong, and C. Boonpok. Almost contra-(71, 72)p-continuity for func-
tions. Furopean Journal of Pure and Applied Mathematics, 18(2):6038, 2025.

M. Thongmoon, S. Sompong, and C. Boonpok. Almost (71, 72)-continuity and 71 7-
d-open sets. International Journal of Analysis and Applications, 22:109, 2024.



