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Abstract. This paper presents new concepts of continuous multifunctions, called upper quasi
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1. Introduction

In 1963, Levine [1] introduced and studied the notion of semi-continuous functions.
Arya and Bhamini [2] introduced the concept of #-semi-continuity as a generalization of
semi-continuity. Noiri [3] and Jafari and Noiri [4] have further investigated some char-
acterizations of @-semi-continuous functions. Marcus [5] introduced and investigated the
notion of quasi continuous functions. Popa [6] introduced and studied the notion of almost
quasi continuous functions. Neubrunnovad [7] showed that quasi continuity is equivalent
to semi-continuity due to Levine [1]. Popa and Stan [8] introduced and investigated the
notion of weakly quasi continuous functions. Weak quasi continuity is implied by quasi
continuity and weak continuity [9] which are independent of each other. Popa [10] ex-
tended the concept of quasicontinuous functions to the setting of multifunctions. Popa
and Noiri [11] introduced the concept of almost quasi continuous multifunctions and in-
vestigated some characterizations of such multifunctions. Noiri and Popa [12] introduced
and studied the notion of weakly quasi continuous multifunctions. Popa and Noiri [13]
introduced the notion of #-quasicontinuous multifunctions and investigated several fur-
ther properties of such multifunctions. Moreover, some characterizations of upper and
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lower f-quasicontinuous multifunctions were presented in [14]. Semi-.#-open sets, pre-
Z-open sets, a-#-open sets, 3-Z-open sets and §-Z-open sets play an important role
in the research of generalizations of continuity in ideal topological spaces. Hatir and
Noiri [15] introduced and investigated the notions of weakly pre-.#-open sets and weakly
pre-.#-continuous functions. Furthermore, Hatir and Noiri [16] investigated further prop-
erties of semi-.#Z-open sets and semi-.#-continuous functions. In 2019, the present author
[17] introduced new classes of multifunctions between ideal topological spaces, namely
upper *-continuous multifunctions and lower *-continuous multifunctions. In particular,
several characterizations of upper x-continuous multifunctions, lower x-continuous multi-
functions, upper almost x-continuous multifunctions, lower *-continuous multifunctions,
upper weakly x-continuous multifunctions and lower weakly x-continuous multifunctions
were considered in [17]. On the other hand, the present author introduced and investigated
the notions of pr-continuous multifunctions [18] and weakly pi-continuous multifunctions
[18]. Pue-on et al. [19] introduced and studied the concepts of upper (71, 72)-continuous
multifunctions and lower (71, 72)-continuous multifunctions. Klanarong et al. [20] intro-
duced and investigated the notions of upper almost (7, 72)-continuous multifunctions and
lower almost (71, 72)-continuous multifunctions. Thongmoon et al. [21] introduced and
studied the concepts of upper weakly (71, 72)-continuous multifunctions and lower weakly
(71, T2)-continuous multifunctions. In this paper, we introduce the notions of upper quasi
07* (01, 09)-continuous multifunctions and lower quasi 07* (o1, 02)-continuous multifunc-
tions. We also investigate several characterizations of upper quasi 7* (o1, 02)-continuous
multifunctions and lower quasi 7*(o1, 02)-continuous multifunctions.

2. Preliminaries

Throughout the present paper, spaces (X, 71,72) and (Y,01,02) (or simply X and
Y') always mean bitopological spaces on which no separation axioms are assumed unless
explicitly stated. Let A be a subset of a bitopological space (X, 71, 72). The closure of A
and the interior of A with respect to 7; are denoted by 7;-Cl(A) and 7;-Int(A), respectively,
for i = 1,2. A subset A of a bitopological space (X, 71,72) is called 7i79-closed [22] if
A = 71-Cl(72-Cl(A)). The complement of a 7 75-closed set is called T179-open. Let A be
a subset of a bitopological space (X, 71, 72). The intersection of all 73m9-closed sets of X
containing A is called the 11 72-closure [22] of A and is denoted by 7172-C1(A). The union of
all 7172-open sets of X contained in A is called the 71 9-interior [22] of A and is denoted by
T179-Int(A). A subset A of a bitopological space (X, 11, 72) is said to be 11 m»-clopen [22] if
A is both 11m9-open and 7179-closed. A subset A of a bitopological space (X, 71, 72) is said
to be (71, 72)r-open [23] (resp. (71, 72)s-open [24], (11, T2)p-open [24], (11, T2)[-open [24])
if A = mimo-Int(m172-Cl(A)) (resp. A C 17a-Cl(1172-Int(A)), A C 7179-Int(7172-Cl(A)),
A C 71719-Cl(11m2-Int (71 72-C1(A)))). The complement of a (71, 7)r-open (resp. (71,72)s-
open, (71, T2)p-open, (11,72)B-open) set is called (71, 72)r-closed (resp. (71,72)s-closed,
(71, T2)p-closed, (T1,T2)B-closed). A subset A of a bitopological space (X, 71, 72) is said
to be a(11,m)-open [25] if A C my7o-Int(7172-Cl(7172-Int(A4))). The complement of an
a(T1, T2)-open set is said to be a(11, m2)-closed.



N. Srisarakham, A. Sama-Ae, C. Boonpok / Eur. J. Pure Appl. Math, 18 (3) (2025), 6569 30f 13

Let A be a subset of a bitopological space (X,71,72). A point z € X is called a
(11, 12)0-cluster point [23] of A if 7172-Cl(U) N A # (0 for every 7i72-open set U containing
x. The set of all (71, 72)0-cluster points of A is called the (71, 72)0-closure [23] of A and
is denoted by (71, 72)0-Cl(A). A subset A of a bitopological space (X, 7, 72) is said to be
(11, 12)0-closed [23] if (11, 72)0-C1(A) = A. The complement of a (71, 72)0-closed set is said
to be (11, 72)0-open. The union of all (71, 72)0-open sets of X contained in A is called the
(71, m2)0-interior [23] of A and is denoted by (71, 72)6-Int(A).

Lemma 1. [23] For a subset A of a bitopological space (X, 11,72), the following properties
hold:

(1) If A is Tim2-open in X, then T172-Cl(A) = (11, 72)0-CI(A).
(2) (11,72)0-ClA) is Ty12-closed in X.

An ideal .# on a topological space (X, 7) is a nonempty collection of subsets of X
satisfying the following properties: (1) A € .# and B C A imply B € .#; (2) A € .4 and
B € .7 imply AUB € .#. A topological space (X,7) with an ideal .# on X is called
an ideal topological space and is denoted by (X, 7,.#). For an ideal topological space
(X,7,.#) and a subset A of X, A*(.#) is defined as follows:

AN (SI)={z e X:UNA¢ .7 for every open neighbourhood U of z}.

In case there is no chance for confusion, A*(.#) is simply written as A*. In [26], A* is called
the local function of A with respect to .# and 7 and CI*(A) = A*U A defines a Kuratowski
closure operator for a topology 7*(.#) finer than 7. A subset A is said to be x-closed [27] if
A* C A. The interior of a subset A in (X, 7*(.#)) is denoted by Int*(A). A subset A of an
ideal topological space (X, T, .#) is said to be semi*-.% -open [28] (resp. semi--# -open [16])
if A C Cl(Int*(A)) (resp. A C CI*(Int(A))). The complement of a semi*-.#-open (resp.
semi-.#-open) set is said to be semi*-.# -closed [28] (resp. semi-.#-closed [16]). A subset
A of an ideal topological space (X, 7,.7) is called semi-#*-open [29] if A C CI*(Int*(A)).
The complement of a semi-.#*-open set is called semi-#*-closed. For a subset A of an
ideal topological space (X, 7,.#), the intersection of all semi-.#*-closed sets containing
A is called the semi-#*-closure [29] of A and is denoted by sCI*(A) (sClg«(A) [29]).
The union of all semi-.#*-open sets contained in A is called the semi-#*-interior [29]
of A and is denoted by sInt*(A) (sInt s+(A) [29]). The family of all semi-#*-open sets
of an ideal topological space (X, 7,.#) is denoted by S,+«O(X). Let A be a subset of
an ideal topological space (X, 7,.#). The semi-0(x)-closure [30] of A, x9sCl(A) and the
semi-0(x)-interior [30] of A, xgsInt(A) are defined as follows:
*x9 SCI(A) ={z € X | AN sCI*(U) # 0 for every U € SO(X,x)},
*g sInt(A) = {x € X | sCI*(U) C A for some U € S+«O(X,x)},

where Sy+O(X,z) ={U |z €U and U € S+ O(X)}.

By a multifunction F': X — Y, we mean a point-to-set correspondence from X into Y,

and always assume that F'(z) # () for all z € X. For a multifunction F': X — Y, we shall
denote the upper and lower inverse of a set B of Y by FT(B) and F~(B), respectively,

that is, F*(B) ={z € X | F(z) C B} and F~(B) ={z € X | F(z) N B # 0}.
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3. Upper and lower quasi 07*(01, 05)-continuous multifunctions

In this section, we introduce the notions of upper quasi 07* (o1, o2)-continuous multi-
functions and lower quasi 07*(071, 02)-continuous multifunctions. Moreover, several charac-
terizations of upper quasi 07* (o1, 02)-continuous multifunctions and lower quasi 07* (o1, 02)-
continuous multifunctions are discussed.

Definition 1. A multifunction F : (X, 7,.#) — (Y,01,02) is said to be upper quasi
07* (01, 09)-continuous if for each x € X and each o102-open set V' of Y containing F(x),
there exists a semi-#*-open set U of X containing x such that F(sCl*(U)) C o102-Cl(V).

Theorem 1. For a multifunction F : (X, 1, %) — (Y, 01,09), the following properties are
equivalent:

(1) F is upper quasi 07* (o1, 02)-continuous;

(2) *¢sCUF~ (o102-Int((01,02)0-CUB)))) € F~((01,02)0-Cl(B)) for every subset B of
Y;

(8) *9sCUF~ (o102-Int(0102-Cl(V')))) € F~(0102-Cl(V)) for every oro2-open set V' of
Y;

(4) %4sCUF~ (o100-Int(K))) C F~(K) for every (o1, 9)r-closed set K of Y;
(5) FH(V) C xgsInt(F T (g109-CI(V))) for every o102-open set V of Y ;

(6) *psCUF~(o109-Int(K))) C F~(K) for every or0a-closed set K of Y;

(7) xgsCUF~(V)) C F~(0102-CI(V)) for every o102-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose that x € F~((01,02)0-Cl(B)).
Then, x € X —F~((01,02)0-Cl(B)) and F(z) C Y —(01,02)0-Cl(B). Since (01, 02)0-C1(B)
is o109-closed in Y, by (1) there exists a semi-.#*-open set U of X containing x such that
F(sCI*(U)) C 0102-Cl(Y — (01,02)0-Cl(B)) = Y — o109-Int((01, 02)0-Cl(B)). Thus, we
have F(sCI*(U)) N oy09-Int((01, 02)0-Cl(B)) = ) and

SCI*(U) NE~ (alag—lnt((ol, GQ)Q—CI(B))) = (.
This shows that x & xgsCl(F'~ (o102-Int((01, 02)0-C1(B)))). Thus,
*QSCI(Ff (0'1(72—111'6((0'1, UQ)@—CI(B)))) - Ff((al, GQ)Q—C](B)).
(2) = (3): This is obvious since g102-Cl(V') = (01, 02)8-CL(V') for every o102-open set
VotY.
(3) = (4): Let K be any (o1, 02)r-closed set of Y. Thus by (3), we have

*QSCI(Fi (010’2—Int(K))) = *QSCI(Fi (0'10'Q—Int(UlUg—Cl(Ule—Int(K)))))
C F~ (0109-Cl(o109-Int(K))) = F~ (K).
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(4) = (5): Let V be any o109-open set of Y. Then, we have

X — xpsInt(F T (0102-Cl(V))) = %¢sCl(X — FT(0102-CI(V)))
= xgsCl(F'™ (Y — 0102-C1(V))),
Y — 0102—CI(V) = UUTQ—IHﬁ(Y — 010'2—CI<V)) g UuTg—IHt(Y — O'lUQ-IHt(UlO’Q-Cl(V))) and
Y — o102-Int(0109-Cl(V)) is (01, 02)r-closed in Y. Thus by (4),
*xgSCL(F ™ (o109-Int (Y — o109-Int(0109-C1(V))))) C F~ (Y — 0109-Int(o102-C1(V)))
= X — F(0y109-Int(0109-C1(V)))
CX-FT(V)
and hence F* (V) C xgsInt(EF T (g109-C1(V))).
(5) = (6): Let K be any o109-closed set of Y. Then by (5), we have
X —F (K)=F"(Y - K) C *gsInt(F " (0102-CL(Y — K)))
= xgsInt(FT (Y — oy09-Int(K))
= xgsInt(X — F~ (o109-Int (K
=X —*QSC1<F (UlUg-Int( )

)
)
))-
Thus, *sCL(F~ (o109-Int(K))) € F~(K).

(6) = (7): Let V be any o102-closed set of Y. Then, we have o102-Cl(V') is 01 02-closed
in Y and by (6), x¢sC1(F~(V)) C #¢sCl(F~ (o109-Int(c109-C1(V)))) C F~(0102-CL(V)).

(7) = (1): Let x € X and V be any ojoz-open set of Y containing F'(x). Then,
0109-Cl(Y — 0109-Cl(V)) N F(z) = 0 and = &€ F~(0102-Cl(Y — 0102-C1(V))). Tt follows
from (7) that & *psCl(F~ (Y — 0102-Cl(V))). Then, there exists a semi-.#*-open set
U of X containing x such that sC1*(U) N F~ (Y — 0102-Cl(V)) = 0; hence F(sCI*(U)) C
0102-Cl(V'). This shows that F' is upper quasi 67* (o1, 02)-continuous.

Definition 2. A multifunction F : (X, 7,%) — (Y,01,02) is said to be lower quasi
01 (01, 02)-continuous if for each x € X and each o109-open set V of Y such that

VNFE(x)#0,

there exists a semi-#*-open set U of X containing x such that o102-CI(V )N F(z) # 0 for
every z € sCI*(U).

Lemma 2. If F: (X,7,.9) — (Y,01,02) is lower quasi 07* (o1, 02)-continuous, then for
each © € X and each subset B of Y with (01,02)0-Int(B) N F(x) # 0 there exists a
semi-#*-open set U of X containing x such that sCI*(U) C F~(B).

Proof. Since (01, 02)0-Int(B)NF(x) # 0, there exists a o109-open set V of Y such that
V C 0109-Cl(V) C B and V N F(z) # (. Since F is lower quasi 07*(o1, 02)-continuous,
there exists a semi-.#*-open set U of X containing = such that o102-C1(V) N F(z) # () for
every z € sCI*(U) and hence sCI*(U) C F~(B).
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Theorem 2. For a multifunction F : (X, 7, %) — (Y, 01,09), the following properties are
equivalent:

(1) F is lower quasi 07* (o1, 02)-continuous;

(2) xgsCF+(B)) C F*((01,02)0-CI(B)) for every subset B of Y;

(3) %gsCUF(V)) C F+(0109-CUV)) for every oyoa-open set V of Y;
(4) F~(V) C xgsInt(F~ (0102-CI(V))) for every o109-open set V of Y ;
(5) F(xgsCl(A)) C (01,02)0-CI(F(A)) for every subset A of X;

(6) x9sCUF*(o109-Int((01,02)0-Cl(B)))) C F*((01,02)0-CI(B)) for every subset B of
Y;:

(7) xgsCUF*(0109-Int(c102-Cl(V)))) C Ft(0102-CI(V)) for every oio2-open set V of
Y,

(8) *osCl(F*(o102-Int(K))) C FT(K) for every (o1,02)r-closed set K of Y;
(9) %osCl(F*(o102-Int(K))) C FT(K) for every o102-closed set K of Y.

Proof. (1) = (2): Let B be any subset of Y. Suppose that z ¢ F*((01,02)0-Cl(B)).
Then, v € F~(Y — (01,02)8-Cl(B)) = F~((01,02)8-Int(Y — B)). Since F' is lower quasi
07*(01, 02)-continuous, by Lemma 2 there exists a semi-.#*-open set U of X containing x
such that sCI*(U) C F~ (Y — B) = X — F*(B). Thus, sCI*(U) N F"(B) = 0 and hence
x & *¢sCl(F*(B)).

(2) = (3): This is obvious since o102-Cl(V') = (01, 02)8-CL(V') for every oj02-open set
VotY.

(3) = (4): Let V be any o109-open set of Y. Then by (3), we have

X — *psInt(F~ (0102-Cl(V))) = x¢sCI(X — F~ (0102-CL(V)))
= %gsCl(FT (Y — o109-C1(V)))
C FT(0109-Cl(Y — 0102-C1(V)))
C FH(o109-CL(Y = V)
—FHY V) =X — F~(V)

and hence F~ (V) C *psInt(F~ (0102-Cl(V))).

(4) = (1): Let x € X and V be any o109-open set of Y such that F(z) NV # 0. By
(4), x € F~ (V) C *psInt(F~(0102-C1(V'))). Then, there exists a semi-.-#*-open set U of
X containing z such that sCI*(U) C F~(0102-Cl(V)); hence o109-CL(V) N F(z) # ( for
every z € sCI*(U). This shows that F' is lower quasi 87 (o1, 02)-continuous.

(2) = (5): Let A be any subset of X. By replacing B in (2) by F(A), we have
*xgSCI(A) C xpsCI(F*(F(A))) C Ft((01,02)0-Cl(F(A))). Thus,

F(*@SCI(A)) Q (Ul, UQ)H—CI(F(A))
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(5) = (2): Let B be any subset of Y. Replacing A in (5) by F*(B), we have
F(*¢sCI(FT(B))) C (01,02)0-C1(F(F*(B))) C (01,02)8-Cl(B) and hence

*xpsCI(FT(B)) C F*((01,02)6-C1(B)).

(3) = (6): Let B be any subset of Y. Put V' = o109-Int((01, 02)8-Cl(B)) in (3). Then,
since (o1, 02)0-Cl(B) is o102-closed in Y, we have
xsCl(F T (o109-Int((01, 02)0-Cl(B)))) C F*(0102-Cl(o109-Int((01, 02)6-C1(B))))
C F™((01,02)0-CI(B)).

VofY.

(6) = (7): This is obvious since o109-Cl(V') = (01, 02)8-CL(V') for every o109-open set
(7) = (8): Let K be any (o1, 02)r-closed set of Y. Then by (7), we have

*xpSCI(F T (0109-Int(K))) = %gsCL(F T (o102-Int(0102-Cl(0109-Int(K)))))
C F(0109-Cl(c102-Int(K))) = FT(K).

(8) = (9): Let K be any oj09-closed set of Y. Then, o109-Cl(o102-Int(K)) is (o1, 092)7-
closed in Y and by (8),

*9SC1(F+ (010’2—Int(K))) = *kgSCl(FJr (0'10'Q—Int(O'lO'Q-Cl(O'lO'Q—IIlt(K)))))
- F+(0102—C1(0102—Int(K))) - F+(K)

(9) = (4): Let V be any oj02-open set of Y. Then, Y —V is g109-closed in Y and by
(9), *¢sCL(F* (o102-Int(Y — V))) C FH(Y — V) = X — F~ (V). Moreover, we have

xgsCL(F T (o109-Int (Y — V))) = %gsCHET (Y — 5102-C1(V)))
= *QSCI(X — F (0'102—C1(V)))
=X — *QSInt(F_ (Ung-Cl(V))).

Thus, F~ (V) C *gsInt(F~ (o102-C1(V))).

Theorem 3. For a multifunction F : (X, 1,%) — (Y, 01,09), the following properties are
equivalent:

(1) F is upper quasi 07* (o1, 02)-continuous;

(2) *¢sCUF~ (o102-Int(c102-CU(V')))) C F~(0102-CUV)) for every (o1, 02)B-open set V
of Y;

(3) *9sCUF~ (o109-Int(0102-Cl(V')))) C F~ (0102-Cl(V)) for every (o1,02)s-open set V
of Y.
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Proof. (1) = (2): Let V be any (o1, 02)5-open set of Y. Then,
Vv g 0'102—01(01JQ—Int(UlUQ—Cl(V)))

and hence 0102—C1(V) = 0'10'2—01(0'1UQ—Int(Ulo'z—Cl(V))). Since 0102—CI(V) is (0'1,0'2)7'—
closed in Y, by Theorem 1 we have

*QSCI(F_ (UlUg-IHt(UlUQ-Cl(V)))) Q F (0102—C1(V>).

(2) = (3): The proof is obvious.

(3) = (1): Let V be any ojoz-open set of Y. Then, V is (o1,02)s-open in Y and
by (3), *¢sCL(F'~ (0102-Int(0102-C1(V)))) € F~(0102-Cl(V)). Thus by Theorem 1, F is
upper quasi 07* (o1, 02)-continuous.

Theorem 4. For a multifunction F : (X, 1,.%) — (Y,01,09), the following properties are
equivalent:

(1) F is lower quasi 07* (o1, 02)-continuous;

(2) *osCU(F*(o102-Int(c102-CI(V)))) C F*(0102-CI(V)) for every (o1,02)5-open set V.
of Y;

(8) *osCUF*(o102-Int(102-CI(V)))) C F*(0102-CI(V)) for every (o1, 02)s-open set V.
of Y.

Proof. The proof is similar to that of Theorem 3.

Theorem 5. For a multifunction F : (X, 1, %) — (Y,01,09), the following properties are
equivalent:

(1) F is upper quasi 07* (o1, 02)-continuous;

(2) xgsCUF~ (o102-Int(o102-Cl(V)))) C F~(0102-CUV')) for every (o1, 02)p-open set V
of Y;

(8) *¢sCUF~(V)) C F~(0102-Cl(V')) for every (o1,02)p-open set V of Y;
(4) FT (V) C xgsInt(F*(c102-Cl(V))) for every (o1, 02)p-open set V of Y.

Proof. (1) = (2): Let V be any (01,09)p-open set of Y. Since g109-Cl(V) is a
o102-open set of Y, by Theorem 3 we have

*9sCL(F~ (0102-Int(0109-C1(V)))) C F~ (0102-Cl(o102-Int(c102-C1(V))))
= Ff(alag—Cl(V)).

(2) = (3): Let V be any (o1, 02)p-open set of Y. Then, V C oj09-Int(c102-CL(V))
and by (2),

*QSCI(F_<V)> C *QSCI(F_ (Uﬂfg—hlt(O’uTg—Cl(V))))
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CF~ (0102—CI(V)).
(3) = (4): Let V be any (o1, 02)p-open set of Y. Then by (3), we have

X — xpsInt(F T (0109-Cl(V))) = %9sCl(X — FT(a109-C1(V)))
= *psCl(F~ (Y — 0102-CL(V)))
C F (0102-Cl(Y — 0102-C1(V)))
= X — F(o109-Int(0109-C1(V)))
CX—FT(V)

and hence F* (V) C xgsInt(F T (g109-C1(V))).

(4) = (1): Let V be any ojo2-open set of Y. Then, V is (o1, 02)p-open in Y and
by (4), we have FT (V) C *gsInt(F*(0109-C1(V))). By Theorem 1, F is upper quasi
01*(01, 02)-continuous.

Theorem 6. For a multifunction F : (X, 1,%) — (Y, 01,02), the following properties are
equivalent:

(1) F is lower quasi 07* (o1, 02)-continuous;

(2) *xgsCUF*(o109-Int(c102-Cl(V)))) C Ft(0102-CUV)) for every (o1,09)p-open set V
of Y;

(3) xgsCUET(V)) C Ft(0102-CUV)) for every (o1, 02)p-open set V of Y ;
(4) F~(V) C xpsInt(F~ (0102-CUV))) for every (o1, 02)p-open set V of Y.
Proof. The proof is similar to that of Theorem 5.

Recall that a bitopological space (X, 71, 72) is said to be 7172-compact [22] if for every
cover of X by 7i79-open sets of X has a finite subcover. A bitopological space (X, 71, 72)
is said to be quasi (11, T2)-7-closed [21] if for every 71 mo-open cover {U, | v € I'}, there
exists a finite subset I'g of I' such that X = U{r1m-Cl(U,) | v € T'v}. An ideal topological
space (X, 7, .#) is called s*-closed [29] if for every semi-.#*-open cover {V,, | &« € V} of X
there exists a finite subset Vg of V such that X = U{sCI*(V,) | & € V}.

Theorem 7. Let F : (X,7,.%) — (Y,01,02) be an upper quasi 07*(o1, 02)-continuous
surjective multifunction such that F(x) is o102-compact for each v € X. If (X,7,.7) is
s*-closed, then (Y,o01,02) is quasi (o1, 02)--closed.

Proof. Let {V, | v € I'} be any o102-open cover of Y. For each x € X, F(x) is 0109-
compact and there exists a finite subset I'(x) of I" such that F(z) C U{V, | v € I'(z)}. Put
V(z) =U{V, | vy € I'(x)}. Then, F(z) C V(z) and V(z) is o102-open in Y. Since F' is
upper quasi 07* (o1, 02)-continuous, there exists a semi-.#*-open set U(z) of X containing
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x such that F(sCl*(U(z))) C 0109-Cl(V(z)). The family {U(z) | z € X} is a semi-.¥*-
open cover of X. Since (X, 7,.#) is s*-closed, there exists a finite number of points, say,
T1,T2,..., Ty in X such that X = U{sCI*(U(x;)) | i =1,2,...,n}. Since F is surjective,

3

Y = F(X) = F(lecﬁ(U(xi))) = iQIF(sCl*(U(xi))) C U oyoo-CUV (z1))

y =

This shows that (Y, 01, 02) is quasi (01, 02)-7-closed.

For a multifunction F': (X, 7, .%) — (Y, 01,02), a multifunction
SCIF@ : (X7T7 j) — (}/’ 01702)
is defined as follows: sClFg(x) = (01, 02)-sCl(F(z)) for each z € X.

Lemma 3. Let F': (X, 7,.7) — (Y,01,02) be a multifunction. Then, sCIFy (V)= F~(V)
for ever (o1,09)s-open set V of Y.

Proof. Let V be any (01, 02)s-open set of Y. Let « € sC1F (V). Then,
(01,09)-sCl(F(z)) NV =sClFg(z) NV # (.

Since V' is (01, 09)s-open in Y, we have V N F(x) # () and hence x € F~ (V). This shows
that sC1F (V) € F~ (V). On the other hand, let x € F~ (V). Then,

0 #F(x)NV C (01,09)-sCl(F(x))NV.
Thus, z € sClF (V) and so sClF (V) = F~ (V).

Theorem 8. A multifunction F : (X,7,.%) — (Y,01,09) is lower quasi 07*(c1,02)-
continuous if and only if sClFgy : (X,7,.%7) — (Y,01,02) is lower quasi 87*(o1,02)-
continuous.

Proof. Suppose that F' is lower quasi 07* (01, 02)-continuous. Let z € X and V be any
o109-open set of Y such that sClFg(2)NV # (). By Lemma 3, we have F(z)NV # (). Since
F is lower quasi 07* (o1, 02)-continuous, there exists a semi-.#*-open set U of X containing
x such that 0109-Cl(V) N F(z) # 0 for every z € sCI*(U). Since o102-Cl(V) is (01, 02)s-
open in Y, by Lemma 3 we have sCI*(U) C F~(0102-Cl(V')) = sClF (0102-Cl(V)) and
hence sClFg(z) N o102-Cl(V) # () for every z € sCI*(U). This shows that sClFg is lower
quasi 67* (o1, 09)-continuous.

Conversely, suppose that sClFg is lower quasi 07* (o1, 02)-continuous. Let 2 € X and
V be any oj02-open set of Y such that F(x) NV # (). Then, (01, 02)-sCI(F(z)) NV # (.
Since sClFy is lower quasi §7*(o1, 02)-continuous, there exists a semi-#*-open set of X
containing x such that sC1Fg (z)No102-CL(V') # 0 for every z € sCI*(U). Since o102-CL(V)
is (01, 02)s-open in Y and by Lemma 3, sC1*(U) C sClF (0102-Cl(V)) = F~(0102-C1(V))
and hence 0109-CL(V)NF(2) # 0 for every z € sCI*(U). Thus, F is lower quasi 7*(01, 02)-
continuous.
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Definition 3. [22] A subset A of a bitopological space (X, T1,T2) is said to be:

(1) Tima-paracompact if every cover of A by TiTa-open sets of X is refined by a cover of
A which consists of TiTo-open sets of X and is Timo-locally finite in X ;

(2) Tima-regular if for each x € A and each TiT2-open set U of X containing x, there
exists a Tio-open set V of X such that x € V C mi1e-Cl(V) C U.

Lemma 4. [22] If A is a i7a-regular 71 m2-paracompact set of a bitopological space (X, 11, T2)
and U is a Tim9-0open neighborhood of A, then there exists a T To-open set V of X such
that A g Vv g 7‘17’2—0[(‘/) g U.

Lemma 5. If F: (X,7,.%) — (Y,01,02) is a multifunction such that F(x) is o102-regqular
and o102-paracompact for each x € X, then sCIF (V) = FY(V) for each o102-open set
V ofY.

Proof. Let V be any oy0g-open set of Y and = € sCIF (V). Then, sC1Fy (z) C V
and F(z) C (01,092)-sCl(F(z)) = sCIFJ (z) C V. Thus, z € F*(V) and so sCIE} (V) C
F*T (V). On the other hand, let x € F™(V). Then, F(x) C V and by Lemma 4, there
exists a o109-open set W of Y such that F(x) C W C 0102-Cl(W) C V; hence

sCIF () = (01,02)-sCL(F(z)) C 0102-CL(W) C V.

Thus, = € sC1EFS (V) and hence F+(V) C sCIF (V). Therefore, F(V) = sCLE} (V).

Theorem 9. Let F : (X,7,.%) — (Y,01,092) be a multifunction such that F(x) is o109-
paracompact and oy09-reqular for each x € X. Then, F is upper quasi 07*(o1,02)-
continuous if and only if sClFgy : (X,7,.#) — (Y,01,02) is upper quasi 07*(o1,09)-
continuous.

Proof. Suppose that F' is upper quasi 7* (o1, 02)-continuous. It follows from Theorem
1 and Lemma 5 that for every oy02-open set V of Y,

SCIF@;_(V) = F+(V) - *QSIHt(F+(O'10'2-Cl(V))) = *QSInt(SCIFg(O'lO'Q-Cl(V))).

Thus by Theorem 1, sClFg is upper quasi 07* (o1, 02)-continuous.
Conversely, suppose that sClFy is upper quasi 87*(o1, 02)-continuous. It follows from
Theorem 1 and Lemma 5 that for every ojo9-open set V of Y,

F+(V) = SC]Fg(V) - *QSIHt(SCIFg(Uldg—CI(V))) = *QSIHt(F+(O'10'2-Cl(V))).

By Theorem 1, F' is upper quasi §7*(o1, 02)-continuous.
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