EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 3, Article Number 6583
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

A Natural Extension of the Banach fixed-point
Theorem in a b-Metric Space with an Orthogonal Direct
Sum Structure

Ghadah ALbeladi''*, Saleh Omran?

L Department of Mathematics, College of Sciences € Arts, King Abdulaziz University, Rabigh
21911, Saudi Arabia
2 Department of Mathematics, Faculty of Science, South Valley University, Qena 83523,

Egypt

Abstract. This study aims to develop new versions of the Banach fixed-point theorem in general-
ized metric spaces endowed with a direct sum structure. Specifically, we assume a diagonal matrix
A in R%*? and establish more appropriate contraction conditions to improve the applicability of
fixed-point results within this framework. Since the condition that the matrix A must converge to
zero is unnecessary, our approach yields stronger results than the Perov one. As an application of
our findings, we examine the existence and uniqueness of solutions for a system of matrix equa-
tions. This version is more powerful than the Perov version. We introduced some examples and
applications to illustrate our result.
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1. Introduction

A fixed-point of .% on X is an element ¢ such that .#(q) = ¢. Under certain cir-
cumstances on the operator % and the space X, the operator # admits one or more
fixed points, according to the fixed-point theorem. For various applications of the fixed-
point theorem, there are numerous outcomes Brouwer’s fixed-point theorem, Schauder’s
fixed-point theorem, and the Banach contraction principle are the foundational ideas of
fixed-point theory.

Perov generalized the notion of metric spaces in [1] by replacing the set of real num-
bers with vector-valued space R?. Thus, the classical contraction operator principle was
extended to contraction operators in a vector-valued metric space, known as a generalized
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metric space. In this context, several interesting results have been introduced by various
authors (see [2, 3]).

Omran presented versions of Banach fixed-point theorems in a generalized metric space
endowed with the Hadamard product. Omran [4] applied the Hadamard product to solve
a system of symmetric positive definite matrix equations, demonstrating that results based
on the Hadamard product of a vector-valued metric are stronger than those using Perov’s
condition. Specifically, it eliminates the need to assume that A is a matrix converging to
Z€ro.

In Banach’s 1922 thesis [5], the fixed-point theorem—also known as the Banach contrac-
tion principle—was first used in its final form in 1922 to prove that an integral equation
had a solution. Since then, it has been found to be a useful tool for solving many practical
problems in various branches of mathematical analysis. In this principle, b-metric space
X is complete if .Z: X — X is a contraction operator; that is, dr(Fx, Zy) < Aor(z,y)
for all z,y € X, where X € (0, %) is a constant, then % has a fixed point.

In 1989, Bakhtin [6] introduced the concept of b-metric spaces, which Czerwik further
developed in 1993 [7]. This advancement sparked significant research into generalizing
the Banach fixed-point theorem for b-metric spaces. Notable contributions from Mehmet
Kir [8], Boriceanu [9], Bota [10], Pacurar [11], and Czerwik [7] have extended fixed-point
theorems in this context. Additionally, Czerwik explored the convergence of measurable
functions with respect to measure and generalized the Banach contraction principle .

In the same year, Czerwik [7] proposed a new axiom for semimetric spaces, relaxing
the classical triangle inequality to broaden the scope of the Banach contraction principle.
This idea aligns with the nonlinear elastic matching (NEM) distance discussed by Fagin et
al. [12], which has found applications in diverse fields, such as trademark shape analysis
[13] and ice floe measurements [14]. Building on this concept, Q. Xia [15] applied semi-
metric distances to study optimal transport paths between probability measures, coining
the term quasi-metric spaces, a designation also used in Heinonen’s book [16]. Our goal
is to further extend well-known fixed-point theorems within the framework of b-metric
spaces.

Some articles examine various generalizations of classical metric spaces to establish new
fixed-point theorems. Building on the framework of b-metric spaces presented by Jleli and
Samet [17]. Albargi and Ahmad [18] developed standard F-fuzzy fixed-point theorems
under rational (/3-¢)-contractive conditions, with applications to fuzzy integrodifferential
equations via the generalized Hukuhara derivative. Furthermore, Huang and Samet [19]
introduced two novel self-mapping classes on complete metric spaces: p-contractions con-
cerning families of mappings, and (¢, I', a)-contractions, which involve the Euler Gamma
function. Also, [20, 21] developed fixed-point results to fuzzy normed spaces using a newly
introduced triangle property and to algebra fuzzy metric spaces. These results generalized,
unified, and improved many classical theorems.
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The aim of this work is to present new versions of Banach fixed-point theorems in a
generalized b-metric space endowed with the orthogonal direct sum, where A is a diago-
nal matrix in R¢. This approach, constructed via the direct sum, ensures more suitable
contraction conditions.

Now, we can summarize the content of this manuscript as follows:
Section 1 provides a brief historical overview to put the fixed-point theorems established
in this paper into context. Section 2 introduces the definitions and basic concepts that lay
the foundation for understanding generalized b-metric spaces endowed with the orthogo-
nal direct sum. Section 3 presents several theorems that generalize the theorems given in
[1, 4], which prove the existence and uniqueness of fixed points.

2. Preliminaries

The real vector space sum of the real vector spaces Ry,...,R; in a nonempty finite
ordered list is the real vector space whose underlying set is the Cartesian product R; x
xRy = H?zl R;, with vector space operations defined by the following formulas:

(w1, 29,y xa) + (Y1,92, -+ ,¥a) = (T1 + Y1, T2 + Y2, , Ta + Ya)-
a(zy,xe, - ,xq) = (a1, ax2,- - -, 0xq).

Definition 1. [22] The direct sum, or external direct sum, of a family (R;)icr is the
following sub-module of [[;c; R;:

R® = @Ri = {(zi)ier € HRZ' | z; =0 for almost all i € I}.
icl iel
Immediately, this defines a sub-module. If I =, then @, .; R; = 0.
If I = {1}, then @,.;R; = Ry. If I = {1,2,---,d}, then ,;;R; is also denoted by
Ri®Ry OR3P - @Ry = D N? | Ry, and coincides with Ry x Ry x - - - x Ry.
The direct sum @, ; R; comes with an injection ¢;: R; — @,.; R; for every j € I, defined
by its components: for all z; € R;,

Lj(l‘)j =T c Rj, Lj(l‘)i =0€eR; forall i # j,

every ¢; is an injective homomorphism.

If Rq,..., Ry are normed spaces, their vector space sum can be equipped with a norm
inspired by the norm of the Euclidean n space. Specifically, a norm on the vector space
sum can be defined in a way that resembles the standard Euclidean norm.

Definition 2. Let Ry,--- Ry be a normed space with respective norms | - g, ,| - |r,
1s the normed space whose underlying vector space is the vector space sum of Ry,--- Ry
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and whose norm is the direct sum norm given by the formula

2

n
s, el = D |2y [R
j=1

This normed space is dented by Ry @ --- & Ry.
Corolary 1. For any two spaces A and B, the direct sum can be defined as a homomor-

phism f: A® B — Mg, where the matrix My of size s, given by:

A 0
a7 — —

where A and B are embedded as diagonal blocks in the matrixz form, and 0 represents
appropriately sized zero matrices.

Theorem 1. /23] Let Ry, Ry, -+ Ry be a family of sets of all real numbers. Then the
following are equivalent:

1. R® = @Z?Zl R; is a direct sum.

2. f0=S"" &, w; € Ry, thenx; =0, i =1,2,--- ,d.

3 RNPYT, jRj=0,i=12-d
Theorem 2. [23] Let Ry, Ry, -+ Ry be a family of sets of all real numbers, and let
Ry x---xRy= H?Zl R; be their direct product. Let Rf = {(,---,0,2;,0,---,0)| x; € R;}.
Then R®" = @ "% R? is a direct sum of R,

We recall some reminders and auxiliary results that will be used throughout this paper.
Let R% denotes the orthogonal direct sum R @R @ --- @ R of d-copies of R. Let R® be

the direct sum set, and z,y € R@d, x = (x1,29, + ,xq), ¥y = (Y1,92,- "+ ,yq) by * Z y
(respectively, x; < y;) for all i = 1,2,---d. In addition, Rfd ={x € RO : z; > 0, Vi=
1,2,---,d} is the set of positive elements in REBd, and we denote z = 0 if 2; > 0 for all
i=1,2,---,d, where 0 is the d x d zero matrix in R®*,

By taking the product of two square diagonal matrices, we can define z - y as follows:

riyr 0 -+ 0

0 ToYya - 0 . .
-y = : : . : :d1ag(x1y1, Tolo, -, wdyd)GR@,

0 0 - Zaya

and the direct sum unit over R®* will be denoted by

1 0

0
Iﬂ‘ﬁ@d: C | =diag (1, 1, e, 1),

_= O
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An element z = (z1,x9,--- ,2q) € R®" has an invers if x; 70, foralli=1,2,---,d and
is denoted by

-1 . -1 -1 -1 . 1 1 1
x = dlag (xl o Lo, Iy ) = dlag (371’ z90 @) ’
and z is called invertible if it has an inverse.

Definition 3. Let X be a nonempty set, s > 1 be a constant. Let R? denote the orthogonal
direct sum RER ® --- &R of d-copies of R. An operator 5%@61 L X x X — R® s called
a generalized b-metric endowed with the orthogonal direct sum if the following properties
are satisfied:

(By1) &°

R (z,y) = 0, for all z,y € X and (5%@ (z,y) = 0 if and only if x = y;

(BQ) 5]%@d(x7y) = 5]117{@3‘1 (yax); fOT’ all z,y € X;'

(B3) 61%@d ($7z) j S [65&@d ($,y) + 5%@d (yaz) ’ fO?" all LY,z eX.

Then, we call (X,R®d, 5]%@01) a generalized b-metric space on X.

Example 1. Let (X,0r) be a metric space, and 5]12@11: X x X — R® pe defined by

0 i (2,y) = diag ([d@, )P, [dzy)P, -, [dy)]P) € R,

where p > 1 is a fixed real number. Then (5%@61 is the generalized b-metric space endowed

with the orthogonal direct sum, where s = 2P~'. Indeed, conditions (B1) and (Bs) in
Definition 3 are satisfied and thus we only need to show that condition (Bs) holds for
b oa- It is easy to see that if 1 < p < +o0, then the convexzity of the function F(x) = aP,
where x > 0, implies

and hence
(a+c)P <27 HaP + cP).

Therefore, for each x,y,z € X, we get

0 pa(r,y) = diag ([d(z, ), [dz,y)P, -, [dlz,y)])
< diag ([d($, Z) + d(z7 y)]pv [d<x7 Z) + d(za y)]p’ ) [d(xa Z) + d(za y)]p>
< 2P7ldiag (d(z, 2)P + d(z,y)P, d(z,z)P +d(z,y)P, -, d(z,2)P+d(zy)P)

2p—1 diag(d(m,z)p, d((L‘,Z)p, T d(xvz)p)
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+diag (d(z,y)?, d(z,y)?, ---, d(zvy)p)]

op—1 {(SR@CI (x,2) + 5%@ (z,y)] .

So condition (Bs) in Definition 8 holds and then 6%@d is a b-metric coefficient s = 2P~1 >
1.

Definition 4. Suppose that (X,R@d,é]%@d) is a generalized b-metric space endowed with
the orthogonal direct sum. Then a sequence {x,} in X is called:

1. b-convergent sequence with respect to RO, If, for every € € R@d, with € > 6, if there
exists x € X and there is N € N such that for alln > N, 5]%@01 (Tpn,x) < €.

2. b-Cauchy sequence with respect to R If, for any € » 0 there exists N € N such

that for allm,m > N, 5R@d (Tpy Ti) < €.

Example 2. Assume that X = [,(R) with p € (0,1), where

+oo
@mw:{a%}gRrEjMMW<+w},

n=1

together with the operator 51?@@ p(R) X ,(R) — Rfd defined by

b T 1 1 @d
6R$d(x,y)—dlag((zzg’$n yn )7, o, :g|$n_yn’p)p)eR ,

where © = {z,}, y = {yn} € [L,(R), is a generalized b-metric space endowed with the

1
orthogonal direct sum, where coefficient s = 2» > 1. Then (lp,Rd,d) 1s a complete gener-
alized b-metric space endowed with the orthogonal direct sum.

Example 3. Assume that X = LP(R) with p € (0,1), where

1

D(®) = alt) € C0.1LB)] [ [a(t) < +00 .

0

together with the operator d: LP(R) x LP(R) — ]Rfd defined by

1 1
Saa (T:) = m%((ﬂw WdQ o wa |pﬁ>>eR@,

1
where x = {x,}, y={yn} € [L(R), is a b-metric space with coefficient s =2» > 1. Then
(lp,]R@d, 5%@(1) is a complete generalized b-metric endowed with the orthogonal direct sum

space.
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Example 4. Let X = {0,1,2} and the operator §*: X x X — R, defined by
6°(0,0) = 6°(1,1) = 6°(2,2) = 0,
6°(0,1) = 6°(1,0) = 6°(1,2) = 6%(2,1) = 1,
and
6°(2,0) = 6°(0,2) = m,
where m is given real number such that m > 2.
5§§®d(m,y) = diag (5b(:v,y), &bz, y), -, 5b(:n,y)) € R?d.

It is easy to see that
m
6]%@61 (‘7;7 y) < E [5%@01 (l‘ﬂ Z) + 6]%@51 (Zv y)] ’

forallxz,y,z € X. Therefore, (X, R?d, 5%@) s a generalized b-metric space with coefficient
s = 5. We obtain that the ordinary triangle inequality does not hold if m > 2, and then
(X,d) is not a metric space.

Corolary 2. Let (X,R?djﬂz@d) be a generalized b-metric space. Then, the following
assertions hold:

1. A b-convergent sequence with respect to R®! has a unique limit.

2. FEach b-convergent sequence with respect to R® s a b-Cauchy sequence.

Definition 5. Suppose that (X, }R@d, 5}?@(1) and (Y, R@d, 5%@) are two generalized b-metric
spaces endowed with the orthogonal direct sum.

1. The space (X,R®d, 5%@) is a complete if every Cauchy sequence with respect to R?
18 converges.

2. A function F: X — Y is said to be continuous at a point x € X if, for every
sequence {x,} C X that converges to x, the sequence F (xy) converges to F(x).

3. Main Results

In this section, we will present some Banach fixed-point theorems combining the direct
sum.

Definition 6. Suppose that (X,]R@d,é%@d) is a complete generalized b-metric space en-
dowed with the orthogonal direct sum. An operator % : X — X is said to be a con-
traction and endowed with the orthogonal direct sum if there exists a diagonal matriz
A = diag(A, Ag, -+, M) € Ri with 0 3 \; < % such that

b b

5R@d (‘g‘\(x)ﬂ y(y)) r—j A 5R@d (.’E,y),

forallx, ye X
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Example 5. Let X =R and 6° pd P XXX — R®! be a generalized b-metric space endowed
with the orthogonal direct sum defined by

. d
5%@d(‘r7y):dla'g(|w_y‘27 ’x_yPa T |1’—y‘2)€R€B,
. 1 1 1 T
and let A = diag (4, T 4> and F: X — X such that f(x):§ Then,
st (T z —di 1 2 1 2 1 2 R®’
R@d('/($)7‘/(y))_ 1ag z‘x_yya Z|x_y‘) T Z|x_y‘ € .

it 1s clear that
80 0a (F(2), Z(y) 3 N6 pa(z,y),

d
where A < Ifil?@ .
Therefore, F is a contraction and endowed with the orthogonal direct sum on a gen-
. . . . d
eralized b-metric space endowed with direct sum (X, R ,5]%@(1).

Example 6. (Numerical example)

Consider all hypotheses of Example 4 are true. Let F: X — X such that F(x) = %
Then,
b (g L oge? .. b b
5R@d(‘f (%),ﬂ(y)) = Z : I+ dlag (5 (Ili,y), o (’ray)a Ty o (xay))
:dlag (ia %7 T i) dlag (6b(x7y)7 5b(x7y)7 Ty 5b(x7y))

It is clear that
8 o (F(0), FW) 3 A0 a(o,y),

d
where A < IF) .
Therefore, % is a contraction endowed the direct sum for the a generalized b-metric space
endowed with the orthogonal direct sum (X,R@d, 6]%@61)'
Theorem 3 (Banach contraction Type). Suppose that (X,R@d,é]%@d) s a complete gen-
eralized b-metric space endowed with the orthogonal direct sum, and let % : X — X be a
contraction operator endowed with the direct sum. That is,

80 pa (F (2), F(y)) 3 diag(Ai, Az, -, Ag) 8F a (2, 9),

for all x,y € X, where \; € (0,1) fori=1,2,...,d. Then F has a unique fized-point in
X.
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Proof. Let zp be any point in X, that is xo € X'. Let us define a sequence {z,} in X
as given below.

L1 = F(xy) = F"a0) ¥V n>0.

By the contraction condition, we get

6]%@d($nflal‘n) = 5R@d( (Tn—2), F (Tn-1))
3 ding (A Aoy o M) [0 (e, m)]
3 ding (T AT e AT (o, @),

Let us prove that {z,} is a Cauchy sequence.
Suppose that n > m from the contraction and triangle inequality property, we can write

as:

'@ IR ION

A

6%@d (xm; mn)

55]%@d (‘Tma CEm—i—l) + 32 5%@01 (xm—l—la xm+2) + 33 5]%@01 (xm—l—Z? mm—‘rS) + 5%@d (xm—i-?n xn)

S 5]%@11 (.Cli'm, xm_l,_l) + 82 5]%®d (:’L’m—l—l, $m+2) + 83 (5%@d (l’m+2, fEm+3)

+o g 5%@d (xnfla xn)

s diag(A[", ADY, -+, AT 6P

R@d( (AT+17 )\72714-1 . )\m+1)6b

zg,x1) + 52 diag pd (o, 1)

S R djag(/\’f‘_l7 )\721—1 . /\n 1>5R@d (1'071'1)

((s AT g2 NPT g 1)(5%@(1(:6'0,.%'1), (s AD' 82 A4

+s" )‘n 1)5b@d (.%'(],331), T (8)‘37’ + 82 )\2’7«4'1 ot AZ_I)(SHI){@d (.1170,.’,12'1))

R
n—m n—1 n—m n—1
. kyJsb k
diag Z Z 5 )\]15 (20,21 ,Z Z )\JéR@d (xo, 1),
k=1 j=m k=1 j=m
n—m n—1
k yJsb
s AddR@d (o, x1)
k=1 j=m

n—m n—1 - n—m n—1 ) n—m n—1 )
diag ( sPA, SN Z Z sk)\f1> 5% (o, 1)

k=1 j=m k=1 j=m k=1 j=m
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n—m—1 n—m—1 n—m—1
= diag (sA’{” D7 () A DT (sha) e sAR D (sha) )6];@d<xo, 1)
§=0 §=0 §=0
400 ) +00 ) 400 )
= diag (s)\’ln Z (sA1)? + sy Z (sA2)? + -+ sAY Z (sAa)’ )6]%@61 (g, 1)
=0 §=0 j=0
. m 1 m 1 m 1 b
= dlag (S)\l |:1—3)\1:| 5 S)\Q |:1_8)\2:| o 75)\d |:1 — sAd:| )5R®d (l’o, 1'1)
= diag(sAT, -, sAyY) dia ! - ! 80 i(xg,x1) =0
~ g 1> ) d g 1—8)\1 ) ) 1_5)\d R&4 0,41 )
5 ) . . d
as n,m — 4o00. Since 0 < diag(sA], sAj, -+, sX)) < I§® and 5%&9(1 (zo,z1) are fixed, it is

evident that by selecting m sufficiently large (with n > m), we can make 5}% od (Tn, Tm) arbi-

trarily small. This shows that {x,} is a Cauchy sequence. Finally, because (X, R@d, 5% od)
is complete, there exists some z € X such that z,, — z.

To show that X has a fixed point, we consider the distance 5%@(1 (z,%(2)). From the
triangle inequality and contraction condition, we get

oz, F(2) 3 s [5%®d(z,mn) +5%®d(xn,y<z))]
= [0z w0) + O (F (w01), F(2)|
j S [5%69(1(2’,.%”) +diag ()\17 )\27 T )‘d) 5]%@61 (.’L'n_l,Z) ’

and since x, — z, it is clear that we can make this distance as small as we please by
choosing n sufficiently large. We conclude that

8 a (2, F(2) =0 = F(2) = 2,

so x € X is a fixed-point of ..
To prove uniqueness, suppose there are two fixed points z = .7 (z) and y = .% (z). Then,
from the contraction condition, we have

6]%@1 (‘T7 y) = 5?&@&1 (ﬂ(:ﬁ), y(y)) rj dlag (>‘17 )‘27 ) >‘d) 6]%@d ('7;7 y)

~ d
this implies 5]%@ (z,y) =0 since 0 < A < IEIEGB . Hence z = y, and the fixed-point X of .F
is unique.

Example 7 (A Numerical Iterative Example). Let X = R with the generalized metric
5}%@(1 defined as:

8 a(z,y) = diag(|lz — y[% |z —y[% ... |2 — y]?).
R
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Consider the function:
T
F(x) = —.
(2) =3
We choose the diagonal contraction matriz:

11 1
A=diag| =, =, ....=
dZ&g(g?g’ 79)7

which satisfies:
1
Ba(F (@), F(0) = 5 - Fhoalw,9).

Since 0 < % < 1, the operator F satisfies the contraction condition required by Theorem
3, we can find the fized-point by using the iterative sequence:

Tn4+1 = ﬁ(xn),

starting from an arbitrary initial point o = 6, we get:

6
= _ =9
1 3 )
2
To = 3 ~ 0.67,
0.67
T3 = =3 =~ 0.22,
6
Tp = 377
Taking the limit as n — +oo:

Thus, the iterative process confirms that the fized-point of F is indeed z = 0.

Example 8 (A Fredholm Integral Equation). Let X = C([0,1],R), the space of continuous
functions on [0,1], equipped with the norm:

If1l = Sup}\f(w)\-

z€[0,1
Define the generalized metric:

3y ea(fsg) = diag(|lf = glP* lf = gll®,- - L = glI)-
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Consider the Fredholm integral equation:

1
f(a) = / k(. ) f(1)dt,
0

where k(x,t) is a continuous kernel.

Define the operator §: C(]0,1],R) — C([0,1],R) by:

1
Sf)(x) = / k(z,t)f(t)dt.
0

Suppose there exists X € (0, %) such that:

1

sup /\k(x,tﬂdt <A\
z€]0,1] 5

For any two functions f,g € C([0,1],R):

2

1
IS —F9l* = sup /k(%t)(f(t) —g(t)dt| <X sup [f(t) = g()]> = Allf — gI>
0

z€[0,1] te[0,1]
Thus, (5]%@(1(]‘“79) is a contraction with A = diag(A\, A, ..., \), where 0 < A < % and

5?&@01 (%’fa Sg) j Aé%@d (fa g)

By Theorem 3, F' has a unique fized point, meaning that the integral equation has a unique
solution.

If d =1 and s = 1, then the theorem 3 can be reduced to the standard Banach
contraction principle in a metric space.

Corolary 3 (Banach contraction principle, [5]). Suppose that (X,d) is a complete metric
space and % : X — X is a contraction operator with Lipschitz constant A < 1. Then F
has a unique fized-point z € X.

Theorem 4. (Kannan Type) Suppose that (X,R@d,é]%@d) is a complete generalized b-
metric space endowed with the orthogonal direct sum and F: X — X is an operator
satisfying the following condition

8 o(F (@), Z(y) Sding (a1, az, o, ) [Ba(e, F @)+ aly, FW), (1)

where a; € (0, %) foralli=1,2,---,d. Then, .F has a unique fized-point in X.
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Proof. Let zp be any point in X, that is xo € X'. Let us define a sequence {z,} in X
as given below.

L1 = F(xy) = F"a0) ¥V n>0.

We have
5]%@1 ($naxn+l) = 6]%@d (9($n71)ay($n))
3 diag (041, Qg, e, ad) |:5]iz®d (Tn-1, F (Tn-1)) + 5%@ (@n, F (xn))
= diag (041, g, e, Ozd) 5]%@d($n—l7xn)
+diag (1, az, -+, ag) 8)a (T, Tat),
and
diag ((1 - al)? (1 - a2>7 T (1 - ad)) 5%@11 (:L'n, xn+1)
= diag (oq, Qg, oy e ad) 5]%@11 (Tn—1,Tn),
since the inverse of the diagonal matrix is diag ((1 —a)™, I—a)™h, o, (11— ad)_l).
Thus,
b . aq aq b
5R®d(l‘n,$n+1) ,ﬁ diag ((1—061)’ """ , (1_ad)> 6R®d(xnflawn)
aq 2 aqd 2 b
3 diag (((1—051)) y T ) <(1—Oéd)> ) 5R@d (Tn—2,Tn-1)
aq s Qg ’ b
< diag [ () o (2 ) ) (s
~ (((1—041)> n <(1_ad)> ) o (Fn-:n-2)
. Qa1 " aqd "
< diag [ [ ———} ....... )
~ R (((1 —a1)> | ((1 —ad>> ) o (70, 71),

If we let 5; = 1&, then

5%@d($mxn+1) 3 diag (87, By, -, ﬁg)%g@d(mo,%l)-

Let us prove that {z,} is a Cauchy sequence.
Suppose that n > m, then from (1) and the triangle inequality property, we can write as:

5]%@d (xma xn) j S [6%@1 (xma wm—i—l) + 5%@d (xm+17 xn)}

A

Séﬂg@d (T, Timy1) + s? [5]%@1 (Tmt1, Tmy2) + 5[?{69‘1 (T2, xn):|
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,_5 S 5]%@d ("Ema merl) + 32 51%@1 (l'm+1; xm+2)

+33 [5%@d (iL'm+2, .%'m+3) + 5%@11 ($m+37 xn)]

;j S 5%@1 (ZL‘m, xm—i—l) + 82 5%@11 ($m+1a xm+2)

+5° 5%@d(xm+27xm+3) +o ST m5R@d (Tn—1,Tn)

= diag <8ﬁ§n7 T Sﬁd ) R®? (-f(), 331) + diag(32ﬁi’n+l7 T /8m+1)5%@d (IEQ, .’131)

+ oo+ diag (s"BYT e, STTBETT) R@d(:vo,:m)

= diag < [sB7" + 2T s”_mﬁ?_l} I

2 1
(B + s* B+ +s"TBLT ]) R®d($o,$1)
n—m n—1 n—m n—1
= diag Zs’ , szﬁd 5]%@ (20, 21)
i=1 j=m =1 j=m

—1 n

m —m—1
BT Y (B ey B Y (sBa) ) 0b e (o, 1)
. P

1IN
=3
o
i

j=0 7=0

“+o0o +o0

= diag Sﬂinv T ,3/837,> diag (Z (361)j )T Z (Sﬂd) > RO? (1‘0,1’1)

j=0 j=0
1 1
= dla‘g <5511nv ’S/B(Sn> dlag ( |:1 — 551:| P |:1—Sﬂd:| )5%69‘1(560’581)’

Since sp; € (0,1) for all i = 1,2,--- ,d and 5%@01 (o, 1) are fixed, it is evident that by

selecting m sufficiently large (with n > m), we can make 5]%@‘1 (n, a:m) arbitrarily small.

+o0 oo
<561 Z(sﬁ1)j, e 8By Z(Sﬂd) > R@d($03$1)

This shows that {z,} is a Cauchy sequence. Finally, because (X, R® 5% »a) is complete,
there exists some z € X such that x, — z.

To show that X has a fixed point, we consider the distance 5]%@ (z,#(z)). From the
triangle inequality and contraction condition, we get

(5%@61(2,?(2)) 3 s 5b a(z, a:n)—i—éR@d(xn,gz(z))
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~ [5%@d(z,xn) + 80 a (F (@), y(z))]
j S |:6]%@d (Z,ﬂfn) + dlag (Oé]_, T ad) 5%@d (ﬂfn_]_,y(.fﬂn_l)) + 6%6961 (Z7 ﬂ(z))
=< diag (sal, cee sad) 5]%@d(z,f(z)),

since , — z and so; € (0,1), Vi = {1,2,---,d} it is clear that we can make this

distance as small as we please by choosing n sufficiently large. We conclude that
5%@4(27 F(2)=0 = F(2) =z,

so z € X is a fixed-point of .Z.
To prove uniqueness, suppose there are two fixed points z = .% (x) and y = % (x). Then,
from the contraction condition, we have

5]%@d (xay) = 5%@d(§(x)79(y)) :5/ dlag (8@1, T Sad) [6]%@61 (a;,ﬁ(m))—i—é%@d(y,ﬁ(y))],

this implies (5%@ (z,y) = 0. Hence x = y, and the fixed-point X" of .# is unique.

If d =1 and s = 1, then the theorem 4 can be reduced to the standard Kannan in the
metric space.

Corolary 4 (Kannan, [24] ). Suppose that (X,d) is a complete metric space and .7 : X —
X is an operator such that

6(Fx, Fy) < ald(Fz,x)+6(Fy,y)l,
for constant o € (0, %) and for every x,y € X. Then % has a unique fized-point z € X .

Theorem 5. ( Chatterjee Type) Suppose that (X,R@d, 6]%@d) is a complete generalized
b-metric space endowed with the orthogonal direct sum and F: X — X is an operator
satisfying the following condition

5o (F (@), Z(y) S ding (a1, -+, ) [ a(F@)y) +Lea(F)2)],  (2)

for sa; € (O,%) for all i = 1,2,--- ,d, and for each x,y € X. Then, F has a unique
fized-point in X.

Proof. Let zp be any point in X, that is 9 € X'. Let us define a sequence {x,} in X
as given below.

L1 = F(xy) = F" (20) ¥V n>0.
We have

5]%@d (xnn ‘T’Vl-f—l)

= O a(F (wn1), F(2n))
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< diag(on, -, ad)[w (Tn=1) 2n) + 00 o (F (), xn_l)}

= diag (a1, ---, ad) i (T, T +5R®d(xn+1,xn 1)]

— diag (o, -, ag)d ead< ) (02))

< diag (san, -+, sag) [5% (J(a;n)J(wn_l))+5R®d(y(xn_1),y(xn_2))}
= diag (sor, . 50) |0 (@it @) + ea (0, 2a1)|

Thus,

5%@d (xna xn+1)

. sa sa SOy

< diag <(1,7;h)7 T (1,sdad)> 5%@ (Tn-1,2n), put ((1—30[) = )\i)
. b RGBd

= diag(A1, -+, ) 5R@d(xn_1,xn), where (A1, ,Ag) < I}

r—j dlag(Ai to 7)‘3{) 6%@% (l‘n_g, I’n_l)

3 dlag()\i T a)\z) 5]%@:1 (xnfi"n 1‘7172)

;5 dlag(Xf, e ’)‘Z)éﬂg@d (woa xl)'

Let us prove that {x,} is a Cauchy sequence. Suppose that n > m, then from (2) and the
triangle inequality property, we can write as:

5%@d (xma mn)

< s [51%@ (T, Tmt1) + 5%@(1 (Tm+1, mn)}

3 55R@d (T, Tm1) + 5° 5]%@1 (Tmt1, Tmy2) + 5%@ (Tm-+2, Tn)

3 Séﬂwd (T Tmt1) + 8 5R@d (Tmt1; Tmt2) + 5° h%@d (Tmt2; Tmt3) + 6%@ (Tm+3: Tn)

=3 Sé%@ﬂl (T, Tmt1) + 825%@ (Tma1, Tmy2) + -+ s”*méﬂz@d (Tp—1,n)

= diag(sA\]", sAy', -+, SAT )5R®d (20, 1) + diag(s2 AT $2ADL L 2)\m+1)5ﬁ’wd (o, 1)
oo diag(s"TMAPT ST s TN (2, 21)

- ((sw+s2x"+l+---+ nemAnIYGb (@, 1), (A 4 s2ARTY

R
o TN o (w0, 1)

(A AP S o,
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n—m n—1 n—m n—1 n—m n—1
_ dlag( OIS LR S DI T IR S Sty <>)

i=1 j=m i=1 j=m i=1 j=m
n—m n—1 n—m n—1 n—m n—1
= diag ( sl)\] S 3’/\J>(5R®d (w0, 1)
i=1 j=m i=1 j=m =1 j=m
n—m—1 A n—m—1 . n—m—1 )
= diag (s)\’ln Z (sA1)?,sA5" E (sAg)? -+, sAT Z (sAq)’ )5%@,1 (o, 1)
§=0 j=0 j=0
+oo +oo ) +oo
3 diag <s)\71n (sA1)?, sAp Z(s)\g)], <y s Z (sAq)’ )5R®d (o, 21)
=0 =0 =0
= dlag <S 1 |:1—3>\1:| ,S)\Q |:1 _S)\2:| S ,sAl |:1_3Ad:| )(SR@d(l'(),xl)
=< . m m my J: 1 1 1 b
~ dlag(SAl 55)‘2 ) 1T 75)‘d)dlag 1—8)\1 ’ 1_5)\2 ) ) 1—3)\d 5R@d(x07$1)_>07
B ) ) . d
as n,m — +o0. Since 0 < diag(sAf, sA}, -+, s\)) < IEEEB and 5%@ (zo,x1) are fixed, it is

evident that by selecting m sufficiently large (with n > m), we can make 5% wd (Tn, Tpm) arbi-

trarily small. This shows that {z,} is a Cauchy sequence. Finally, because (X, R&*, 5]%@11)
is complete, there exists some z € X such that z,, — z.

To show that X has a fixed point, we consider the distance (5%@(1 (2, #(z)). From the
triangle inequality and contraction condition, we get

5%@ (z, F(2))

3 8 [0hea(zr o) + ha(@a, Z(2))]
= 5[ n) + Bt (Flan 1), F(2))
3 s ea(zmn) + diag (a1, @z, oy Qa) (e F (@n-1),2) + 80 (F(2),201)
= diag (s(1+ 1), s(1+a2), -+, s(1+aq)) 0} a(zn,2)
+diag (sa1, saz, o, saq)0hoa(F(2), Tn 1),

since x,, — z it is clear that
0 a (2, F(2) =0 = F(2) = 2,

so z € X is a fixed-point of .Z.
To prove uniqueness, suppose there are two fixed points z = % (x) and y = .% (y). Then,
from the contraction condition, we have

5%@61(90, y) = 5%@d(§(9€)7 F(y))
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f_\<./ dlag (Salv ) SOéd) [Q%@d (ﬂ(x), :I:) + 5]%@61 (x’ y) + 5%3# (gz(y)’ y) + 5]%@61 (y’ l’)]
= 2 dlag (3&1, R} Sad) 5%@4 (.’L’, y) =< 5]%@d (‘Ta y)7

this implies 5}%@1 (z,y) = 0. Hence x = y, and the fixed-point X" of .# is unique.

If d =1 and s = 1, then the theorem 5 can be reduced to the standard Chatterjee in
the metric space.

Corolary 5 (Chatterjee, [25]). Suppose that (X, d) is a complete metric space and .7 : X —
X is an operator such that

0(Fw, Fy) < ald(Fx,y) +0(Fy,x)],
for constant o € (0, %) and for every x,y € X. Then % has a unique fized-point z € X .

Theorem 6. Suppose that (X, R®d, 5]%@61) 18 a complete generalized b-metric space endowed
with the orthogonal direct sum and % : X — X is an operator satisfying the following
condition

6%@11(‘?1:7‘?3/) j dlag (061, Qg, -, ad) 5]%@01(%@
+dlag (/317 627 T /Bd) [(5%®d(.%',¢0}\(513>) +5%@d (y7ﬁ(y))]7

for a;, B; € R‘i and o; +2p6; € [0,1), i =1,2,--- ,d for each z,y € X. Then, F has a
unique fixed-point in X.

Proof. Let xo be any point in X, that is zg € X. Let us define a sequence {z,} in X
as given below.
Tpi1 = F(xy) = F" (20) ¥V n>0.

We have
5%@1 (xn,xn+1) = 6]%69‘1 (g(xn—l)ag(xn))
3 diag (o1, a2, -+, ag) 8 a(Tn-1,70)
+diag (517 ﬁ?a T ﬁd) [5%@1 (xn—laj\(xn—l)) + 5%@11 (:Un,?(xn))]
= diag (1, az, -+, ag) 5]%@‘1 (Tn—1,7n)
+diag (517 Ba, -, /Bd) [5%@d (xn—lwrn) + 5%@d (xna xn—l—l)]
= dla‘g ((al + 51)7 (QQ + B2)7 Ty (Oéd + 5d)) 6]%@d (‘gz(xN—Q)7 ‘gz(xn—l))
+dla’g (51 523 ) ﬁd) 5%@(1 (‘/I:Thanrl)'
Thus,

diag (1 - B1), (1= B2, -+ (1= B0) & pul@n, @usr)
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3 diag (1 +61), (a2 +B2), -+, (a+Ba)) R@d(ﬂ(ﬂﬁnfz)vﬂ(ﬂ?nfl))

This implies that

. ay + B aq + Ba
51%@d (xnaxn—‘rl) j dlag (((1 — Bl))a ) ((1 — Bd))> 5b (xn—laxn)y
we use \; = Of +§i €(0,1),7=1,2,--- ,d we obtain
— bi
5%@d(xna$n+1) r—j diag ()‘17 /\27 Tty A )5R@d(xmxn—1)'
So
(xnaxn+1)
= diag ()\1, Ao, e, )\d) 5]%@d(33n717xn)
;5 dlag( )\%, sy )‘?l) 6]%@d(l‘nf2al‘nfl)
3 odiag (M, A3, oo, A3) O u(@ns, o)
3
=< diag ()\?, Ay, e )\”) 5R®d (zo,x1).

Let us prove that {x,} is a Cauchy sequence. Suppose that m < n, then from (3) and the
triangle inequality property, we can write as:

(5]%@11 (xma xn) :5 36%@11 (wmy 5Um+1) + 3(5%@11 ($m+1a xn)

A

560 0 (Tms Tmi1) + 5 |00 00 (Tmi1, Tmy2) + O oa (Tmy2, Tn)

1N

st%g;d (xrm xm+1) + 326%@d (xm—i—l: mm—‘,—2) + 33 [6%@(1 (xm+27 xm+3) + 5]%@d ($m+37 .an)]

35%@ (@m> Tmt1) + 325%@01 (Tmt1; Tmg2) + -+ 8" md]%@d (Tn—1,7n)

= diag (5)\’1”, SAGY, e S)\?) 6%®d (zo,x1)

—i—diag(sQ)\’lnH, 52)\5”“, e QAm+1)6%@d(a:0,x1)

Fiog (AP ST ) e+

+diag ("N ALl L gnmmpne 5%@4(3307371)

= <(3)\§”+52)\’1”+1+-~+ PTIAYTOD ga (@0, 1),
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(SA" + 2N o gD 1)5R@d (o, 1)

e AT SN A (o, 1)
= diag( ST -1 Z)\Jl, cee, > Z ’)\j> (70, 71)
— diag (s S ) s\ Z;‘;g”—l (sAd)j) 6% a0, 21)
< diag (s 2 (sA1)T, e, SAP SR (s0g) )5R®d (z0, 1)

: m m 1 b
= diag <s)\ {1—8)\1] L SN [1_8)\d])5R@d(xo,x1)

. . 1 1
j dla‘g (SArlnﬂ 75/\31) dlag(|:1_8)\1:| ; ) |:].—S)\d:|>6]%®d(x0’xl)—>07

as n,m — +oo. Since sA; € (0,1) for all i = 1,2,--- ,d and 5]%@1

evident that by selecting m sufficiently large (with n > m), we can make 5% wa (Tn, Tm) arbi-

(zo,x1) are fixed, it is

trarily small. This shows that {x,} is a Cauchy sequence. Finally, because (X, REBd, (5% od)
is complete, there exists some z € X such that z,, — z.

To show that z is a fixed point, we consider the distance 5% o (2, (2)). From the triangle
inequality and contraction condition, we get

6]?{@(1 (2, F(2)) 2 s[5b a(z,zn) + 5R®d (Tn, F(2))]
= 500 ca (2, 20) + 00 (F (20-1), F ()]
2 5[0 a5 mn) + diag (a1, o, ) (%)
+diag (B s Ba) [ga(Eno1 F (@0 1) + (5 7 ()] ]

therefore
(1=sB1, -+, 1—sBy) 5R@d( ,F(2))

st@d (z,xy) + diag (soq, N sad) 5%@01 (Tn-1,2)
+d1ag (851, s S,Bd) [ R@d(xn 17/(3771—1))] — 07

and since xz,, — z it is clear that we can make this distance as small as we please by
choosing n sufficiently large. We conclude that

5%@(4 F(2)=0 = F(2) =z,

so z € X is a fixed-point of .&.
To prove uniqueness, suppose there are two fixed points x = .%(z) and y = .#(y). Then,
from the contraction condition, we have

(5%@(1(90,3/) 5R@d< 7 (x), 7 (y))
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r_j dla‘g (a17 Qg, -, ad) 5[lé®d (CL’, y)
+ dlag (617 627 ) Bd) [6%@11 (ﬁ, 34‘(55)) + 5%@d (ya ﬁ(y))]
= dlag (ah g, -0, ad) 6%@d (ZE, y) < 6%@(1 (:1:7 y)7

this implies 6%@01 (z,y) = 0. Hence x = y, and the fixed-point x of .Z is unique.

Theorem 7. Suppose that (X, R@d, 5%@‘1) is a complete generalized b-metric space endowed
with the orthogonal direct sum and % : X — X is a continuous operator satisfying the
following condition

5%®d(9x,9y) = diag (al, g, v, ad) 5]%@0, (z,9) (3)
+d1ag (/817 627 N Bd) [5%@61 (QS‘, f(l')) + 6%@d (y? y(y))}
Fdiag (v, 3 s ) [Baa (5 () + 08y, F@))A)

for a;, Biy vi € Ry Vi=1,23,---,d and o; + 2(8; + sv;) € [0,1), for each z,y € X.
Then, F has a unique fized-point in X .

Proof. Let zp be any point in X, that is o € X'. Let us define a sequence {z,} in X
as given below.
Tni1 = F(x) = F"(20) ¥V n>0.

We have
5[lé€9d (xna mn—&—l)
= 0 pa(F(@p1), Z(25))
2 (o, a2, o, aq) 5%@d (Tn—1,Tn)
+ dlag (Bla 527 T ﬁd) [5]%@d (xnfla tgz(xnfl)) + 5%@11 (xTH y(xn))]
+ dlag (’Ylv Y2, ’Yd) [5%®d (xn—la g(xn)) + 6%69‘1 ($na <g.(ﬂjn—l))]
= diag (o, az, -+, ag) 5%@01 (Tn—1,2n)
+diag (Bla B2, -+, ﬁd) [6]%@‘1 (xnfla wn) + 5]%@d (xnv xn+1)]
+ dlag (717 Y2, ’Yd) [6]%@‘1 ($n—17 fEn-i—l))]
3 diag (a1 4+ B, ao+ B2, oo, ag+ Ba) 5]%@ (Tn—1,2n)
+ diag (517 /82) Tty ﬁd) 5%@d (xna xn—l—l)
+ diag (S’Yla §Y2, v, S'Yd) [5%@«1 (Tn—1,2n) + 5%@ (Tns Tnt1))]

= diag (a1 +B1+sm, o+ PBa+sy, o, aat Bat 1) 6%@d (Tn—1,7n)
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+diag (81 4+ sy1, B+ sy2, o, Bat $7a) 5]%@ (Tn, Tpy1)-
Thus,
diag (1= (1 +sm)), (L= (B2+s72)), -, (1= (Ba+57))) Opga(@n, Tns1)
3 diag (a1 4+ B1+sv, az+PBe+sy2, o, ag+ Ba+ s7a) 5%6901(3:”_1,90”).

This implies that

6]%@1 (-’Ena ZEnJrl)

: (14 B1+s71) (g + Pa+ 572) (dg+ Ba+57a) \ w
j di ) y T 4] @d(ﬂfn,l,xn).
(I=(Br+sm) (1= (B2+s7)) (1= (Ba+sv))) R
we use \; = it Bit s € (0,1) for all i = 1,2,--- ,d, we obtain
1= (Bi + s7)
5%$d(xnaxn+1) ;5 diag (Aly Ag, oo /\d) 5]%@d($n—laxn)-
So
5%@d(xn7xn+l) ,-5 dlag ()\1; Ao, e, )‘d) 6%@d(xn—laxn)
3 diag (A, A3, oo, A3) Oga(@n o, me)
3 diag(Af, A3, oo, AY) 0% ga(Ta-3,wn2)
< ..
3 diag (AT, A5, oo, AR) Opga(wo, ). (5)

Let us prove that {z,} is a Cauchy sequence. Suppose that m < n, then from (5) and the
triangle inequality property, we can write as:

6%@11 (-’Ema xn)

J s [5]%@d (s Try1) + 5]%@d (Tma1, xn)}
,.—j 3(5]%@(1 (wma xm—l—l) + s? 5]%@11 (xm—l-l, xm+2) + 5]%@d ($m+27 xn)
2 80 4 (T, 1) + 8200 a(x Ty2) + 85 (60 4 (x Tmts) + 00 a(x Tn)
~ R® msyLm+1 R@d m—+1s Lm+2 R@d m—+2; L'm+3 R@d m—+3;4n
3 55]%@d (s Trg1) + 525]%@(1 (Tmiy1s Tmg2) + 535%@ (Tmy2, Tmy3) + -+ sn_md]%@d (Tn—1,2n)
= diag (s/\’ln, SARY, e s)\gl) 5%@(1 (zo,x1)
+ diag (SQATH, 52)\’2”“, e 82)\2”+1) 5]%@61 (o, 1)
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+ diag (83/\’1"+2, SSAPT2 33)\;”+2) 5%@(1 (z0,21)
+ -+ diag (sPTmAPTL smTmALTH L gnmmpTl) 5%@ (w0, 1)

= diag ((SM" AP AR (AT AL g g,

. 7(8)\31 4 52)\31+1 + -4 Snm)\g—l)> 5%@05 (x0,$1)

n—m n—1 n—m n—1 n—m n—1
= diag ( Z s'N, Z Z FOVS , Z sz)\‘zl> Oped (0, 1)
i=1 j=m i=1 j=m i=1 j=m
n—m—1 n—m—1 n—m—1
= diag (s)\’ln (sA1)?, sAj Z (sh2)’, , SAT (sAq)’ >5R@,1 (o, 1)
7=0 7=0 7=0
“+00 —+o00 ) +o0o
= diag <s)\71n (sh1)?, sAD Z (sA2)’, . SAT Z (sA\g)’ )6%@ (zo, 1)
7=0 7=0 7=0
m 1 m 1 m 1 b
= diag(sA sA') dia, ! ! 60 _(xo, 1)
~ gLSATL ) d g 1= s\ 1= s)g red (X0, L1
— 0,

as n,m — +oo. Since \; € (0,1) Vi and 5]%@(1 (xo, 1) are fixed, it is evident that by
selecting m sufficiently large (with n > m), we can make (5% o (Tn, Tm) arbitrarily small.

This shows that {z,} is a Cauchy sequence. Finally, because (X ,]R@d, 5%@‘1) is complete,
there exists some z € X such that z,, — z.
To show that z is a fixed point, we consider the distance 5]%@(1 (2, #(z)). From the triangle
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inequality and contraction condition, we get

ed (2,7 (2))
S5R®d (z,2n) + 85R@d (xn, F(2))
= 55%@4(37”7”) + 85%@%@(%—1)7 F(2))
j 85%@11 (Z7 Z'n) + Sdiag (ala Qo, -, (Xd) 5%@01 (wn—h Z)
+sdiag (81, B2, -+, Ba) [0hga(@n 1, F (Tn1)) + 0% ga (2, F (2))]
+sdiag (1, 72, - Ya) [Opga(@n-1, F(2) + 60 a (2 F (20-1))]
= sdiag (1 +v, 14+, -+, 1 +’Yd) 5R@d(7«’7«73n)
+ sdiag (oq, g, Oéd) 5%@(%‘71—1, z)
+sdiag (b1, B2, -, Ba) [Ogea (@1, @n) + pga(z, F(2))]
+ sdiag (’y1, Yo, v, ’Yd) 5%@d($n—1ay(z))7
hence
diag (1+ 561, -+, 1+5B2) 0hea(zF(2))
deiag (1+’Yl, ) 1+’Yd) 6R®d( )+5d1ag (Oé]_, R ad) 5[?&@‘1(1‘”71’2)
+sdiag (B1, -, Ba) Onga(Tn-1,2) +sdiag (v, -, Ya) Shpa(F (Tn2), F(2)),

and since xz,, — z it is clear that we can make this distance as small as we please by
choosing n sufficiently large. We conclude that

Ol (2, F(2)=0 = F(2) =2z,

R®4

so z € X is a fixed-point of .Z.
To prove uniqueness, suppose there are two fixed points z = % (x) and y = .% (y). Then,
from the contraction condition, we have

5%@61 (x,y) = 5%@(9(35)7 F(y))

= diag (oq, g, e, ad) 5%@,1(1‘,];)
+diag (81, B2, -+, Ba) | R®d($ F(x)) +5b@d(y,§(y))]
+diag (v, 2, s V) (0004 (2, F () + 00 Lu(y, F(2))]
= diag(oq, Qg, -, ad) 5b@d(ﬂfay)
+diag (271, 272, -+, 29a) Sga(@,y)

= diag (a1 4+ 2y, a2 +2y, -+, ag+27q) 5R@d($ Y)
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< 82 a(x,y)
R4 ' Y)s

this implies 6%@01 (z,y) = 0. Hence x = y, and the fixed-point x of .Z is unique.

4. Conclusions and Future Work

This research presents novel extensions of the Banach fixed-point theorem within gen-
eralized metric spaces that include a direct sum structure. By introducing a diagonal
matrix A in R?, we establish evolved contraction conditions that enhance the applica-
bility of fixed-point results in this framework. Our method provides a more structured
and flexible methodology for analyzing contraction operators, thereby contributing to the
promotion of fixed-point theory in vector-valued metric spaces. The results obtained ex-
tend classical fixed-point theorems and offer new understandings of the interplay between
metric structures and direct sum operations. Future studies may expand these results to
more comprehensive classes of generalised metric spaces, such as G-metric or partial metric
spaces. Studying non-diagonal or operator-valued matrix systems within the direct sum
framework could yield more profound insights. Applications to vector-valued integral and
differential equations, as well as iterative schemes for approximating fixed points under
the new conditions, also certify further study.
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