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Abstract. The Paley graph P, is a simple, connected, strongly regular graph with parameters
(q, %, %5, q%l), where V(P,) is the finite field F, of order ¢ = p”, p is an odd prime, n € N,
and ¢ = 1 (mod 4). In Paley graphs, two vertices are adjacent if their difference is a quadratic
residue (mod ¢). The vertex set of the generalized Paley graph m — P,, where m > 3 is an odd
integer, is V(m — P;) = F, and the set of edges is E(m — Py) = {(z,y) &z —y € (F;)™}. In
1985, edge-graceful labeling was first introduced by Lo [1]. A graph G with order n and size m
is called edge-graceful if there exists a bijective mapping f : E(G) — {1,2,3,...,m} such that
the weights map f,, : V(G) — {0,1,2,...,n — 1}, given by fu,(u) = > cn(y f(uv) (mod n), is
one-to-one and onto. In this paper, we prove that Paley graphs and generalized Paley graphs of
prime order are edge graceful, edge-even graceful, and edge-odd graceful graphs.
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1. Introduction

A finite field F, of order ¢, where ¢ is a prime power congruent to 1 modulo 4, is used
in the construction of the Paley graph as its vertex set. Two vertices are adjacent if and
only if their difference is a non-zero square in the field.

In this paper, we are concerned with the simple form of Paley graphs where Fj, = Z,
is the field of integers (mod p). We are also interested in the generalized Paley graph
m — Py, where V(m — P,) = Fy is the finite field with ¢ = p" elements, p is an odd prime,
and n € N. The edge set is E(m — Py) = {(z,y) @z —y € (F;)m}, where m > 3 is an
odd integer.

Paley graphs have several applications, for instance, in network design [2]. Also, Paley
graphs form an important family in graph theory due to their rich structural proper-
ties. Ome of their key features is that Paley graphs are strongly regular with parameters
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(g, q;21, %, qZ—l). This means that the graph has order g, is 4% —regular, each pair of ad-

2

jacent vertices has % common neighbors, and each pair of non-adjacent vertices has q%,tl
common neighbors. Furthermore, Paley graphs are self-complementary, symmetric, and
Hamiltonian, for more details (see [3], [4]). Paley graphs possess not only a Hamiltonian
property but also a Hamiltonian decomposition; that is, the edge set can be represented
as the union of edge-disjoint Hamiltonian cycles, see [5]. Paley graphs provide intrigu-
ing characteristics that make them valuable in graph theory and allow the application of
graph-theoretic techniques to the number theory involving quadratic residues (see [6], [7],
(8], [9])-

Another active area of research in graph theory concerns graph coloring and the clique
number. Several papers have investigated the clique number of Paley graphs and their
generalizations (see [10], [11], [12], [13], [14]).

Graph labeling is another important branch of graph theory, in which labels are as-
signed to the vertices, edges, or both, under certain conditions, see [15]. One prominent
type of labeling that has attracted significant attention is edge-graceful labeling, which
has important applications in various areas, including computer networks, coding theory,
radar, circuit design, and communication systems.

In 1967, Alexander Rosa [16] identified three types of labeling: a-labeling, 8-labeling,
and p-labeling. Later, S-labeling was renamed graceful labeling by Solomon Golomb [17].
In an edge-graceful labeling of a graph G distinct integers are assigned to the edges, and
each vertex is labeled, using an injective map, by the sum of the labels on its incident
edges modulo p. For more information about different types of labeling (see [18], [19], [20],
21],[22)).

In this paper, we prove that Paley graphs and generalized Paley graphs of prime order
are edge-graceful.

2. Paley graphs

Paley graphs have many important applications in coding theory and cryptography.
For example they are used in quantum secret sharing domain [23] and in construction of
codes from their incidence matrices and line graphs [24]. Moreover, a new application of
these graphs in cryptography was proposed in [25], introducing an efficient algorithm for
the encryption and decryption of sensitive messages by converting them into binary form
using Paley graphs.

Definition 1. Let ¢ = p™ be a prime power, where ¢ = 1 (mod 4). A Paley graph P, of
order q is a graph with vertex set V(P,) = Fy, where Fq is the finite field with q elements,
and edge set E(Py) = {(u,v) | u—v € (F;)*}.

Note that the condition ¢ = 1 (mod 4) is necessary for the graph to be undirected. A
simple version of the Paley graph is obtained when n = 1. That is, when F, = Z,, the
field of integers (mod p).

Example 1. The Paley graph Pis has vertex set V(Pi3) = Z13 = {0,1,2,...,12}, where
two vertices u,v € Z13 are adjacent if u—v € {1,3,4,9,10,12}.
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Figure 1: The Paley Graph P13 of Order 13.

Example 2. Consider the Paley graph Py of order 9, then V (Py) = Fo = Zs[z]/ (x> +1) =
{0,1,2,a+2,a,a +1,2a + 1,2a + 2,2a}. Therefore, (F§)* = {1,2,a,2a}, meaning that

every vertex in V(Py) is adjacent to four vertices. Hence, E(Pg) = {(xi, x; + ;) | z; €
f97:1:j € (‘Fg)Z}

2a 1

2a + 2

2a + 1 a+2

a+1 a
Figure 2: The Paley Graph Py of Order 9.

Graph labeling is one of the significant fields in graph theory. It has many applications

in coding theory, x-ray crystallography, radar, astronomy, circuit design, communication
network addressing, and data base management (see [26], [27]).

In [21], Kamaraj and Thangakani investigated edge-even and edge-odd graceful label-
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ing for Paley graphs of prime order. An edge even-graceful labeling assigns distinct even
numbers to the edges and ensures that the sum of labels modulo 2k assigned to each
vertex is unique. On the other hand, an edge-odd graceful labeling assigns distinct odd
numbers to the edges and ensures that the sum of labels modulo 2q assigned to each vertex
is unique. Kamaraj and Thangakani proved the following theorem:

Theorem 1. Every Paley graph of prime order admits both an edge-even and an edge-odd
graceful labeling.

We introduce another lebeling of Paley graphs of prime order, which is called edge
graceful labeling.

Definition 2. Accordung to [1], a graph G of order n and size m is called edge-graceful
if there exists a bijective mapping h : E(G) — {1,2,3,...,m} such that the weight
function hy 2 V(G) — {0,1,2,...,n — 1}, given by hy(u) = 3,y M(wv) (mod n), is
one-to-one and onto.

For example, consider the Paley graph Py. As in Figure 3, we can define an edge-
graceful labeling to the Paley graph Py such that h : E(Py) — {1,2,3,...,18} and
hw : V(Py) — {0,1,2,...,8} are bijections.

U1

() 0

V6 U5

Figure 3: An edge-graceful labeling for Py

In the following we provide an algorithm which produces an edge-graceful labeling for
the prime order Paley graphs. Note that the case of the prime power order is open.

2.1. Edge-graceful labeling Algorithm for Paley graph of prime order

Input: The Paley graph P, with V(P,) = Z, and E(3 — Pp) = {(u,v) | u — v € (Z})*},
where p =1 (mod 4)
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(1) Rename the vertices of the graph as 0 :=vp, 1 :=v1,2 :=vy,...,p — 1 ;== vp_1.
(2) Set r = pT_l, and rewrite (Z3)? as

(ZZ)Q =S5 = {81,82,83,...,82r 1851 <SSy <83 <. < SQT}.
(3) Partition S into two sets.

Let S1 = {s1,52,83,...,8.} and S2 = {Sy41, Sr42, Sr43, ..., 82}

Note that: p—1 is divisible by 4 and for any vertex v; € Z), the vertex v;1, is adjacent
to v; for all s; € S.
(4) If s; € 51, the vertex vy, is placed in clockwise direction of v; and if s; € S, the
vertex vt is placed in anticlockwise direction of v;.
(5) Set f(vi,viys;) =0 forallie {1,2,3,---,p},je€{1,2,3,---,2r}.
(6) Set i = 1.

Step 1: If i < p then continue to Step 2.

Else jump to Step 4.

Step 2: For each s; € Sy, f (vi,vHsj) =G —-1)p+i.

Step 3: i =1+ 1, go back to Step 1.

Step 4: For each k =1,2,3,...,p, find the weight of the vertex v using the following
mapping: fu(vr) = 3721 f(0k; vkts;) = 25—y 2[(j = D)p+k|+(p—s;) = 2kr — L (mod p),
where L =37"_ ;.

Theorem 2. Fvery Paley graph of prime order admits an edge-graceful labeling.

Proof. To prove that the algorithm defines an edge-graceful labeling, we need to prove
that both functions f and f,, are bijections.

(i) Consider the function fy, : V(P,) — Z, defined by fi,(vy) = 2521 S (ks Vys;) =
2kr — L (mod p). Now, we prove that f, is one-to-one, which implies tat it is a
bijection. Let v, and v, be two vertices in V(Pp), if fi,(vy) = fuw(vy) then 2zr — L =
2yr — L (mod p) which leads to z = y.

(ii) The function f : E(Pp) — {1,2,3,...,7rp} is defined as f(vy, vets;) = (j—1)p+ 2.
To prove that f is a bijection, we need only to prove the injectivity of f. Let
(Vi, Vats;) and (vy,vyys;) be two edges, with z,y € {1,2,3,--- ,p}, 55,55 € S =
(22)2, and f(vg, Vets;) = f(vy, vyrs;), which implies that (i —1)p+2z = (j —1)p+y.
In case of i = j or x = y the proof is trivial. The last case if x # y and j # 4, here
we will find that x —y = (j —4)p but |z — y| < p and in the same time |p(i — j)| > p
which is a contradiction. So, from these three cases, we can be sure that the function
f is a one-to-one function. O

Example 3. We apply the previous algorithm to show that: the Paley graph P13 is an
edge-graceful graph, where V(P13) = {v1, v, ,v13} and |E(P13)| = 312 = 39. Figure
4 illustrates the edge-graceful labeling for P3.



A. N. Elsawy, R. N. Almohammadi / Eur. J. Pure Appl. Math, 18 (4) (2025), 6600 6 of 26

Figure 4. An edge-graceful labeling for P13

Input: The graph Pi3.

Here we have p = 13,7 = 3, and (Z3};)? = {12,2%,32,.-- ,122} = {1,4,9,3,12,10}.

(1) Rename the vertices of the graph as 0 := v13,1 :=v1,2 := v9,...,12 := v19.

(2) Rewrite (Z33)? as

(Z33)* = S = {51, 52, 53,54, 85,86 : 81 < 82 < 83 < 84 < 85 < 86} = {1,3,4,9,10,12}.

(3) Partition S into two sets.

Let S1 = {s1,s2,s3} = {1,3,4} and S2 = {s4, s5,s6} = {9, 10, 12}.

Note that: for any vertex v; € Zjs the vertices viy1, Vit+3, Vit+d, Vi+9, Vi+10, Vi+12 are
adjacent to v;.

(4) The vertices v;y1,v;+3,vit+q are placed in clockwise direction of v; and the vertices
Vi+9, Vi+10, Vi+12 are placed in anticlockwise direction of v;.

(5) Set f(vi,vits,) =0 for all i € {1,2,3,...,13},j € {1,2,3,...,6}.

(6) Set i = 1.

Step 1: i =1 < 13, then continue to Step 2.

Step 2: For each s1, 89,83 € S1, f (vl,vHsj) ={G-1p+1.

That is, f(vi,v2) = (1 —1)13+1 = 1, f(vi,v4) = (2 - 113+ 1 = 14, f(v1,v5) =
3-1)13+1=27.

Step 3: i =1+ 1= 2, go back to Step 1.

Step 1: i = 2 < 13, then continue to Step 2.
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Step 2: For each s1,s9,83 € 51, f (vg,v2+sj) =(G-1)p+2.

That iS, f(UQ,Ug) = (1 - 1)13 + 2 = 2,f(’l}2,1}5) = (2 - 1)13 + 2 = 15,f(’U2,’U6) =
(3-1)13+2=28.

Step 3: i =2+ 1 =3, go back to Step 1. We repeat Stepl, Step2, and Step3 and get:
f(’l)g,’U4) = 3, f(’Ug,’UG) = 16, f(vg,v7) = 29, f(’l)4,’l)5) = 4, f(’U4,’U7) = 17, f(v4,vg) = 30,
f(vs,v6) = 5, f(vs,v8) = 18, f(vs,v9) = 31, f(ve,v7) =6, f(ve,v9) = 19, f(vs,v10) = 32,
fvz,vs) =7, f(vr,v10) = 20, f(vr,v11) = 33, f(vs,v9) = 8, f(vs,v11) = 21, f(vs,v12) =
34, f(vg,v10) = 9, f(vg,v12) = 22, f(vg,v13) = 35, f(vio,v11) = 10, f(vio,v13) = 23,
f(vio,v1) = 36, f(vir,v12) = 11, f(vi,v) = 24, f(vir,v2) = 37, f(vig,viz) = 12,
f(vlg,vg) == 25, f(vlg,’()g) == 38, f(’Ulg,Ul) == 13, f(vlg,vg) == 26, f(U13,1)4) = 39.

Step 4: For each k = 1,2,3,...,13, the weight of the vertex v, can be found by:
Fuw(vr) = 351 f(0k, vpys;) = 6k—=30_ 55 = 6k—8 (mod p). f (v1) = 6:1-8 = —2=11
(mod 13).

Equivalently, fu, (v1) = f(vi,v2)+f(v1, v4)+ f(v1,v5)+ f (v10, v1) + f (vir, v1)+f (013, 01)
=1414+27+36+24+13 =11 (mod 13).

By the same function modulo 13 , we get: fy,(v2) = 4, fw(vs) = 10, fiy,(va)
fw(vs) =9, fu(ve) = 2, fu(vr) =8, fu(vs) =1, fu(ve) =7, fu(vio) =0, fu(vi1)
fuw(viz) =12, fu(vi3) = 5.

= 3,
= 6,

3. Cubic Paley graphs

A natural generalization of Paley graph is the cubic Paley graph, which has the same
vertex set, and two vertices are adjacent if their difference is a cubic residue in F;.

Definition 3. [28] Let q = p", where p is an odd prime, and n € N, such that q =
1 (mod 3). The graph 3—P,, with V (3—P,) = Fq and E(3—Py) = {(u,v) | u—v € (F;)?
1s called the cubic Paley graph of order q.

Note that: W. Ananchuen and L. Caccetta, in [28], stated that the condition ¢ =
1 (mod 3) is necessary to ensure that —1 is a cubic residue and, consequently, that the
graph 3 — P, is well-defined. However, we disagree with this claim, since (1) = —1in
any field with any order, implying that —1 is always a cubic residue. Therefore, the graph
3 — Py is well-defined without the condition ¢ =1 (mod 3).

Example 4. The cubic Paley graph 3 — Pig of order 19 has V(3 — P1g) = Z19 and
EB3—"Pi) ={(u,v) |u—ve{1,7,8,11,12,18}}. See Figure 5.
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Figure 5: The cubic Paley graph 3 — P19

Now we provide an algorithm that produces an edge-graceful labeling for cubic Paley
graphs of prime order

3.1. Edge-graceful labeling Algorithm for cubic Paley graphs of prime
order

Input: The cubic Paley graph 3 — P, with V(3 —P,) = Z, and E(3 — Pp) = {(u,v) |
u—v € (Z;‘))?’}, where p is any odd prime.
(1) Rename the vertices of the graph as 0 := vy, 1 :=v1,2 :=v9,...,p — 1 ;== vp_1.
(2) Set r = %, where d = ged(3,p — 1), and rewrite (Z3)? as
(Z;)S =S = {81,82,83,...,827~ 1851 <S8y <83 <. < 827«}.
(3) Partition S into two sets.
Let S1 = {s1,52,83,...,8-} and So = {Sr+1, Sr42, Sr+3,- -, S2r }-
Note that: p—1 is divisible by 2d and for any vertex v; € Zj, the vertex v;y; is adjacent
to v; for all s; € S.
(4) If s; € 51, the vertex vy, is placed in clockwise direction of v; and if s; € S, the
vertex viys; is placed in anticlockwise direction of v;.
(5) Set f(vi,viys;) =0 foralliec {1,2,3,---,p},je{1,2,3,---,2r}.
(6) Set i = 1.
Step 1: If i < p then continue to Step 2.
Else jump to Step 4.
Step 2: For each s; € Sy, f (vi,vHs].) =G —-1)p+i.
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Step 3: i =1+ 1, go back to Step 1.
Step 4: For each k =1,2,3,...,p, find the weight of the vertex vy using the following

mapping: fu(vk) = 2701 f (0, Vhes;) = Y51 210~ 1)p+K]+(p—s5) = 2kr — L (mod p),
where L =377 ;.

Theorem 3. Every cubic Paley graph of prime order admits an edge-graceful labeling.
Proof. See Theorem 5 with m = 3.

Example 5. We apply the algorithm to show that the cubic Paley graph 3 — P19 is edge-
graceful with V(3 —P1g) = {v1,v2,- - ,v19} and |E(3 — Pyo)| = & = 57. Figure 6 shows
the edge-graceful labeling for the cubic Paley graph 3 — P1g.

X

A X
7L
BV

A 7
<] A
Ch

U11 10

Figure 6: An Edge-Graceful Labeling of 3 — P19



A. N. Elsawy, R. N. Almohammadi / Eur. J. Pure Appl. Math, 18 (4) (2025), 6600 10 of 26

Input: The graph 3 — Pyg.

We have p = 19,m = 3,d = 3, and (Z3}y)? = {13,23,--- 183} = {1,8,7,11,18,12}.

(1) Rename the vertices of the graph as 0 := v19,1 := v1,2 := v, ..., 18 := v3g.

(2) Rewrite (Z34)? as

(ZTQ)S =5= {81,82,83, 84,85,86 : 51 < 82 < 83 < 854 <85< 86} = {1, 7,8,11,12, 18}

(3) Partition S into two sets.

Let S1 = {s1,82,s83} = {1,7,8} and So = {s4, 85,56} = {11,12,18}.

Note that: for any vertex v; € Zig the vertices vi11, Vit7, Vits, Vi+11, Vi+12, Vi+18 are
adjacent to v;.

(4) The vertices v;t1,vit7, vitg are placed in clockwise direction of v; and the vertices
Vit11, Vi+12, Vi+18 are placed in anticlockwise direction of v;.

(5) Set f(vi,viys;) =0 forallie {1,2,3,---,19},5 € {1,2,3,--- ,6}.

(6) Set i = 1.

Step 1: i =1 < 19, then continue to Step 2.

Step 2: For each s1, 59,83 € 51, f (U17U1+sj) ={G-1p+1.

That iS, f(Ul,UQ) = (1 - 1)19 +1 = 1,f(1}1,1}8) = (2 - 1)19 +1 = 20,f(’U1,’Ug) =
(3—1)19+1 = 309.

Step 3: i =1+ 1= 2, go back to Step 1.

Step 1: i =2 <19, then continue to Step 2.

Step 2: For each s1, 89,83 € 51, f (vg,v2+5j) =(G-1)p+2.

That is, f(vo,v3) = (1 — 1)19+2 = 2, f(va,v9) = (2 — 1)19 + 2 = 21, f(va,v19) =
(3—1)19 + 2 = 40.

Step 3: i =2+ 1= 3, go back to Step 1.

We repeat Stepl, Step2, and Step3 and get:

f(vs,va) =3, f(vs,v10) = 22, f(vs,v11) =41, f(va,v5) =4, f(va,v11) = 23, f(v4,012)
= 42, f(vs,v6) = 5, f(vs,v12) = 24, f(vs,v13) = 43, f(ve,v7) = 6, f(ve,v13) = 25,
f(ve,v14) = 44, f(vr,vs) =7, f(vr,v14) = 26, f(v7,v15) = 45, f(vs,v9) = 8, f(vs,v15) =
27, f(’l)g,’l)lﬁ) = 46, f(’l)g,vlo) = 9, f(’l)g,’l)lﬁ) = 28, f(vg,vn) = 47 f(vlo,vu) 1
f(vio,v17) = 29, f(vio,v1s) = 48, f(vi1,v12) = 11, f(vir,v1s) = 30, f(vi1,v19) = 49,

(1)12,1)13) = 12, f(’l)lg,vlg) = 31, f(’l)lg,vl) = 50, f(vlg,v14) = 13 f(vlg, 1) 3
f(viz,v2) = 51, f(vig,vis) = 14, f(via,v2) = 33, f(via,v3) = 52, f(vis,v16) =
f(’l)15,1)3> = 34, f(U15,U4) = 53, f('l)16,1)17) = 16, f(1)16,1)4) = 35 f(Ulﬁ, 5)
f(viz,v1g) = 17, f(vir,v5) = 36, f(vi7,v6) = 55, f(vig,v19) = 18, f(vis,ve) =
f(’l)18,117) = 56, f(?)lg,’l)l) = 19, f(v19,1)7) = 38, f(’l)lg,Ug) = b7.

Step 4: Foreach k =1,2,3,---,19, find the weight of the vertex v, using the following
mapping: fu(vk) = Yo—y f(Vk; Ukss;) = 6k — 327_1 s = 6k — 16 (mod p). So fu (v1) =
6-1—16=—-10=9 (mod 19).

Equivalently, fu, (v1) = f(v1,v2)+f(v1,08)+f(v1,v9)+ f(vi2, v1)+ f(v13, v1)+ f (v19, v1)
=14+20+39+50+32+19=9 (mod 19).

By the same function modulo 19, we get: fy,(v2) = 15, fu(vs) = 2, fuw(vs) = 8,
fw(vs) = 14, fu(ve) =1, fu(vr) =7, fuw(vs) = 13, fu(ve) =0, fu(vio) = 6, fu(vi1) =12,
Jw(vi2) = 18, fu(viz) = 5, fw(via) = 11, fu(vis) = 17, fu(vie) = 4, fu(vir) = 10,
fuw(vig) =16, fu(vig) = 3.
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4. Quadruple Paley graphs

Similarly like cubic Paley graphs, quadruple Paley graphs are defined with the same
vertex set and two vertices are adjacent if their difference is a quadruple residue in F.

Definition 4. [28] Let ¢ = p™, where p is an odd prime number, and n € N, such that ¢ =
1 (mod 8). The graph4—Py, with V (4—Py) = Fy and E(4—Py) = {(u,v) | u —v € (F;)*},
1s called the quadruple Paley graph of order q.

Note that: The condition ¢ = 1 (mod 8) is necessary to ensure that —1 is a quadruple
and, consequently, the graph 4 — P, is well-defined.

Example 6. The quadruple Paley graph 4 — P17 of order 17 has V(4 — P17) = Z17 and
E(4—"P17) ={(u,v) | u—v € {1,4,13,16}}, as in Figure 7.

Figure 7: The Quadruple Paley Graph 4 — P~

Example 7. The quadruple Paley graph 4 — Py with vertex set V(4 — Py) = Fg and
(F$)* = {1,2} so the edge set E(4 —Pg) = {(0,1),(0,2),(1,2),(a,a+ 1), (a,a + 2), (a +
1l,a+2),(2a,2a + 1), (2a,2a + 2), (2a + 1,2a + 2)}.
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Figure 8: The Quadruple Paley Graph 4 — Py

Now we provide an algorithm which produces an edge-graceful labeling for quadruple
Paley graphs of prime order.

4.1. Edge-graceful labeling Algorithm for quadruple Paley graphs of prime
order

Input: The quadruple Paley graph 4 — P, with V(4 —P,) = Z, and E(4—P,) = {(u,v) |
u—v € (Z;)*}, where p =1 (mod 8)

(1) Rename the vertices of the graph as 0 := vy, 1 :=v1,2 :=v9,...,p — 1 ;== vp_1.
(2) Set r = %, and rewrite (Z3)* as
(Z;)4 =S = {81,82,83,...,827~ 1851 <S8y <83 <. < 827«}.
(3) Partition S into two sets.
Let S; = {s1,s2,83,...,8:} and So2 = {s;41, Sy4+2, Sr+3,...,S2,}. Note that: p —1 is

divisible by 8 and for any vertex v; € Z, the vertex v, ;s adjacent to v; for all s; € S.
(4) If s € Sy, the vertex Vits; is placed in clockwise direction of v; and if s; € Sa, the
vertex vjtg; is placed in anticlockwise direction of v;.
(5) Set f(vi,viys;) =0 forallie {1,2,3,---,p},j€{1,2,3,---,2r}.
(6) Set i = 1.

Step 1: If i < p then continue to Step 2.

Else jump to Step 4.

Step 2: For each s; € 51, f (vi,vHsj) =G -1)p+i.

Step 3: i =1+ 1, go back to Step 1.

Step 4: For each k =1,2,3,...,p, find the weight of the vertex vy using the following
mapping: fu(vr) = 701 (g, vkts;) = 25—y 2[(i = Dp+k]+(p—s5) = 2kr — L (mod p),
where L =377 s;.

Theorem 4. FEvery quadruple Paley graph of prime order admits an edge-graceful labeling.

Proof. See Theorem 5 with m = 4.
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Figure 9: An Edge-Graceful Labeling of 4 — Py7.

Example 8. We apply the algorithm to show that: the quadruple Paley graph 4 — P17 is
edge-graceful with V(4 — P17) = {v1,v2, -+ ,vi7} and |E(4 —Pi7)| = 1510 = 34, Here,
p =177 =2, and S; = {1,4}. So for each s; € Si, f (vk,vk+sj) ={-1)17+k, and
fuw(vk) = 4k — 232‘:1 s; = 4k — 5 (mod 17). Figure 9 shows the edge-graceful labeling for
the cubic Paley graph 4 — P17.

5. Generalized Paley graphs

Generalized Paley graphs were first introduced by Cohen [29], and reintroduced by
Lim and Praeger [30] in 2009, and by Elsawy [3] in 2009. The generalized Paley graph
extends the concept of the Paley graph and its higher-order variants, providing a broader
class of graphs based on higher power residues in finite fields. In the following we extend
the results of edge-graceful labeling on Paley, cubic Paley, quadruple Paley graphs to
generalized Paley graphs

Definition 5. Let m,n be positive integers and p be an odd prime such that: ”if m is even
then ¢ = 1 (mod 2m) and if m is odd then p is any odd prime”. The generalized Paley
graph m — Py has vertex set V(m — P,) = Fy,, where Fy is the finite field of order ¢ = p",
and two vertices are adjacent if their difference belongs to (F(;‘)m

Remark 1. The generalized Paley graphs m—"Py are non-directed graphs because (F;)m =
—(Fy)™, in other words —1 € (Fy)™.

Remark 2. The generalized Paley graphs m — Py are reqular of degree %, where d is
the greatest common divisor of m and q — 1 (see [3]).
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Remark 3. The size of m — Py is q(qQ;l)7 and the positive integer % is even.

Remark 4. For m = 2,3, or 4 we get Paley, cubic Paley, or quadruple Paley graphs
respectively.

Now, we provide an algorithm which produces an edge-graceful labeling for the prime
order generalized Paley graphs

5.1. Edge-graceful labeling Algorithm for generalized Paley graphs of
prime order

Input: The generalized Paley graph m — P, has V(m — Pp,) = Z, and E(m — P),) =
{(u,v) | w —wv € (Zy;)™}, such that: if m is even then p = 1 (mod 2m) and if m is odd
then p is any odd prime.
(1) Rename the vertices of the graph as 0 := v, 1 :=v1,2 :=wvg,...,p— 1 1= vp_1.
(2) Set r = %, where d = ged(m,p — 1), and rewrite (Z;)™ as

(Z;;)m =5= {81,52,53,...,82r 1851 < Ssp <83 <. < Szr}.
(3) Partition S into two sets.

Let Sl = {81, 82,83, ..., Sr} and SQ = {Sr+1, Sr42,Sr43y .-+ SQT}.

Note that: p—1 is divisible by 2d and for any vertex v; € Zj, the vertex v;; is adjacent
to v; for all s; € S.
(4) If s € S, the vertex Vits; is placed in clockwise direction of v; and if s; € Sa, the
vertex vjts; is placed in anticlockwise direction of v;.
(5) Set f(vi,viys;) =0 forallie {1,2,3,---,p},j€{1,2,3,---,2r}.
(6) Set i = 1.

Step 1: If i < p then continue to Step 2.

Else jump to Step 4.

Step 2: For each s; € S1, f (vi,vis;) = (j — 1) p+ 1.

Step 3: i =1+ 1, go back to Step 1.

Step 4: For each k =1,2,3,...,p, find the weight of the vertex v; using the following
mapping: fu(vr) = 3701 f(0k; vkts;) = 25—y 2[(i = Dp+k|+(p—s5) = 2kr— L (mod p),
where L = 37" ;.

Theorem 5. Paley graphs and their generalizations of prime order are edge-graceful
graphs.

Proof. To prove that the algorithm defines an edge-graceful labeling, we need to prove
that both functions f and f,, are bijections.

(i) Consider the function fy, : V(m—P,) — Z, such that f,,(vx) = Z?;l f (ks Vieys;) =
2kr — L (mod p). Now, we prove that f,, is one-to-one, which implies tat it is a
bijection. Let v, and v, be two vertices in V(m — Pp), if fu,(vz) = fu(vy) then
2zr — L = 2yr — L (mod p) which leads to x = y.
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(ii) The function f : E(m —Pp) — {1,2,3,...,rp} is defined as f(vy, vors;) = (j —
1)p + . To prove that f is a bijection, we need only to prove that it is one-to-one.
Let (v, vzys;) and (vy,vy1s;) be two edges, with z,y € {1,2,3,--- ,p}, si,5; € S =
(Z3)™, and f(ve, veys;) = f(vy, vyts,), which implies that (i —1)p+x = (j —1)p+y.
In case of i = j or x = y the proof is trivial. The last case if x # y and j # 4, here
we will find that z —y = (j —¢)p but |z — y| < p and in the same time |p(i — j)| > p
which is a contradiction. So, from these three cases, we can be sure that the function
f is a one-to-one function. O

Example 9. Consider the cubic Paley graph 3 — Pi3. Here, p=13,m =3,d = 3,r = 2,
and S1 = {1,5}. So for each s; € Si, f(vk,vk+sj) = (J—-113+k, and fu(vg) =
4k — 25:1 sj =4k —6 (mod 13). The edge-graceful labeling of the graph 3 — P13 is shown
in Figure 10.

Figure 10: An Edge-Graceful Labeling of 3 — Pi3.

Example 10. Consider the generalized Paley graph 5—"P7. Here,p=T7,m =5,7, or 11,
d=1,r=3, and S; = {1,2,3}. So for each s; € Sy, f (vk,karSj) =(G-1)T7+k, and
fuw(vk) = 6k — Z?-:l sj = 6k —6 (mod 7). The edge-graceful labeling of the graph 5 — Pz
s shown in Figure 11.
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Figure 11: An Edge-Graceful Labeling of 5 — P, 7 — P, 11 — Pr.

Example 11. Consider the Paley graph Pi7. Here, p = 17,m = d = 2,r = 4, and
S1 = {1,2,4,8}. So for each s; € Sy, f(vk,vk+sj) = (—1D17+k, and fy,(vg) =
8k — Z?:l s; = 8k —15 (mod 17). The edge-graceful labeling of the graph P17 is shown in
Figure 12.

rrrrr

Figure 12: An Edge-Graceful Labeling of Py~.
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Example 12. Consider the generalized Paley graph 7 — Pog. Here, p = 29,m = 7,d =
7,r =2, and Sy = {1,12}. So for each s; € Si, f(vk,vk+5j) = (j—-1)29+ k, and
fuw(vg) = 4k — 25:1 sj = 4k —13 (mod 29). The edge-graceful labeling of the graph 7—Pag
s shown in Figure 13.

U2 12 15 vr
23
7
V2321 1978
22 8
va2al 23 vy
21 9

26 1
17 16 22 15 18 14 UVi4

Ui6 U15

Figure 13: An Edge-Graceful Labeling of 7 — Pag.

Example 13. Consider the generalized Paley graph 9 — Ps1. Here, p = 31,m = 9,d =
3,r =5, and S1 = {1,2,4,8,15}. So for each s; € Sy, f(vk,vk+sj) =(j—1)31+k,
and fy,(vg) = 10k — 2]5-:1 s; = 10k — 30 (mod 31). The edge-graceful labeling of the graph
9 — P31 is shown in Figure 14.
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Figure 14: An Edge-Graceful Labeling of 9 — Ps;.

6. Edge even graceful labeling of generalized Paley graphs

Definition 6. A graph G of order n and size m is said to be edge-even graceful if there
exists a bijection f : E(G) — {2,4,6,...,2m} such that the function f, : V(G) —
{0,2,4,...,2k = 2} .k = max(n,m) given by fu(u) = > en() f(w) (mod 2k) is an
injection.

Using the following algorithm, we show that the generalized Paley graphs m — P, of
prime order are edge-even graceful.

6.1. Edge-even graceful labeling Algorithm for generalized Paley graph
of prime order

Input: The generalized Paley graph m — P, with Z, as its vertices and two vertices are
joined by an edge if their difference belongs to (Z;)™ such that: if m is even then p =1
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(mod 2m) and if m is odd then p is any odd prime.

(1) Rename the vertices of the graph as 0 := vy, 1 :=v1,2 :=wvg,...,p— 1 :=v,_1.
(2) Set r = % where d = ged(m,p — 1), and rewrite (Z;)™ as

(Z;)m =5= {81,82,83,...7827~ 181 >89 >83> ... > SQT}.

(3) Partition S into two sets.

Let S1 = {s1,52,83,...,8-} and So = {Sy41, Sr42, Sr+3,- -, S2r }-

(4) If s; € S1, the vertex Vits; 18 placed in anticlockwise direction of v; and if s; € So,
the vertex v;ys; is placed in clockwise direction of v;.

(5) Set f(vi,viys;) =0 foralli € {1,2,3,...,p},j € {1,2,3,...,2r}.

(6) Set i = 1.

Step 1: If i < p then continue to Step 2.

Else jump to Step 4.

Step 2: For each s; € S1, f (vi,vits;) =2[(j —1)p +1].

Step 3: i =1+ 1, go back to Step 1.

Step 4: For each k = 1,2,3,...,p, find the weight of the vertex v, using the fol-
lowing mapping: fy(vk) = Z?il f(Uk, Vgys;) (mod 2t), where t = max(p,pr). Take
M =37"_,s;j, then

fuwlog) =301 4[( = 1) p+ k] +2(p — s5) = 4rk — 2M (mod 2rp).

Theorem 6. Paley graphs and their generalizations of prime order are edge-even graceful
graphs.

Proof. To prove that the algorithm defines an edge-even graceful labeling, we need to
prove that both functions f and f,, are injection.

(i) Consider the function f,, : V(m —Pp) — {0,2,4,...,2rp — 2} defined by f,(vi) =
Z?;l f (v, vk 1s;) = 4kr — 2M (mod 27p). Let v, and v, be two vertices in V(m —
Pp), if fuw(ve) = fuw(vy) then dor —2M = 4yr —2M (mod 2rp) which leads to z = y.

(ii) The function f: E(m —Pp) —> {2,4,6,...,2rp} is defined as f(vy, veys;) = 2[(j —
1)p + z|. To prove that f is a bijection, we need only to prove that it is one-to-one.
Let (v, vzys;) and (vy,vyys;) be two edges, with z,y € {1,2,3,--- ,p}, si,8; € 51,
and f(vz,Veys;) = f(vy, vyts;), which implies that 2[(i — 1)p + x| = 2[(j — 1)p + y].
In case of i = j or x = y the proof is trivial. The last case if x # y and j # 4, here
we will find that x —y = (j —)p but |z — y| < p and in the same time |p(i — j)| > p
which is a contradiction. So, from these three cases, we can be sure that the function
f is a one-to-one function and because |E(m — P,)| = rp, f is a bijection. O

Example 14. Consider the quadruple Paley graph 4 — P17. Here, p = 17,m = 4,d =
4,7 =2, and Sy = {16,13}. So for each s; € Si, [ (vk,v+s,) = 2[(j —1) 17 + k], and
fuw(vg) =8k —2 2521 s; = 8k — 58 (mod 68). The edge-even graceful labeling of the graph
4 — P17 is shown in Figure 15.
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U1
V17 18 V2

Figure 15: An Edge-Even Graceful Labeling of 4 — Py7.

Example 15. Consider the generalized Paley graph 5 — P7. Here, p = 7,m = 5,d =
L,r =3, and S1 = {6,5,4}. So for each s; € S, f (vk,vrts,) = 2[(j —1) 7+ k], and
fuw(vg) = 12k — 22?:1 sj = 12k — 30 (mod 42). The edge-even graceful labeling of the
graph 5 — Py is shown in Figure 16.

U5 V4

Figure 16: An Edge-Even Graceful Labeling of 7 — Pz, 5 — Pz, 11 — Pr.

Example 16. Consider the cubic Paley graph 3 — Pig. Here, p=19,m =3,d = 3,r = 3,
and Sy = {18,12,11}. So for each sj € S1, f (vk, vkts,) = 2[( — 1) 19+ k], and fu,(vp) =
12k —2 Z?:l s; = 12k—82 (mod 114). The edge-even graceful labeling of the graph 3—"Pig
is shown in Figure 17.
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(258
V19 44 V2

Figure 17: An Edge-Even Graceful Labeling of 3 — P1g.

7. Edge odd graceful labeling of generalized Paley graphs

Definition 7. A graph G of order n and size m is said to be edge-odd graceful if there
exists a bijection f : E(G) — {1,3,5,...,2m — 1} such that the function f, : V(G) —
{0,1,2,...,2m — 1}, given by fu(u) = 3, en) f(uv) (mod 2m) is an injection.

7.1. Edge-odd graceful labeling Algorithm for generalized Paley graph of
prime order

Input: The generalized Paley graph m — P, with Z, as its vertices and two vertices are
joined by an edge if their difference belongs to (Z;)™ such that: if m is even then p =1
(mod 2m) and if m is odd then p is any odd prime.

(1) Rename the vertices of the graph as 0 := vy, 1 :=v1,2 :=wv9,...,p— 1 :=v,_1.
(2) Set r = % where d = ged(m,p — 1), and rewrite (Z;)™ as
(Z;)m =5 =1{51,82,83,...,82 1 81 > 82 > 83 > ... > Sor}.

(3) Partition S into two sets.
Let S1 = {s1,52,83,...,8.} and So = {Sy+41, Sr4+2, Sr+3,- -, S2r }-
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(4) If s; € S1, the vertex vits; is placed in anticlockwise direction of v; and if s; € Sa,
the vertex Vits; 18 placed in clockwise direction of v;.

(5) Set f(vi,viys;) =0forallie {1,2,3,...,p},j€{1,2,3,...,2r}.

(6) Set i = 1.

Step 1: If i < p then continue to Step 2.

Else jump to Step 4.

Step 2: For each s; € Sy, f (vi,vHsj) =2[j—-1)p+i —1.

Step 3: i =1+ 1, go back to Step 1.

Step 4: For each k =1,2,3,...,p, find the weight of the vertex v; using the following
mapping: fi,(vg) = 23;1 f (g, Vys;) (mod 2rp). Take M = Z;Zl sj, then

Fulog) = S A[( — 1) p+ k] — 2+ 2(p — s5) = 4rk — 2(M + 1) (mod 2rp).

Theorem 7. Paley graphs and their generalizations of prime order are edge-odd graceful
graphs.

Proof. Following the same steps in the previews theorem we can easily prove that the
algorithm defines an edge-odd graceful labeling. O

Example 17. Consider the cubic Paley graph 3 — Pi13. Here, p=13,m =3,d = 3,r = 2,
and S1 = {12,8}. So for each sj € S1, [ (vk,Vkts,) =2[(j —1) 13+ k] — 1, and fu(vp) =
8k —2r—2 Z?Zl sj = 8k—44 (mod 52). The edge-odd graceful labeling of the graph 3 —P13
is shown in Figure 18.

(%] v7

Figure 18: An Edge-Odd Graceful Labeling of 3 — P;i3.

Example 18. Consider the quadruple Paley graph 4 — P17. Here, p = 17,m = 4,d =
4,7 =2, and Sy = {16,13}. So for each sj € S1, f (vk, vkts;) = 2[(j —1) 17+ k] — 1, and
fuw(vk) = 8k — 2r — 22]2.:1 s; = 8k — 62 (mod 68). The edge-odd graceful labeling of the
graph 4 — Pi7 is shown in Figure 19.



A. N. Elsawy, R. N. Almohammadi / Eur. J. Pure Appl. Math, 18 (4) (2025), 6600 23 of 26

U1

V17 14 U2

v10 Vg

Figure 19: An Edge-Odd Graceful Labeling of 4 — P17.

8. Paley Graph of prime power order

An edge-graceful, edge-even graceful, and edge-odd graceful labelling for Paley graph
of order ¢ = p”, where n > 1, remains an open challenge.

The Paley graph P, of order ¢ = p”, where n > 1, has the vertex set V(P,) =
Fq. Here, 7, # {0,1,2,...,q}, and so the algorithms introduced in this paper are not
applicable for this case. For example, if p = 5,n = 2, we get the smallest case without
edge-graceful, edge-even graceful, and edge-odd graceful labelling, where V(Pas) = Fas
= {0,1,2,3,4, a,2a,3a, 4a,a+1,a+2,a+3,a+4,2a+1,2a+2,2a+ 3, 2a +
4,30+ 1,3a+2,3a+3,3a+4, da+ 1, 4a + 2, 4a + 3, 4a + 4} = Zs[z]/(2% +2). And
(F3)? =1{1,2,3,4,a+2,a+3,2a+1, 2a+4, 3a+1,3a+ 4, 4a + 2,4a + 3}, so E(Pys) =
{(zi, i + 3;) Va; € Fos and Vx; € (Fa5)*}. (see Figure 20). The case of Py is shown in
Figure 3.
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Figure 20: The Paley graph Pas.

The structure of this field is more complex, and the simple modular arithmetic used in
the proof for no longer holds directly. Therefore, we need to understand the structure of
the field deeply to construct an edge-graceful, edge-even graceful, and edge-odd graceful
labelling algorithm. For more information about the structure of the field, see [3]. Also, an
other challenge is to find different types of labellings for Paley graph and its generalizations.

9. Conclusions

We introduced three algorithms which produce an edge-graceful, edge-even graceful,
and edge-odd graceful labelling for Paley graphs and their generalizations. We proved
that Paley graphs and their generalizations including cubic and quadruple Paley graphs
of prime order are edge-graceful, edge-even graceful, and edge-odd graceful graphs.
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