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Abstract. In this work, we introduce the notion of tensor product of spaces with a generalized
2-inner product (see Definition , and we establish several interesting properties (see Proposition
, thereby generalizing the classical properties of the tensor product of inner product spaces.
Moreover, we equip this tensor product with a mapping that defines a generalized 2-inner product
(see Theorem [3)) and, consequently, endow it with a generalized 2-norm (see Theorem . In this
context, we also define the tensor product of linear operators (see Deﬁnition@ and prove a series of
results for example, that the tensor product of two 2-bounded linear operators is again 2-bounded
under the tensor product (see Proposition .
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1. Introduction

The ideas that gave rise to the concept of the tensor product of vector spaces were
developed by various researchers throughout the nineteenth century; however, it was not
until the work carried out by the mathematician Hassler Whitney (1938) that the notion of
the tensor product of abelian groups and more generally of modules was firmly established
[1]. Consequently, the tensor product of vector spaces was cast in the language of universal
properties in works such as those of Bourbaki (1943) in the article [2] and in the book
by Artin, Nesbitt, and Thrall (1944) [3]. These developments, in turn, spurred rapid
advancement and further elaboration of the concept in other mathematical contexts.

The notion of the tensor product of modules has been extensively developed in various
mathematical contexts for example, within Homological Algebra and Differential Geometry
(see [4Hg]). It is a concept of great significance, since, broadly speaking, it provides a
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method for constructing new spaces with the desired structure and, in the case of vector
spaces, offers a way to pass from bilinear operators to linear operators. Moreover, it arises
naturally in areas of physics such as quantum physics and quantum computing (see [9,10]).

In recent years, the concept of the tensor product of complex vector spaces equipped
with a positive definite sesquilinear form [I1] has been extended to the tensor product
of spaces endowed with an arbitrary sesquilinear form [12], defining simple tensors using
such sesquilinear forms in an appropriate manner. Moreover, since the concept of the
classical inner product can be extended to what is known as the 2-inner product and the
generalized 2-inner product in the senses of Gahler [I3] and Lewandoska [14], respectively,
it is natural to consider defining the tensor product of spaces endowed with a 2-inner
product of this kind, which in this work will be referred to as the 2-tensor product of
spaces with a generalized 2-inner product. The theory of spaces with a 2-inner product
has been extensively studied in articles by Diminnie, Géhler and White [I5HIE].

Thus, the present work is organized as follows: in Section [2] we include the necessary
preliminaries to introduce the notion of the algebraic 2-tensor product of vector spaces
endowed with a generalized 2-inner product, such as the concept of a generalized 2-inner
product and some of its properties. In Section [3| we introduce the notion of the 2-tensor
product of elements in spaces with a generalized 2-inner product, based on the ideas of the
simple tensor product of elements in spaces with a classical inner product; consequently, we
establish the notion of the 2-tensor product of spaces with a generalized 2-inner product,
define a generalized 2-inner product on it, and prove some interesting properties. Section
[ contains the notion of the 2-tensor product of linear operators and some of their satisfied
properties. Finally, Section [5| presents the conclusions of this research.

2. Preliminaries

In this section, we study the concepts of the generalized 2-norm, the generalized 2-inner
product, and some of the most important properties that are satisfied in spaces endowed
with these structures.

Definition 1. [Tj] A generalized 2-norm on X is a map ||-,-|| : X x X — R such that
for every w,y,z € X is true

i) Nlw, 2|l = [|z,wl|;

it) ||w, az|| = |a||w, z|| for all « € C;

iit) |lw,y + 2| < lw,yll + [[w, 2]
The pair (X, ||-,-||) is called a space with generalized 2-norm.

In the following example we show how to define a generalized 2-norm from an indefinite
sesquilinear form.
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Example 1. [19] We define on the vector space C" the function |-,-|| : C*" x C" - R by

means of the rule ||z, y| := |Z?:1(—1)ix@i| forall x = (x1, -+ ,2n),y = (Yy1,- - ,Yn) €
C™. What defines a generalized 2-norm. In general, it can be shown that, given a classical
inner product space (X, (-,-)), the mapping

I : X x X =R
(w, 2) = Jlw, z[| = [{w, 2)],
defines a generalized 2-norm on X.

Below we present the concept of generalized 2-inner product, a notion of great importance
for this work.

Definition 2. [}/ A generalized 2-inner product is a map (-,-|-) : X x X x X — C such
that for all w,y, z, w1, wy € X and for all a € C

i) {y,wlz) = (w,ylz);
i) (wy +wa,y|z) = (w1, yl2) + (w2, y|2);
iii) (aw,ylz) = cfw, ylz);
) (w,wl|z) = (z, z|w);
v) {w,wlz) >

A complex vector space X together a generalized 2-inner product (-,-|-), denoted by
(X, (-,+])), it is said to be a generalized 2-inner product space.

Proposition 1. [20]1t is easy to check that the following function is a generalized 2-inner
product on X

(w,y) (w,2)
() (22)

This 2-inner product is called generalized standard 2-inner product and it is denoted by
<'7 "'>stand-

(w,ylz) = = (w,y) (z,2) — (w, 2) (z,y) forallw,y,z € X.

A consequence of |21} Prop 3.1] when (X, (-,-)) is a classical inner product space is:
Proposition 2. [2]] Let (X, (-,-)) be a classical inner product space. Then the mapping
() XXX XX —C

defined by
(@,ylz) = (@ y) |2l* for all vy, z € X,

s a generalized 2-inner product on X.
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Proposition 3. [19] Let (X, (-,-|-)) be a generalized 2-inner product space. Then, for all
w,y,z € X it holds that:

[(w,yl2)[* < (w,w]2)(y, yl2).
Remark 1. The function
lw, 2| := {w,w|z), w,z € X,
sometimes it is called induced generalized 2-norm by the generalized 2-inner product.

Definition 3 (2-bounded operator). [1]] Let X be a vector space endowed with two
generalized 2-norms |-, +||1 and ||-,-||2. An operator T : (X,|-,-|l1) = (X, ||-,|l2) is said to
be 2-bounded if there o > 0 such that

1T (), yll2 + |2, T(Y)ll2 < allz,ylh for al z,y € X.

2
The symbol B(X') will denote the set of 2-bounded linear operator on X, that is,

2
B(X):={T: X — X : T is linear and 2-bounded}.

2
Remark 2. It is clear that the set B(X) can be endowed with a vector space structure
over C, by means of the pointwise operations of operators.

By virtue of the properties of generalized 2-normed spaces, in the following theorem
we establish an equivalent result for the Definition

Theorem 1. Note that a linear operator T: (X, ||-,-]]1) = (X, |-, ||2) is 2-bounded according
to Definition 3 if and only if there exists a constant 8 > 0 such that

| Tz, w|2 < B|lz,w|1 for all z,w € X.
Proof. Suppose first that there exists v > 0 such that
Tz, yll2 + ||z, Ty|l2 < al|z,y|1 forall z,y € X.
Since each 2-norm is nonnegative, it follows that
1Tz, ylla < | Tz, yll2 + |2, Tyll2 < allz,yl,

hence T satisfies the above inequality with 8 = a. Conversely, assume there exists § > 0
such that
Tz, w2 < B|lz,w|1 forall z,we X.

Then for any z,y € X we have

1Tz, yll2 + |z, Tylla = [IT2, yll2 + [Ty, xll2 < Blle, ylls + Blly, 2l = 28 [z, yl1.-

If we set a = 20, the desired inequality follows.
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2
Definition 4. If T € B(X), we define ||T||, by
|IT|| =inf{a > 0: | T(w), z|| < a|lw, z|| for all w,z € X}.

Note that the identity operator in X, I : X — X, fulfills ||I]| = 1.

2
Theorem 2. In the context of the Deﬁnition for all T € B(X) it is true that

|IT|| = sup{||Tw, z|| : w,z € X and ||w, z|| = 1}
|T|| = sup{||Tw, z|| : w,z € X and ||w, z|| <1}

T
IT|| = sup {Hw,z” cw,z € X and ||w, z|| # O}
Jw, z]|

Moreover, thanks to the Definition |4 we prove that given a generalized 2-normed space
2

X, it is possible to endow the vector space B(X) with the structure of a semi-normed
space.

2
Proposition 4. [T]] For oll T € B(X) it is true that
|17 (w), yll < [IT][[|w, yll

for all w,y,z € X.

3. Main Results

3.1. 2-Tensor Product

In this section, we introduce the notion of the 2-tensor product of elements in vector
spaces equipped with a generalized 2-inner product.

Definition 5. Let (X3, (-,-|)1) and (Xa,(-,-|-)2) be spaces with a generalized 2-inner
product. Given x1 € X1 and xo € X, the 2-tensor product of r1 and xo, denoted by

2
r1 ® X9, is the function

2
T @SUQZ(X1XX2)X(X1XX2)—>C

defined by

(21 & x2) ((t1,t2), (r1,72)) = (z1,t1 | 1)1 (2,82 | 72)2-

Proposition 5. Let (X1, (,-|-)1) and (X, (-,-|-)2) be spaces with a generalized 2-inner
product. For all x,x1,y1 € X1, To,y2,y € Xa, and all a, 5 € C, the following properties
hold:
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) 2
i) 2® 02 =0

2
i) 01 ®y=0

2 2 2
i11) (Ole) ®x9 = a(a:l O x2) =21 © (az2)

iv) aB(z1 O x2) = (az1 O Bra)

2 2 2
v) (14 11) © 22 = (21 © 22) + (11 © T2)

2 2 2
vi) 1 O (T2 +y2) = (21 © T2) + (71 © Y2)
Proof. Let t1,71 € X} be and to,ry € A5 be.

D) (21 00)((t1,£2), (11, 72)) = (@1, t1]r1)1 (0, Elra)s = (a1, ta]r1)1 - 0 = 0

2
i) (01 © x2)((t1,t2), (r1,72)) = (01, t1]r1)1 (@2, talra)e = 0 - (22, t2|ra)e = 0

111) ((aml) C?)ZUQ)((tl,tQ), (7‘1,7"2)) = (O[.’El,t1|’r‘1>1<$2,t2|’l“2>2 = a<$1,t1’T1>1<$2,t2‘7’2>2
— (1, talrad ((awn). talra)z = (a1 @ (aw2))(t1,t2), (r1,72))

= a1 5 x2)((t1,t2), (71,72))

iv) (az & Br2)((t1,t2), (11,72)) = ((@w1), t1|r1)1{(Bx2), t2|re)2 = alw1, t1|r1)18(z2, t2|r2)2
— aB(wr, tilr) (@2, talras = aB(zy ® @) ((t, t2), (11, 72))
1+ Y1), t1|ri)yi(xe, ta|ra)e

(
(1, t1|r)1 + (Y1, trlri)1) (w2, ta|ra)2

x1, t1|7"1> (xa,ta|ra)e + (Y1, t1|r1)1{xe, ta|ra)2

210 z2)((t1,t2), (r1,7m2)) + (y1 & z2)((t1,t2), (r1,72))

V) (m1 4 91) © 22)((t1, 1), (1,72)) =

{
= (
=
= (

vi) (21 & (z2 +y2))((t1,t2), (11,72)) = (@1, ta[r1)1{(z2 + y2), talr2)2
x1, t1|ri) 1 ((z2, talra)e + (Y2, ta|r2)2)

(
=
= (x1, t1|T1>1<$2, ta|ra)e + (1, t1]ri)1 (Y2, t2|ra)2
= (

110 z2)((t1,t2), (r1,72)) + (21 & y2)((t1,t2), (r1,72))
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3.2. Algebraic Tensor Product

Next, we introduce the notion of the algebraic tensor product between two vector
spaces endowed with a generalized 2-inner product.

Definition 6. Let (Xi,(-,:[-)1) and (Xa,(-,-|-)2) be spaces with a generalized 2-inner
2
product. We define their algebraic tensor product, denoted by X1 © X, as

2 i 2
X1 O A = {ZB’L (2 © ;) |[neEN*, B, €C,m; € Xy, i € XQ}-
i=1
2
Note that X1 ® Xo is a complex vector space.

2 2
Note that by the properties of the mapping ® every element of the vector space X1® Xa
2
can be written simply as > " | x; © y; with ; € X1, y; € Xo and n € N.
In the following theorem, we equip the vector space from Definition[6] with a generalized
2-inner product, which we call the generalized 2-inner tensor product.

Theorem 3. Let (X1, (-,-|-)1) and (Xa, (-, -|-)2) be spaces with a generalized 2-inner product.
Then the mapping

2 2 2
<§,77 ‘ /\>(% : (Xl @Xg) X (X1®X2) X (X1®X2> — C
defined by
EmlA)2 = inQyi,szij ) ZTtQSt = ZZ&'J (i, zj | )1 (Yi, wy | s¢)a,
© i=1 j=1 t=1 i=1 j=1 t=1
where

is a generalized 2-inner product.

Proof. Let
n 2 m 2 2 g 2
fZZl‘i@yi, HZZZJ'@wj, /\ZZTtQSt, U:ZleUk

i=1 j=1 =

t=1 k=1

2
be elements of X1 ® A> and let o € C. To verify linearity in the first slot, first observe

that
n—+p

)\:Zrtéstz Z xiéyi,

t=1 i=n+1



M. Luis, F. Osmin, S. Arley / Eur. J. Pure Appl. Math, 18 (4) (2025), 6613 8 of 17

2 2
where we set Tpit © Ynir =1t © ¢ for each 1 <t < p. Hence

n+p

E4r=> 7 Oy

=1

Therefore:

n+p
<£ + Av”“ﬂé = <sz © yzv
Jj=

n+p m g

g
Zj éw]|2lkévk> ZZZ&] $Z7Zj‘lk <y1aw]‘vk>
k=1

1 g =1 j=1k=1

n m g ntp m g
= DO Giglan 2l (o wilvedz + > D 0D G, 2|lk)1 (v, wj vk
=1 j=1 k=1 i=n+1 j=1 k=1
n o m g p m g
= Z Z Z 8 j (@i, 2|1 (i wilvg)2 + Z Z Z Ontt,j (Tnrts 25| U) 1 (Yne, wilvg)2
=1 j=1 k=1 t=1 j=1 k=1
n o m g p m g
= D> diglan zlkh i wilvn)z + DD 0> 1 8i(ri, 251k (siwjlvw)

In addition,

"o ! 2 L.
<045a77’)\>é = <azxi Gyi,ZZj © w| Zrt © st
=1

~——
©}
—
M=
=}
.M%
&
Ow
&
M@
.
Ow
&
~—

j=1 t=1 i=1 j=1 t=1 2
n m p
= Z ax; @y@,ZzJ @w]| Zrt @ Sy = ZZZ‘SJ axi), Zi|re) (Y, wilse)o
i=1 i=1 j=1 t=1

n m P p

= ZZZMSM (w4, 2j|Te)1(Yi> Wy 51)2 QZZZ5,J (T3, 25]Te)1(Yi> wil5t)2

i=1 j=1 t=1 i=1 j=1 t=1

3
3

Let us now show that this mapping is Hermitian.

n T

p
f 77|>\ 2 = ZZZ@] I‘Z,Z]|’I“t ylvw]|5t 2225 Z]al'z|rt <wj,yi|5t>2

i=1 j=1 t=1 =1 j=1 t=1

s n p

= ZZ i <Zj,96z'|7”t>1 <wjayi’5t>2 = <7775\)\>5-
1

j=1i=1 t=
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Therefore the mapping (-, -|-) 2 is Hermitian. Moreover, we have

55’)‘ <sz®ymle®yl’ Zrt®3t>

n n P n p
= SOl (ol = 30wl ol
i=1 =1 t=1 i=1 1=l
n P p p n
= ZZ T’t,7’t|$z St, St’yz ZZZ(;N 7’377’t|$z> <3j78t|yi>2
i=1 t=1 j=1t=11i=1
P 9 P n 9
= <ZT] © SJ’ZTt @ St ’ Z @ > <)\7A|§>2
- ; O]
7=1 t=1 =1 ®

2
Finally, it is clear that (£,&|A\)2 > 0 for all {, A\ € X1 © A,. Hence (-,-|-)2 defines a
® ®

2
generalized 2-inner product on X} ©® Ab.

Example 2. Consider C? equipped with the application (-,-|-)c2 : C2 x C?> x C? — C
given by

(w1, 22), (y1,92)| (21, 22)) 2 == w1 | 217 + waBal 20l (w1, 22), (91, 12), (21, 22) € C*.
In addition, let us consider C with the application (-,-|-)c : C x C x C — C given by

(z,y]2)¢ = ay|z|*, ,y,2 €C.

2
Thus, given (a,b) € C? y ¢ € C, the function (a,b) ®c: (C? x C) x (C2xC) — C

((a, b ) (@1, 22), ), (1. 12),0)) = ((@,5), (22, 22)| (91, 92))s - {es dlede
= (aiﬁ|yl’2 + b@|y2|2) (CE|€|2) = ac?l3|yle|2 + 509723|y2e|2
= <(CLC, bc)a ($1d’ $2d)|(y1€, 3/26)><C2

for all ((z1,22),d),((y1,12),e) € C?> x C. Now, the tensor product of the spaces with

generalized 2-inner product (C2, (-,-|-)c2) and (C, {-,-|")¢), in accordance with the Definition
2 2

H is given by C> ® C = {Z?l(xl,yz) Oci:neN,(z,y) €C?eeC1<i< n} , and

2 2
the generalized 2-inner product of Theorem@ ) (C? @(C) x(C?2GC)x (C26C) - C,
has the form
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n m P
(3 77|)\>5 =3 i@ i), (25, w) (ks sk)) 2 (e, djlex)e
i=1 j=1 k=1
n m p
=Y 3N Si((wich, vici), (zidi, wids) | (rre, skex))c2
i=1 j=1 k=1
=3 ((wici, yici), (zidi, wids)|(re, skex)) e
i=1 k=1
n p
=3 wicizdi|rrer|® + yiciwidi| sper |
i=1 k=1
" 2 i 2 P 2 2
for all £ = Z(mi,yi) ©ci,n = Z(Zj,w]') Odj, A= Z(rk,sk) Ge,eCrOC.
i=1 j=1 k=1

Next, we equip the algebraic tensor product space from Definition [6] with a generalized
2-norm, which is induced by the mapping defined in Theorem
Theorem 4. Let (X1, (-,-|-)1) and (Xa, (-, -|-)2) be spaces with a generalized 2-inner product.

2
We define a generalized 2-norm on X1 ® Xa, called the induced 2-tensor norm by the
generalized 2-inner product of Theorem|[3, as the mapping

2 2
||'»‘||52 (X1OX) x (X1 ©X) — R

given by
€z = SEEN:,  EAEHO X
Proof. Since (-,-|-)» is a generalized 2-inner product, it follows that ||-,:||. defines a
generalized 2-norm. The proof is straightforward and analogous to the classical case.

Following the work of Lewandoska [22], we introduce the notion of a 2-bounded linear
operator on the 2-tensor product of spaces with a generalized 2-inner product.

2
Definition 7 (2-bounded operator). Let (X; © X, ||-,-||2) be the generalized 2-normed
©

2
space from Theorem and let T be a linear operator T a linear operator on X1 ®Xy. Then
we said that T is a 2-bounded linear operator if there exists a positive number o > 0 such
that

2
HTw,zH% <« Hw,zHgj for allw,z € X1 © Xa.

2 2
The symbol B(X) ® Xa) will denote the set of 2-bounded linear operator on Xy ® Xa, that
18,

2 2 2
BX©Xy) :={T: X1 0X — X ©Xy: T is linear and 2-bounded}.
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2
Remark 3. It is clear that the set B(X1 ®Xa) can be endowed with a vector space structure
over C, by means of the pointwise operations of operators.

i 2
Definition 8. [T}/ If T € B(X1 © Xa), we define | T||2, by
©

IT||. =inf{a > 0: ||T(w), 2|2 <allw,z|2 for all w,z € X}.
© © ©

2
Theorem 5. [T} In the context of the Deﬁnition@ for all T € B(X) it is true that
1T > = sup{||Tw, 2] > : w, 2 € X and ||lw, z]|, =1}
© O] ©
1115 = sup{Tw, 2]l 5 = w, 2 € X and |lw, 2] < 1)
® ® ®
[Tw, z]] »

T2 =sup{ —2 :w,2 € X and |w,z||, #0
s [P s

Moreover, thanks to the Definition [8] we prove that given a generalized 2-normed space

2 2
X1 ® Ab, it is possible to endow the vector space B(X; @ As) with the structure of a
semi-normed space.

2
Proposition 6. The mapping || - ||2 : B(X1 © X2) — R given by
®

17 (w), 2] »

2
\|T||ézsup tw,z € X1 © Xy and Hw,zHgD #0

T

2
defines a semi-norm in B(X; © Xy).
The proofs are obtained from [I4] using Theorem
i 2
Proposition 7. [T])] For all T € B(X) ® Xy) it is true that | T (w),y|l. < [|T||||w,y| 2 for
® ®

2
all w,y,z € X1 ® Xs.

4. Tensor Product of Linear Operators

In the following definition, we establish the notion of the 2-tensor product of linear
operators on spaces with a generalized 2-inner product.

Definition 9. Let (Xi,(-,-|-)1) and (Xo,(-,-|-)2) be spaces with a generalized 2-inner
product, and let T: X1 — X1, S: Xy — Xy be linear operators on X1 and X, respectively.

2 2
Then the 2-tensor product of T and S on X1 ® Xs, denoted by T'® S, is the linear operator

2 2 2
TOS: X10X — XA10X
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defined by

(TC% S) (i T g) yz> = i(sz) é (Sui),

i=1 i=1
N 2 2
for each Y " jx; © y; € X1 © X,

Remark 4. Let (X1, (-,-|-)1) and (Xa, (-, |-)2) be spaces with a generalized 2-inner product.
2 2
We denote the tensor product (Iy ® I3) on Xy © Xa by Io; this is the identity mapping on
2 2 2
the vector space Xy ® Xo. Indeed, for every € =3 1 1 x; © y; € X1 © Xy,

2 ~ 2 " 2 "~ 2
I6(&) = (Ih ®12)<Z$i © yz> = thi © ly; = sz Oy=§
i=1 i=1 i=1
Note also that ||I5]|. = 1.
©

Proposition 8. Let (X1, (-,- | -)1) and (X2, (-,- | -)2) be spaces with a generalized 2-inner
product, let T1,51: X1 — X1, Ty, 59: Xo — Xs be linear operators, and let o, 5 € C. Then
the following identities hold:

. 2 2 2

i) TiS1 © ThSo = (Ty © Tz) o (51 © S2);

N 2 2

it) af (Ty © Tp) = (aT1) © (BT2);

2 2
i) Ty © (To +S2) = (Ty © Tp) + (T1 ® Sa);
2 2 2
w) (Th+51) © To = (11 © Te) + (S1 © Tr);
2 2 2 2 2
v) (T1+51) © (Ta+S2)=T1 ©Ta+T1 © S2+ 51 © Ta + 51 © So;
2
vi) Ty ® Ty is invertible if and only if both Ty and Ty are invertible, and in that case

2 —1 1 2 5
(Tl ® Tg) = Tl © T2 .

Proof. The proofs follow directly by applying each operator definition to a simple tensor

sum § =Y 0w (?) y; and grouping like terms, using associativity and distributivity of
sums and scalars, as well as the definition of the tensor-product operator. The invertibility
statement in (vi) uses the fact that a tensor-product of invertible operators is itself
invertible, with inverse given by the tensor product of the individual inverses.

Example 3. If we consider (C%,(-,-|)¢c2) and (C,{-,-|)¢c) as in Ezvample @ then the
following mappings are linear operators

T:C? - C?, T(a,b) = (0,a), (a,b) € C2
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S:C—C, S(c)=ic, ceC,

2 2 2 2 2
and consequently, for each > p_,(ak,br) ® ¢ € C20C the map TGS : C*0C — C*6C
s given by

n n n n
2

(TéS) (Z(ak,bk) é Ck> = ZT(akvbk) (?) Sck = Z(O,ak) C?) ick = iZ(O,ak) © cg.

k=1 k=1 i=1 i=1

Now, for all ((z1,72),d), ((y1,y2),e) € C? x C we have

(iZ(Oyak) é Ck) (((x17x2)7d)7 ((y17y2)76)) - iz<(07ak)v ($17$2)‘(y17y2)><c2 <Ck,d‘€>(c

k=1

n n
=i Z axcrrad|ye|® = izad|yse|? Z aicy,
=1 pa}
= izad|yse|*(a, &) cn

where a = (a1, -+ ,ap), ¢ = (¢1,-+,¢,) € C" and (-,-)cn denotes the classical inner
product on C™.

Remark 5. Given two spaces with classical inner product (X1, (-,-)x,) and (X2, (-,*)x,),
andx € X1,y € Xo, we know that x®@y is defined as the mapping x@y : X1 X Xo — C, given
by (x ©y)(r,s) = (x,r)x(y, s)y for all (r,s) € X1 x Xy (see [11]). Now, we can consider
the application xOy : (X] x Xa) x (X1 x Xz) — C, defined by (zOy)((z1,y1), (T2, 92)) :=
(z ©®y)(x1,y1). Thus we obtain the following complex vector spaces

X © Xy = {Zai(:ciQyz'):ai eC,x; € Xy,y; € XQ,TLEN}
i=1

m
XléXQZ Zﬁj(xjéyj) Zﬁj E(C,$j EXl,yj € Xo,meN
j=1

whose relationship is expressed in the following proposition:

Proposition 9. Let (X1, (-,-)1) and (Xa, (-, -)2) spaces with a classical inner product. Then
X1 0 Xy = X0X,.

Proof. Consider the linear transformation ¢ : X1 ® Xo — X1©X> given by

n n
SO(Z T ©y;) = ZCUi@ZJi
i=1 i=1

note that clearly ¢ is bijective.
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Theorem 6. Let (X1, (-,)1) and (Xa, (-,-)2) spaces with a classical inner product. Then,
2 N 2

X1 © Xs is a vector subspace of X10Xs, where the vector space Xy © Xo is defined as in

the Definition [3]

2 . 2
Proof. It is enough to see that X1 ©® X C X1OX,. In fact, whether £ € X} ©® &5 then
there is a natural number n, and there are {a;};; C C, {%}, L C X {yit, € A such

2
that £ = Y1 | ai(@; © y;). However, for all (z,y) € X1 x Xy and all (r,s) € X} x Xp with
Irllx =1,||s|ly =1 it is necessary to,

n n

§((z,y), (r,5)) = (Z; i & ) (2, ), (1)) = z;(ai(xi & yi)((@,9). (r,s))
= Zaz i, x|r) x (Yi, yls)y = Zlaz i, ) x||r5c (i ) [Is ¥
= Za, i, ) x (Y, y)y = ;az 2:0yi) (2, y), (r, 5))
= (Zn; ai(ziOy:))((z,y), (r,5))

Then, £ = > | ai(7;0y;) € X1OXo. Therefore £ € X1OXs.

Proposition 10. Let (X1, (-, - X | )1) and (Xg, (-] ) ) be spaces with a generalized 2-inner
2
product, if Ty € B(X), Ts € B( 5) then Ty @ T € B(Xl @ Xs).

2 2 2
PT’OOf. Let El = 2?21 T; © yi,§2 = Z;nzl (A NORTS X © Ap with Hfl,fgué = 1. Thus,

we have

2

[ Emene, = (@ Emie.m Eniaie),
© ©
= <Z Ty(a:) © Talys), > Ti(x)) O Ta(y))| > 3 8k>
i=1 j=1 k=1 3
=X 6y (Tu(@), Tu(ay) )y (Tai), To(ys)lsw)y
i—1 j=1 k=1
=0 (Tu(@), Ta(wy) ) (To(wi), Tayy) k)
=1 k=1

n m
=" ITa) el 1T wi), sl

i=1 k=1
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n m
2 2 2 2
<D T llwis el I My, silz

i=1 k=1

n m
= TP I Y0 D s il Hlyss sl
i=1 k=1
2 2 2 2 2
= 1T IT2I 162, &2z = Tl (172l

2
Therefore |[(T7 © T2)(&1), &2

, ST
o

Proposition 11. Let (&1, (-, '|'>X1)’ (A2, (- '|'>X2)7 V1, (- "'>371)7 (I, (-, '|'>y2) spaces with
generalized 2-inner product and T : X1 — Xo and Ts : Y1 — Yo linear operators, then

T1XT22X1X3)1—)X2X3}2
(z1,91) = (T1 X T2)(z1,91) = Ti(21) © Ta(y2)

s a bilinear operator.

Proof. In fact, note that for all 21,2} € X} and all y1,y} € V1 is met

(T1 x To)(axy + 2, y1) = Ti(axy + 21) © Ta(yr) = (T (z1) + T1(2})) © Ta(yr)
= (aTi(21)) © Ta(y1) + Ti(2)) © Ta(y1)
= a(Ti(z1) © Ta(y1)) + T1(x7) © Ta(yr)
= a(Ty x Ta)(z1,91) + (T1 x T2)(x), y1)

(Ty x To)(x1, 91 + 1) = T1(x1) © Ta(yr +y1) = Ti(x1) © (Ta(ayr) + Ta(vh))
=Ti(z1) © (aTa(y1)) + T1(21) © Ta(yy)
= a(Ti(z1) © Ta(y1)) + T1(21) © Ta(yy)
= a(Ty x To)(x1,91) + (T1 x Ta)(21,91)

5. Conclusions

In this research, we introduced the notion of tensor product of elements of spaces
equipped with a generalized 2-inner product, calling it the 2-tensor product (see Definition
5)), which turns out to be a bilinear mapping in the sense of Proposition |5} as in the classic
case. We also define the algebraic tensor product of spaces endowed with a generalized
2-inner product and prove that it satisfies all fundamental properties (see Proposition
5)). Furthermore, we define a generalized 2-inner product on the algebraic tensor product
(see Definition [6)) and induced a 2-norm, which we call the induced 2-tensor norm (see
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Theorem . We also established the notion of the 2-tensor product of linear operators
on spaces with a generalized 2-inner product (see Definition E[), and demonstrated that
several well-known identities for operators in inner product spaces remain valid in this
new structure (see Proposition . Finally, the notions established in this work have been
illustrated with examples (see Example [2| and Example . In this context, other theories
can be developed, such as frame theory, soft set theory, the theory of functions of bounded
variation, the study of the numerical range of operators, and others.
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