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Abstract. This article presents several results concerning the exactness of covariant and con-
travariant Hom functors and their derived functors in a balanced abelian category 7. In particu-
lar:
(i) The functors Homg (X, —) and Homg (—, X) are left exact, and become exact if and only if
X is projective (resp. injective).
(ii) The functors Homcomp(er) (X, —) and Homeomp () (—, X) on the category of complexes Comp(2/)
preserve this behavior.
(iii) The homological functors H, (X, —) and H,(—, X) are constructed for all n € Z.
(iv) For projective X, the connecting morphism A, : H, (X, =)(T,7)) = Hpp1(X, =) ((Y,))
allows H, (X, —) to send short exact sequences in Comp(%/) into long exact sequences in Ab.
(v) Similarly, for injective X, the morphism d,, : H,(—, X)((Y,a)) = Hyi1(—, X)((T,7)) shows
that H,(—, X) also preserves long exact sequences.
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Introduction

The main objective of this article is to study the exactness of the functors Hom (X, —)
, Hom (=, X) : & — Ab, Homcomp () (X, =), Homgomp(ar) (—; X) : Comp(&/) — Comp(Ab)
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and the homological functors H, (X, —), H,(—, X) : Comp(</) — Ab where ¢/ is a bal-
anced abelian category, Ab the category of abelian groups, and n an integer in Z. This
study is motivated by extending the fundamental concepts of homological algebra from
the category of modules to an arbitrary balanced abelian category. This generalization
is not straightforward, as evidenced by the proofs of the various results mentioned in the
abstract. Furthermore, this work is inspired by the exactness of the functors Homa (X, —),
Homa (—, X) and the homological functor H,, : Comp(A-Mod) — Ab in the category of
left A-modules A-Mod (resp. right A-modules Mod-A) and complexes of left A-modules
(Comp(A-Mod)) (resp. complexes of right A-modules Comp(Mod-A)): ”The functor and
its relationship with homological functor” [1], ”Localization, Isomorphisms and Adjoint
Isomorphism in the Category Comp(A- Mod”[2],” Localization of hopfian and cohopfian
objects in the categories of a-mod, agr (a-mod) and comp(agr(a-mod))” [3], ” Adjunction
and localization in the category a-alg of a-algebras” [4], "Modules and rings” [5], ”Notes
on homological algebras” [6], ”Abelian categories” [7], "Des catégories abéliennes” [§],
” An Introduction to Homological Algebra” [9],” An introduction to homological algebra”
[10] and other important results on abelian category and homological functors by the
autors: ElHadjOusseynou [11], Joseph .J Rotman [12], [13], Bassirou DEMBELE [14],
Ahmed OULD CHBIH [15], Charles A weibel [16], Ahmed OULD CHBIH et al [17],[18]
and Moussa Thiaw [19]. Thus, the article is structured as follows:

In Section 1 titled preliminary results, we provided the following definitions: abelian
category, balanced category, Comp(/), exact sequence in Comp(/). And we presented
some preliminary results.

In Section 2, titled the exactness of the functors Hom . (X, —) and Hom, (—, X), where
&/ is a balanced abelian category and X is an object in /. The following results have
been shown:

(i) Let o7 be a balanced abelian category and X an object in 7. Then the covariant
functor denoted Hom (X, —) : &/ — Ab, defined by:
(a) VY € Ob(«), Hom(X,—)(Y) = Hom(X,Y) € Ob(Ab);
(b) Vf € Homy (Y, Z),
Homﬂ(Xvi)(f):Hom%(Xaf):f* HOmW(X,Y) — Hom%(XﬂZ)
¢ — fod

; is additive, left-exact functor and it is exact if and only if X is a projective object
in .

(ii) Let o be a balanced abelian category and X an object in 7. Then the contravariant
functor denoted Hom g (—, X) : & — Ab, defined by:

(a) VY € Ob(&), Homy(—, X)(Y) = Hom (Y, X) € Ob(Ab)
(b) Vf € Homy (Y, Z),

Homy(f,X)=f*: Homy(Z,X) — Homy(Y,X)
¢ — pof
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is additive, left-exact functor and it is exact if and only if X is an injective object
in .

In Section 3, titled the exactness of the functors Homcomp(.) (X, —) and Homegmp () (—, X)
where 7 is a balanced abelian category and X is an object in /. We proved the following
results:

(i) Let o/ be a balanced abelian category and X an object of 7. Then:

(a) the functor Homggmp(w) (X, —) : Comp(&/) — Comp(Ab) is a covariant, addi-
tive, and left-exact functor;

(b) the functor Homcomp () (X, —) : Comp(&/) — Comp(Ab) is exact if and only
if X is a projective object in <.
(ii) Let o be a balanced abelian category and X an object of o/. Then:

(a) the functor Homgomp(wy(—, X) : Comp(/) — Comp(Ab) is a contravariant,
additive, and left-exact functor;

(b) the functor Homcomp(a)(—, X) : Comp(/) — Comp(Ab) is exact if and only
if X is an injective object in &7.

In Section 4, we studied the homological functors of degree n: H, (X, —), H,(—, X) :
Comp(«/) — Ab where o/ is a balanced abelian category and n is an integer in Z. We
proved the following results:

(i) The functor H, (X, —) is a covariant additive functor.

f

(ii) Let (0) —— (Y, ) (Z,8) —2— (T, ) — (0) be a short exact sequence
of morphisms in Comp(.«/), where X is a projective object in ./ and < is a balanced
abelian category. Then:

(a) We call the morphism of connection associated to the functor H, (X, —), de-
noted by A, the morphism defined by:

Mot Hy(X,=)(Thy) — ﬁn+1(X (Y, @)

TN Y 7
-~ — PR Gte)
(b) The sequence
e (X, (Y, a) 2 (X, 2)((2, 8) 2 (X - )) A

Foa (X, () 2 B 062,00 (6, - ()

is a long exact sequence of abelian group morphlsms. That is, for all n € Z:
m(Ho (X, —)(f)) = Ker(Hu (X, -)(9))

m(H, (X, )( 9)) = Ker(An)

()‘ ) (HnJrl(Xv*)(f))



A. Diallo, M. B. F. B. Maaouia, M. Sanghare / Eur. J. Pure Appl. Math, 18 (4) (2025), 6640 4 of 28

(iit) The functor H,(—, X) is a contravariant additive functor.

f

(iv) Let (0) —— (Y, @) (Z,8) —2— (T,v) — (0) be a short exact sequence

in Comp(&), where &7 is a balanced abelian category and X is an injective object
in /. Then:

(a) We call the morphism of connection associated to the functor H,(—, X), de-
noted by A, the morphism defined by:

Hn(_aX)((Y7a)) — ﬁn+1(_7X)((T’7))

511 . — " - 5 Vn € Z
kn+1 — gn-‘ré( n+1(fn+%<kn+1>))
(b) The sequence
ol IjIn(—,X)( ) ra gn(_7x)(f) r 5n
————— Ho (=, X)((T,7)) =5 Ho(—, X)((Z, 8)) == Ho(—, X)((V, ) ——

Hor (= (@A) (- x0 (2,8 2

is a long exact sequence in Ab. That is (for all n € Z):

w1 (= X) (V) s

Im(Hn(—, X)(9)) = Ker(Hn(—, X)(f))
Im ) (

(fo(—, X)(f)) = Kex(5,)
n(6,) = Ker(Hyy1 (= X)(9)).

1. Preliminary Results

[Abelian Category]
An abelian category is a category & that satisfies the following conditions:

(i) the category o has a zero object;

(ii) for all objects X and Y in o7, the set Hom (X, Y") is endowed with an abelian group
structure whose composition law is denoted additively ;

) the composition in & is bilinear with respect to the additions;
) every finite family of objects in &/ has a coproduct;
(v) every morphism in &7 has a kernel and a cokernel;
) every monomorphism in .27 is the kernel of its cokernel;
) every epimorphism in & is the cokernel of its kernel.

[Balanced Category]
A category ¥ is balanced if:
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(i) every monomorphism of % is retractable;
(ii) and every epimorphism of € is splittable.

[Left Exact Sequence in /]
Let (S): 0 = X 1, v % Z be a short sequence of morphisms in 7. Then (S) is called
left exact if:
go f =ex z, where ey z is the zero morphism of the abelian group Hom,, (X, Z)
N(f) = (0,e0,x) where ep x : 0 = X is the zero morphism of the abelian group Hom,, (0, X)
coN(h) = (0, ex,0) where ex g : K — 0 is the zero morphism of the abelian group Hom,, (K, 0)
with h  the morphism satisfying ioh = f and Kerg= (K,1).

K
A
h » l
V2 K2
Ve
0—x 1y
[Right Exact Sequence in &/]

Let (S): X 5 v % 7 - 0 be a short sequence of morphisms in /. Then (S5) is called
right exact if:

Y .7

go f =ex z, where ey z is the zero morphism of the abelian group Hom, (X, 2)

CoN (g) = (0,ez,0) where ez : Z — 0 is the zero morphism of the abelian group Hom/(Z,0)
coN(h) = (0,ex,0) where ex g : K — 0 is the zero morphism of the abelian group Hom,, (K, 0)
with h  the morphism satisfying ioh = f and Kerg= (K,1).

K

be
h » l
/ 7
/
f y 9

X A 0
[Exact Sequence in /|

Let (S): 0 - X ¥y % Z — 0 be a short sequence of morphisms in 7. Then (S) is

called exact if it is both left exact and right exact. That is:
(go f = ex,z, where ex 7 is the zero morphism of the abelian group Hom (X, Z)

N(f) = (0,e0,x) where ep x : 0 — X is the zero morphism of the abelian group Hom (0, X)
coN (g) = (0,ez0) where ez : Z — 0 is the zero morphism of the abelian group Hom,,(Z,0)
coN(h) = (0, ek,0) where ex : K — 0 is the zero morphism of the abelian group Hom,, (K, 0)

with h  the morphism satisfying ioh = f and Kerg= (K,1).

K
A
h/l.
/Z
7
x Ly ¢

VA 0
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Remark 1.
0 denotes the zero object of the category <f .

[Comp(/)]
The category of complexes of an abelian category 7, denoted Comp(47), is defined by:

(i) The objects are complex sequence in <.
A complex sequence in &7 is a sequence of morphisms in &7 (v, : X, = Xpt1)nez,
denoted (X, @), such that a1 100, = €x,,,x,,, Vn € Z, where ey, x,., is the zero
morphism of the abelian group Hom (X, Xp42).

(ii) The morphisms (arrows) are complex chains in 7.
Let (X,a) = (o + X5y = Xpti)nez and (Y, 8) = (Bn @ Yo — Yat1)nez be two
complex sequences in &/. A complex chain (f, : X, — Yu)nez, denoted f :
(X,a) — (Y,5), is a sequence of morphisms in & such that: fn41 0a, = B, 0
fn VneZ.

[Right Exact Sequence in Comp(.«/)]
Let (5) : (Y,a) ST (Z,8) —L— (T,7) ——— (0) be a short sequence of mor-
phisms in Comp(&/) where 7 is an abelian category. Then we say that (S) is right exact

if for every integer n in Z the sequence Y, In Zn, o T, 0 is
a right exact short sequence of morphisms in «7. [Left Exact Sequence in Comp(.</)]

Let (S) : (0) (Y, a) —L
phisms in Comp(&/) where & is an abelian category. Then we say that (5) is left exact

if for every integer n in Z the sequence 0 Y, In Zn I T,
is a left exact short sequence of morphisms in /. [Exact Sequence in Comp(</)]

(Z,8) —2L— (T,~) be a short sequence of mor-

Let (S): (0) —— (Y, ) E . (Z,8) —L— (T,) ——— (0) be a short sequence
of morphisms in Comp(2) where o7 is an abelian category. Then we say that (.5) is exact if

for every integer n in Z the sequence 0 Y, In Zn I T,

is a short exact sequence of morphisms in /. Let &/ be an abelian category. Then
Comp(«) is an abelian category.
Proof. See Page 319 [9].

Let &7 be a balanced abelian category. Then Comp(%) is a balanced abelian category.
Proof.
Let & be a balanced abelian category, which means: every monomorphism in & is a
retraction and every epimorphism in &/ is a section.

e Let f:(X,a) = (Y, ) be a monomorphism in Comp().
Since f is a monomorphism, it follows that for every n € Z, f,, : X,, — Y, is a
monomorphism in /. And since & is balanced, for every n € Z, f, : X;, — Y}, is
a retraction. Therefore, f is a retraction.



A. Diallo, M. B. F. B. Maaouia, M. Sanghare / Eur. J. Pure Appl. Math, 18 (4) (2025), 6640 7 of 28

o Let f:(X,a)— (Y, ) be an epimorphism in Comp(.«7). Since f is an epimorphism,
it follows that for every n € Z, f,, : X,, — Y}, is an epimorphism in /. And since
&/ is balanced, for every n € Z, f,, : X,, — Y}, is a section. Therefore, f is a section.
Hence, every monomorphism in Comp(.7) is a retraction and every epimorphism of
Comp(«/) is a section.

Thus, Comp(«/) is balanced. According to the proposition 1, Comp(</) is balanced
abelian category.

2. Exactness of the Functors Hom, (X, —) and Hom,(—, X)

Let o/ be an abelian category, X,Y € Ob(«/), and f : X — Y a morphism of .«/.
Then:

(i) The kernel of f, N(f) is zero if and only if f is a monomorphism.

(ii) The cokernel of f, coN(f) is zero if and only if f is an epimorphism.

Proof.

[label=)](=) Suppose that N(f) is zero and let us show that f is a monomorphism.
Let u,v: Z — X be two morphisms in &7 such that fou = fow.
We have:

fou=fov= fo(u—v)=ezy.

By the definition of the kernel of f, we have: N(f) = (K,4) implies that foi =ex y.
If N(f) = (K,1) is zero, then i = ex x and thus foi=exy = foexx = exy.
There exists a unique h : Z — K such that ex x o h = v — v. Hence,

Vi € Homg(K,X), with ex x being the neutral element of the abelian group
Hom (K, X), we have:

(i+exx)oh=(egx+i)oh=ioh=ioh+exxoh=exxoh+ioh=ioh
toh+egxoh=ioh+ezx =10h
exk,xoh+ioh=ezx +ioh=1io0oh

= €eK,X © h = €z X
Thus, we have:

ek xoh=u—v=ezx =>u—v=ezx
=u—vtv=ezx +v
=utezx =v

= U ="0.

Thus, f is a monomorphism.
(<) Suppose that f is a monomorphism and let us show that N(f) is zero.



A. Diallo, M. B. F. B. Maaouia, M. Sanghare / Eur. J. Pure Appl. Math, 18 (4) (2025), 6640 8 of 28

Let ¢ : K — X be a morphism such that foi=eg x.
But exy = foegx. Indeed: Vi € Homy(K,X), with ex x being the neutral
element of the abelian group Hom (K, X), we have:

fol(it+exx)=folexx+i)=foi= foitfoexx=foexx+foi=foi
= foexx =eky
Since f is a monomorphism, i = ek x. Thus, the kernel of f, N(f), is zero. (=)

Suppose that coN(f) is zero and let us show that f is an epimorphism.
Let g,h: Y — Z be two morphisms such that go f = ho f. We have:

gof=hof=(g—h)of=exz

Since coN(f) = (Y,p) implies p o f = ex 7, and since coN(f) is zero, we have
p = ey, and thus:
koeyr=g—h=eyyz

Thus, we have:

kO€Y,T=g—h=€y7Z:>g—h=€Z7X
=g—h+h=eyz+h
=g+eyz=nh
= g=h.
Thus, f is an epimorphism.
(<) Suppose that f is an epimorphism and let us show that coN(f) is zero.
Let p: Y — T be a morphism such that po f =ex 7.
Now, exr = ex,r o f. Indeed:
Vp € Hom, (Y, T), where ey r is the neutral element of the abelian group Hom (Y, T'),
we have:

(p+teyr)of=(evr+p)of=pof=pofteyrof=eyrof+pof=pof
N {p0f+6Y,T0f=POf+€X,T=pOf
eyrof+pof=exr+pof=pof
=eyrof=exr
We have:
pof=eyrof=exr.

Since f is an epimorphism, p = ey p. Therefore, the cokernel of f, coN(f), is zero.

Let & be a balanced abelian category and X an object in /. Then the functor denoted
by Hom(X,—): &/ — Ab defined by:
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(i) VY € Ob(«), Hom (X, —)(Y) = Hom,(X,Y) € Ob(Ab);
(i) Vf € Homy (Y, Z),
Homy (X, =)(f) = Homy(X, f) = f*: Homy(X,Y) — Homy(X,Z)
¢ — foo¢

is covariant, additive, left exact functor, and it is exact if and only if X is a projective
object in 7.
Proof.

e It’s evident that Hom, (X, —) : & — Ab is an additive covariant functor.

e Let us show that Hom (X, —) : & — Ab is a left-exact functor.
Consider the following short left-exact sequence of morphisms in -
f

0 Y AN

We will show that

Hom g (X, f)=f* Hom g (X,9)=g*
— _—

{exo} ———— Homy(X,Y) Hom (X, Z) Hom, (X, T)
is a left-exact sequence. It suffices to show that Ker(f*) = {ex y}, where ex y is the
neutral element (the zero morphism) of Hom, (X,Y’), and that Im(f*) = Ker(g*).
e Show that Ker(f*) = {ex,y}. Since f* is a morphism of abelian groups, the kernel
of f* is:

Ker(f*) = {6 € Hom/ (X,Y) : f*(6) = fo 6 = ex.z}.

where ex 7 is the neutral element (the zero morphism) of the abelian group Hom,, (X, Z).

Let ¢ € Ker(f*).
We have:

peKer(f*)= f(¢)=fop=ex_z.

Now, foexy = ex,z. Indeed, for all ¢ € Hom(X,Y'), where exy is the neutral
element of the abelian group Hom,(X,Y), we have:

fo(d+exy)=/folexy+¢)=fodp=fodp+foexy=/foexy+fop=/fog
:>{fo¢+f0€X,Y=f0¢+6X,Z=fO¢
foexy tfop=exz+fop=/fog

= foexy =exz.

Thus, we have:
fop=foexy=exz
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Or by hypothesis, the kernel of f is zero N(f) = (0,exp). Bylemma 2, f is a
monomorphism. Hence,

fop=foexy=d¢d=exy.

Thus, Ker(f*) = {exy}.

e Show that Im(f*) = Ker(g*).

- First, show that Im(f*) C Ker(g*). It suffices to show that g*o f* = e€xom,, (X,v),Hom,y (X, 1)
where efom , (X,v),Hom,, (X,7) 18 the zero morphism of the abelian group
Homap(Hom, (X,Y), Hom (X, T)). We have:

g o f*:Homy(X,Y) = Homy (X, T).
Let ¢ € Hom/(X,Y"). We have:
g of () =g (1" (¢) =g (fod)=go(fod)=(gof)od

=eyro¢ (since by hypothesis, go f =ey )
=ex T because

for all ¢ € Homy (Y,T'), where ey is the neutral element of the abelian group
Hom, (Y, T), we have:

(Y+eyr)op=(eyr+i)op=vpop=vop+teyrop=eyrodp+top=1od
N Yopteyrop=vodtexr=1o
eyrop+vop=exr+pop=1o

=eyro¢=exr.

¢
¢

Thus, g o f* = €Hom,, (X,v),Hom,, (x,1)> and therefore Im(f*) C Ker(g*).
- Now, show that Ker(¢*) C Im(f*).
We have:

Ker(¢*) = {¢ €e Homy(X,Z) : g"(¢) =godp =exr}.

Let ¢ € Ker(g*) = Ker(Hom/ (X, g)). Show that ¢ € Im(f*). Consider the left-exact
short sequence of morphisms in :

oy LzoT

which implies:

— N(f) = (0,e0,y),

_gofzeY,Ta
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— coN(h) = (0, ek ), where h : Y — K such that ioh = f, with i : K — Z being
the kernel of g. That is, the following diagram commutes:

We have:
¥ € Ker(g") = g"(¥) = exr
=goY =exr.
Since coN(h) = (0,ex0), by Lemma 2, h is an epimorphism. Since </ is a balanced
category, every epimorphism is split. That is, there exists A’ : K — Y such that
hoh' =1k. Thus, the following diagram commutes:

Ke-Yo X
2
h// l/
P i
0 vyt z< 9 p

We have:
ioh=f=iohoh = foh

=iolg=foh
=i=foh
:Z‘Owlzfohlowl
== fo(h oy))
=1 = f*(h o).
Thus, ¢ € Im(f*). Hence, Ker(g*) C Im(f*).
Therefore, Hom (X, —) : & — Ab is a covariant, additive, and left-exact functor.
e Show that Hom, (X, —) : & — Ab is exact if and only if X is a projective object

in .

e Suppose X is a projective object in &/ and show that Hom, (X, —) : & — Ab is
an exact functor.
Consider the following short exact sequence of morphisms in o7:

f

0 Y z- 9.7 0
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We will show that
X, * (X,
{ex,0} —— Hom (X, Yssmgd—f> ltlom%(X, ZOM Iq—IomJZ{(X T)——{expo}

is exact. By part (i), we know that

X *
{ex,0} ——— Hom (X, Y}SOMJCHOInQ{ X, Zlg

om gy

—>gHom£¢ X, T)

is left-exact. It remains to show that Hom, (X, g) is an epimorphism.

Since X is projective, for every epimorphism ¢ : Z — T in &/ and every morphism
f: X = T in &, there exists a morphism ¢ : X — Z in & such that go ¢ = f.
This means the following diagram commutes:

ZT»T%O

That is, for every f € Homg (X,T), there exists ¢ € Homy(X,Z) such that
goo=f=g*(¢). Hence, Hom (X, g) = ¢* is an epimorphism.

e Conversely, suppose Hom/ (X, —) : &/ — Ab is an exact functor and show that
X is a projective object in &/. We have:

The exactness of Hom,/ (X, —) implies that for every short exact sequence of mor-
phisms in :

0 vyt gz ¢

T 0,

the sequence

(X * (X,
{ex,0} ——— Hom (X Y}SOM)fHom;y X, Zlgougl{omﬂ()( T)———{expo}

is exact. This means ¢* is an epimorphism. Therefore, for every epimorphism
g: Z — T in o and every morphism f : X — T in o/, there exists a morphism
¢ : X — Z in o such that go ¢ = g*(¢) = f. This means the following diagram
commutes:

Z—g»T—)O

Hence, X is a projective object in <.

Let &7 be a balanced abelian category and X an object in <. Then the functor denoted
by Hom(X,—) : &/ — Ab defined by:
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(i) VY € Ob(), Homy(—, X)(Y) = Hom,,(Y, X) € Ob(Ab)
(ii) Vf € Homy (Y, 2),
Homy (=, X)(f) = Homy (f,X) = f*: Homy(X,Y) — Homy(X,Z)
¢ — pof

is a contravariant, additive, left exact functor, and it is exact if and only if X is a injective
object in 7.
Proof.

e It is evident that Hom, (—, X) : & — Ab is a contravariant additive functor.

e Let us show that Hom/(—, X) : &/ — Ab is a left-exact functor.
Consider the right short exact sequence of morphisms in :
!

Y z—2 T 0

We must show that the sequence:

omgy (f,X)=f"
—

{eox} —— Hom (T, X0 40m (2, X Hom,, (Y, X)

is left-exact. It suffices to show that the kernel of ¢g*, Kerg*, is zero and that
Im g* = Ker f*.

e Let us show that the kernel of g*, Ker(Hom, (g, X)) = Ker ¢g*, is zero. By Lemma
2, it suffices to show that Hom, (g, X) = ¢* is a monomorphism. By definition of
Hom/ (g, X) = ¢g*, we have:

Homg (g, X) =¢*: Homy(T,X) — Homy(Z, X)
¢ — ¢poyg

Let ¢1, ¢2 € Hom (T, X) such that g*(¢1) = g*(¢2), i.e., ¢1 0 g = ¢p2 0 g. We have:
prog=dr09 = ¢1 = P2,

since by hypothesis, the cokernel of g, N(g), is zero, and by Lemma 2, g is an epi-
morphism. Thus, Hom, (g, X) = g* is a monomorphism.

e Let us show that Im ¢g* = Ker f*.

- First, we show that Im g* C Ker f*. It suffices to show that f*og™ = eom_, (7, X),Hom . (V,X)>
where egom, (7,X),Hom,, (v,x) i the neutral element (zero morphism) of the abelian

group
Hom g (Hom (7, X), Hom (Y, X)). We have:

ffog* :Homy(T,X) — Homy (Y, X).
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Let ¢ € Hom/ (T, X). Then:

ffog™(¢) =" (9°(¢)) = f(pog)=(¢og)of
=¢o(gof) (since by hypothesis, go f = eyr)
=¢oeyr =eyx, because

for all v € Homg (Y, T), where ey is the neutral element of the abelian group
Hom, (Y, T), we have:

po(uteyr)=¢o(eyr+u) =¢ou = pou+goeyr=¢oeyr+dou=c¢ou
pou+doeyr=d¢ou+t+eyx =¢ou,
poeyr+oou=eyx +oou=dgou,

= doeyr =eyx.

Thus, f* o g* = eHom,, (T,X),Hom,, (v,X), and therefore Im g* C Ker f*.
- Now, we show that Ker(f*) C Im g*. We have:

Ker(f*) = {¢ € Homy(Z, X) : f*(¢) = o f = evx}.
Let ¢ € Ker(f*) = Ker Hom,/(f, X). We show that ¢ € Im ¢g*. Since ¢ € Ker(f*),

we have:
¢ € Ker(f*) = f*(¢) =evx
— (Z)Of:exx.

Since the sequence:

f g

Y A T 0

is right short exact, we have go f = ey 7. Let coN(f) = (j, P), and by definition of
the cokernel of f, we have jof = ey p and there exists a unique morphism h; : P — T
such that h; o j = g. Thus, h; is an epimorphism. Indeed, let u,v : R — P such
that u o hl =7vVO hl- Then:

uohy =voh; = (uohj)oj=(vohy)oj
= wo(hioj)=wvo(ho})
= uog=wvogyg
= u=v (since g is an epimorphism).

Thus, h; is an epimorphism. Since .« is a balanced category, hi is a split epimor-
phism, i.e., there exists a unique h} : T'— P such that:

h1 oh/l = 1p.

Moreover, b} o g = j.



A. Diallo, M. B. F. B. Maaouia, M. Sanghare / Eur. J. Pure Appl. Math, 18 (4) (2025), 6640 15 of 28

Since ¢ o f = ey x, by the definition of coN(f), we have j o f = ey p, and there
exists a unique hy : P — X such that hs o j = ¢. That is, the following diagram

commutes:
T
/P
%1 Lhi
, 4
y—L 727 p
o i
X
Thus, we have:
¢ =hgoj

=hyo(hjog) (since hjog=j)
= (hgohi)og
¢ =g"(haohy).

Hence, ¢ € Im(g*). Therefore, Ker(f*) C Im g*. Thus, Hom(—, X) : & — Ab is
a contravariant, additive, and left-exact functor.

e We now show that Homg(—, X) : @ — Ab is an exact functor if and only if X is
an injective object in 7.
e Suppose X is an injective object in o/ and show that Hom, (—, X) : & — Ab is
exact. Consider the short exact sequence of morphisms in «:

0— sy -1 vz 9 7 9

We must show that the sequence:

{eo,x} —— Hom (T, %Ojﬂﬂgﬁgmﬂ(z’ %Tﬂgﬁfgmd(lﬂ X)——{eox}

is exact. By part 1, the sequence:

Oom g7 (g’X Ol g7 (va):f*
—_—

{eo.x} —— Hom, (T, X) S ftom, (2, X3 Hom,, (Y, X)

is left-exact. It remains to show that Hom, (f, X) = f* is an epimorphism. Since
X is injective, for every monomorphism f : Y — Z in & and every morphism
h:Y — X in &, there exists a morphism ¢ : Z — X in & such that ¢ o f = h.

This means the following diagram commutes:
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In other words, for every h € Hom, (Y, X), there exists ¢ € Hom,,/(Z, X) such that
¢po f= f*(¢) = h. Hence, Homy (f, X) is an epimorphism.

e Conversely, suppose Hom,/(—, X) : &/ — Ab is exact and show that X is an
injective object in «7. Since Hom, (X, —) is exact, for every short exact sequence in
o

0— sy I 79

T 0

the sequence:

{eo,x} ———— Hom (T, ng()%gﬁomﬂ(zy X}SOM

is exact. This means f* is an epimorphism. Thus, for every monomorphism f : Y —
Z in &/ and every morphism h : Y — X in &/, there exists a morphism ¢ : Z7 — X
in o/ such that ¢ o f = f*(¢) = h. This means the following diagram commutes:

X

R
hT \\d)
f\
0O—Y —Z7

Hence, X is an injective object in . Thus, Hom,(—, X) : & — Ab is an exact
functor if and only if X is an injective object in 7.

3. Exactness of Functors Homcomp(»)(X, —) and Homcomp(a)(—, X)

Let o7 be a balanced abelian category and X an object in /. Then:

[label=.]The functor Homcgmp(w) (X, —) : Comp(&/) — Comp(Ab) is a covariant,
additive, and left-exact functor. The functor Homcomp(a)(X, —) : Comp(&/) —
Comp(Ab) is exact if and only if X is a projective object in <.

Proof.

[label=.]Let us show that the functor Homcomp() (X, —) : Comp(&/) — Comp(Ab)
is covariant, additive, and left-exact. It is evident that Homcomp () (X, —) is covari-
ant and additive. Let us show that the functor Homecomp (o) (X, —) : Comp(&/) —
Comp(Ab) is left-exact.

Consider the left short exact sequence of morphisms in Comp(.«):

f

(Z,8) —=(T,0)

where &7 is a balanced abelian category. We must show that

0) — Y, )

*

HomComp(,zz%) (Xv _)((O)) I — HomCOmp(ﬂ) (X’ _)((K O‘)S .

*

HomCOmp(JZV) (X7 _)((Z7 /8)) g4> HomComp(&{) (X? _)((Tv 9))

SHom,, (v, X) —— feo.x}
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is a left short exact sequence of morphisms in Comp(Ab). We have the following
diagram:

HomComp(d) (Xa _)((O)) e/ OHomcomp(ﬂﬂX,O) —_— OHomcomp(d)(Xﬁ) I OHomcomp(ld)(X,O) — ..

H

1 . 1 1

HomComp(Q{) (X7 )(( )) e HomCOmp(Qf) (X Y, ) — HomCOmp( o) (X Yn+1) ngomCOmp(Q{) (X Yn+2) e

I
Homcomp (o) (X

—

f \L B* 7L+1\L * 7L+2‘L

*

g9

P

Q:Ll, . 9:+1L 0* 9;+2\L

n BTL
)((Z 6)) - HomComp(d) (Xa Zn) — HomComp(d) (Xv ZnJrl) ngomCOmp(ﬂ) (Xa Zn+2) — ..

HomComp ( )(( )) 4 HomComp(ﬂ) (X7 Tn) — HomCOmp(szi) (X7 TTH-I) i;Homcomp(u‘Z{) (X7 Tn+2) e

By Theorem 2, for every integer n € Z, the sequence

(X, )= 19)=0n
OHOmCOmp(u{)(X 0) — HOInComp(sz) (X Yn Q;> HomComp(&f)(X Zn H%mComp(sz) (Xa Tn)

is a left short exact sequence of morphisms in Comp(Ab).
Hence,

HomCOmp(@f) (Xa _)((0)) E— HOInCOmp(.Qf) (X7 _) ((K a))f—>

HomComp(JZf) (X’ _)((Za ﬁ)) ;) HomComp(d) (X7 _)((T7 9))

is a left short exact sequence of morphisms in Comp(Ab).

Items i.a and i.b imply that the functor Homggmp(r) (X, —) : Comp(&/) — Comp(Ab)
is covariant, additive, and left-exact. Let us show that the functor Homegmp () (X, —)
Comp(.e) — Comp(Ab) is exact if and only if X is a projective object in 7. Suppose
that the functor Homggmp () (X, —) : Comp(&/) — Comp(Ab) is exact and show that
X is a projective object in «/. We have:

Homeomp (o) (X, —) : Comp(«/) — Comp(Ab) being exact implies that for every

(2, 8) 2 (T,0) — (0)

short exact sequence of morphisms in Comp(</), (0) — (Y, «)
the sequence

HomGiomp(er) (X, =) ((0)) ——————— Homggmp(ar) (X, =)((¥; @) ——
HomComp(,Q{) ( )((Z B)) g—*> HomComp(d) (X7 _)((T7 9)) —_— HomComp(g{) (Xa -

is a short exact sequence of morphisms in Comp(Ab). This means the following di-
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agram commutes:

HomComp(ﬂ{)(_7 X)((O)) e OHomConlp(d)(XvO) B OHOmComp(W)(X»O) - 0HOmCol]]p(W)(X70) —

{ 4 . { 1
Homcomp(ar) (X, =)((Y, @) : ... = Homgogmp(ar) (X, Yn) —F Homcomp(ar) (X, Yoy1) LJSIHOmCOmp('Q{) (X, Yoq2) = ...
rl sl ) s il
HomCOmp(Qi)(Xv )(( 5)) g HomComp(eszf) (Xa Zn) #HomComp(eszf) (X, ZnJrl) — HomComp(d) (X, Zn+2) — ..
q*l, QZ\L 0 92+1\L 0" 9;+2\L
HomComp ,4?1)(

X, =)((T,8)) : ... — Homgomp(er) (X, Tr) = Homcomp(er) (X, Tnt1) > HomGomp(ar) (X Tng2) — -
1

1 1 1

HomCOmp(%)(_’ X)((0) : . —— OHOmcomp(.ﬂ)(X,O) E— OHOmcomp(.ﬂ)(X»O) I OHomComp(.;z{)(X70) -

We have for every integer n € Z, g, is an epimorphism. Therefore, for every
epimorphism g, : Z, — T, in & and every morphism f, : X — T, in <, there
exists a morphism ¢,, : X — Z, in &/ such that g, o ¢, = ¢*(¢n,) = frn. This means
the following diagram commutes:

Hence, X is a projective object in o/. Suppose that X is a projective object of o7
and let us show that the functor Homegmp () (X, —) : Comp(&/) — Comp(Ab) is an
exact functor. Let the following short exact sequence of morphisms in <7:

(0) — (V,a) —1 (2, 8) —2 (T, 0) — (0)
We show that )
Hom Gomp (o) (X =) ((0)) ——————— Homigmp(ery (X, =) (V@) ——
HomComp(ﬂf)( )((Z 5)) Q4*> HomComp((Qi) (Xv 7)((T7 6)) E— HomComp(ﬂf) (Xa 7)((0))

is a short exact sequence of morphisms in Comp(Ab). By i., we have:

Hom omp(er) (X, =) ((0) Homomp(ery (X, =) (Y, @) ——

HomCOmp(ﬂf)( )((Z 5)) < HomComp((Qf) (X7 7)((T7 0))

is a left short exact sequence of morphisms in Comp(Ab). Thus, it remains to show
that for every n, Hom (X, g,) is an epimorphism. Since X is projective, by Theorem
2, for every epimorphism g, : Z, - T, in & and every morphism f, : X — T, in
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&, there exists a morphism ¢, : X — Z, in &/ such that g, o ¢, = f,. This means
that the following diagram commutes:

That is, for every f, € Homgomp () (X, Tn), there exists ¢n € Homcomp (o) (X, Zn)
such that g, o ¢, = fn = g5(¢n). Hence, Homcomp(ar)(X,9n) = g5, is an epi-
morphism for every integer n in Z. Therefore, the functor Homggpp () (X, —) :
Comp(«/) — Comp(Ad) is exact. Thus, (ii.1) and (ii.2) imply that the functor
Homcomp (o) (X, —) : Comp(&/) — Comp(Ab) is exact if and only if X is a projec-
tive object in 7.

Let & be a balanced abelian category and X an object in 7. Then:

[label=.]the functor Homcomp (o) (—, X) : Comp(&/) — Comp(Ab) is a contravari-
ant, additive, and left-exact functor; the functor Homcomp(r)(—, X) : Comp(&/) —
Comp(Ab) is exact if and only if X is a injective object in <.

Proof.
i. Let us show that the functor Homgomp(w)(—, X) : Comp(&/) — Comp(Ab) is con-
travariant, additive, and left exact.

is evident that Homeomp(w) (—, is contravariant and additive.
It i ident that Homcomp () X) i t iant and additi

i.2 Let us show that the functor Homcomp () (—, X) : Comp(#/) — Comp(Ab) is left
exact.
Let

(V,0) -1 (2,8) = (1,0) — (0)

be a right short exact sequence of morphisms in Comp(<), where &/ is a balanced
abelian category. We show that

g

Homgomp(ar) (= X)((0)) Homcomp (sr) (= X) (T, 9))

HomCOmp(tfzf)(_v X)((Z’ ﬁ))

is a left short exact sequence of morphisms in Comp(Ab). Consider the following

HomComp(th) (_7 X)((Y7 a))
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ii

ii.1

diagram:

Homcomp(ﬂ) (_’ X)((O)> s e OHomComp(pI) (0,X) OHOH}COU)])(W)(O!X) OHomColnp(g()(OVX)

1l 1 . l o l
Homcomp(er) (— X)((1,0)) : ... — Homcomp(er) (Tns X) ﬁHomCOmpW)(TnH, X) S Homeomp(er) (T2, X) — ...
Q*J, QTL‘L 5 g:+1i 8., 9;+2\L
HomGomp(er) (= X)((Z, 8)) : .. = HomGomp(er)(Zns X) —5 Homcomp(er) (Znt1, X ) > HOMGomp(er) (Znt2, X) — ..
1 il . Fol . Fival

Qp “n
HomComp(ﬂf) (_7 X)((K a)) D HomCOmp(d) (Yn7 X) — HomComp(d) (Yn+17 X) ingOmCOmp(.Q{) (YnJrQa X) — ...
Now, by Theorem 2, for every integer n in 7Z, the sequence

9n In
HomCOmp(,Qf) (07 X) — HomCOmp(,Qf) (Tn7 X) - HomComp(EQf) (va X) — HomCOmp(,Qf) (Yna X)

is a left short exact sequence of morphisms in Comp(Ab). Hence

*

g

HomCOmp(ﬂ)(_aX)((O)) HomComp(ﬂ)(_aX)((T70))

Homgomp(or) (= X)((Z. 5)) I

HomComp(d) (_7 X)((Y7 OZ))

is a left short exact sequence of morphisms in Comp(Ab). Therefor i.1 and i.2 imply
that the functor Homggmp(o)(—, X) @ Comp(&/) — Comp(Ab) is contravariant,
additive, and left exact.

Let us show that the functor Homggmp(a)(—, X) : Comp(&/) — Comp(Ab) is exact
if and only if X is an injective object in 7.

Suppose that the functor Homecomp (o) (—, X) : Comp(&/) — Comp(Ab) is exact and
show that X is an injective object in /. We have:
Homgomp(er) (X, —) : Comp(#/) — Comp(Ab) being exact implies that for every

L (2,8) % (1,0)— (0)

short exact sequence of morphisms in Comp(«7), (0) — (Y, «)
then

*

HomComp(g{)(_7 X)((O)> E— HomComp(ﬂi) (_5 X)((T7 9)) 7

HomCOmp(d)(_v X)((Z’ ﬁ)) f—*> HomCOmp(szf)(_v X)((K a)) - HOInComp(QQf) (_7 X)((O))

is a short exact sequence of morphisms in Comp(Ab). This means that the following
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diagram is commutative:

Homcomp(ﬂ) (_7 X)((O)> s OHomCOm])(M>(OﬂX) OHomCOmp(.of) (0,X) OHOmCOmP(W)(O!X)

! ! - l - !

HomComp(d) (_a X)((T7 9)) T HomComp(ﬂ) (Tna X) — HomCOmp(gf) (Tn-‘rla X) E; HomComp(ﬂ) (Tn+27 X) —

g*i Q:Ll( . 9:,+1\L . 9:+2i

n ’671
HomComp(szf) (_a X)((Zv B)) S HomComp(ﬂ) (Zna X) — HomCOmp(gf) (Zn-‘rla X) ngomComp(szf) (Zn+27 X) —

] £l . Fisa] Fisa]

HomComp(gf) (_7 X)((K a)) e HomComp(d) (Yn7 X) — HomCOmp(yf) (Yn+1a X) ngomCOmp(g{) (Yn+27 X) —

| l l l

HomCOmP(W)(_’ X)((O)) e T/ OHomcomp(w)(ny) E— OHomcomp(.;zs/)(07X) - OHomComp(.d)(O)X) B

We have for every integer n in Z, f; is an epimorphism. Therefore, for every
monomorphism f, : Y, — Z, in &/ and every morphism h,, : Y;, — X in &/, there
exists a morphism ¢,, : Z,, — X in & such that ¢, o f,, = f(¢n) = hy. This means
that the following diagram commutes:

X

AN
hnT S
D

O——Y,—— 27,

Hence, X is an injective object of 7.

ii.2 Suppose that X is an injective object in &/ and show that the functor Homggyp(wry (—, X)
Comp(«/) — Comp(Ab) is exact.

Let the short exact sequence of morphisms in .7 (0) — (Y, @) EN (Z,8) 2 (T,6) — (0)
and show that
HomComp(d)(_ﬂ X)((O)) —_— HomComp(d)(_7 X)((T, 9))

*

g

HomCOmp(ﬂf)(fv X)((Z7 ﬂ)) f4*> HomCOmp(&Zf) (77 X)((Y7 Ol)) - HomComp(&Zf)(fv X)((O))

is a short exact sequence of morphisms in Comp(Ab). By (i), we have:

5

g

HomComp(d)(_ﬂX)((O)) HomComp(ﬂi)(_7X)((T79))

Hormgomp(ur) (= X)(Z, B)) r

HomComp((Qf) (77 X)((Y7 O[))

is a left short exact sequence of morphisms in Comp(Ab). Thus, it remains to show
that for every n, Homcomp(a)(f, X) = f* is an epimorphism. By Theorem 2, for
every integer n in Z, since X is injective, for every monomorphism f, : Y,, — Z, in
&/ and every morphism h,, : ¥, — X in &/, there exists a morphism ¢, : Z, = X
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in & such that ¢, o f,, = h,,. This means that the following diagram commutes:

X

X
h,ﬂ \\d’"
I

O——~Y,—— 7,

That is, for every hy, € Homggmp () (Yn, X), there exists ¢, € Homcomp () (Zn, X)
such that ¢p 0 fr, = f(¢n) = hy. Hence, Hom,(f, X) is an epimorphism. Therefore,
the functor Homcomp () (—, X) : Comp(&/) — Comp(Ab) is exact. Thus, (ii.1) and
(ii.2) imply that the functor Homggmp(wr)(—, X) : Comp(=/) — Comp(Ab) is exact
if and only if X is an injective object in 7.

4. Exactness of Homological Functors of Degree n:
H,(X,-) and H,(—,X)

Consider the homological functor H,, : Comp(Ab) = Comp(Z — Mod) — Ab which is a
special case of the homological functor H,, : Comp(A-Mod) — Ab for all n € Z. That is,
H,, is a covariant additive functor. [H,(X, —)]

Let o/ be a balanced abelian category and X a projective object in &/. Then homological
functor of degree n (n € Z), denoted H,(X,—) = H, o Homcomp (o) (X, —) where H,, :
Comp(Ab) — Ab, H,(X,—) : Comp(&/) — Ab is defined by:

(i) for any complex sequence in Comp(«?) (5, : Y — Yni1)nez denoted (Y, ), we
associate
Hn (X, =) (Y, 8)) = (Hyp 0 Homcomp (o) (X, =) (Y, B)) = Kerf, /Imf; Vn € Z;

(ii) for any complex sequence (Y, ) = (By : Y — Ynt1)nez in Comp(&7), any complex
sequence (Z,a) = (ap : Zn — Znt1)nez in Comp(/), and any complex chain
£ (Y.B) = (Zo) = (fn Yo —> Zn)nez, in Comp(e?) demoted f : (Y, 5) — (Z,a),

we associate:

ﬁn(X, _)(f) : (HnoHomComp(ﬂi)(Xv _))((K 6)) (Hn OHomCOmp(d)(X)_))((Z’a))

H
In — fn(gn)

is a covariant additive functor.
Proof.
We know that the homology functor H,, : Comp(A-Mod) — Ab is defined by:

(i) for any complex sequence in Comp(A-Mod) (By : Yy, = Ynt1)nez denoted (Y, ), we
associate
Hn(Ya B) = Kerﬁnﬂ-l/lmﬁn Vn € Z;
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(ii) for any complex sequence (Y,5) = (B, : Y, — Yoi1)nez in Comp(A-Mod), any
complex sequence (Z, ) = (ay : Zp, — Zp+1)nez in Comp(A-Mod), and any complex
chain f : (V,8) = (Z,a) = (fn : Yn — Zp)nez in Comp(A-Mod) denoted f :
(Y, 5) — (Z,«), we associate:

H,(f): Hy.Y,5) — Hy(Z «)
In — fn(gn)

and H, is a covariant additive functor. Since Comp(Ab) = Comp(Z — Mod) is
a special case of Comp(A-Mod), the functor H, is covariant. By Theorem 3,
HomComp(«7)(X,—) is covariant. Now, the composition of two covariant func-
tors is covariant, so H, (X, —) : Comp(e/) — Ab is well-defined and is a covariant
functor. By Proposition 1 and Theorem 2, f[n(X ,—) is an additive functor. Hence,
H,(X,—) is a covariant additive functor. And H, is a covariant additive functor.
Since Comp(Ab) = Comp(Z — Mod) is a special case of Comp(A-Mod), the functor

H,(X,—) is well-defined and is a covariant additive functor.

! (Z,8) —2— (T, ) — (0) be a short exact sequence of

Let (0) (Y, )
morphisms in Comp(), where X is a projective object in ./ and 7 is a balanced abelian

category. Then:

(i) the morphism of connection associated to the covariant functor H, (X, —) is defined
by:

Mt Ho(X, =) (Thy) — Hpa (X, 2)((Y, )

Fnt1 — o (B (gh 1 (kng)))

Vn € Z;

(ii) the sequence
Ho(X, —)((Y,0)) 20 1 (x,2)((2, 87229 A ((1,4) 22—

o1 (X, ), ) 2 1 (X, ) (2, 8) 5 (X, =) (T) 22—

is a long exact sequence of abelian group morphisms. That is, for all n € Z:

Proof.

(i) We know that if the homological functor H,, : Comp(A-Mod) — Ab is covariant,
then for every short exact sequence of morphisms in Comp(A-Mod)
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g

(0) — (Y, @) 7, (Z,p) (T,7) (0) the connecting morphism is defined
by
At Ho((T, — Hi1((Y,
() _ Heae)
kn+1 — fn+2(6n+1(gn+1(kn+1)>)

Since Comp(Ab) = Comp(Z —Mod) is a special case of Comp(A-Mod), by Theorem
3 if X is a projective object in & where & is a balanced abelian category, then

Mot Ho(X,2)(Ty7) — Hopa(X,2)((Y,0))
Fn+1 e By (951 (k1))

is well-defined with H,, : Comp(Ab) — Ab.

Vn € Z

(ii) According to Theorem 3, if X is a projective object in &/, where </ is a bal-
anced abelian category, then Homcomp(w) (X, —) transforms any complex sequence
in Comp(</) into a complex sequence in Comp(Ab). However, H, transforms
every short exact sequence in Comp(A-Mod) into a long exact sequence of mor-
phisms in Ab. In particular, H, transforms any complex sequence of morphisms
in Comp(Ab) = Comp(Z — Mod) into a long exact sequence of morphisms in Ab.
Now, H,(X,—) = H, o Homeomp () (X, —), where Hy : Comp(Ab) — Ab, and
H,(X,—): Comp(«/) — Ab. Thus, the sequence

Ho (X, )(V.0) 2520 g xSz )20 (1) 2

1 (X, )%, 0)) 252 x,2)((2,8)) 22, (X, —)(T, )

is a long exact sequence of abelian group morphisms.

71+1(_7x)

Let & be a balanced abelian category and X an injective object in /. Then the homo-
logical functor of degree n (n € Z), denoted Hy(—, X) = Hy 0o Homgoyp(ar)(—, X ), where

H,, : Comp(Ab) — Ab, H,(—, X) : Comp(&/) — Ab is defined by:
(i) For any complex (Y, ) = (Bn : Yo = Yit1)nez in Comp(«7), we associate:
Hy, (= X)((Y. 8)) = Ho(Homcomp(er) (— X)) (Y. 8)) = Kerfy, ., /Imf;, Vn € Z
(ii) For any complex morphism f : (Y, 8) = (Z,a) = (fn : Yo = Zn)nez, we associate:
Hy(f, X) 0 Ho(=,X)((Z,))

In — gn(fn)

is a contravariant additive functor.
Proof.
We know that the homology functor H,, : Comp(A-Mod) — Ab is defined by:
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(i) For any complex (Y, ) = (B : Yy, = Yai1)nez in Comp(A-Mod), we associate:
Hn((Y7 5)) = Kerﬁn—l—l/lmﬂn Vn €7

(ii) For any complex morphism f : (Y, 3) — (Z, «), we associate:

Ho(f): Hn((Z,a)) — Ha((Y,5))
In — gn(fn)

Since H,, is a covariant additive functor, and Comp(Ab) = Comp(Z — Mod) is a
special case of Comp(A-Mod), the functor H,, is covariant. According to Theorem 3,
Homomp () (—, X) is contravariant. However, the composition of a covariant functor
and a contravariant functor is contravariant, so H,(—, X) : Comp(/) — Ab is well-
defined and is a contravariant functor. By Proposition 1 and Theorem 2, H,(—, X)
is an additive functor. Thus, ﬁn(—, X) is a contravariant additive functor.

Let (0) (Y, a) L

Comp(/), where o7 is a balanced abelian category and X an injective object in /. Then:

(Z,0) SEE AN (T,v) —— (0) be a short exact sequence in

(i) the morphism of connection associated to the contravariant functor H,(—,X) is
defined by:

Hn(_vX)((Y7a)) — ﬁn+1(_aX)((Ta7))

On : o - ,
Fny1 — gn-i—%( n—i—l(fn—ki(kn"'l)))

Vn € Z

(ii) The sequence

e Hy(—,X)(9)
—

e S Ho (-, X)((T)9)) H, (=, X)((Z, »6’))—>

5 1 11(—X)(g X (f

T - @ - X0 (2,8 - X0 @

is a long exact sequence in Ab. That is (Vn € Z):

Im(Hn(~, X)(9)

In(fL,(—, X)(f)
mn(6,) = Ker(Hy < X)(9)

~— —
H I
=
¢}
>—g’-'$
/—\/‘\
O«z
\_/:
/—\
\./
—~
~
~—
~

Proof.
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(i) We know that if the homological functor H,, : Comp(A-Mod) — Ab is covariant,
then for every short exact sequence of morphisms in Comp(A-Mod)

(0) — (Y, @) 7, (Z,8) —2— (T, ~) (0) the connecting morphism is defined
by
A Ho((Y,a)) —» Hy1((T,7)) v
I — — n € 7
ket = G (Bt (Fria (Rnta)

Since Comp(Ab) = Comp(Z — Mod) is a special case of Comp(A-Mod), by Theorem
3 if X is an injective object in & where & is a balanced abelian category, then by
definition of H,(—, X):

On i Hn(= X)((YV,a)) —  Huni(= X)((T) 7))

Fn1 — g;jré( :z+1(f;;i(kn+l)))

is well-defined with H,, : Comp(Ab) — Ab.

Vn €Z

(ii) According to Theorem 3, if X is an injective object in <7, where « is a bal-
anced abelian category, then Homggmp( %)(—, X) transforms any complex sequence
in Comp(</) into a complex sequence in Comp(Ab). However, H,, transforms
every short exact sequence in Comp(A-Mod) into a long exact sequence of mor-
phisms in Ab. In particular, H, transforms any complex sequence of morphisms
in Comp(Ab) = Comp(Z — Mod) into a long exact sequence of morphisms in Ab.

Now, Hy(—,X) = H, o Homcemp(r)(—, X), where H,, : Comp(Ab) — Ab, and
H,(—,X) : Comp(&/) — Ab. Thus, the sequence

V(- X)(Thy) SO0 g xy((z, 8) 0D, XY )

An n+1(—,X)(g n+1(—=X)(f
N (5 X) (1)) (- x) (2, 8))

is a long exact sequence of abelian group morphisms.

5. Conclusion

In this article, by using the exacteness of we have shown the exactness of the functors
HOHLQ{(X, 7)7

Hom,y/ (—, X) : Comp(&/) — Comp(Ab) and the exactness of the functors Homgomp(a) (X, —),
Homcomp () (—, X) : Comp(&/) — Comp(Ab) where < is a balanced abelian category. We

then constructed the additive covariant homological functor: H, (X, —) = HyoHomggmp(ar) (X, —)
and the additive contravariant homological functor: H,(—, X) = H, o Homcomp (o) (—> X)

where H,, : Comp(Ab) — Aband Homcomp(r) (X, =),  Homgomp(wr)(—, X) : Comp(&) —

a1 (= XY, a)) —— - -
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Comp(Ab) Vn € Z. Moreover, we constructed the connecting morphism \,, : H, (X, —)((T,7)) —
H,1(X,—)((Y,q)) associated to the covariant functor H,(X,—), by showing how the
functor H,(X,—) transforms a short exact sequence of morphisms in Comp(</) into a
long exact sequence of morphisms in Ab, where X is an projective object of &/ and &
is a balanced abelian category. Then we again constructed the connecting morphism
o+ Ho(—, X)((Y,)) — Hpp1(—, X)((T,7)) associated to the contravariant functor
H,(—,X) also showing how the functor H,(—, X) transforms a short exact sequence of
morphisms in Comp(&7) into a long exact sequence of morphisms in Ab, where X is an

injective object of & and &7 is a balanced abelian category.
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