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Abstract. Our aim in this paper is to prove the boundedness of the intrinsic square function on
Herz spaces with variable exponents. Firstly we define the Lebesgue spaces with variable exponent,
Herz spaces with variable exponents and some basic notations. Then we give some basic lemmas
and definition of continual Herz spaces. Finally we obtain the boundedness of the intrinsic square
function on continual Herz spaces under some proper assumptions.
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1. Introduction

Consider an open set H of R™ and a measurable function ¢(-) : H — [1,00). Assume
that the following condition holds,

1<q (H)<qy(H) < oo, (1.1)
where

i) q_ := essinf
i) ¢ = essinf ¢(H)

*Corresponding author.
*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v18i4.6641

Email addresses: gbasendwah@kau.edu.sa (G. A. Basendwah),
mehvishsultanbaz@gmail.com (M. Sultan), babarsultan40@yahoo.com (B. Sultan),
lucian.popa@uab.ro (I.-L. Popa)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



G. A. Basendwah et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6641 2 of 16

ii) g4 :=esssup q(H).
heH

Let ¢'(h) = q(qh()hll denotes the conjugate exponent of g(h). We denote by P(R"™) the set
of all measurable function satisfying (|1.1)). For measurable function f, Lebesgue space

LIO)(H) is given by
Lao(7) = [ 170" dn < .
G

with the norm defined by,

1l sy = inf {n S0 Ly, <£> < 1} .

Note that LP()(H) is the Banach function space.

In the last two decades it was evident that classical function spaces are no longer
appropriate for studying a number of modern problems arising in many mathematical
models of applied sciences. It thus became necessary to introduce and study new function
spaces. Such spaces are: variable exponent Lebesgue and Sobolev spaces, grand function
spaces, Morrey-type spaces, amalgam spaces, Herz spaces, their hybrid variants, etc (see
e.g., the monographs [I], [2], [3], [28] and references therein dedicated to new function
spaces). Morrey spaces describe local regularity more precisely than Lebesgue spaces. For
more results in Herz spaces see [45H48]. As a result, one can use Morrey spaces widely
not only in Harmonic Analysis but also in the theory of PDEs. We refer to the recent
monographs [4] for Morrey-type spaces and applications. For more results on variable
exponent function spaces see [5H9, [39) 40].

Herz spaces are indeed important in the field of harmonic analysis and partial differ-
ential equations, particularly as substitutes for Hardy spaces in certain contexts. This
substitution is particularly useful when dealing with non-translation invariant singular in-
tegral operators. Herz spaces continue to play a significant role in various mathematical
contexts, including the characterization of multipliers on Hardy spaces and in the regu-
larity theory for elliptic and parabolic equations in divergence form, see [10, II]. Herz
space has undergone significant advancements, proving to be highly valuable in the field
of Harmonic analysis. For more results in variable exponent function spaces see [35-44].
The classical versions of the homogeneous and non-homogeneous Herz spaces are defined
as:

Izuki introduced the idea of Herz spaces K;(')’q(R") and Kp(.)’q(R"), where the expo-
nent p was a variable and norms are defined as,

for p € [1,00), q(-) € P(R™) and x € R. The Herz space K;q(,)(R”) of homogeneous
type is given by

Ky (R = {g e LIY(R™\ {0}) : lgllges . @ny < oo} , (1.2)
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where

1
HQHI'(;‘(I(')(RW = ( Z ||2m91 HLq())

1=—00
The non-homogeneous version of Herz spaces K ) (R") are defined below.

Let Kk € R, p € [1,00) and ¢(-) € P(R"). The Herz space K[ ()(Rn) of non-
homogeneous type is given by

nao®) = {g € LR\ 01 ¢ ol ) < 00} (1.3

where

0 7
Hg”K{;q(,)(R") = ll9ll Lat>(00,1)) + ( Z 12" g1, ||Lq()> :

T=—00

An important focus within Herz spaces involves investigating the boundedness of sub-
linear operators. This exploration has led to studies motivated by this topic, culminating
in the establishment of sublinear operator boundedness in Herz spaces with variable ex-
ponents, as demonstrated in [12].

In [13], an alternative method was employed to define variable exponent Herz spaces.
A notable aspect of this method involves substituting the discrete LP-norm (Lebesgue-
norm) with the continuous LP-norm relative to Haar measure, streamlining and clarifying
the proofs. These spaces are called variable continual Herz spaces. For the boundedness
results on some operators on continual Herz spaces see [I5HIT]. In [I§], authors defined the
variable Herz-Morrey spaces M K& , and obtained the estimates of sublinear oper-
ators within these spaces. It’s WOI“t&l mentlonmg that Herz-Morrey spaces with variable
exponents serve as extensions of Herz spaces with variable exponents. Additionally, in
[19], the boundedness of higher-order commutators of fractional integrals on Herz-Morrey
spaces can be verified. Our findings not only consolidate and build on prior discoveries,
but also offer novel applications to the regularity solutions of some elliptic PDEs with
smooth boundaries. The investigation of the fractional Hardy operator, belongs to one of
the hot topics in the area of PDEs because of its wide-ranging interest to various fields
in Mathematics and Physics. For instance, it is motivated by physical models related to
relativistic Schrodinger operator with Coulomb potential (see [22, 23]) and by the study
of Hardy inequalities and Hardy-Lieb-Thirring inequalities (see, e.g., [20H26]).

The intrinsic square function S¢ holds significant importance in function spaces. Izuki
obtained the boundedness of S¢ on weighted variable Herz spaces under certain appropri-
ate conditions, as detailed in [27]. This study investigates the boundedness of the intrinsic
square function on continuous Herz spaces with variable exponents. The article is struc-
tured into four sections: the first section serves as an introduction, the second section
presents fundamental definitions and lemmas, the concept of continuous Herz spaces is
defined in part three, and the final section delves into examining the boundedness of the
intrinsic square function on variable continuous Herz spaces with variable exponents. For
more results see [29H34].

We will use following notations in the paper:
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Notations

(i) O(y,s) denotes a ball with center at y and radius s ;

(ii) T (7,t) denotes the spherical layer such that
(iii) T7,t) :=000,t) \ O0,7) ={y e R" : 7 < |y| < t};
(iv) Tm =T (2™ L 2m);

(v

(vi

1g(y) is the characteristic function of a set F;
i) Ry := (p,00), where p>0;

14(y) = 17, (v);

dr /T represents the Haar measure on Ry;

(vii
(viii
(ix
(x

(xi

N denotes the set of natural numbers;
No =NU {0};
7Z  denotes the set of all integers;

xii) For two non-nagative functions f and g, f < g we mean f <Cyg,
ii) Fort gati ti dg, f<g <Cyg

)
)
)
)
)
)
)
)
)
)
)
)

(xiii) C denote the positive constant.

2. Preliminaries

Next for compact subsets K C H, the space v (H) is given as

loc

loc

LYY = {K K¢ Lq<'>(K)} .
Let z,y € H with |[z—y| < % and C(q) is not depending on z,y. We have the log-condition,

Cla)
— < — 21
(o) = a(w)] < =5 (2.1)
We say that ¢(-) satisfies log decay condition at infinity if there exists ¢oo € (1, 00),
such that

9(2) = goo| < (2.2)

In(e + |z])
Similarly, we say that ¢(-) satisfies log decay condition at origin if there exists gy € (1, 00),

such that o )
|q(m) - QO| < izl |~T| < 3 (2.3)

n|z|

With respect to classes of variable exponents used in this paper, we adopt the following
notation:
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(i)

(i)

(iif)
(iv)

The set B!°8 = 3198 (H) comprises all functions ¢ € L>(H) that fulfill both (T.1]
and (2.1)).

When H is unbounded, ‘Boo(H ) and B0, co(H) are subsets of L>°(H ). The functions
in these sets take values in the interval [1,00) and satisfy condition (2.2)), and ([2.2))

and ([2.3)), respectively.
“€(H) is the set consists of exponents that satisfy the condition (2.1));

The notation Ru+ represents the set of all non-negative real numbers. My (R4 ) is
the class consists of functions defined on the domain Ru+ that have certain proper-
ties. Specifically, these functions are of the form g(¢) = constant + go(t), where go(t)
is a function belonging to the class Poo (R,4-), where H = R, 1, 1 > 0.

When H = R+ (or when g = 0), MO0, 0co(R+) represents the class of functions
defined on the positive real line R+ that belong to the class Moo(R4) and meet
a decay criterion at the origin (y = 0). The decay condition implies that these
functions are bounded by a logarithmic term as y approaches zero. Specifically, for
ly| < 3, the function satisfies the inequality | f(y) — fo| < ﬁ for some real numbers

foand C. We also write fo = f(0), foo = f(00) in this case;

PBo,oo(R+) is a subclass of functions within the class Mg o (R+) that have values
in the interval [1,00). In other words, these are the functions from Mg (R+) that
satisfy the given conditions and have their values constrained within the specified
range, with values in [1, 00).

Holder’s inequality in variable Lebesgue spaces are stated as

1£gllry < 1Ay gl

where we define r as ﬁ = le') + ﬁ for every i € H, and p,q,r € P(R")
The set B(R") is comprised of p(-) € P(R™) that fulfill the requirement that M is
bounded on LPC)(R™).

Lemma 1. [153] Suppose 0 < s <1, ty) > 1, too > 1, p € Po,oo(R™) and D > 1 such that
D but not on s. Then, for we have:

1 n_ _n_

%sp(m <17, oy < tos?@ . (2.4)
Similarly, for s > 1, we get:

1 n_ _n_

757 S 17 Ml < toost. (2.5)

o)
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Definition 1. If R, ,u > 0 and % denotes the Haar measure, norm of Lebesque spaces
with Haar measure is defined as,

_ g() |19 at
Hg”“‘“&%%) =inf<~v>0: /’ S 7 <1
o
Let N
Tl ®
- /’C(e)w(e) 0 (2.6)
0

This is an integral operator referred to as the Mellin convolution operator, employing

Haar measure ‘g) and featuring a kernel homogeneous of order 0.

Lemma 2. (see [13]) Let p € PBo.oo(R+) and p(0) = p(co). The operator H is bounded on
LPORy; %) if

/]H(t)|scit < oo whens=1 & s = sg, (2.7)

1 1 1
or —=1——+—.
for 5 P

Lemma 3. (see [13]) For every measurable function Q, the following relations

1 [tdf
/ O(a)|dz = —— / Qa)de, j>2% >0,  (2.8)
2b<|z|<j In2/, 0 max(2b,0)<|z|<min(j,20)

and

1 [>~do .
/||>2, |Q(x)|dz = na) @ / 1Q(z)|dz, j > 0. (2.9)
T|Z4)

max(0,25)<|x|<20

These conditions are valid provided that the integrals on the left-hand side of the above
expressions exist.

3. Continual Herz spaces with variable exponent

Definition 2. We can define continual Herz spaces with variable exponents Hﬁ((;)’q(')’n(')(R”)
by its norm,

HgHHﬁ%xq(»,n(»(Rn) = |9l L) (0 0, u+0)) T Ht'{(t)HglRﬁ,(sth-)HLq(-)((w,oo);% <oo. (3.1)

These lemmas are already proved in [13].

Lemma 4. Let 4 <R <o and 0 < p <2

lgll o> 00,00 00281 < C (o RN g L5251 1o lza((2,000
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Lemma 5. Let 1 < p_ < p(x) < ps < oo holds,
HgHHp((‘s),q,ﬂ(J ~ ||g||LP(~)((9(0,»W+0)) + ||tﬁoo||g17:yt,6t||LP(') HLq(RJr'm%)nu >0, (3.2)
s

and
Il s = 1O+ 0O gL, oo o, ) (33)

then equivalences of norms given above are valids, if Kk € M£g(R+,u) for (3.2) and
Kk € MOI?EO(RJ’_) in the case of (3.3)).

4. Boundedness result on continual Herz spaces with variable exponent

In this section, we demonstrate the boundedness of an intrinsic square function on
continuous Herz spaces with variable exponent. Initially, we will introduce the intrinsic
square function S¢ f(z).

Definition 3. Let € R" and R’ = R™ x (0,00) we define a set,
I(2):={(y,t) e RT 1 |2 —y| < t}.

Let 0 < ¢ <1, then by C; we denote the functions ¢ defined on R™ satisfying the following
conditions:

(i) supp ¢ C {|x| <1},

(i1) f ¢(x)dx =0,
R’VL

(iii) |p(z) — ¢p(2')| < |z — 2'|S for z, 2" € R™.

For each (y,t) € R""1 4+ we denote ¢pt(y) =t "¢(y/t). Let g € LL (R™), then
Acg(y,t) = sup |g * ¢i(y)|, where (y,t) € RTFI. Then the intrinsic square function with
¢ECC

order  is given as
1/2

The boundedness of S¢ in variable exponent Lebesgue spaces Lr0O) is discussed in
detail in [I4]. In the subsequent theorem, we establish the boundedness of the intrinsic
square function in variable exponent continuous Herz spaces H Z ;(&’%()')’H(')(R"). Here, the
parameters p(-), ¢(-), and x(-) are variable, subject to the condition that S¢ is bounded
on LPO)(R™). Tt’s important to mention that when the constants q are considered, the
norms within the continuous Herz space become equivalent for various values of v and 6,
particularly when 0 < v < §. Nonetheless, this equality doesn’t persist when ¢ varies and
is not constant.
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4.1. Non-Homogeneous Herz space(when p = 0)

Theorem 4.1. Suppose that p € ‘Blc%g(R"), q € 2]3};25(/;, o0) with 1 < p_ < py < o0,
1 < ¢ < g4 < oo, then every intrinsic square function is bounded on LP()(R™), is also
bounded on the continualHerz spaces with variable exponent Hﬁ ((')W’qé()') ’“(‘)(R"), if

s\ T

<R < . (4.1)

P S

Proof. Norms of Hﬁ .(8;%()-),50)(]1%”) are equal for different values of 4 > 0, and 6 > 0
when ¢ constant, so for simplicity we choose 6 = 2 and p = 2,

HQHHgg),q,n(-) = N(9)pq + 19l 2r0)000,240)) (4.2)
where we can define,
N@at = 161927, 100 a0, ) (4.3)

We first estimate [|Sg9|lr)(0(0,2+0)), Where we choose § € (0,1), and estimate for Scg

follows from the boundedness on LP() of S¢g, so we have
HSCg||LP(')((’)(O,2+9)) < C"Q"L?(')(O(O,Z—i—&)) < C||g||H§<2»>,q,K(<).

Now to find the estimate of N(S¢g)p« q,x term, we will split the functions g(¢) as

g(0) = fo(€) + fe(€) + ge(£) + he(£)

where

fo(€) = g9(0)1o(0,1)(4), fi(0) = 9(0) 10,1\ 0(0,1) ()
9:(6) = 9(O) 1o sp\0(0.£) (); hi(€) = g(£)1rm\0(0,81) (£),

now we have pointwise inequality,
1Scg(O)] < [Scfo(O] + IS¢ fe(O)] + |Scge (€)] + |Scha (£)].

Assume that ¢ € Cc, k € Z, £ € Ty, and (y,t) € I'(¢), then we have

wﬂﬁ*@@ﬂ=u/@@wwmﬁ
T

<crn | 9(0)/de.
{€eTi:|ly—L|<t}
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Let ¢ € T; with |y — ¢] < t we obtain

1
t=5t+1)> (\ﬁ—y!ﬂy—fl) \5 yl = (Ifl yl)
1 a1 14
- _2t 2k 2 - 9~ 1
251t =2°) 2 (WI )= 514 ) =7
As a result we get
1S¢(910)(0)]
dydt 2\
-/ <sup g1+ ouly >\2t3+1>
()
) 1/2
7 1 dydt
<c|[ [ |x [ o] 5
4 {y:le—yl<t} {eeTily—1<t}
1/2
T dt
Ti 4 \y:le—yl<t}
1/2
T d
=C /g(ﬁ)dﬁ /t2n+1
g i
_C /g(e)de |

Estimation of S¢fo(¢). For £ € O(0,1), £ € T; 2

1S¢(fo) (£ 0)de < Ct™"| follpy Lo, Iy < Ct" (1 follpc)-

o\

N(Scfodpan < ClE™ " 17500l 1) | Lag(2,00); ) | foll Lo
< CHtHOO_EHLq((2,oo);%)Hf0HLp(<)
< C| foll ot -
Estimation of S¢f(¢). Let £ € Ty 2

scrol=c [ gl
0(0,5\0(0,1)
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In this context, Utilizing Holder’s inequality alongside Lemma , we derive,

5550 < < / g(0)de

tTL
1<|y|<£

Sje [

£<lyl<p

\ /\

t
C [dp
m ?HnggmHp(~)||17'§’p||p’(-)

IN

IN

t
C o
i [lory oo ap,
1

Koo co— N+ =1
7 [[S¢ f1(€) 175 o, lp(y < CE™=T" Pw/llglfrg’pllp(-)ﬁpoo dp

Koo‘i’ o
< Ct /Hng,, Hp()p”w Ydp

t n
)" e dp
< / () w(p) %2,
/ \p p

where w(p) = p=°|glr, |lp.)- Define K(t) as
2P

T >
K(t) = e b2 (4.4)
0, 0<t<l,
by defining, the operator Hw(t / Kt dp , as a result we get

NAScht)pgu < M@l a(2.0022)
< Nl a0ty
< N N92 7 20 lp) a2y ey + 1721191 Re 20 lp) | 22,0005 )
< llgllzeero@an00,0) T 11917 20 lp() | La((2,00)):2)

< lgllypcr.amcs-
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By employing ([13], Corollary 4.5), the inequality foo — p,ﬂ < 0, incorporating embed-

=)

ding in the last inequality O(0,4) \ O(0,1) C O(0,2+60) U O(0,4) \ O(0,2 + 0), and with
the assistance of Lemma ({4)).
Estimation of S¢g;(¢). By the LP() — LP() boundedness of S¢, we obtain

2
IS¢ L R0 a0 llpy < llgtll oy < 192 R,5, p541, () -
j=—1

N(Scgolpan < CllENlgLe, lpe)lpa(2,00a) + 1191 20 ) | La((2,00);22)
< Ol Mg o zollp() | Lacr 1,295y + 1EN9L o2 lp() | 2,002
< llgll ypcr.am0)
here we used the facts,
Ht’iooHg17—2jt72j+ltHp(')HLQ((on);%) < HtﬁooHglegtHp(')HLQ((on);%)?j =1,2,

and HglRt,2tHL1’(') < HglRoAHp(-)'
Estimation of S:h:(¢). Since £ € Ty 2, and Holder’s inequality, we get

rsﬁm<e>|<;i [ st

|y>8t|

t
C/d” / g(0)de
o]

£<lyl<p

IN

(e}

C [dp

) p
4t

IN

1927, 2 () 117, 2 | )

IA

t
c Y
w/||91p,2p”p(~)0%0 dp.
1

oo
P Sehe (Ol o < O [l o= dp
4t

7 £\ "ot poo dp
</ () w(p)®,
/ \p p

where w(p) = p">|g1,2,llp)1(2,00), above inequality is the Hardy type inequality, by
using the fact koo + 1/poe > 0 and Lemma , get

15 1R Scle ool azoytt < Nl oot < N9l prnncr
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Now, let’s explore the scenario where ¢ varies. Once again, we set p = 2, v = 1, and
0 = 2. The proof follows a similar pattern, thus we’ll omit the details. Our objective is to
establish that

HSCQHLP*(‘)(O(O,2+6)) +N527qﬁ(5<9) < HgHLp(-)(o(o,ere)) +Np/?(§/’i(9)
with M <1, ¢ > 2,

NXTH9) = 1191750 50 ) | Lo (2,009, 2)-

The estimation for [[Scgl| o) (00,2 +0)) can be calculated similarly as we done in the case

7Q7

of constant ¢. To estimate N (ch) , by splitting the function g(¢) as

g(0) = fo(€) + fe(€) + ge(£) + he(£)

where

fo(l) = g(0)14 o0 )(f)a fi(0) :g(f)lo(o,w)\o(oé))(@
9:(0) = g(O) Lo i\o0'1) hi(£) = g(€)1rm 0(0,571)5

then
1Scg(O)] < 1S (fo) (O] + [Sc(f) (O] + [Sc(9)) (O] + [Sc (he) ()]

Estimation of S¢fo. It can be treated similarly as in the case of constant q.
Estimation of S¢f;. By the same estimation as in the case of constant ¢, and considering
[0 —y| > (1 —~")t we get

1Scfi(0)]

-n n/ph,—1
<t [lgtng I "dp
1
2
which yields

|| Se fi (€). 17; ol

oo+,
<Ot /Hgln lln() prbs " dp
1/2
t Fo — T d
t © pl
< / () w(0) %2,
p p

1/2

where ¥(p) = p"=|[17,,, (). Left hand side of above equation is a Hardy type operator
and by using Lemma we get

PYI(Scf) < 1T L0 ((2,00): dey < HQJZ)HLQ(‘)((ZOO);%) e ||g||H§_<(<A>/}q(<§;>),~<<>(Rn),
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by following same reasoning as in the case of constant q.
Estimation of Scg;. By the boundedness of the operator S¢ in the space LPO(R?) —
LP"()(R™) we obtain

1(Scgt)17: 2 Mlpy < Cllgellpy = CllgLrye.60¢llpe
which implies
NTE""(Scgr) < CllgLrrasel o) gy
Estimation of Schy. The estimate of S¢ can be obtained similarly from the constant ¢
case, we get

#7211 R 20 Sche (O lp) | Laor (2,000 2) < ClGH ggrea0)00 gy
2;(+',8")

By taking into consideration we obtained our desired result.

5. Conclusion

This manuscript contributes significantly to the field of mathematical analysis by in-
troducing new results within the framework of continual Herz spaces. The study deepens
our understanding of boundedness of the intrinsic square function on continual Herz spaces
by building on previous findings. The application of these results to establish the exis-
tence of the regularity solutions of some elliptic PDEs with smooth boundaries in these
spaces. There are a number of exciting avenues for further study in continual weighted
Herz-Morrey spaces in the future. Extending these results to two weighted continual
Herz-Morrey spaces with variable exponents in solving PDEs within such spaces could be
particularly valuable.
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