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1. Introduction

The framework of fixed point theory serves as a fundamental tool in understanding
the behavior of mappings and has found extensive applications in diverse branches of
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mathematics, including numerical analysis, optimization, and mathematical modeling, see
[1-4, 4-7]. Fréchet [8] initially put forth the metric space idea in 1906. Subsequently,
numerous researchers have extended the concept of metric space by altering the metric
function and weakening different conditions (see, for example, [9-14]). In 1993, Czerwik
[12] introduced the notion of a b-metric space as an extension of the concept of a metric
space. To broaden the definition of b-metric space, Kamran et al. [15] presented the
notion of an extended b-metric space in the year 2017. Mlaiki et al. [16] further introduced
controlled metric space, which is a novel type of extended b-metric space.

Sedghi et al. [17] presented S-metric spaces in 2012 as a generalization of G-metric
spaces [18] and D*-metric spaces [19]. Several fixed point theorems for S-metric spaces
were also found by them. In 2019, Rezaee et al. [20] introduced a new class of generalized
metric spaces, called partial S-metric spaces. In 2017, Rohen et al. [21] modified the
definition of Sp-metric introduced by Souayan and Mlaiki [22], and proved some coupled
common fixed point theorems in Sp-metric spaces. The concept of controlled-S metric
spaces was first developed by Gangwar et al. [23] in 2023. Recently, Azmi [24] extended
the idea of a controlled S-metric type space to present the concept of a triple controlled
S-metric type space, characterized by three control functions: 3, u, and . They also
proved that fixed points of multivalued mappings exist within the context of controlled
S-metric spaces.

The concept of complex valued metric spaces was introduced by Azam et al. [25] in
2011. They established certain fixed point theorems for a pair of mappings involving a
contraction condition expressed through a rational function. Additionally, Kang et al. [26]
introduced the idea of complex valued G-metric spaces and defined contraction mappings
in this domain. Further, Mlaiki [27] presented the notion of a new metric space, named,
a complex valued S-metric space and established the existence and the uniqueness of a
common fixed point for two self mappings. Recently, Ozgur [28] presented the notion of
complex valued Gp-metric spaces and presented Kannan fixed point theorem and Banach
contraction principle in this setting. In 2017, Priyobarta et al. [29] defined complex valued
Sp-metric spaces and proved very interesting fixed point theorems.

Motivated by the existing research in the fields of fixed point theory, complex-valued
metric spaces and controlled S-metric spaces, the notion of complex valued controlled
S-metric spaces (CVCS-metric spaces) is introduced as a means of incorporating complex-
valued functions and providing a more flexible framework for addressing the challenges
posed by complex-valued systems. This research article aims to present and analyze a
series of novel fixed point results within the context of this specialized setting. This exten-
sion has proved to be instrumental in capturing the intricacies of complex-valued dynamics
and has facilitated the study of various properties, such as convergence, continuity, and
completeness, within this complex-valued setting. By establishing crucial fixed point the-
orems and exploring their implications in the broader context of CVCS-metric spaces,
we aim to provide a deeper understanding of the underlying dynamics and behaviors of
mappings within this complex domain.
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2. Preliminaries

If C denotes the set of complex numbers and w1, w9 € C, then the partial order 3 is
defined on C in the following manner:
w1 < wo if and only if Re(w1) < Re(wz), Im(wi) < Im(ws)
and
w1 3 we if and only if Re(w) < Re(wz), Im(wi) < Im(ws).
We also express t; = wo if any one of the following conditions is met:
(i) Im(w1) < Im(wz) and Re(w;) = Re(ws),
(ii) Im(wi) = Im(wsz) and Re(w;) < Re(w2),
(i) Im(wy) = Im(wsz) and Re(w;) = Re(ws).
Note that
0 2 w1 3 wy implies |w| < |wal;
and
w1 2 wa, wy < ws implies wy < ws.
Now, we recall some definitions as well as established lemmas which are outlined in the
references.

Definition 1. [27] Consider a nonempty set I'. Then a function S :T'xT'xT' — C is a
complex valued S-metric on I' if it satisfies the following conditions for all w,p,q,t € I':
(i) S(w,p.q) =0,

(i) S(@.p.q) =0 if and only if @ = p = q,

(i) S(w,p,q) 3 S(w,@,t) + S(p, p,t) + S(q: 4 1)

A complez valued S-metric space is denoted by (T, S).

Definition 2. [27] Consider a complezx valued S-metric space (T, S).

(i) A sequence {1,} € I' converges to T if and only if for all € such that 0 < € € C there
exists a natural number wy such that for all w > wy, we have S(7,, 7w, T) 3 € and it
is denoted by lim lim 7, = 7.
w——+00
(i) A sequence 1, € ' is called a Cauchy sequence if for all € such that 0 < € € C there
exists a natural number wy such that for all w, 0 > wo, we have S(7,, Tw, To) < €.

(i1i) A complex valued S-metric space (I, S) is called complete if every Cauchy sequence
i I' is convergent.

Lemma 1. [27] Consider a complex valued S-metric space (I',S) and a sequence {1,} in
I'. Then {7,} is said to converge to T if and only if |S (7w, Tw, T)| = 0 as w — +0o0.

Lemma 2. [27] Consider a complex valued S-metric space (I',S) and a sequence {1,} in
I'. Then {7,} is a Cauchy sequence if and only if |S(7w, Tw, Twto)| = 0 as w, 0 — +o0.

Lemma 3. [27] Consider a complex valued S-metric space (I', S), then S(s,¢,7) = S(7,7,5)
for all T, € T.
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3. Fixed Point Results

The need to generalize S-metric spaces to handle complex-valued distances under ad-
ditional control conditions motivates the introduction of the concept of a CVCS-metric
space as follows.

Definition 3. Consider a setT' # 0 and let S:TxT'xI' - C and o : T xT'xT" — [1, +00)
be two functions adhering to the following conditions for all 7,¢,p,w € I':

(CvVesy) 0= 8(r,s,p);

(CVCSy) S(r,s,p) =0 if and only if T =¢ = p;

(cvaess) S(r,s,p) 2 alr,r,w)S(r, 7, @) + a(s,s,w)S(s, s, @) + a(p, p,@)S(p, p, ™).
Then, the tuple (T', S, «) is called a CVCS-metric space.

Definition 2.2, Lemma 2.3, 2.4 and 2.5 can be stated and proved in a similar way for
a CVCS-metric space.

Definition 4. Consider a CVCS-metric space (', S, ).

(i) A sequence {1,} € T is CVCS-convergent to T if and only if for all € such that
0 < € € C there exists a natural number wg such that for all w > wy, we have
S(Tw, Tw, T) S € and it is denoted by lim lim 7, = 7.

w—r—+00

(ii) A sequence 1, € T is called a CVCS-Cauchy sequence if for all € such that 0 < e € C

there exists a natural number wg such that for allw, 0 > wo, we have S(7y,, T, Tp) < €.

(iii) A CVCS-metric space (I', S, a) is called complete if every CVCS-Cauchy sequence in
T' is convergent.

Lemma 4. Consider a CVCS-metric space (I, S, ) and a sequence {1,} inI'. Then {7,}
is said to be CVCS-convergent to T if and only if |S(7w, 7w, 7)] = 0 as w — +o0.

Lemma 5. Consider a CVCS-metric space (I', S, ) and a sequence {7} in . Then {7,}
is a CVCS-Cauchy sequence if and only if |S (7w, Tw, Twto)| = 0 as w, o — +o00.

Lemma 6. Consider a CVCS-metric space (I',S,«), then S(s,¢,7) = S(1,7,5) for all
T,¢eTl.

Theorem 1. Consider a CVCS-metric space (T',S,«) and a sequence {1,} in T'. Then,
{1w} is a CVCS-Cauchy sequence if and only if |S (7, 7o, 71)| = 0 as w, 0,1 — +00.

Proof. The proof is on the similar lines as in Theorem 3.3 of [29].

Theorem 2. Consider a complete CVCS-metric space (I',S,a)). Define a function f :
I' = T such that

S(fr, fr, fs) 2 08(r,7,5), (1)
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where 6 € (0,1). For 19 € T, choose a sequence 7, = f(7,-1),w € N. Suppose that

sup lim a(T’i-‘rlaTi+1)7—i+2)‘a(7—g77—957—i+1)<i’ @)
o>1 i—>+00 ()é(Ti,Ti,Ti+1) 20

and lirf Ty Tws Twr1) exists. Then there is a unique fized point of f.
w—r+00

Proof. Consider an arbitrary element 79 of I'. Define a sequence {7,} in I" by 7, =
f(1w—1) = f¥(10). Let 7, # 741 for all w. From (1), we obtain
S(To.n Tw, Tw+1) j 95(7}171, Tw—1, Tw)

r-j QQS(Tw—% Tw—2, Tw—l)

rﬁ 9“’8(7’0,7’0, 7'1).
Considering ¢ > w and using triangle inequality, we obtain

S(Tgs Tos Tw) T Ty Tos Tw+1)S (o, Toy Twt1) + (T, To, Tw+1)S(Tg, Tos Twt1)
+ a(Tun Tw, Tw—i—l)S(Twa Tw, Tw-l—l)

j 20‘(7'97 To, Tw+1)S(Tga To> Tw—i—l) + a(Tun Tw, Tw—l—l)S(Twa Tw, Tw+1)‘

Once more, applying the triangle inequality to S(u,, up, Uy+1), We obtain

S(Tos Tos Tw) 2 20Ty, To, Twt1)(20(Tg, Ty Tws12) S (T, To, Twt2)
+ (Tt 1y Twt 1, Twt2)S (Tt 1, Twt1s Twt2)) + Ty Tws Tuwt1)S (Tws Twy Tw+1)
2 (T, Tws Twt1) S (Tws Ty Twrt1)
+ 20(Tgs Ty Tt 1) Tt 15 Tt 15 Tt 2) S (Tt 15 Tt 15 Tewt2)
+ 2204(7'9, Tos Twt1) Ty, To, Tw+2)S(To,s Tos Twt2)-

Proceeding with the continuous application of triangle inequality in the same manner, we
obtain

S(TLN To> Tw) 3 T, Tw, Tw+1)S(Twa Turs Twt1)
0—2

Z 2w H a(T, To, Tj) (T4, i, Tit1)S (Tiy Ty Tig1)

i=w+1 Jj=w+1
o—1
—w—1
+ 2¢ H Ty, To, Tie)S (Tps Tos To—1)
k=w+1

3 o Tws Tw, Twr1) (045 (70, 70, 1))
o—1 i

+ Z 9i—w H a(TQ,TQ,Tj)a(Ti,Ti,Ti+1)(9iS(T(),TQ,T1)).

i=w—+1 j=w+1
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Now, consider the series S, = Zf:_i 2w H;-:wa(TQ,TQ,Tj)a(Ti,Ti,Ti+1)(9i). This series

converges by ratio test under the condition:

QU Tit 1,Tit 1,Ti+2)-(Tp,To,Tit1) < L
20

sup,s; lim
Po>i (7,73, Tit1)

i——+00

Letting 0, w — 400, we obtain

lim S(7,,7,,T7) =0.
i S(7,77)

By CV (S5, we have
S(Tw, Tos 1) 3 (Tps Tos Tw) S (T, To, Tw) + (71, 11, 70) S (11, 71, T
for all w, 9,1 € N. Thus,
1S (7w, To, )| < (T, To, Tw)|S (Tos Tos Tw) | + (71, 11, 7)|S (11, 715 )|

Taking limit w, o,l — +o00, we obtain |S(7,, 7, 7)] — 0. So {7} is a CVCS-Cauchy
sequence. Completeness of (I', S, ) gives us that there is an element ¢* € T' such that
{7} is CVCS-convergent to ¢*. Now, we’ll prove that f(¢*) = ¢*. Consider,

S(Tw+177—w+1a f(g*)) rj QS(TONTUM §*),
that is,
1S (Tet15 T, [ ()] < 015 (70, 7, 7).

Letting w — 400, we obtain f(¢*) = ¢*. Now towards the end, the uniqueness will be
proved. Let 7% be some other fixed point of f. Consider

S(67,6% 1) = S(f(S7), F(7), F(77)) T OS(7, 67, 77),

that is,

ISCAST) (), FE) < 01S(c7, <7, 77)]
This implies that |S(¢*,¢*,7%)| < 0. Thus, ¢* = 7%, that is, 7* is the unique fixed point of
f.

Example 1. Consider the complex plane I' = C equipped with a controlled function « :
I'* — [1,+00) defined by

7]+ 5| + =]
L 7]+ [o] + ||

a(r,q,w) =1+

and a complez-valued S-metric S : T3 — C given by

S(7,¢, @) —max{|7'—w|,]§—w|, |Tg§|}
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Then (T',S,«) is a complete CVCS-metric space. Define the mapping f : I — T as
f(1)=%. Now, for any 7,c € T,

S(fr f7.£<) —max{’; =] |r;<|} ST 05,
for any 0 € (%, 1).
Also, let o =1 and 7, = f*“(10) = 5% Then,

2 1
5o 1 5ot
2 1
1+ 5w + BT
a(Tw+17Tw+laTw+2)O‘(7—gnga Tw—l—l) 1

and sup lim =
o3t ot (T s Tot1) 2173

Ty Twrs Twt1) = 1 +

Thus, (2) holds and the sequence {1} converges to 0, and f(0) = 0 is the unique fized
point.

Corollary 1. Let (', S) be a complete complex valued S-metric space and f : T — T be a
mapping, such that for 1,¢ € T’

Su(f(1), f(1), f(<)) 2 05(7,7,9),
where 6 € (0,1). Then, f has a unique fixed point.

Proof. The required result is obtained by taking a(7,¢,ww) = 1 and following the same
procedures as in the preceding theorem.

Theorem 3. Let (I, S, «) be a complete CVCS-metric space and f : T — T satisfy the
following for every 7,¢ € I':

SU(1), f(7), () Z aS(7, 7, f(7)) + b5(s, 5, £(5)), (3)

where a,b € (0,1) with a +b < 1. For 19 € I', choose a sequence 7, = f(7,—1),w € N.
Suppose that

(i1, Tit1, Tit2)- (T, Toy Tik1) - 1-b (1)

sup lim ,

o>1 i——+00 Oé(Ti,TZ',TZ'+1) 2a

and lim (7, Tw, Tw+1) ezists. Then, f admits a unique fixed point.
w——+00

Proof. Consider an arbitrary 79 € I'. Define a sequence {7,} in I by 7, = f(7w—1) =
f¥(70). Suppose that 7, # 7,41 for all w. From (3), we obtain

S(TwaTwa Tw—l—l) ,-—5 aS(Tw—la Tw—laTw) + bS(TwaTwa Tw—i—l)

that is

LbS(Tw—la Tw—1, Tw)

S(TwaTw7Tw+1) ;j 1 _
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2

a
~ (1 — b)2S(Tw—2a Tw—2, fTw—l)

aw

,j WS(TO’ 70, ’7'1).

Let 0 > w, where p,w € N. Using the triangle inequality, we obtain

S(ToyTor Tw) T (7o, Toy Twt1)S(To, Tos Twt1) + Ty, Toy Twt1)S (Tos Toy Tw1)
+ Q(To.n Tw, Terl)S(Twa Tw, Tw+1)

= 20{(7'9, To, Tw—&-l)S(Tgv To, Tw—f—l) + Oé(Tw, Tw, Tw—i—l)S(Twa Tws Tw-i—l)‘
Again, using the triangle inequality on S(7,, 7y, Tw41), One writes

S(Tos Tos Tw) T 20(Tp, To, Twt1) (20(Tps To, Twt2) S (To, Tos Tuwt2)
+ Tt 1 Tt 1 Twt2) S (Twt1s Twt1s Twt2))
+ Tw, Twrs Tw+1)S (Twry Tws Tw+1)
= Ty Tws Twt+1)S (Tws Tws Twt1)
+ 20(7g, T, Tt 1) UTeot 15 Tt 15 Tt 2) S (Turt 1 Tt 1, Tt 2)

+ 220‘(797 To» Twt+1) (Tg, To, Tw+2)S (T, To> Twt2)-

Using triangle inequality again in a same way, we obtain

S(Tga Tos Tw) 3 a(Twa Twy Tw+1)S(Twa Tw, Tw—f—l)

* Z 2 H TQ7T£’7TJ (i, T Tig1) S(Tisy Ty Tik1)

1=w+1 Jj=w+1
o—1
+ 207wt H (7o, To, k) S(To—1, To—1, To)
k=w+1
a w
2Ty Tws Twt1) (1—()) S(70,70,71)

i
a
- Z 2imw H (Tgs To, Tj)U(Tis Ty, Ti1) <1—b) S(70,70,71)-

i=w+1 Jj=w+1

As w, p — +00, one has

i
a
Z gi—w H a(Ty, To, Tj) (T4, i, Ti1) (1 — b) — 0,

1=w+1 Jj=w+1
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(T 1,Tig1,Tig2)-(Tp,Tp,Tit1) 1-b F :
5. T 11
P Cey < 5 or o > n, we obta

if sup,>; lim
= =+

lim S(7,,7,,7,) =0.
dim S, 7.m)

By CV (S35, we have
S(Tw, Tos 1) 3 (Tpy Tos Tw) S (T, To, Tw) + (71, 11, 7)) S (11, 71, Tws)
for all w, o,1 € N. Thus,
1S (7w, To, )| < (T, To, Tw)|S (Tos Tos Tw) | + (71, 11, 7)) S (11, 715 7)) |-

Considering the limit as w, p,l — 400, we have |S(7,,7,,7)] = 0. So {7} is a CVCS-
Cauchy sequence. Completeness of (T', S, ) gives us that there is an element ¢* € T" such
that {7,,} is CVCS-convergent to ¢*. Now, we’ll prove that f(¢*) = ¢*. Consider,

S(Tw+17Tw+17 f(§*)) :j CLS(TLW Tw, Tw+1) + bS(§*7g*7 f(§*))

that is,
|5 (Tt 15 Tt 1, F(S))| < @l S(70, 7w, Tg) |+ BIS (7, 67 f(S9))]-

Letting w — 400, we obtain [S(¢*, <%, f(<¥))| < b|S(¢", <%, f(<¥))|, which implies f(¢*) =
¢*. Now towards the end, the uniqueness will be proved. Let 7* be some other fixed point
of f. Consider

S(¢*, 6% 1) = S(F(S7), £(7), f(77)) ZaS(S7, 67 £(S7) +bS (77,75, f(77)),

that is,
IS(f(™), (™), F(m)) < 0.

This implies that |S(¢*, ¢*,7%)| < 0. Thus, ¢* = 7%, i.e., 7 is the unique fixed point of f.

Corollary 2. Let (I', S, «) be a complete complex valued S-metric space. Let f : T — T
be a mapping such that, for 7,¢ € T,

S(f(1), f(7), [(€)) 2 aS(7, 7, (7)) +bS(s, <, f(5)), (5)
where a € [0, %), with 2a + b < 1. Then, there exists a fixed point for f in T.

Proof. If we take a(7,¢,w) = 1 and proceed with the same steps as outlined in the
proof of Theorem 3, the corollary is proved.

Theorem 4. Let (I', S, «) be a complete complex valued S-metric space. Let f and g be
two self mappings on I' that meet the contraction condition given below:

S(7,47,99) 3 S (ri )+ Sn T TS )

20(gs, 95, 7)S(T, 7, 95) + a(fT, f1,9)S(s, <, fT) + s, 5, 7)S(T,7,¢)
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for all 7,6 € T' such that T # <,S(7,7,95) + S(s,s, fr) + S(1,7,6) # 0 for any two
nonnegative real numbers 7y, 5 satisfying the condition v+ < 1 or S(ft, fr,95) = 0 if
S(r,7,95) + S(s,s, fr) + S(1,7,5) = 0. Suppose that

sup lim (Tit1, Tit1, Tit2)-0To, To, Tit1) < 1 , (6)
B (o701 5+ 5)

and lir_irrl (T, Tw, Twt1) exists. Then there exists a unique common fized point for f and
w—r+00
g.

PTOOf. Let 7o € I and Tok+1 = fTQ,{,TQ,Q_A'_Q = gTok+1, K € {0, 1,2, } Thus,

S(T2k+1, T2r+1, T2nt2) = S(f2r, [T2r, 9T2k+1)

3 ’YS(TQm T2k T2n+1)
BS(Tors Tow, [T2r)S (Tork+1, T2k+1, 9T26+1)

(20(gT26+1, 9T20+1, T2 )S (T2 s T2k, §T20+1) + T2k, FT21, Tor4+1)S (Tok41, T2k+1, fTor) + a(Tok+1, T2k+1, T2x) S (T2k, T2k, T26+1))

+

= VS (T2, Tow, T2k+1)
BS (Tor, Tors T2r+1)S (T2k41, T2k+15 T25+2)

(20 (T2n42, T2r+2, 726 )S (T2m, T2, T2n12) + A(T204 15 T2kt 1, T2r41)S (T2t 15 T2t 1, T2r41) + QA(T2rt1, 20415 T2 )S (T2rs 200, T2k 41))

Hence,

|S(T2k+15 Tor+1, Ton+2)| < YIS (T2k, T2k, Tow+1)]
/8‘5(7_2&77_%67TQH—}—I)HS(7—2H+17T21£+17T2H+2)’
(12a(T2r+2, Tor+25 T2r)S (Tows Tok, Tow+2) + 0(Tok41, T2rt15 T26) S (T2ks T2k, T2k+1)|)

By CV (S35 and Lemma 3, we see that

IS (T2r41s T2rt1s Tont2)| = |9 (T2rt2, Tont2, Tont1)]
< 20(T2k42, Tont2, Tor) S (T2nt2, T2nt2, T2x)
+ T2k 1 T2rt1s T2r) S (T2t 15 T2k 1, Tow) |
= |2a(Ton+2, Tont2, Tow) S (T2w, Tow, T2wt2)

+ a(T20+41, Tor+1, T26)S (T2w, T2k, Tow41)]-
Thus,

|S(T2k415 Tort+1, T2n+2)| < YIS (T2k, T2k, Tont1)| + B1S (72w, T2k, Tow+1)]
= (7 +5)’S(7’2m72m72n+1)|~

Likewise, we obtain
|S(T2k+25 Tort+2, T2w+3)| = (v + B)1S (Tar+1, Towt1, T2r+2)|-
Therefore,

|S(7—w77—w77w+1>‘ < (7 + ﬂ)‘S(Tw—luTw—laTw‘ <..< ('Y‘i‘ﬁ)w‘S(TO;TOle)-
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Hence, for any ¢ > w, we have
S(Tos Tos Tw) T 20(Ty, To, Twt1) (20(Tps To, Tw2) S (To, Tos Tuwt2)
+ Tt 15 Tt 1 Twt2) S (Twt1s Twt1s Twt2))
+ (T, Tws Tw+1)S (Tws Tws Tw+1)
= Ty Tws Twt+1)S (Tws Tews Twt1)
+ 204(7'@, Tos Terl)O‘(Terla Tw+1, Tw+2)S(Tw+1a Tw+1, Tw+2)

+ 2205(7'97 Tos Tw+1) a(Tgv Tos Tw+2)S(TQ7 Tos Tw+2)'

Using triangle inequality again in a same way, we obtain

5(7—97 Tos Tw) 3 a(Twa Tw Tw+1)S(Twa Tass Tw41)

+ Z 2 H TQ’TQ7TJ (i, Tis Ti1) S (i, Ty Tit1)

i=w—+1 Jj=w+1
o—1
+207w1 H (Tg, Tos Tk) S (To—15 To—1, Tp)
k=w+1
ia(Tw,Tw,TwH)(VﬂLﬁ)w (70,70, 71)
o .
Z 2w H TQuTQ7T]) (TZaTuTz—i-l)('Y"‘/B) (7'0,7'077—1)
i=w+1 Jj=w+1

As w, 0 — 400, one has

Z 2Z v H 7—977—@77_] (TiniaTi+1)(7+/8)i_>0a

i=w+1 Jj=w+1
: : a(Tig41,Tig1,Tit2) 0T, To,Tit1) 1 :
if sup,>q Z_l)lfrnoo alrimd) < 5048 For ¢ > w, we obtain

lim S(7,,7,,7,) =0.
g,w—H—oo (UJJ wH Q)

By CV(CS3, we have
S(Tw, Tos 1) 3 (Tps Tos Tw) S (T, To, Tw) + (71, 71, 70) S (11, 71, Tws)
for all w, g,1 € N. Thus,
1S (7w, T, 1) | < (g, To, Tw)|S (T, To, Tw) | + (11,7, 70)|S (1, 71, Tw)|-

Considering the limit as w, p,l — 400, we have |S(7,,7,,7)] = 0. So {7} is a CVCS-
Cauchy sequence. Completeness of (I', S, ) gives us that there is an element ¢* € I" such
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that {7,} is CVCS-convergent to ¢*. Now, we’ll prove that f(¢*) = g(¢*) = ¢*. Assume
that f¢* # ¢*. Thus, 0 < w = S(¢*,¢*, f¢*). Therefore,

*

S(s*, 6" Tony2) + U Tont2, Tont2, £S7)S (Tont2, Tont2, fS7)
T 20(s™, 6%, Tar42) S(ST, s Tant2) + Tonta, Tant2, £S7)S (920415 9T2041, fST)
2 200(<", ¢, Tor42) S(S7, 7, Tant2) + Yo Tant2, Tont2, fS¥)S (Tont1, Tont1,<7)
Bo(Tant2, Tont2, fS7)S (Tont1, Tont1, Tont2)S(S¥, 6%, fS¥)
2a(fs", f<", Tant1)S(T2n41, Ton+1, fS7) + alTan+2, Tan42, ) S(s7, %, Tant2) + als™, §%, T2nt1) S (T2n+1, T2nt1,57)-

w 3 200(™, 6", Topt2)

Hence,

|| < 2a(s™, 6", Tr12)|S(s™, 6%, Tort2)| + Yo Tawt2, Tont2, SIS (20415 Tont1,$™)]
Ba(Tor12, Tort2, FS)|S (Tont15 Tow+1, Ton+2)|| 2]

2a(fs™, ™, m2n+1) 1S (T2n+1, T2n+1, f6°)| + a(T2r+2, Tan+2,s™)S(s™, 6%, Tant2)| + als™, ¢*, T25+1) 1S (T2r+1, T2r+1,57)]-

Our assumption on w is contradicted by the fact that the right-hand side of the preceding
inequality tends to 0 as k — 4o00. Consequently, it is possible to demonstrate that
f¢* = ¢* and that g¢* = ¢*. As a result, f and ¢ have a common fixed point. In order to
demonstrate uniqueness assume that there is another common fixed point of f and g, say
p*. Therefore,

S(s*, 6%, p") = S(fs™, f<*, gp")
JAS(sT ", ")
S(s*, 5%, fs*)S(p*, p*, 9p")
2a(gp™, gp*,s*)S(s™,<™, gp™) + a(fs™, f<*, p")S(p*, p*, ™) + alp™, p*,¢*)S(s™, <™, p")
=vS(¢*, ¢, p%).

This implies that |S(s*,¢*, p*)| < ~|S(s*, ¢, p*)|. However, since v < 1, we can thus
conclude that S(¢*,¢*, p*) = 0, and as a result, ¢* = p* as intended. To complete our
proof, suppose that for every natural number &, if we obtain

S(Toks Tor, 9T2k+1) + S (T2k+1, Ton+1, [Tor) + S (T2k, Tok, Towt1) = 0,

then S(fTow, fTor, gTont1) = 0, which implies 7o = fTonw = Toxt1 = gTowt1 = Towt2.
Therefore, 9,11 = fTox = Tox, hence there exist wq, g1 such that w; = fo; = 1. Similarly,
there exist wg, g2 such that wy = goo = p2. We know that

S(o1,01,902) + S(02, 02, fo1) + S(o1, 01, 02) = 0.

We deduce that S(fo1, fo1,g02) = 0, which implies that wy = fo1 = go2 = wa. Therefore,
w1 = fo1 = fwy. Similarly, we get wo = goo = gwo. Since wi; = wo, we deduce that
fwi = gw; = wy. As a result, f and ¢ have a common fixed point, namely w;. To prove
uniqueness, assume that f and g have 7 and ¢ as common fixed points. We know that
S(r,1,9¢) + S(s,s, fu) + S(7,7,¢) = 0. Thus, S(7,7,5) = S(f7, fr,95) = 0 which implies
that 7 = ¢ as required.
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Corollary 3. Let (I', S, «) be a complete complex valued S-metric space. Let f and g be
two self mappings on I' that meet the contraction condition given below:

BS(r,7, f1)S(s,5,9s)
b(2S(1,7,95) + S(s,s, fT) + S(1,7,9))

for all T, € T such that T # <, S(7,7,95) + S(s,s, f1) + S(7,7,5) # 0, where v, B are two
real numbers which are non- negative and satisfy the condition v+ < % or S(fr, fr,95) =
04f S(r,7,95)+5(s,s, fr)+S(7,7,6) = 0. Then there exists a unique common fizved point

for f and g.

Proof. If we take a(7,¢, @) = b (b is some constant) and proceed with the same steps
as outlined in the proof of Theorem 4, the corollary can be proved.

S(fr, fr,99) IvS(r,7,6) +

Corollary 4. Let (I', S, «) be a complete complex valued S-metric space. Let f and g be
two self mappings on I' that meet the contraction condition given below:

BS(r,7, f1)5(s,s, 95)
25(7,7,9) + S(s,s, f1) + S(7,7,9)

S(fr, fr,9¢) 2 vS(1,7,6) +

for all 7,6 € T such that T #<,S(7,7,95) + S(s,s, f7) + S(7,7,5) # 0, where v, 3 are two
real numbers which are non- negative and satisfy the condition v+ < 1 or S(f, f1,9¢) =
0if S(1,7,95) +S(s,s, fT)+S(7,7,5) = 0. Then there exists a unique common fixed point

for f,g.

Proof. If we take a(7,¢,w) = 1 and proceed with the same steps as outlined in the
proof of Theorem 4, the corollary can be proved.

4. An application

We examine a nonlinear Volterra-type integral equation defined for complex-valued
functions

B i T u(§)3
u(7)72+4/0 mﬁka 76[071]7 (7)

where u(7) € C is the unknown function and the kernel K(7,¢,u) = is Lipschitz

iu®
A(1+[ul)
continuous in w. Let I' be the space of continuous functions that map from [0, 1] to the

complex numbers. We define the operator 7 : ' — I' by

2 0T u(9)?
= - ———=d
T =+ [
Consider a closed ball Br(0) = {u € T' : |Julloc < R} for some R > 0. Also, define the

metric as

Stuv,0) = max {Ju(r) = wL o) - w()

|u(T) = v(7)| }
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and the control function as
2 3
a(u,v,w) =1+ |lul|5g + |v]leo + [l

Theorem 5. The integral equation (7) admits a unique solution u* € T' under the stated
assumptions.
Proof. For u,v € Bg(0) with R = 0.35, we have

u? v3

1+ ul 1+ v

ds

1 T
Ttutr) - TeE) < 1 [

1 T
< 4/ (3R* + R*) lu—v|ds (using |K(7,s,u) — K(7,5,v)| < (3R* + R?) |u — v])
0

3(0.35)% + (0.35)*
< _
< 1 Jnax [u(t) = v(7)|

< 0S(u,u,v),

where 6 = 0.11 and hence, the contraction condition is satisfied.
For the Picard iterates 7, = 7“7y, we obtain

(0.35)3
<14+ —2 2~ 0.0079.
Imlloe < 14+ 70770 35)
That is,
T, Ty Twr1) < 1+ (0.0079)% 4+ 0.0079 4 (0.0079)3 ~ 1.008.

Thus,

sup lim ATt Mot Tor2)(To o Tutt) oy gog o Ly

o>1w—rtoo (T Ty Tt 1) 2% 0.11

By Theorem 2, 7 admits a unique fixed point in I', i.e., the integral equation has a unique
solution.

5. Conclusion

In this paper, we introduced the concept of CVCS-metric spaces, which generalizes both
complex valued S-metrics and controlled S-metric spaces. Within this new framework,
we established several fixed point theorems under various contractive conditions. Our
results not only extend existing theorems from the literature but also unify them under a
broader and more flexible setting. Furthermore, we demonstrated the applicability of our
theoretical results by proving the existence and uniqueness of a solution to a nonlinear
Volterra integral equation involving complex-valued functions. These findings open new
avenues for future research, particularly in analyzing nonlinear problems and integral
equations within complex metric frameworks. Potential directions include extending these
results to multivalued mappings and exploring their implications in applied mathematics
and computational analysis.
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