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1. Introduction and preliminaries

Some different ways, such as recurrence relations, classical and exponential generating func-
tions, p-adic integrals, explicit formulae, and so on, are used to represent the definitions of
special polynomials and numbers. The most significant applications of special polynomials
are involved in the theory of finite differences, analytic number theory, classical analysis, and
statistics. The most famous special polynomials are Bernoulli [1], Hermite [2], Euler [3], Bell [4],
Frobenius-Euler [5], Eulerian [6] and so on and see the references cited therein. The Eulerian
polynomials appear in combinatorial mathematics and play an important role in the theory
and applications of mathematics. Thus, many number theory and combinatorics experts have
extensively studied their properties and obtained diverse interesting results [7]. In recent years,
Bell-based Bernoulli polynomials of order « in [8], Bell-based Appell polynomials of order « in
[8], and Bell-based Frobenius-type Eulerian polynomials in complex variables in [9] have been
considered, and several properties, applications, and relations have been investigated. By mo-
tivating and inspiring the above studies, in this work, we consider Bell-based Frobenius-type
Eulerian polynomials of order «, and we then derive multifarious relations and identities, in-
cluding some summation formulas and derivative properties. Also, we investigate some implicit
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summation formulas and symmetric identities for Bell-based Frobenius-type Eulerian polyno-
mials of order . Furthermore, we provide the stack of zeros and surface representations of a
generalized Bell-based Frobenius-type Eulerian polynomials for some particular values of the
parameters.

The Apostol-type Bernoulli, Euler and Genocchi polynomials of order « are defined by [10-12]:

¢
(ue<—1 ZE for | CHlogp |<2m, @
2 aeaC:iE(a)(g-”)g for | +logu|<m (2)
pes +1 e SR ’
and
QC
f1eS + ZG Uﬂffor | ¢ +logp |<m, (3)
respectively.

It is seen that

B (0; 1) = BE (1), B (05 1) == EL () and GL(0; ) := GL) (n),

3

are the corresponding numbers of the Apostol-type Bernoulli, Euler, and Genocchi polyno-
mials of order «, respectively. Also, note that

BM (05 ) :=Bo(o; 1), EM(oyp) :=Ee(osp) and  GW(o;p) := Ge(o; ).

For € > 0, the first kind of Stirling numbers are defined by the following summation formula
[13-17]:

o)e=Y_Si(e,0)0, (4)
6=0

where (0)g =1, and (0). =0o(c—1)---(c—e+1) (¢ >1). Also Si(e,d) can be represented
by the following generation function:

;,(log (14¢))° ZSl £, 5 (6 > 0). (5)

Similar to that of Si(e, ), for € > 0, the second kind of Stirling numbers are defined in the
following two different ways [18, 19]:

0= Sa(c,)(0)s. (6)
0=0

and -
L~ 1) =3 556,00 (7)
4! g T el
The second kind r-Stirling numbers S, (g, 0) are given by [9, 20]:
1 r¢( ¢ 1 S CS
€ (e =) :Z;Sr(e—kr,é—kr)g!. (8)
e=

The second kind r-Whitney numbers W (¢, §), for any positive integer 7, are provided by
[21]:

1 T TO - CE
WB C(e — 1)5 = ZWT’T((‘E?(S)E‘ (9)
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The Bell polynomials Bel. (o) are defined by [4]:
(1) ZBel 7. (10)

When o = 1, Bel. = Bel.(1),(¢ > 0) are called the Bell numbers. By (7) and (10), we observe
that

Bel.( 252 (g,8)0° (¢>0). (11)

Recently, Duran et al. [8] introduced the partially degenerate Bell-based Bernoulli polyno-
mials of of the BelIB%ga) (o3 p):

¢ “ aC+n(eS—1) _ i ]Bg(oc)( . g 12
eC—l e = BelDg va){_:!' ( )
e=0

For a = 0 in (12), we get the bivariate Bell polynomials, [8].

eoCtPet=1) — ZBel (o ,0 (13)

Let p € Cwith u # 1, o € C and ¢ € R. The Frobenius-type Eulerian polynomials Aé"‘) (o5 1)
of order « are given by [6]:

1—p w—1
<M> ZA ;L : ’C+ln <M>’ < 2. (14)

At the point o = 0, A&‘“)(o; W) = Aé“) (u) are called the Frobenius-type Eulerian numbers of
order . By (14), we observe that

A (o) = 3 ( ) ) AL (o, (15)

). (16)

where H{® (o|p) are the ' Frobenius-Euler polynomials of order « [10].

and

A (g5 ) = (1 — 1)FH ( o
-

Recently, Khan et al.[16] considered Bell-based Frobenius-type sine-Eulerian polynomials
and Bell-based Frobenius-type cosine-Eulerian polynomials, respectively, as follows:

£

1- : g et — a,s
(ecm—nu_,) e siny¢ = ZBezA( )(ffpx,u)cf

e=0
and
1_7'“ aegC-FP(eC_l)COS C:i A(oc,c)(o_ . )g (17)
eClu=1) — 4y X OBel e PPXG M) T
e=l

Then, they derived several properties and relations, and also they gave some applications of
these polynomials, [4, 7].
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2. Properties of Bell-based Frobenius-type Eulerian polynomials

Here, we consider Bell-based Frobenius-type Eulerian polynomials of order @ and then we
analyze some properties.

Definition 1. Let y € C with p # 1, and o,p € R. The Bell-based Frobenius-type Eulerian
polynomials BeZAS‘) (o, p; 1) of order a are defined by

L= O\ acipe-1) _ N @ 16 p—1
(eg(u—l)_ﬂ> € —Z_;BezAs (0.0 p1) 75 |G+ 1n 0 <2m.  (18)

Remark 1. On picking o = 0 in (18), we get a new type of Bell-based Frobenius-type Eulerian

polynomials BelAga)(p; w) of order a as:

Lo\ e _ Y I
<e<(“_1)—u> © _;BelAs (o) 35 (19)

Remark 2. Upon laying p = 0 in (18), the Bell-based Frobenius-type Eulerian polynomials
(a)

Bl (0, p; 1) of order o reduces to familiar Frobenius-type Eulerian polynomials Aé"‘) (o3 1) of
order o in (14).

Theorem 1. For e > 0, we have

€
(0% £ (6%
pah® (i) = Y- (5 ) AP Bel-ufoip), (20)
u=0
€
Bah (o, pip) =) < y > AP (03 0)Bel.—u(p), (21)
u=0
b (0, pip) =) ( Z > Al (p; o=, (22)
u=0

Proof. By (10), (12), (14), and (18) and using the Cauchy product rule, we readily get the
representations (20)-(22).

Theorem 2. For e > 0, we have

€

oY € el
BeZAé ) (U +w, p+u; /’L) = ( s ) BeZAgB) (U, w; N)BelAgf)s(Ua p; /L) (23)
0

S=

Proof. Using (14) and (18), we have

ZOO (a+8) E (1= T e
BElAs (U +w, p+ u; :u) | C(u—1) €
e=0 & ext —H

oo £ o0 s
= Bahl™ (0, p; M)% > Babl?) (u, w; A)C!

S

e=0 T s=0
o &g c
=35 (2 st st o s, o)
e=0 s=0 :

which means the asserted result (23).
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Remark 3. For u= =0 in Theorem 2, we get

€
pah (-t i) =3 (5 ) A (o3 wBel (i), (25)

s=0
Theorem 3. The following differentiation formulas hold:

Opad (o, p; 1)

90 = SBeZAE;Ci)l (0’, P H)u (26)

8BelA§a) (O-’ P; :U')
dp
Proof. By (18), we have

=9 ¢ 0 I—p \° c_ 1—p \* 0 c_
il (@) A I o Y oCplet=1) _ [ -7 F )\ X ,o¢+p(et—1)
Ezl 8JB€ZAO' (07 p,,u) el do <6<(“_1) - N) e <6<(“_1) 1 ao_e

l—p o oCm(et-1)
(e((ﬂ_l) — H) Ce

(28)

= B AY (0 + 1, p; 1) — BaAlY (o, p; ). (27)

o Ca
Z 510'p, )7'7

E=

which gives the claimed result (26). Agam using (18), we note that

=0 S, 1—p \“ e 1—p \“0 e
. (o) > - 2 ol+plec=1) _ ( -7 F eoStr(et—1)
Z 8pBelAE (0—7 pa :u‘) 6! ap <e<(#_1) _ /J/) € (€C(“_1) _ N) ap

e=0
(= T sty ¢
— (eC(M—l) — u) e (5 —1)

€ > €

G (07 (0% C
:ZBeZAg )(J+17p7ﬂ>%_ZB€lAg )(U7Paﬂ)ga (29)

which provides the asserted result (27).

Theorem 4. Let € > 0. Then

€

2u—1) ( g ) As(o; 1) BerBe—s(0, p; 1 — 1)

60=0
= Aalc(o,p; ) — (1 — 1) BerAe (o, p; 1 — ). (30)
Proof. We set
(2p—1) B 1 1

(e((ﬂ_l) — M)(e((u_l) — (]_ — :U‘)) e((ﬂ_l) — U N eC(M_l) — (1 — M) ’
We observe that

oty L= W= (=)D (1= e e (1= p)er™ e (1~ (1- )

(@C(H—l) — M)(@C(H—l) — (1 — M)) eSlp—1) _ 7 eSlp—1) _ (1 — u)
and then
Ce
(2n—1) (ZAJUM )(ZBezA pil—p)= )
ce
_,uz:BelA g, P; K . ZB&ZA o, p;1 )7'7
e=0

which implies the desired result.



M. Sharma et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6660 6 of 19

Theorem 5. For e > 0, we have

)

€
ppehe(o,pim) = 3 ( : ) pabes(o,p )1 — ) — (1= w)Belo(oip). (31)
6=0
Proof. Consider
" 1 1

eC(#*l) — eC(M*l) - eC(ﬂfl) — N eC(ﬂfl).
( 1) ( 1)

We find
(1 = p)eosHee=1 (1— M)ea<+p(e<fl) (1- M)ea@rp(e“l)
(e((#*l) — )eC(#*l) (eC(Nfl) — lu) eg(#*l)
C 5¢° - ¢t
MZBezA (o, p; p ZBelA (0,01 Z(l 1) 5 (1—H)ZB€L:(U§P)§~ (32)
T 6=0 e=0

Therefore, by (32), we get (31).

Theorem 6. Let € > 0. Then

a 1 J 9 « o
Bahl® (o, pyp) = —— < 5 > [Aa—a(u)BelAf; (1= w)o, pi ) — phes(1) paAS (0, p5 1) | -

1=
(33)
Proof. In (18), we have
0 e _ C(p—=1) _ 1— @
(a ¢ I—p e 1% K oC+p(ef—1)
ZBelAg O'PM) < )( )( —1 > €
gt eS(p—=1) — 7 1—p eC(u=1) _ I
1 _ [0
(u=1)¢ (27— H oC+p(et—1)
K ) o () |
l—p ¢ eoCHp(ef=1)
C(p— 1) — eSle=1) —
_ 1 ¢ () & - ¢
_1_“[;&( )76 Bal; (0 —1)o,p; MZ ZBelA (@, 1) 5 |-
(34)
By (18) and (34), we obtain (33).
Theorem 7. Let € > 0. Then
&€ )
€
Bab\™ (0, p; ) = <S> (0)552(5,6) gt ALY (05 ). (35)
s=0 §=0

Proof. By (18), we note that

}OO: @5 oS (1= T e e = (LT T et ZOO
‘ BGZA&‘ (07 p’ /"L) 6! - <€C(lu‘_1) — /"L € [e 1+1] eé—(#_l) - M e (0)6
=

6=0
=3 5ah () S 30 D (0)sSa(5,);
=0 " s=06=0 ’
-3 (Z (5 @12(s. 0t o m) < (36)
e=0 \s=0 =0
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3. Summation formulae

Here, we investigate several implicit formulas and symmetric relations for Bell-based Frobenius-
type Eulerian polynomials of order a.

Theorem 8. The following formula is correct:
h,f f h
satiytopn = 3 (1) ()00 nan e G0
e,s=0

Proof. By replacing z by z + w in (18), we see that

L\ ety —terw) N a0 2w]
(e(u—l)(z+w) — N) el ) = ¢=8(tw) Z BelAh+f(U7 P; M)ﬁﬁ (38)
h,f=0

Also by replacing £ by ¢ in (38), we acquire

[e's) b f 1 o
—¢(z4w) (o) LN wh H ple*tw—1)
e(0=0) (z+w) 2wl
Z BeZAthf(C pi K Z BelAh+f o, p; ,u) X f' (40)
h,f=0 P h,f=0
(o= O (z 4w 2wt howf
Z [( )( : I Z BelAh+f(< mM) Ty Z BeZA}H_)f(O' Py ) — =T (41)
N! hlf! n
N=0 h,f=0 h,f=0

Using the formula [16]

)
Zf “” Zfswi,%, (42)

€,6=0

we then obtain

(¢ (Yt hop! " w!
Z “—Zw Z BeZAh+f(C777 H)Z fr Z BelAth)f(U Pk )Ziw*' (43)

lcl I £l
520 jls! i im0 h! f!
Thus we have
© B !
Z Z BeZAﬁH-)f e— S(C P; :u) Y ] - Z BelAh+f(U7p; /15)7'7'7 (44)
m0eamo (h =) (f —s)! o h! f!
which implies the claimed result.
Remark 4. Permitting f = 0 in (37), we get
"
nab i) = 3 (1) (0~ O pabl2.Cpm) €20, (45)

Remark 5. Replace 0 — o + ( and setting p = 0 in (37), we obtain
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hf s h
BelAgloﬁf(U+C§M) = Z < 5 ) < - >U€+8361A§Sr)f55@; 1) (46)

€,60=0

Again, by permitting o = 0 in (37), we obtain

h.f
BelAthf P K Z < ) < )(_C)6+6BeZAh+f e— 5(C7,07 )

Theorem 9. Let € > 0. Then

€
a 3
BelA.g +1)(Gv P /UJ) = < d ) Aa—d(M)BelAéa) (@P? N) (47)
d=0

Proof. By (18), we have

L—n L=\ ochotesny _ _L=p N (@) ¢
el — <e<“1>< - u) ‘ =g ;Be’Ad 7P gy

1— M a+1 ol 671) 1— M 00 (@) Cd
7 € = eA s P TR
<6(M_1)< — M) € e(ﬂ_1)< — dZ;)B 124 (U p M) d!
=> Ac(p) ZBelA (0, p510)
e=0
o g c o £
=> < >Asd(M)BelA((1 (o, p: M)) ij
d el
e=0 \d=0
which implies the result (47).
Theorem 10. Let ¢ > 0. Then
g €
Bl (0 +1,p3p) = ( s ) By (0, p; 1) (48)

Proof. Using definition (18), we have
(3

> [e% C - (0% CE
> Bahl® (o +1,p; M)g =Y ab(o, P;M)g

_ l—p * tralet1) ¢ _
_<e(umu> e (€ 1)

=(ZBelA()0’PM ><Z ) ZBZA(Q(UPM)%

e=0

= Z Z <§) BelA( O' P K ZBelA U ps )CE’

which gives the claimed result (48).
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Theorem 11. Let € > 0. Then

5ah (0, 1) = ZZ(“" )9!(;)szw,em—1>ﬂ—93eze_ﬂ<o;p>. (49)

0=0 0=20

Proof. In (18), we have

¢ (L=t N ocknten) _ gotrptesn (1 ¢TI —1)
ZBelA Upa ) ! eC(“—l)—,u e =€ 1+ 1—4

= (9a>< ) ZBel ap
0=0

£

+6 — e . :
- Z (%1929 ( ) ) 0 ( 9 ) (0, 0)(p — 1)” BBezg_ﬁ(a;p)> <.
which yields the result (49).

Theorem 12. Let ¢ > 0. Then

oo 9§
BaA) (0, p; 1 ZZ( >Bel (o + (u—1)8; p) ?%u— 1)~ (=1)0. (50)

6=0 6=0

Proof. By (18), we have
CE 1—p “ oC+p(ef—1)
Z BelA (o,p; 11 ) | m €
_gocrpteeeny [ €T 1N ey (Hm BTN e Z Yo
uw—1 w—1 51
oCHn(ef~1) 1 o (6 C-1)0; 1160 ’ S ¢
= Z a)s (1 > o) (127> (@)s(p— 1) o

w—1

which means the claimed formula (50).

Theorem 13. Let € > 0. Then

. 1 et NN .
Bahl® (o, p; 1) = por > < 5 ) ny ( 9 )Ba_e(a;u) — Bo(o; 1) | BaA ™, (0, p5 o).
5=0 6=0

(51)
Proof. By (1) and (18), we have

¢ L—p “ al+p(e€—1) ¢ :uec -1
ZB@ZA 7P ) ! <€<(“_1)—M> ¢ pet —1 ¢

C(p—1) _ 15
-1
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(ZBSZA (0.1 CEZBN/L&;% 3ty ZBJON6,>

(52)

which yields the claimed result (51).

Theorem 14. Let € > 0. Then

€ o
Bab{™ (0, p; i) = %Z ( g ) (MZ < z >E69(0§M) + Ee(G;M)) a0, p ). (53)
=0

0=0

Proof. From (2) and (18), we have

~ o ¢
(@) Co( ) ey (2 pe +1
Z BeA:™ (0, p; M) <eC(“_1) - € pes +1 2

e=0
—;OZB@ZA@(W, ZENM%Z%+ZBEZA< (0.1 ZJEwu)
e=0 0=0 e=0
(54)

which yields the result (53).

Theorem 15. Let ¢ > 0. Then

1 e+1 41 1) N
B (0, p; 1) = et D) Z ( ) MZ ( > Gs—g(o; 1) + Gy(o; 1) BezAg,)(;H(O,P; 11)-
(55)
Proof. By (3) and (18), we have
— a ¢
() (S oC+p(ec—1) (26 pe- +1
ZBEZA U,p ILI/) ' <€C('U‘_1) _,U/> € </L€C+1 2<

e=0

@;‘J\
cc‘f\

214 (“ZBezA(“ (0, p3 1 )CE > Gs Z
et §=0

which implies the claimed result (55).

o0 CE o0 C(g
+ Z BelAga) (0, p; M)g Z Gs(o; “)5') )
e=0 ) )

6=0

4. Symmetric Identities

Here, we give some symmetric identities of the Bell-based Frobenius-type Eulerian polyno-
mials of order «.

Theorem 16. Let ¢ > 0 and a,b,> 0 with a #b . Then

£

€
Z ( Z > b‘sas"sBezAf_‘)&(bo, p; M)BezAf;a)(aa, p; 1) = Z ( Z ) aébsf‘sBezAioi)g(aoj P M)BezAf;a)(bm P 14).
=0 =0
(56)
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Proof. Let
— (]‘ — Iu’)2 “ 2aba<+p(eaC71)+p(ebC71)
A(C) B <(€(u—1)aC _ M)(e(p—l)bg _ u) € ) (57)
o) . b
AQ) = Y pabl®(bo pi z A0 ) L
e=0 e!

el

00 € .
= (Z < g > bé - 6BelA( @) (bO’, p;u)BelAga) (ao‘,p; 'u)) Q;
e=0

Similarly, we can show that

0 )
_ (@) (@) (aC)
= ;:0 B (ao, p; M i E ety (bo, pyp) =5

[e.e] € .
= (Z ( g > a‘sba_éBezAia) (ao, p; )BelA( )(ba 0; u)) C—'
e=0

0=0
which implies the claimed result (56).

Remark 6. For a =1 in (56), we have

£

£
3 _ 9 _
> < 5 )béaa * Bethe—s(bo, p; 1) paihrs(ao, p; p) = < 5 )Géba * erbe—5(ao, p; 1) et (bo, ps o).

6=0 6=0
(58)
Theorem 17. Let ¢ > 0. Then
€ c a—1b-1 b
> ( 5 ) SN ()0 AL (ba + =049, p; ) pab\® (a0, p; 1)
6=0 6=0 9=0
€ c b—1a—1
_ ( - )ZZ( N and NG (aa+ 0+ 9, p; )BSZA( (bo, p; ). (59)
6=0 0=0 9=0
Proof. Let
a ac\ b
B(C) i (1 — #)2 « (]- - (_/‘Lebc) ) (1 - (_Me C) )€2abac+p(eac—1)+p(eb<—1)
A\ (elrhaC — ) (eln=D — p) (e + 1) (pek +1) '

Then, we have

« b a o
B(¢) = 1_7'“ paboC+p(e*¢—1) 1- (—/Le C) 1—pu
el — w1 )\

b
% (1 — (_Meac) )eabag—&—p(ebc—l)

pnes + 1

1 IJ/ « e a—1 1 IJ/ o b b—1
_ — abcr§+p a6 —1) 9 b§9 - abo(+p(e®s—1) .\ acy
- (=) S () > (e
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a—1b—1

1—pn & feat 049 (bot b0 td)ac - (a (b)°
— (e(u—l)ac_/) el 1);0;0(—#) H0ebot56+9) CgBeZAg )(CL@P;MT

« b )t~ (@ b)’?
(=) pa AL (ba + -0+, p; M) (8,) 3" pahsy (a0, p; u)(()),
©6=0 :

_ o b
(_M>9+19a5 ‘5b‘SBelA£_)5 (ba + 59 + 19, p; ,u)

() ¢
X BelAyg (aa,p;u)g. (60)

On the other hand, we have
o € c b—1a—1 (@) a
0+191—95 6 e} .
5O =33 (5 ) X X0 sl (a+ 50+ 0.pin)
=0 §=0 6=0 9=0
€
X BelA((sa) (ba, p; M)g

By (60) and (61), we arrive at the desired result (59).
5. Stack of zeros and surface representations of Bell-based Frobenius-type
Eulerian polynomials

Certain zero values of the Bell-based Frobenius-type Eulerian polynomials are discussed,

and some graphical representations are presented in this section.
Let’s remember the definition of Bell-based Frobenius-type Eulerian polynomials from (18):

1—p : oC+p(et—1) _ - () NG w—1
<€C(u—1)_u> € —Z_:OBezAE () |G == )] <2m)

The first few polynomials of BeZAga) (o, p; 1) are as follows:
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2

Bell (O'PM)

A (0, pip) =+ p+o,

BelAga (a,o, 1) = o +ap+ p+2ap+ p* + 200 + 2p0 + 0,
BelAga (o, p; 1) = & 4+ ap + 3% + ap® + p + 3ap + 30 p + 3aup

+ 3p% + 3ap® + p® + 3020 + 3auo + 3po
+ 6apo + 3p°c + 3a0? + 3pa? + o3,
24« 36 n l4a «a
(T=w* (Q=p? (Q-p? 1-p
96 144ap 56au n dap
(1=t (P=p? (Q-p? 1-p
144ap? 2160 > 84 u? 6o p? 3
(T=pw* (Q=p? (Q-p? 1-p @Q-p' Q-p)p?
_ 5603 . daypi® 4 240? 7 360t n HMop™  ap
(l=p? 1-p (A-p* (1-pP @Q1-p? 1-n
+ dap + 602p + 403 p + 10aup + 1202 pup + 4ap?p
+ 7p% + 12ap? 4 602 p* + 6apup? + 6p° + 4ap® + p* + 4030
+ dopo + 1202 po + 4ap’o + 4po + 12apo + 122 po + 12apupo
+ 12p20 + 12o¢p20 + 4p30 + 6020? + 6c)¢/w2 + 6p02 + 12apa2
+ 6p%0? + daoc® + 4po> + o,

— 10ap + 402 u

BelAz(la) (07 p; ,LL) =-—a+ Oé4 +

+ 603 —
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We obtain the zeros of the Bell-based Frobenius-type Eulerian polynomials of order «,

namely the solutions of BeZAga)(a, p; i), by making use of technology, given in Figure 1 for
1 <e <20

T T T T T
401 - a0
. J
| ]
0. 1 ® L4 ¢
2} () ] 2l ®
| ()
Im(g) 0 Im(@) 0
()
-20 20 .
.. P
([
o °
Pe
40| - 40}
. . . . .
40 -20 0 20 40 -40 20 0 20 40
Re(0) Re(a)
T
401 a0
20 20

T
. J d
‘ ] . |
. 4 4

Im(@) 0 Im(@) 0
m(0o) . 7I’nl7 . ]
Y I ® I
) J d

20|

40 - 40}

I I I I I I I I I I
-40 -20 0 20 40 -40 -20 0 20 40

Figure 1: Zeros of s A (0, p; )

Figure 1 (top-left) shows the zeros of BGZA£5)(O',5;3) for 1 < e < 20. Figure 1 (top-right)
shows the zeros of 361A§5)(a, —5;3) for 1 < e < 20. Figure 1 (bottom-left) shows the zeros of
BeZAS’) (0,5;—3) for 1 < e < 20. Figure 1 (bottom-right) shows the zeros of BelAg’)(cr, —5;—-3)
for 1 <e < 20.
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Stacks of zeros of the generalized Bell-based Frobenius-type Eulerian polynomials BBZAS*’ (o, p; 1)
of order o for 1 < e < 20, creating a 3D structure, are given in Figure 2:

Figure 2: Solutions of gAY (0, p; ) = 0

Figure 2 (top-left) shows the zeros of BCZA£5)(U,5;3) for 1 < e < 20. Figure 2 (top-right)
shows the zeros of Bel&g‘r’)(a, —5;3) for 1 < e < 20. Figure 2 (bottom-left) shows the zeros of
BelA@ (0,5;—3) for 1 < e < 20. Figure 2 (bottom-right) shows the zeros of BGZAE;E))(U, —5;—-3)
for 1 <e <20.
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Plots of real zeros of the generalized Bell-based Frobenius-type Eulerian polynomials BGZAS“) (o, p; 1)
of order « for 1 < e < 20 are provided by Figure 3:
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L] [}
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n10F n 10
[} L]
[} [}
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[] | (]
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Re(0) Re(0)
2000 [} [] [} [} [} [} [] 2000 6 0 ¢ 0 0 ¢ 0 0 0 00 0 o
(] [} L] L] L] [} [} o0 O & 0 0 0 0 0 0 0 0 0 0 o
[} (] [] [} [} L] [} (] ¢ 0 0 ¢ 0 0 0 0 0o 0 0
[} [} [} [} L] [} L] » o 6 o o 0o 0 0o 0 0 o o
L] L] L] [} L] L] o0 6 0 o ¢ 0 0 o o ¢ 0
15 L] [} L] [} L] o0 15-06 6 ¢ ¢ 0 0 6 0 0 000 o
L] L] [} L] [} L] L L] o 6 0 ¢ 0 0 00 0
o 0 [} L] L] L] [ o o [} ¢ 6 0 ¢ 0 0 0 o
[} [ ] [} [ ] [ ] [ [ [} (] [ ] [ o o 0 ¢ o
n [ ] [} [} [ ] [ ] ¢ o0 n (] [ ] [} [ ] [} ¢ 0 ¢ o0
10+ [} [} [} [ (] [ ] 10 (] [} (] [} ¢ 0 00 o
[} (] [} [} [] (] [} [} [} o 0 00 0
(] [] L] [} [} L] [} o o 00 0
[} L] [} ¢ o (] L] L] o 0 0 0
[} (] L] L] [} [} (] o o 0
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Figure 3: Real zeros of po A (0, p; 1)

Figure 3 (top-left) shows the real zeros of 361A§5)(U,5;3) for 1 < e < 20. Figure 3 (top-
right) shows the real zeros of BelAés) (0,—5;3) for 1 <& < 20. Figure 3 (bottom-left) shows the
real zeros of BGZA@(J, 5;=3) for 1 < e < 20. Figure 3 (bottom-right) shows the real zeros of

AP (0, —5;:—3) for 1 < e < 20.
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Lastly, we compute approximate solutions of BeZAE;S)(O', 5;3) = 0 in Table 1:

Table 1. Approximate solutions of BelAg) (0,5;3) =0

degree € o)
1 —10.000
2 —10.0000 — 4.47214, —10.0000 + 4.47213
3 —11.063, —9.4684 — 7.80057, —9.4684 + 7.80051%
4 —11.3040 — 3.44304, —11.3040 + 3.44304,
—8.6960 — 10.56167, —8.6960 + 10.5616¢
5 —12.134, —11.1517—6.3553¢, —11.1517 4 6.35531,
—7.781 — 12.967¢, —7.781 4 12.967:
6 —12.4670 — 2.95637, —12.4670 + 2.9563¢, —10.7625 — 8.92814,
—10.7625 4 8.92813, —6.770 — 15.1214, —6.770+ 15.1213%
7 —13.208, —12.4943 — 5.5954¢, —12.4943 + 5.5954¢, —10.213 — 11.2594,
—10.213 4+ 11.259, —5.689 — 17.086¢, —5.689 4 17.0864
8 —13.5902 — 2.6625¢, —13.5902 + 2.6625¢, —12.312 — 8.0064,
—12.312 4+ 8.006¢, —9.547 — 13.4043, —9.547 + 13.4044,
—4.552 — 18.901¢, —4.552 4 18.901:
9 —14.284, —13.723 —5.110é, —13.723 4 5.110¢,
—11.975 — 10.240¢, —11.975+ 10.240¢, —8.791 — 15.403¢,
—8.791 + 15.403¢, —3.369 — 20.595%, —3.369 + 20.595¢

6. Conclusion

Hermite-based special polynomials have been studied for a long time, and many mathemati-
cians and scientists have improved their properties and applications; [2, 14| and the references
cited therein.

In recent years, by the similar motivation mentioned above, Bell-based special polynomials
such as Bell-based Bernoulli polynomials in [8], Bell-based Bernoulli polynomials of the first
kind in [7], and Bell-based Frobenius-type sine-(and cosine-)Eulerian polynomials in [15] have
been defined, and diverse properties, applications, and relations have been derived. As a link
in this working chain, we have worked on Bell-based Frobenius-type Eulerian polynomials of
order «, and we then have acquired some relations, formulas, and derivative properties. Also,
we have examined some implicit summation formulas and symmetric identities for Bell-based
Frobenius-type Eulerian polynomials of order «. Lastly, we have shown the stack of zeros and
surface representations of Bell-based Frobenius-type Eulerian polynomials for several specific
parameters with specific values.

Future research can explore several directions, including the development of g-analogues
and degenerate forms of the proposed polynomials to study associated g-difference equations
and limiting behaviors in [22, 23]. Investigating orthogonality conditions and suitable weight
functions will help identify inner product spaces where these polynomials are orthogonal. Their
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application in interpolation, approximation theory, and spectral methods also warrants atten-
tion, particularly in solving differential or integral equations. Potential uses in mathematical
physics and engineering such as quantum systems and signal analysis highlight their applied
significance. Additionally, a detailed study of asymptotic properties and zero distributions using
analytic and numerical tools could offer deeper insights into their structural behavior.
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