EUROPEAN JOURNAL OF PURE AND APPLIED MATHEMATICS
2025, Vol. 18, Issue 4, Article Number 6667
ISSN  1307-5543 — ejpam.com

Published by New York Business Global

Some New Weighted Results for the Hardy Operator on
Variable-Exponent \-central Morrey Space

Muhammad Asim!, Khaled Suwais?, Nabil Mlaiki3*

L Department of NUSASH, National University of Technology (NUTECH), Islamabad 44000,
Pakistan

2 Faculty of Computer Studies, Arab Open University, Riyadh 11681, Saudi Arabia

3 Department of Mathematics and Sciences, Prince Sultan University, Riyadh 11586,
Saudi Arabia

Abstract. The main purpose of this study is to demonstrate that the fractional Hardy operators
are bounded on the weighted variable central Morrey space. When the symbol functions belong
to the A-central BMO space with a variable exponent, the estimates for their commutators are
similar.

2020 Mathematics Subject Classifications: 42B35, 26D10, 47B38, 47G10

Key Words and Phrases: Fractional operators, weighted Morrey space, variable exponent,

integral operators

1. Introduction

Let L}OC(R") denote the set consisting of all complex-valued integrable functions on
R™, In [1], the Hardy operator is defined as follows:

Hf(z) = 1/0 fdt, >0,

x
which was generalized by Faris [2] to n-dimensional Euclidean space and defined as:
1
Hf@) = [ fwd,

Onlz|™ Jiy)<af

where z € R*\ {0}, f € L} _(R"), and v, represents the volume of the unit ball. The

loc
n-dimensional fractional Hardy operator H, and its dual operator are defined as follows:

Hof(z) = |o|* / fwdy,  Hif(z) = / Wy

ly[<|z|
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Let b be a locally integrable function, and define the BM O norm as follows:
1
Ib|| Baro = sup / |b(z) — bp|dz,
B |Bl /g

where the supremum is taken over all balls B in R”, and bp is the average of b on B. A
function is called bounded mean oscillation if ||b||pyro < +o00. If b € BMO(R™), then the
commutator generated by the Hardy operator is defined as:

Hy f(x) = b(z)H f(x) — H(bf) ().

The commutator for the n-dimensional fractional Hardy operator H, and their dual
operator H} are defined in [3] as follows:

Hopf(x) = b(z)Ho f(x) — Ha(bf) ()

Hopf(x) = b(x)Hy f(2) — Ho(bf) ().

In real analysis, variable exponents function spaces are being observed with keen
interest. The theory of variable exponents has great applications in partial differential
equations and applied mathematics because they are used in image restoration and the
modeling of electrorheological fluids. Some basic properties for variable exponent function
spaces were defined by Kovacik and Rakosnik [4]. The boundedness of Hardy operators
on some function spaces is one of the main problems in this theory. The boundedness
of the Hardy operator on Lebesgue spaces and Sobolev spaces with variable exponents
can be verified in [5-7]. The boundedness of the commutator of the Hardy operator on
A-central Morrey space and the variable exponent Herz space K a,?; is discussed in [8-13].
More generalized results, incorporating weights and variable exponents, can be found in
[14-29]. Some of these results include duality, boundedness of the Littlewood maximal
Hardy operator and sublinear operator, wavelet characterization, commutator of fractional
and singular integral, and more.

In this paper, our main focus is on the weighted A-central Morrey space, which
holds importance in the theory of Harmonic analysis. The idea of A-central Morrey space
and A-central BMO space for variable exponents was initially discussed in [30]. Cen-
tral Morrey space, central BMO, and their corresponding function spaces have delightful
applications in exploring results for operators, including singular integral operators, as ex-
plained in [31-38]. In this article, we utilize the Reisz type potential operator to establish
the boundedness of the Hardy operator, defined as follows:

nfe) = [ Iy,

n |z —y|rm

f is locally integrable function, 0 < o < n and x € R™\ {0}.

Permit me to elucidate the structural framework of the present manuscript. In
Section 3, a recapitulation shall be furnished of certain pivotal lemmas and propositions,
articulated within the analytical milieu of weighted Lebesgue space endowed with variable
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exponents. Moving on to Section 4.1, we will establish the boundedness of fractional
Hardy operators in the weighted central Morrey space concerning variable exponents. In
Section 4.2, we will investigate the estimates of commutators induced by Hardy operators
and weighted A-central BMO functions on the central Morrey space.

Additionally, |S| and xg represent the Lebesgue measure and characteristic function
of a measurable set S C R"”, respectively. When we write g & h, it indicates the existence
of constants C7 and C5, both greater than zero, such that Cig < h < Csg. We define
S;=5(0,27) = {z € R": |z < 27}, and for j € Z, we set x; = x4,

2. Preliminaries

According to some basic books and papers [4, 39-41], we have established the Lebesgue
space with a variable exponent. For a measurable function p(-) : R" — [1,400) , the
Lebesgue space Lp(')(]R”) with a variable exponent is a set containing complex valued
function g such that

P) = [ lota)P s < 4.
LP0) is a Banach function space with respect to the norm
lgll e = inf{w > 0: B(2) <1).
The set P represents a set consisting of all measurable function p(-) such that
p- =essinfp(z) > 1 z eR"

+00 > pt = esssupp(x) x € R".

A function p(-) is said to be globally log Holder continuous (LH (R™)) if it fulfills the
following conditions:

Ip(y) — p(@)| < W, r,ye R" |y —z| < % (1)
[psc — p(2) ! 2)

S
™~ log(e + |z)

for some real number po.
The Hardy maximal Littlewood operator denoted by M, is defined as:

1
Ma(z) =sup 0 /B o(t)dt,

where B is a ball and z € B. It is known that M is bounded on LPO)(R™), for p(-) €
P(R™) (" LH(R™) [42-44].
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Let w be a weight, and ¢(-) € P(R"). Then LP()(w) represents the weighted variable
exponent Lebesgue spaces Varlable exponent, which contains all complex valued measur-

able function f such that fw o) e LPO)(w). LPO) (w) forms a Banach function space with
respect to the given norm

1
11 2o (o :wap(')HL:D(J-

Since, p/(-) is the conjugate of p(-) and () + -2~ =1, we have the conjugate exponent

P ()

relationship.
We introduce the concept of a A1 Muckenhoupt weight, defined as follows:

Definition 1. Weight w is called a A1 Muckenhoupt weight if it fulfills the condition
Muw(z) S w(z), z € R"

Definition 2. Let p(-) € P(R"). A weight is said to be Ay if it satisfies the condition:

1 1 1
Sup @Hw”(')XBHmeHw rOxsll, . <+oo.

Lp (-

and a weight is called A ) if the following condition holds:

lwxslpllw xall ., <+oo.
L r0)

1
"% |BJps

-1
Where pg = (ﬁ I5 ﬁdw)
Based on this definition Izuki and Noi [16] have proved the following monotone prop-
erty.

Definition 3. Let o € (0,n) and p2(:),p1(-) € P(R™), and ITI(') = I%(.) + & A weight w
is known as A(pa(-),p1(+)) if it satisfies the following inequality for all balls B C R™

1 1

Hw XBH - ”wXBHLpz() < ’B|

Deﬁnition 4. If p(-) € P and X\ € R, the weighted Morrey space with a variable exponent
BPOA(wPL)) s defined as:

BrOAw) = {f € L) 1l oy < +ooh

where

11l — qup — IXBOB 0w
BrOAw) = 00 1B, R)Mxso.n 100 o) )

Definition 5. If p(-) € P and A < % the weighted A— BMO space with variable exponent

CBMOPOA (wPl)) is defined as:

CBMO N w) = {f € L) (w) : || fleparoronw) < +00}

where
1(f = fB0.R)XBO.R) | Lr0) (1)

I£1 (A () = SUP
CBMOPEAw) ™ aso B0, )M IXB0,m) | L) (w)
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3. Important Lemmas
Lemma 1. [16] If p1(-),p2(-) € P(R") (N LH(R") and p1(-) < p2(-), then
A1 CAp () T Ap)-

Lemma 2. [16] Let 0 < a < n and pa(-),p1(-) € P(R™) where pll(_) = pzl(_) + &. Then
w € Alpi(),p2() & w20 €A 0.
Py ()

Lemma 3. [45] Consider Y is a Banach function space. Then
1. Y will also be a Banach function space. Specifically, || - vy and |||y are both

equivalent norms and satisfy (V) =Y.
2. IffeYandge Y/, then we have

[ 1f@g(@lde < £l

which is known as Holder inequality.

Lemma 4. [45] Let Y be a Banach function space. Then

1< sl
> 757 1IXBlYI|XB .
|B] Y

This holds for all balls B.
Lemma 5. [46] If M is weakly bounded on a Banach function space Y, i.e,

Ixiargsaplly < ALy (3)
where A > 0 and f € Y, then
1
sup @HXBHHIXBH;/ < +o0. (4)

Now we define weighted Banach function space and explain some of their properties.
For a function W (z) € (0, +00), W(z) € Yipe and W () € V), where Yioo(R™) comprises
of all measurable functions f such that fxp € Y for any compact set B with |B| < 400.
Then the weighted Banach function space is defined as

YR, W)={feM: fWer}
Then the accompanying lemma is true.

Lemma 6. [47]
1. Y(R™, W) is a Banach function space with the given norm

I £l vy = [[fW ]|y

2. The associated space of the weighted Banach function space Y(R™ W) is also a
Banach function space .
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Remark 1. Take q( ) € P(R™). Now, by the definition of the weighted Banach function
space Y(R™, W), LIO) (w10)) and qu(')(w*q,(')), we observe that

1. Let Y= LIO(R™) and W = w, then we have LI")(R™ w) = LIO) (wI()),

2. For Y= qu(')(R”) and W = w, we obtain qu(')(R”,w_l) = qu(')(w_q/(')). There-
fore, from lemma 6, we have

’ /7

(LI (w10)) = (LIOR?, w 1)) = L9 O (w0 O,

Furthermore, define p1(-) so that ﬁ(_) ==+ [%(,). If pi(-) € POLH(R™) and 0 < a < %,

now by applying the monotone property, we obtain wP*) € Ay C A1+p2<<>. So, by lemma
p1 ()

2 we obtain w € A(pi(-),p2(+)).

Lemma 7. [48] Consider a weight w on R™. There exist p € [1,400) such that w € A,
then for any measurable set E subset of B, we have

35

where 0 < § < 1 represents a constant independent of £ and B.

IN

B)

Lemma 8. [48] Let us consider p(-) € P N LH(R™). If wP?() ¢ Ap,(y and wh () €
A

P1()
Lpg(')(w_p,?(')). There exists constants §1, 62 € (0,1) and E C B such that

mmply w_pIQ(') € AP’Q(')) w_pll(') € AP;(') respectively . Thus, M is bounded on

Ixel

IXEN Loat) (wratry (L2 a0l < <|E|> | )
IXBl L2 ety lIxB (DO Oy | B
IxEl Lm()wpl())’ 1B\
: (6)
X811y |B|

Lemma 9. [16] Let p1(-) € PN LH(R") and 0 < o < o and p21(_) = p11(~) — o If
w € A(p1 ("), p2()), then I is bounded from LPC)(wPr()) to LP2C) (wP2()).

Lemma 10. [49] If the Hardy Littlewood mazximal operator is bounded on the Banach
function space Y, then for a measurable set E C B we have the following result

sl - 1B]
Ixelly ~ 1]
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4. Main Results and Their Proof

Lemma 11. If w®() € Ay, where q1(-) € P(R™)(LH(R™), define the variable exponent
q2(-) by

then
k(
HXB’“HLL]Q(‘)(qu( ) <02 (=) ”XBk” (L1 ) (wa1())y'~

Proof. Based on lemmas 9 and 5, we have
La(xs,)(x) > C2¥xp, (2)

xB, (x) < C2_kaIa(XBk)(x)
||XBk||L‘12(‘)(wq2(‘)) < CQ_kaHIa(XBk)||qu(<>(wq2(<>)
< C2_ka||XBk||Lq1(‘ ) (wa1()) (7)

k(
< C2 (n=a) HXBk” Lq1() wa()))

4.1. Boundedness of Fractional Hardy Operators
Theorem 1. Let gi(-) € P(R™) (" LH(R™). Define the variable exponent qa(-) by

Ifwn () € Ay, Ao =\ + 2, and 69 + dXa + 61 > 0, then

no
HHaf”quC),)\z(qu(-)) < CHf”Bm(')aM(wm('))-

Proof of Theorem 1
Using generalized Hélder inequality given in Lemma 3.

Haf () - xu()] € — / FOld - xa()
‘UU’ B

k

k
< 027 Z HXjH(Lq1(~)(wq1(~)))’HfjHLfn(')(wqu-)) “Xk(T).

j=—o0

[Heof () - Xk||Lq2<->(wq2<~>)

<c27* Z 150l a1 0 (war ) 1 1 (010 a0y X Loz a0y -

]_—OO
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By means of Lemma 5, we have

| Hof(z) - XkHqu(')(qu('))
k

k —
< o2k Y- ||Xj”(L‘11(')(w‘11(')))l||fj||Lq1(')(qul('))”X"u‘H(qug(‘))(wQQ(‘)))/

j=—o0

HXj ||(Lq1(-)(wq1(-)))’
wir () Xkl
HXk H (qu(-)(wa(-)))’

k
<C2* Y Ifjll gy

j=—o00

—1
(qu('>(w’11(‘))), ka ”(ng(-)(wm(')))’ :

By Lemma 8 and condition (6), we acquire

| Ha (2) - Xkl on O s

k
<c2ke 3y 2”52(J_k)||Xk||(m1<»>(wq1<»>))’Hfj||Lq1<<>(wq1<->)||Xk||(7L1q2<A)(wq2(A)))/- (8)

j=—00

Using inequality (7) in (8) and by the result of Lemma 5

[Hof (@) - Xkl a20) (a1
k
SC2ka Z 2n62(‘77k)2k(n7a)||fj‘|Lq1(')(wq1('))HX’CHquQ(»)(,sz(»))HXkH(_quz(.>(wq2(.)))/

j=—o00

K
52(i—k K
<C Y 2079 fill L i) (2 "|!Xk||Lq2(~>(wq2<~>)|!Xk||(Lq2<<>(wq2<<>))/)

j=—o00

k
<C Z 2n52(j*k)HfjHqu(_)(wa(_))

j==oc

K
< Olfll garorns n oy D, 229 Pw(B)M 1G] gy s -

j==o00

1 1l 4o
+TL

X1l a1 a0y = w(B) 1O m w(B) 20" & w(B)» [|X;ll La) (1a20-

HHaf(x> : Xk‘HLQQ(')(wQQ('))

k
52(j— e
SCHf”B‘h('Ml(w‘h(')) Z 2" 20 k)w(Bj)Aﬁ"HXj”qut)(qu(J)

j=—00
k A
82—k 2 W(B;)™
= Cllfll g crn wanery Y, 272V M w(By) 2w(B2)A2 Ikl a2 (a0

j==o00

HXj HLQ2(~)(qu(~))

) HXkHLQQ(-)(qu(-)) .
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Applying Lemmas 8 and 7

[Hof () - Xkl oo () (a0

< £l Zk: onb2(i=h)| g, M2 <|Bj|>% I I3l 020 ez
= 391 (1), A “) k k “) )
BaAL (wt )j:_oo | B Lt w2 )HXkHqu<~>(wq2<~>)
k
j— 6 & o
< 1PN o ns sy B2 DXk aao aatory Y 207 R mdtnduendda),
j=—00

k
||Haf(x) . XkHBfIQ(')’AQ(w‘D(')) < CHfHBql('))\l (w1 () Z 2”(J*k)(52+61+5)\2).

j=—o0

Since it is given that 02 + 01 + 6o > 0, which gives the required result:
HHOéf(:L') : Xk||Bq2(-)»)\2(wq2(~)) < CHfHBql(%Al(wQ1(~))'D

Theorem 2. Let qi(-), g2(-) and o be the same as in theorem 1 . If Ay = A + 2,
wi() € Ay and o < —n(1 + N2), then

HH;fHB%(')»AQ wi2() < CHfHB‘n(')»M wit()y)+
( ) ( )

Proof of Theorem 2

[Ho S (2) - xe(@)] < / [F@O[*"dt - xx ()

R™\ By,

<C Y Yl o a0y 1l a6 a0y xk(@).
=kt

IHES (@)« Xbll poa () 20y

o
<C Y YNl o on Oy 1l L om0y XN La20 (a2 )-
k1

= 1|l a1 ) (par Oy
<C Z 23(0‘_") ( w ) HXkH(qu(‘)(wa(‘)))’HX’CHL‘JQ(')(w‘IQ(‘))Hfj”Lh(')(wa('))'
ekt 1 ||XkH(Lq1<~)(wq1<~>))/

By virtue of Lemmas 2, 10, 6 and by the definition of A(q2(-),q1(-)) we obtain the
following inequalities:
HH;f(:E) : Xk‘HLq2(~)(wq2(~))

oo
<C Y YOI o ey 1l o ) Xk Loz oy
e

<C Y 2UREEmTTR f] 0 a0y
j=k+1
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o

1H2f (@) - Xkl gracros uizery € CUFlgaooa moy Y, 207REdmn2),
Jj=k+1

By using a < —n(1 + A2), we get the final result:
IHHA S goarra (a2 0y < CUF Nl gar 2 (uar 098

4.2. Commutators of Fractional Hardy Operators

Theorem 3. Let 0 < a < n, and p1(-),p(-) € P(R")(LH(R™) . Define the variable

exponent pa(-) by
1 1 1 o

= +
p2(z)  plz) p(x) n
If w0 e Ay, be 10l cBrror A@re)) » =M1+ 5 and Ag = A+ A1 + &, then

1[0, Hal f [l gracrra (wr20) < Cllblleparort)r wro) L |l gproan e 0y

Proof of Theorem 3

|[b, Hol f(2) - xB(2)| < ! /B( |(b(x) = b(v)) f(v)|dv - xB(x)

2" JB(0,/2))
1
< [ 1@~ b Wl xa(o)
2] B(0,|z])
1
= [ 10) b))l s (o)
2] B(0,|z])
= Al + AQ.
First, we estimate Ay. Denote % = p1%x) — =, then % = % 4 ﬁ,

1
A= e /B(o,xn |(b(x) = bg) f(v)|dv - x5 ()

= [(b(z) = bp)xB(2)|[Ha f(z)],
ALl o200 a0y = 1(0(2) = bB)XB(%) Ho f ()| 1o20) (ira (1) -
1

Using Holder inequality (?1() =55+ ﬁ)

LA oo ey < 1) = b3)XB @) 1o ooy 1 Ha @)X 50 (50

A
= Clbllcprroro weo) I BIMIXBI oo wro) [ B I8l 50 sy [ Haf | s sy

A
1ALl L2 (wr20y < ClIblleBarorer @) BIMIXBI oo (wroy I BIIX B I 50 (ws ) [Haf | pusc) s oy-
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1
IXBl Lr20) (upary = w(B) P20 = w(B)SO "

0 ||XB||LP(‘)(wP(‘))||XB||LS(‘)(wS(‘))
Given that = A\ + 7, using the result of theorem 1

1411 o) a3y < CllBlleBa10m0 (wren) B2 IXBI 120 (e L F 1 31 0rn (om0

1
Ay = 2o /B(O " |(b(v) —bg) f(v)|dv - xB(T).

0

A — . _
= Y e Z 00 B0 50

0

< ¥ o Z N B ORI

5>

mn a Z /213\21 . |(bg — by ) f(v)|dv - Xo1 p\2k-15()

k=—o00
= Ay + A
Aoy = ok B|n—1 / —b dv - - .
2 = kZ_OO\ E Z —— 215) f(0)ldv - Xat e ()
Using Holder inequality ( 6] + t() (1) =1).
An <C Z 2 B|" Xk p\2+—1 (T Z (b _bZZB)XQZBHLP('>(wP('))HfXZlBHLPl(')(wPl('))HX?ZBHLt<'>(wt('))
k=—o00 l=—oc0

=C Z ’2 B‘" X2k B\2k— 1p( Z HbHCBMop()/\ wp()) \2 B‘ Ix2BlLrc) (wp())

k=—oc0 l=—o0
HfHBpl('))\l (wp1(~))|21B‘)\1HXZZBHLpl(')(wm('))HXQIBHLt(-)(wt(-))
1

/ =~ ! /( l %
(LP10) (wp1()yy w(2'B)" w(2'B)

1

X2l O 2 X2 1o () X2 B L) ()

Aot = C Y 12" BI Xar prat—1 5 (@) 10 0 ar0re (uoro) 11l o1 00ns (a0

k=—o00

Z 2" B[ xoi | Lp;“(w,,m)),HleBHLm(o(wm«))-

l=—00
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By using the result of lemma 5, we will have

0 k
A =C Z IQkB‘%71X2kB\2k—1B(x)HbHCBMOP(')”\(wP('UHfHBl’l(')Jl(wpl(')) Z \Ql’/\+/\l+1’B|/\+/\1+l

k=—oc0 l=—00
0
E|S4+A42 A +2
= CHbHCBMOP(-M(wM-))Hf”me),h(wm(d) Z 2 \"Jr * lekB\Qk—lB(@")’B\ At
k=—oc0
0
o o
1421l o2 o202y < CllBleparortrr @ren |l gmoa ey D 12552 xgk Bl oa ) ra oy | BT
k=—00

[e%
= Cllbllcprroro weoy |l goroa e 0y Z (28] 2 AN (28 B) 0T | B

k=—o00
5 e N (Ot )
= ClIbll o mrroren ey | | o1 e oyw(B) P20 [ B2y~ |27 e
k=—o00
A
[A21 | Lp20) (ur20) < Clbllerrore) A @wre) 1 1| o101 (e ) IXBI o2 (up200y [ B
A= 37 BT YS [ (= bag) Sy oo 5(0)
k_z:oo Z 2!B\2!-1B 2 2B\2

-1

(b = byg)| =D |(byis1 — byip)
i=l

- 1
= oo | 6(y) — byir1p|dy
2'B| Jaip
i=l

1
< CZ; ]2iB|H = byit1p)Xai+1 Bl 1o (wr ) X1 Bl £06) (w1 )y
1=
By virtue of Lemma 5, we have

‘2i+lB’

Ix2i+1 Bl o) (wr()

- 1
(05 = bap)| < O Gl (0 = barsio)xarssll oo )
1=l

-1
< C Y bllesaroroa @eon 2 B
i=l
< CHbHCBMOM‘)’)‘(wP(‘)) Z |21+1B\)‘
=
< Cblleprroroa oy 27 B (9)
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0 k
A <C Z X2k B\2k—15(Z )25 B|" ! Z HbHCBMOP('W‘(wP('))‘21+1B‘)\m

k=—o0 l=—00

1/ x2t8 HLm(')(wm(')) Ix2tB ”(Lpl(‘)(wpl(‘)))/

0 k
< Cllblle paroroa ey Z X2kB\2’€—1B($)’2kB‘571 Z 2B

k=—o0 l=—00
2'B|
HfXZlB”Lm(J(wm(-))
”XQlBHLm(‘)(wm(J)
0 k
kp|e— I pA I pA
< Clbllesmortaety D, Xeemas-1p@) 2B Y 2Bl gy umry 2B
k=—o00 l=—00
0 k
knpi&— I RIA+A
< ClIbllesaroro weon) L1l grioan r 0y Z Xokp\2k—1(7)[27B|n 1 Z 2! B AL
k=—00 l=—o00
0
knpi€—119k pIA+A
< ClIblleBrroroa @) [l g oa oy D, Xaspar-1p(@)[28Blw T 2FBPM Ak
k=—oc0

0
< ClIblle srroro weon) L1l gro o wrr 0y > IRI2E B ok pyok-1 5 ()

k=—0oc0
0
kA e
14221l 120 (ur2y < ClIBIoBa100 2 o) [ F 10 om0y D RIZEBA M5 e o

k=—o00

< Clblleparoro s wr) 111 geae)a (e ) Z [kl|28 BN S (2 B) 7ot

k=—o00

Ao+ L
< Clblleparoro s wr) 111 geae)a (e ) Z [k[241 7200 | B (B) 0

k=—o00

A
< Cllbllegaroro wry 1 | gor6an o ) BI 2 IXB I 1p20) (up2 )

Combine all the results of A1, Ao, As1, Ago, we obtain the required result
116, Hal f 1l o2 a1y < ClIbllcarortra e 1 | oy uriy B2 IXB N o) ura

16, Ha] £ 1| 2032 (up200) < CllOlleBarore)x ey 1| goroan (urr )-8

Theorem 4. Let p1(-), p2(-), p(+), and a be defined the same way as in Theorem 3.
If b e [blleprorcr ety » b =A1+ 5 and Ao = A+ X1 + &, then

16, Hal S | 222 (wr20y < Clbllopasore)xwrey 1 1| geroa (e -
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Proof of Theorem 4

1) o) < [ AL O )
|(b(z) —b)f()]
= /3(0 ) |v]r—e dv- X5()
|(b(0) —bB)f()l
Jr/B(o lz])e lu|n—e dv- X5()
= D1 + Ds.
b= [ Ml
Y o) v

= [(b(x) — bp)xB(2)|[Haf ()],
D11l o2 ) (uratry = [1(0(x) = bB)XBH A f | Lp2) (1m2 01y -

Using Holder inequality (171() = % + %)

D1l 2y oty < Cl(0(2) = bB)XB Lo6) (wron) Ha X B Ls6) (s oy
= Clbllcsarore > uwre) | BIIXBI 1o uwrtr) B IXBI 150 sy AL | st sy

Given that = Ay + 7, using the result of Theorem 2

A
||D1||Lp2<-)(wp2(~>) < CHbHCBMOP”*)‘(wP(‘))|B| 2||><B||sz<‘>(u;p(~))||XB||LS<<>(wS(~))||f||l';p1<'>,A1(wmc)),

A
< Cllblleparore)a ey 1Bl IXB I o2 o) o) 11l goroar (wpr )

D, / (bw) b))y
(0,]z)

|U‘nfa

—b
Z / B)fv )|dU'X2kB\2kle(9U)
— Jap\2i-1B \U\” o

< vppip@ 3 B Lo 10w = bap)r )l

k=—oo I=k+1 2'B\2'~1B
£ 5 s 2’B|—1/ (b — byrs) £(0)]do
k_z:m ok g\ 2k 15 ( lzk;l’ B\ ap) f(
= Dy1 + Dos
Doy = 2lBn—! / b(v) — b dv.
21 = Z X2k B\2k— 1p( Z | B 2l3\21713|( (v) 218).f(v)|dv

k=—o0 I=k+1
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Using Holder inequality (% + % + ﬁ.) =1).

p1
0 00
I &—
Dy <C Z szB\Qk—lB(x) Z 2'B|» 1||(b(v)_bZZB)XZZBHLP<‘)(wP('))”fXZlBHLpl(')(wpl(‘))HXQZBHLi(‘)(wt('))

k=—o00 I=k+1

l LA

=C Z X2k B\2k— 1p( Z 2 B| 1||bHCBMOJD«M(W(»))|2 B HXZZBHLP(‘)(wP('))

k=—o0 I=k+1

I DA
HfHBmc 11 (w1 O) 2 B X2t Bl o1 e 0y X2t Bl 206 (i)

<C Z X2k B\2k-1B(T Z 2 Br—lHbHCBMOP('%/\(wP('))‘QZB‘)\
k=—00 I=k+1

Hf”Bm(')v\l(wPl('))’2lB’)\l HXQZB”LM(‘)(wm('))HX21BH(LP(-)(wP(')))’

0 [e'¢)
=C Z XZkB\2kle($)HbHCBMOP(')’)‘(wP(‘))Hf”BPl('),M(wPl(‘)) Z |2lBW_1|2lB\A+A1+1
k=—00 l=k+1

0 fe’e)

I DA

=C Z X2kB\2kle(fU)||bHCBMop<»),A(wp(~))||f”3p1(-),A1(wp1(~)) Z |2 B’ ?
k=—00 l=k+1

0
= C|bllonaroroa @y 1 1 goroas ey Y 125 B xo gy or-15(2)
k=—o00
0
k A
1211l 2y a0y < ClIbllearoro ooy 1 L gmeran or oy D, 2% B2 Ixa8 Bl 1os e

k=—o00

0
1
< Clbllesrrortrr @ren) 1l gmoa ooy Y 25T B 2w(28B) 20

k=—00

0
_1 Ao+ —L o
S CHbHCBMOP(')’A(wT’('))HfHBpl(')vM (wpl(.))‘B’)\Qw(B)PZ(-) Z ‘2(k+1)’ 2T 500

k=—o00

< CHbHCBMOP(-M (wpP()) HfHBp1(-)7A1(wm(-))‘B’)\QHXBHLpzb)(wpg(-))

Dgy = Z X2k B\2k— 1( Z 2 B‘_l/ |(bp — bag) f(v)|dv.

k——o00 I=—o0 2!B\2!-1B
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Here we use inequality (9)

Doy < C Z XorB\2k—15(T Z 2 B|g_1||bHC’BMOP()'\(wP())|2H—1B| |
k=—00 I=k+1
1 X281l Le1 O wrr )Xt Bl (1210 urr 1)y

o0

0
< Clblleprroroa ey Z Xk g\2+—1B(T) Z 2'B= 2 B
k=—00 I=k+1

2'B|

||X21BHLP1(‘)(wP1('))

1 X208 o1 upr )

o0
Ip =119l X LA
< Clblleprore) s ey Z Xorpyat-15(@) Y 2Bl 2 BT f 1| oo i 012 B
k*—oo I=k+1
0
LM +2
<C||bHCBMOP<>AwP ”fHBm(Ml(wm()) Z X2k B\2k— 1p( Z 12'B| Tt ol
k=—oc0 I=k+1
0
k A
< Ollblle parorer wron 1 L gmom ey S Xorpasp(@)26 B2k + 1]
k=—00
0
k A
< CHbHC’BMOp(‘)’)‘(wP('))”fHBPI(‘%)‘l(wPl(')) Z |k + 1][2 +IB| 2X2kB\2kle($)

k=—o00

0
D22l 1p20) o)y < ClIblleBarore e 1 | oy a1 e © |k + 1125 B |1 xak ]l 120 (app2
( ) ( ) ( ) ( )
k=—o00
0
< Clblleprrorer ey L1 g r 0y > [k +1]|2M B2 w(28 B) raC
k=—o00
0 A
+
< CHbHC’BMOP(‘)’A(wP('))HfHBm(‘Ml(wPl(‘)) Z |k + 1H2k+1| ’

k=—o00

1

20| B 2w (B) 70

< ClIblle 5 ar0r0 (o) L | 510 s ) B2 IXB 2 (a0

Combine all results of D1, Do, Do1, Do, we obtain the required result
1o, Ha]f xBll p2) ) (wP2()) Y CHbHCBMOPU)\ wp(: ||f”BP1< A1(wm())‘B| “Ixall et (wP2())
116: HOlF Nl o232 w200y < Clbllemarorca ey 1l goroa )-8
5. Conclusion

This scholarly treatise vouchsafes momentous progressions in the analytical dissec-
tion of fractional Hardy operators, meticulously ensconced within the structural fabric of
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weighted central Morrey spaces imbued with variable exponents. The present intellectual
enterprise is poised to inaugurate uncharted pathways for erudition in the mathematical
and physical sciences—most conspicuously within the abstruse territories of Quantum Me-
chanics and Mathematical Modeling—thereby engendering novel prospects for exploratory
nquiry and theoretical augmentation.
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