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Abstract. Hepatitis B virus (HBV) infection is one of the leading causes of death and is a conta-
gious disease that produces chronic liver infection. The infection of hepatitis B has a complex nature
involving multiple and long infectious periods, behavioral changes, and healthcare limitations. The
multiple infection phases, immune system, behavioral changes, and healthcare saturation have a
significant impact on the dynamics of hepatitis B virus transmission. Since HBV can persist in the
body for years, the number of infectious individuals accumulates, and people take precautionary
measures as awareness increases. Considering the multiple stages of the disease and the saturation
level, we propose an innovative hybrid approach combining a mathematical model with a saturated
incidence rate and a forward neural network to represent the transmission dynamics of the hepatitis
B virus. First, we prove the biological and mathematical feasibility to show that the model under
consideration is well-posed. We also investigate the dynamics of the model using linear stability
analysis to derive the stability conditions. In addition, we perform the numerical assessment of
the model using a novel hybrid approach of NSFD-FFNN framework to show the accuracy and
large-scale numerical simulations.
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1. Introduction

Living things, particularly humans, are constantly at risk from infectious diseases.
Every person may experience an infectious disease once or multiple times during their
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lifetime. The infection could be acute or chronic, i.e., short-term or long-term, but cause
mortality. The second leading cause of death and disability in human beings and other
living organisms is infectious diseases around the globe, according to the WHO. In the
current century, millions of people suffer due to the consequences of infectious diseases.
Among these are tuberculosis, diarrheal diseases, malaria, hepatitis, HIV/AIDS, etc. The
liver is one of the important organs in the human body, located in the upper right-hand
part of the abdomen. Hepatitis B is one of the severe types of hepatitis that produces
inflammation of the liver and leads to cirrhosis [1]. Hepatitis B is transmitted from one
individual to another by direct contact or indirect contact [2]. Hepatitis B virus (HBV)
infection progresses through multiple phases, most notably the acute and chronic stages,
which are critical in understanding its clinical and epidemiological impact. During the
acute phase, individuals often remain asymptomatic and may recover spontaneously with-
out the need for antiviral treatment. However, a subset of infected individuals fail to clear
the virus, leading to the development of a chronic infection, which may persist for life
[3]. Globally, an estimated 300 million people are chronic carriers of HBV, facing signifi-
cantly increased risks of HBV-related mortality. Known as a silent killer, HBV frequently
progresses unnoticed, particularly in its chronic form. The acute phase typically lasts
up to six months, during which the immune system may successfully eliminate the virus
from the host. In contrast, the chronic phase is more severe and symptomatic, with the
virus persisting in the body. This long-term infection can lead to serious complications,
including liver cirrhosis and liver failure [4, 5]. While antiviral treatment is generally
unnecessary during the acute phase, where rest, hydration, and proper nutrition are rec-
ommended—immediate medical intervention becomes essential if the infection progresses
to the chronic stage.

Mathematical modeling refers to the process of representing real-world phenomena us-
ing mathematical expressions, and it is widely applied across various disciplines, including
physics, computer science, and biology [6-9]. In the context of epidemiology, mathemat-
ical models play a crucial role in understanding the transmission dynamics of infectious
diseases, evaluating control strategies, and predicting both short and long-term outcomes
[10, 11]. These models consist of differential equations, which describe a framework to
show the temporal evolution of disease spread (see, e.g., [12, 13]). However, analyzing
the mathematical properties of such models and finding their exact or approximate so-
lutions is challenging, but one must also look for alternative approaches while dealing
with their solutions. To address this, alternative computational techniques, particularly
neural network-based methods, have been increasingly employed to obtain accurate and
efficient solutions. Given that many real-world systems are inherently governed by differ-
ential equations, solving them using neural networks is an emerging and rapidly growing
field of research [14]. In recent years, significant progress has been made, highlighting the
promising interplay between neural networks and differential equation solvers [15].

Neural networks are computational models inspired by the architecture and function-
ing of the human brain. They consist of interconnected artificial neurons organized into
multiple layers, typically including an input layer, one or more hidden layers, and an
output layer [16]. Input data passes through these layers, where mathematical operations
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produce an output. Each artificial neuron processes incoming signals by applying weighted
sums to the inputs, followed by the application of an activation (or merit) function, which
introduces nonlinearity and determines whether the signal passes to the next layer. This
layered structure enables the network to learn and model complex, nonlinear relationships
in data. Among neural network architectures, the feed-forward neural network (FFNN) is
particularly significant. In FFNNs, data flows in one direction from input to output, with-
out feedback loops. They are widely used in the analysis of epidemiological models, where
they approximate nonlinear dynamics involved in the transmission of infectious diseases.
By learning from data, FFNNs offer a powerful, data-driven approach for forecasting dis-
ease trends and enhancing the understanding of epidemic processes with high predictive
accuracy. With the aid of nonlinear activation functions and multiple layers of neurons,
FFNNs can approximate the disease transmission mechanisms to help estimate the key epi-
demic parameters (infection rate, recovery rate, and transmission probability). Moreover,
FFNNs are highly adaptable and can integrate real-world datasets, including time series
infection data, demographic information, and vaccination, making them more effective in
forecasting outbreaks in uncertain environments. When applied to epidemiological mod-
els, FFNNs improve predictive accuracy, decision-making, intervention strategies, policy
implementation, assisting public health authorities in resource allocation, and early warn-
ing for outbreaks. Various neural network procedures are utilized to analyze the models
as reported in [17-19]. However, the proposed epidemiological problem has never been
considered or solved with the help of the proposed approaches.

The main objective of the proposed work is to introduce a model representing the
dynamics of the hepatitis B virus with reasonable assumptions and to analyze it with the
aid of dynamical system theory, non-standard finite difference (NSFD) scheme, and feed-
forward neural network (FENN) framework. Precisely, we have the following contributions.

1. Since the multiple phases of hepatitis B have a significant impact on the transmission
dynamics of the disease, we will consider the different infectious phases (latent, acute,
and chronic) of the disease while formulating the proposed model.

2. Incorporating the saturated incidence rate is also an important consideration of the
proposed work because the bilinear incidence only assumes that the incidence rate
is proportional to the amount of susceptible and infectious population; however,
this is not the case in hepatitis B virus transmission. Besides this one, the saturated
incidence assumes the fact that transmission may plateau as the ratio of the infectious
population reaches a certain threshold. Because the virus persists in individuals for
a long time, the ratio of infected individuals may not be directly proportional to the
number of susceptible individuals.

3. The framework of NSFD and FFNN will be utilized to present the accurate dynam-
ics and to show the close match between predicted and true values, as well as to
investigate the robustness of the proposed framework while modeling the dynamics

of HBV.

The paper is organized as follows. The detailed formulation of the model is provided
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in section 2. We also discuss the biological and mathematical feasibility of the model in
subsection 2.1. We linearize the proposed model and find the reproductive number in
subsections 2.2 and 2.3 respectively. The dynamical properties of the model take place in
subsections 2.4 and 2.5. We provide the framework of the NSFD and FFNN in section 3.
We conclude our work in section 4.

2. Mathematical model formulation

In this section, we will present an epidemic model for the transmission of HBV. Keeping
the complex nature and multiple phases of HBV according to the disease characteristics,
we assume three infected population groups of latently, acutely and chronically infected
populations to acknowledge the biological importance of the latent, acute and chronic stage
in HBV infection. Moreover, the infection has long infectious periods and can persist in
the body for years, and as awareness increases, the people take precautionary measures,
so the number of infectious individuals accumulates, therefore, we use saturated inci-
dence rate BST/(1 + ~I), to better reflects the transmission scenarios. The susceptible
individuals may transition to latent, acute and then chronically infected group of popu-
lation after successful interaction with the infected individual. Since, there is no need of
proper treatment in acute stage and those who recover naturally will transit to recover
compartment, however, those who produce complication will leads to chronically infected
population group. These infected individuals leave their compartments due death or full
recovery. Parentally infected individuals will directly transit to chronically infected pop-
ulation. Vaccine of hepatitis B are also very effective and provide immunity, so those who
vaccinated successfully will transit to vaccinated compartment. Thus, the total population
groups are distributed in six epidemiological subclasses i.e. s, [, a, ¢, r and v respectively,
represent the susceptible, latent, acute infected, chronic carrier infectious, recovered and
vaccinated individuals, whose the schematic process of the disease propagation among dif-
ferent epidemiological groups of population is illustrated by a flowchart as given in Figure
1. Eventually, the dynamics of these compartments are governed by the following system
of nonlinear differential equations:

PO g1~ pe) +molt) - &

di(t) _ as(t)a(t)  Aas(t)c(t)
dt 1+ pc(t) 1+ Be(t)
t)

) _ o1ty — (o + Aalt),

as(t)a(t)  Aas(t)c(t)
1+ Be(t) 1+ Be(t)

= (o + 0)I(2),

— (o + A3)s(t),

d(;(tt) — gnpe(t) + ghia(t) — (1o + t + Ao)e(t),
d:z(tt) = Xoc(t) + (1 — @) M1a(t) — por(t),
du(t)

o = 90— m) + Ass(t) — (po +m)u(t),
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Figure 1: The plot represent the schematic process of the HBV propagation among different epidemiological
groups of population.

along with non-negative initial population sizes
s(0), w©(0) >0, (0), a(0), ¢(0), r(0)>0. (2)

In the model (1), g represents the birth rate while the rate of birth without successful
vaccination is represented by 1. The quantity of maternally distorted individuals is de-
noted by ¢, and the rate of waning vaccine-induced immunity is 7. We symbolize the
transmission rate from susceptible to infected, denoted by the parameters o and A, as the
reduced transmission rate. pg represents rate of natural death. The rate of vaccination
is A3, and the amount at which the latent individuals lead to acute class is represented
by 6. In contrast, the portion of individuals who transition from the acute population to
the chronic carrier is represented by A1. We also denote the rate at which the individuals
move from chronic carrier to the immune class by Ao, and the parameter p is the death
that occurs from hepatitis B. Moreover, we assume that ¢ is the average rate of those
individuals who become unsuccessful in recovering from hepatitis B in the primary stage
of hepatitis B (acute) and move to the chronic stage.

Having presented the detailed model formulation, we proceed to analyze the proposed
epidemic model by establishing its well-posedness, ensuring that it is both biologically and
mathematically meaningful.

2.1. Well-posedness

We discuss the well-posedness of the proposed system to show that the epidemic model
is feasible in both senses, biologically and mathematically. For this, we assume that the
total population is represented by n(t) with n = v+I14+a+s+r+c. The model (1), together
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with initial conditions (2) satisfies that n(¢) > 0 implies that n(t) (total population) is
bounded and positive for ¢ > 0, thus the time derivative of n(t) gives

dzit) =g — pon(t) — pc(t), (3)

which shows that as ¢t — oo, n(t) < %, hence

0 = { (500,10 a(0).t0). (0, 0) € RE ) < 2. @)

is the feasible region.
To show the existence analysis, we can express the proposed epidemic problem as initial
value problem as follows:

H (1) = F(y), y(0) = o, (5)
where y = (s,l,a,c,r, v)t and F = (f1, fa,... ,fg)t. To proceed further, we recall the
definition of Lipschitz continuity as follows.

Definition 1. [20] The function F(y) is said to be Lipschitz continuous if there exists a
constant M > 0 such that

I F(y1) — Fy2)ll < Mllyr — yal|-

Thus, regarding existence of solution, we prove the following proposition.

Proposition 2.1. There exists a unique solution of the system (5) analogous to the
proposed model (1) and (2).

Proof. To show that the model posses a unique solution, it is sufficient to prove
that the function F(y) satisfies the Lipschitz condition provided in the above definition.
Keeping in mind the set Q and n(t) < g/po, which implies that all the state variables for
i=1,2, s;, l;, a;, ¢;, r; and v; are bounded. One can proceed as follows:

i) = A= H977s0(62 —c) + (v —v2) —«a (1 Taﬁlq B 1?%262)
s1€C1 S9C2
e (1 + Bey 1 +502> — (o + A3)(s1 — s2) ||,

which implies that

1f1(y1) = fily2)ll < gneller — call + mllor — wall + (no + As)l|s1 — s2]

S1a1 S99 S1C1 S9C9
1+Bc1 1+ Be 1+Bci 14 Per
To simplify the above inequality, we use some algebraic manipulation as follows

S1a1 520492 S1a1 — S2a9 < 1 1 )
— = — 820 — y
1+ Bc1 1+ Be 1+ By P\148a 14 e

S1C1 S9Co . S§1C1 — S2C9 Soc ( 1 1 )
- — 0202 .

+ A

+al

. (6)

1+8c1 1+ Be 1+ Ber 1+8c1 1+ Beo
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Also

s1a1 — sgas|| < [Is1lllar — az|| + [laz||[[s1 — s2l,

s1c1 — saeal| < [ls1llller — call + [le2|ll[s1 — s2l,

and

H L1 |l Blla—cl
L+ Ber 1+ Bea| = [[(1+ Ber)(1+ Bea)

Using the above algebraic manipulations, the equation (6) leads to the following inequality

| < Bller = e2]|-

/() = frly2)ll < {mo + Az + allaz]l + Aafleall st — soll + alls1[[lar — az]]
+ {gne + aBlszlllaz]| + aBAlls2l[lez]l + aXllsilI }ler — eall + 7oy — w2

Let us assume that the M, My and M3 are any positive constants, then the above
equation takes the form

1f1(y1) = fi(w2)|| < Mullsy = s2l| + Maflar — az|| + Ms|ler — cof| + ml|vr — v2|.
Let M = max{Mj, Ma, M3, 7}, the last inequality can be re-written as

1£1(y1) = Fr(w2) | < M(lls1 = sall + [lar — a2l + [ler — ezl + o1 = vall) < Mllys — w2l (7)
The second equation of the model (1), implies that
1£2(51) = F2(2)l < {ellazll + Aalleal }lls1 = s2]l + (1o + Ol — la]| + e[ s1[lax — az]|
+ {aBlls2llazll + aBA|salllleall + aX]ls1] }Hler — ezl

If N1, No, N3 and Ny are positive constants, and N/ = max{N7, N2, N3, Ny}, then the

above inequality gives

1£2(y1) = Fo(y2)ll = N {lls1 = sall + [l — L2l + llax — a2l + [lex — eal| < Nly1 — I} (8)

From the third equation of the model (1), we obtain

1f3(y1) — fa(ye)|l < Olll1 — L2l + (po + A1)llar — azl| < Olly1 — 2l 9)

where O = {0, (1o + A1) }. The fourth equation of the model (1) implies that

[ fa(y1) — faly2) || < gAillar — az|| + (gne + po + 1 + A2) [er — 2| < Pllyr — w2ll,  (10)

where P = {q\1, (gnp + 1o + 11 + A2)}. In a similar way, the last two equation of the
proposed model gives

1 f5(y1) — f5(y2)ll
Y2 |

fs (1 = @)A1llar — az|| + Aaller — cal 4+ pollr — 72/l < Qllyr — vl
| fo(y1) — fo(y2)

(11)
Azlls1 = s2|| 4 (o + m)[Jvr — v2| < Sllyr — vall,

<
<
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where Q@ = {(1 — ¢)A\1, A2, o} and S = {3, (o + 7)}. Combining equation (7) to (11),
we obtain

||—7:(Z/1) - —7:(3/2)” = HHyl - y2||,

where H = max{M, N, O, P, Q,S}, ensure that the function F(y) is Lipschitz continuous,
and hence the model posses a unique solution.

Proposition 2.2. Let us consider that (s(t),1(t),a(t),c(t),r(t),v(t)) is the solution
of the model with non-negative initial conditions, and the closed set () is the attracting
under the flow described by equation (1) that is positive invariant.

Proof. Let us assume a function £(t) given by

L(t) = s(t) +1(t) + a(t) + c(t) +r(t) + v(t), (12)
then the time differentiation with the implementation of equation (1) leads to

dL(#)

T = g — pol(t) — pc(?), (13)

which implies that
) < g wolt) <. (14)

It is clear from the equation (14), that %gt) < 0, which indicates that the set ¢ is positively
invariant. Also, 0 < [(t) < [(0)e Mot + 21— e #0t). Thus, as t — o0, 0 < L(t) < =z,
which is sufficient to prove that €2 is an attracting set.

The above proposition confirms that the proposed model is well-posed. We now proceed
with the linearization of the model, computation of the threshold quantity, identification
of the model equilibria, and its stability analysis, as outlined below.

2.2. Linearization of the model

Using the methods of dynamical systems to linearize the model that is under consid-
eration. To make our calculation simpler, we take the Jacobian matrix of the reduced
system (without the 5th equation), which looks like

—T11 0 —713 714 0
T2l —T22 T23 —T24 0
J = 0 0 —X33 0 0 s

0 0 g\ —x4a 0

A3 0 0 0 —Ts55
where

aal(t) Aac(t)
T 14 Belt) 1+ Be(d)
Bas(t)a(t) Aas(t)
T Be)? 1+ Belt)?
To2 = po+ 0, X33 =po+ A, Taa=gne —po —p1 — A2,  Tss = po + T

_ as(t) .,
1+ Be(t) 2

Z11 + o + A3, 713

= —xa4, x21 =11 — (o + A3),
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2.3. Basic reproduction number

In epidemiological models, the threshold quantity, called the disease’s basic repro-
duction number, is an essential quantity which describes the predicted average rate of
infections induced by a single infective after introducing into an entirely susceptible com-
munity. To calculate this quantity for the proposed problem, we follow the methodology
introduced by Watmough and Driessche [21], therefore assume that y = (I(t), a(t), c(t)),
then the model (1) yields

dy
i
In equation (15), the matrices are define as:

F-V. (15)

Bs(t)a(t) Aas(t)ce(t)
14+8c(t) 14-Bc¢(t)

0

(0 + po)l(t)
V= (o + A1)a(t) — 01(t)
(o + p1 + X2)c(t) — gAia(t) — gnpe(t)

Let F and V are the Jacobian of F' and V at Fg, then it becomes

0 asyp Aasy
F =Jacobianof F=| 0 0 0 )

0 0 0
11 0 0
YV = Jacobian of V.= | —0 x99 0 ,
0 —q\1 33

where x11 = 0 + po, T22 = po + A1 and x33 = po + w1 + A2 — gne. “Thus, the basic
reproductive number 7q is the spectral radius of K = FV~! (rg = p(FV71)). So the basic
reproductive quantity ro of our suggested model (1) looks like

ro =7T1+72, (16)
where
Basg
r = )
(1o + ) (ko + A1)
AasgAA1q
ro =

(o + 0) (o + A1) (o + p1 + Ao — gne)”

2.4. Equilibrium analysis

To study the dynamics of the model that is under consideration (1), we first find
the model equilibria. For this, we assume that the infection-free state of system (1) is
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symbolized by Fy and Fy = (s0,0,0,0,0,vg), where

_g{m +nuo} ~gipo — pon + Az}
S0 = ) Vo = .
po{m + po + Az} po{m™ + A3 + po}

(17)

Similarly, to find the endemic states of the model, we assume P; = (ug+2A3), P2 = (uo+6),
P3 = (o + A1), Pa = (po + p1 + A2 — gny) and Ps = (uo + 7) for the shake of simplicity,
then the endemic state becomes F} = (s*,1*, a*, ¢*, r*,v*), where

o _APsgn+mg(l—m)} . PaPsPapofpo+ 7+ As}(ro — 1) + PaPsPamAs

{P1Ps —mAs} — Pab{PsPsa + Pshaghi + P1PsBgA — BghimAs)’
. PoPaproipio + 7+ A3}(ro — 1) + PaPsPam)s 1
a = , = —{Xc+ (1—-q)Ma},
Po{aPiPs + Pohagh + PrPsfah — Badama) pp 2e T (1= @)ia
« PagAiprofpo + m + A3} (ro — 1) + PaPsPamqii A3 1
= , = —{g(1l — A3st.
¢ Po{aPsPs + Ps + PsAaghi + P1PsBg\1 — Bg imAs} v Ps o n) + Ass}

(18)

Now we describe the asymptotic stabilities of the model that is under consideration in the
upcoming sections.

2.5. Dynamical properties of the model

We discuss the local analysis of the model to investigate the local asymptotic stability
of the proposed problem at Fy and F;. To do this, we follow linearization and Routh-
Hurwitz criteria. Thus, we state the following results.

Theorem 1. The proposed model at Fy is locally asymptotic stable whenever ro < 1 and
gne > po + p1 + Az

Proof. The characteristic equation of the matrix J at Fy takes the following form:
A+ 220) A 4+ 2103 + 2202 + 230 + 24) = 0, (19)
where

1 = 211 + 22 + 33 + T4 + Ts5,

Ty = T11%22 + T11233 + T11T55 + T22T55 + £33T55 + To2w33(1 — 71),

x3 = po(po + 7 + A3)(z22 + 233) + T22733(211 + 255) (1 — 71),

x4 = po(pto + 7 + A3)zo2w33(1 — 71).
Clearly, one eigenvalue A1 has negative real part, if gny > po—+ p1 + A2. For the remaining,
ifro <1,wehave 0 <r7; <1,j=1,2. Sox; >0, fori=1,2,3,4, and z1z223 > :z:%—i—x%m
holds, which implies that the Routh-Hurwitz criterion for stability of the model holds.
Hence, the proposed model is locally asymptotically stable at the Fq, if ro < 1.

Following the same procedure, we can discuss the local dynamics of the model at the
endemic state by the subsequent theorem.
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Theorem 2. For rg > 1, the model is stable locally asymptotically if the following condi-
tions hold:

1. Bas® < (1+ Bc)(po +0)(po + Ar).
2. Bas* < (po + 0){aa* + Aac* + (1 + Bc*) (o + A3) }-
Proof. The characteristic equation of the matrix J at endemic equilibrium F; looks

like
N b diN + do X3+ ds N2+ )+ ds = 0, (20)

where

di =z11 + x22 + 233 + Taa + Tss,
dy ={po + m}xar + po{po + A3 + T} 4+ 211222 + T11033 + 11244 + T22233 + T22T4g
+ T22%55 + T33T44 + T33T55 + T44T55 — OT22,
d3 =g 1224 + x11{T22733 — 0293} + Taa{x112722 — Ox23} + 211233244 + 021713
+ {wa2 + w33 + waa }H{ (1o + ) + po(po + ™+ A3)} + z55{w22733 — 023}
+ X22%44T55 + £33T44T55 + T22233T44 + T21,
dy =0x21731255 + { (1o + 7)@21 + po(po + ™ + A3) Hz20233 + T20%44 + 33244}
+ 0gA1(r55 — 214) + Taa255(222233 — OT23) + T117044{T22733 — 0223} + 0221213244
+ 0mA3xe3 + 0g 111724 — 0711723755,
ds ={(po + m)z21 + po(po + 7 + A3) }r22733744 + ON3TT237440A3TGA1 T24

+ Oghizss{xr112024 — T14} + 0213024044755 — 011 X23%44T55.

Alld; >0, fori=1,2,3,4,5 and

Ho : {ro > 1, dideds > d3 + didy,
(didy — d5) (didads — d3 — d3dy) > d5 (didy — d3)? + 122},

holds implies that H is satisfied if conditions 1 and 2 hold. Thus, it ensures that the
Routh-Hurwitz stability criteria are satisfied, and we conclude that the endemic state Fi
is locally asymptotically stable.

Upon establishing the analytical results, we now proceed to numerically simulate the
model in order to validate our theoretical findings, as detailed in the following section.

3. Numerical simulation

In this section, we carry out numerical experiments to validate the analytical results
and demonstrate the robustness of the proposed hybrid approach. We begin by discretizing
the model using the nonstandard finite difference (NSFD) scheme, followed by a summary
of the architecture of the proposed feed-forward neural network (FFNN).
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3.1. Non-standard finite difference scheme and the architecture of the
neural network

In this section, we present the model discretization with the aid of NSFD and provide
the architecture of the neural network that will be used for the learning process. It is
obvious that the proposed model has six state variables i.e. s(t), I(t), a(t), c(t), r(t), and
v(t), and g, n, 7, o, B, A\, A1, A2, A3, po, 0, ¢ and py are the parameters. To approximate
the model, we use a non-standard finite difference scheme given by

Yn+1 = Yn + At.h(yn), (21)

for every y € {s,l,a,c,r,v}, and h(y,) represents the right side of proposed model. Let
At is the discrete time step represent the approximation at ¢t = nAt, then

Sp & s(nAt), I, =Il(nAt), a,~a(nAt), c,=c(nAt), r,~=r(nAt), wv,~v(nAt).

Using NSFD discretization, the proposed model takes the following form

aS,a Sy, C
St 3"+At{gn(1 Bt e rt weuy el UL +A3)5”}’
n mn
as,a AQSy,C
l =] At nen nmo_ 0)l
n+1 n+ {1+,Bcn 1+,Bcn (:u0+ )TL )

ant1 = ap + At{0l, — (o + M)an},

Cni1 = cn + At {gnpcn + qhian — (po + p1 + A2)cn}

Tptl = Tn + At {Aacy, + (1 — @) A1an — porn},

Unt1 = U + At {g(1 — 1) + X35, — (po + m)vp } -
Using the hypothetical values of the model parameters as: g = 0.7, n = 0.85, ¢ = 0.05,
™ =008, a =04, =015 A = 0.35, A\ = 0.12, Ay = 0.06, A3 = 0.03, o = 0.02,
0 =0.15, ¢ = 0.75, u; = 0.025. To approximate the proposed system numerically, we then
use a standard feed-forward neural network (FFNN) with one hidden layer consisting of
input layer ¢ € R, number of neurons nj, = 10, and activation function (ReLU) o(.). Let

W@ e R>! represent the weights from input to the hidden layer and b() € R™ is the
biases in the hidden layer, then the hidden layer out is given by

h=o (Wlt + b<1>) e R™. (23)

Likewise, the output layer is a six-dimensional vector (s,l,a,c,r,v). Let W@ ¢ R6xma
represent the weights from hidden to output layer, and b?> € RS represent the biases in
output layer. Then the predicted output becomes

g(t) = WOh + @ e RS (24)
Combining all, we get the following expression

g(t) = WPho (W“)t + b(1>) + b, (25)
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. t
where §(t) = [é(t), i(4), a(t), e(t),f(t),@(t)} and o(.) is the activation function. Further,
to minimize the Mean Squared Error (MSE), we train the network to minimize the error
between the true and predicted values over the training set {(¢;, yi)}ij\il, which is given by

N
J— 1 . 7y . 2
MSE = 6N ; ly: — 9(t:)|17, (26)

where y; = [s(t;), 1(t;), a(t;), e(t;), 7(t:), v(t;)]" and §(t;) is the network output.

3.2. Numerical experiment

To perform the numerical experiment, we use the discretized system (22) to generate
the data for the learning process, and then use a feed-forward neural network (FFNN) to
forecast the dynamics of the proposed model in the long run. For each state (s, [, a,c,r,v)
of the model, we present the dynamics as reported in Figures 2 to 7. Each figure represents
the dynamics of the compartmental population of the proposed model with absolute error.
The blue line demonstrates the true values of the model states over time using NSFD, and
the red dashed line shows the predicted values of the model states over time using FFNN.
Clearly, the results show how the true and approximated values are closer because the blue
line follows the red-dashed line, which guarantees a better prediction. We also provided
the associated absolute error graphs as shown by a magenta line for each state of the
model, which shows the magnitude of error, describing how far off the prediction is (see
Figures 2 to 7).

To quantify the overall error prediction for each model state variable (s, [, a, ¢, r, and
v), a Mean Square Error (MSE) bar graph is presented as shown by Figure 8. This provides
the overall performance of the proposed FFNN on each state variable. On the x-axis, the
indices of the variables s, I, a, ¢, r, and v are taken, while on the y-axis, the Mean Square
Error (MSE) values are plotted, which clearly shows that the low MSE guarantees better
FENN performance. In addition, the validation checks, damping factor (u), and Gradient
interpretation are provided as shown in Figure 9. More precisely, this demonstrates the
performance of the validation set against epochs. Every time the check occurs, if the
performance fails to improve for a specific number of epochs, however, the training stops, if
the performance on these validations set does not improve over these checks. Also, to show
the training efficiency, the damping factor u is visualized as shown in Figure 9. Similarly,
to show the performance of the gradient with respect to the biases and weights, that is,
how steep the slope is at the current point in the error surface, we interpret the gradient. In
the end, the regression plots are provided for the FFNN training to present the correlation
between the actual and predicted values for the data set and R-value as illustrated in
Figure 9, which shows the performance of the trained FFNN. In every subplot of Figure
10, representing perfect agreement. The regression lines fitted to the data lie almost
exactly on the identity line, with negligible intercepts, suggesting minimal prediction bias.
Moreover, the close alignment verifies that the network has learned well the underlying
mapping with high precision. The results highlight the accuracy and robustness of the
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hybrid approach of NSFD-FFNN, demonstrating its effectiveness in capturing the complex
nonlinear dynamics of the modeled system.

24 ! ! ! . 0.025
— True
221 = = = Predicted |
2 0.02
18F
1.6 5 0015
i
0 14 £
3
1%
12 g oo01
1
0.8} 4 0.005
06
04 : ; : 0
0 20 40 60 80 100 0 20 40 60 80 100

t t

Figure 2: The graphs represents the temporal dynamics of the state s and its associated absolute error.

Overall, we observe that the feed-forward neural network (FFNN) learned from the
data simulated by NSFD exhibits an excellent learning and generalization capacity. The
validation checks describe minimal overfitting, and the trajectory of the damping factor
(1) shows adaptive learning and stable behavior, as well as effective convergence, as seen
by the gradient descent pattern. The regression analysis shows that the clustering of points
around the diagonal line indicates that the proposed network has efficiently captured the
nonlinear dynamics of the proposed epidemiological model simulated by NSFD, which
confirms the robustness of the underlying hybrid NSFD-FFNN framework.

4 T T T T 0.014

— True
= = = Predicted | |

0.012

0.01

0.008

0.006

Absolute Error

0.004

0.002

0 . . . . 0 . .
0 20 40 60 80 100 0 20 40 60 80 100

t t

Figure 3: The time dynamics of the state [ with its absolute error.
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Figure 4. This demonstrate the dynamics of state a and its absolute error.
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Figure 5: The graphs visualizes the dynamics of the model state c with its associated absolute error.
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Figure 6: Dynamics of the model state r with absolute error.
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Figure 7: The dynamics of the model state v with its associated absolute error.
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Figure 8: The graphs show time dynamics of the compartmental population of the model that is under consid-
eration at the disease free equilibrium state.
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Figure 9: The graphs show time dynamics of the compartmental population of the model that is under consid-
eration at the disease free equilibrium state.



T. Khan et al. / Eur. J. Pure Appl. Math, 18 (3) (2025), 6670 19 of 22

Training: R=1 Validation: R=1
N~ O Data [Te} O Data
12 12
j: Fit ?v Fit /
=)} Y=T Irs) Y=T
o 10 o 10 &
+ +
@ o 8
> 2
< <
= = 6
* *
— -
1 1l
] v 4
= =
=3 g 2
> >
o O
2 4 6 8 10 12 2 4 6 8 10 12
Target Target
Test: R=1
[Te)
S ?
@ 8
® )
+ —
- +
[«§) +—
o g
< 3
e =
. -
I I
= l
> -
£ =
o =
O
2 4 6 8 10 12
Target Target

Figure 10: The graphs show time dynamics of the compartmental population of the model that is under
consideration at the disease free equilibrium state.

4. Conclusion

In this paper, we investigated the transmission dynamics of hepatitis B virus (HBV)
using the integration of an epidemic model FFNN. The model has been carefully con-
structed to reflect the key biological features of HBV, including its various infection stages
(latent, acute, and chronic), as well as a saturated incidence rate to capture the behavioral
and healthcare constraints associated with HBV transmission. We established the well-
posedness of the model to ensure biological and mathematical feasibility of the problem.
We also derived the basic reproduction number, and studied a comprehensive stability
analysis to assess the conditions under which the disease-free and endemic states are sta-
ble. To validate the analytical findings and explore the model’s behavior, we employed
a novel hybrid numerical framework combining the nonstandard finite difference (NSFD)
scheme with a feed-forward neural network (FFNN). The numerical results demonstrated
a high degree of accuracy, evidenced by low mean squared error and a strong agreement
between the true trajectories produced by NSFD and predicted trajectories provided by
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FENN. This confirms the robustness and reliability of both the proposed model and the
computational approach. The study not only provides valuable insights into the complex
dynamics of HBV transmission but also provides evidence of the effectiveness of a hy-
brid approach capturing the progression of infectious diseases. Moreover, the proposed
approach is computationally stable, sound, and adaptable, which offers a promising tool
for other epidemiological models.

In future, we will extend the model to incorporate the stochastic perturbation to
capturing disease uncertainty in heterogeneous environments, and the integrate it with
machine learning with the help of feed-forward neural network. The FFNNs will be used to
learn the underlying nonlinear dynamics governed by the associated stochastic differential
equations (SDEs) and predict for the long run.
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