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Abstract. Let 7, = (n;);es be a particular language (type) of algebras such that n; = n for all 4
in I; n is a positive integer. This paper aims to introduce n-ary alternating terms (alt-terms) of
type T, based on the alternating group Alt(n) of degree n. We demonstrate that the set of all
n-ary alternating terms of type 7,, forms a Menger algebra of rank n; such algebra is denoted by
élt(")( Q,). We prove that the algebra WA”(”)( 2,,) is free with respect to the variety Vaisenger
of Menger algebras of rank n, and it is freely generated by the set {w(; ) : i € I,0 € Alt(n)}. We
introduce alternating hypersubstitutions of type 7, and prove that the extension of an alternating
hypersubstitution of type 7, acts as an endomorphism on the algebra WAlt(n)(Qn). Furthermore,
we have that the set of all alternating hypersubstitutions of type 7,, forms a monoid, denoted by
Hyp ™™ (7,). Finally, we establish that the set of all identities s ~ ¢ of a variety V of type 7,
where s and ¢ are n-ary alternating terms of type 7,, constitutes a congruence on the algebra
élt(")(Qn). According to the monoid HypA™*™ (1,,), we investigate alternating hyperidentities
and alternating closed varieties.
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Key Words and Phrases: Alternating group, n-ary alternating term, Menger algebra, alternat-
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1. Introduction and preliminaries

Karl Menger (cf. [1], pp. 21-24) introduced the notion of Menger algebra as a gener-
alization of the notion of semigroup; such algebras satisfy superassociative law, this is a
generalization of associative law.

Throughout, n stands for a positive integer.

For a nonempty set M, an n-ary operation (n-ary function) on M is f: M™ — M.

Definition 1. A pair (M, f) consists of a nonempty set M and an n-ary operation f on
M is a Menger algebra of rank n if

f(f(iu‘vylw"7Vn)7017'”70n):f(:uvf(ylaola-"7On)7‘"Jf(Vnaolu'”vOn))
for any p,v1,...,vp,01,...,0np € M.
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Menger algebras of rank 1 are semigroups. Menger algebras of rank n are a significant
extension of the classical Menger algebras, providing a powerful tool for modeling and an-
alyzing multi-level and hierarchical systems. Their applications in fuzzy logic, probability,
and artificial intelligence make them relevant in both theoretical and applied mathemat-
ics. However, their increasing complexity with higher ranks necessitates a careful balance
between theoretical exploration and practical applicability. In theoretical mathematics,
Dicker demonstrated in 1963 that every Menger algebra of rank n is isomorphic to a
Menger algebra of n-ary operations defined on some set; the result is similar to Cayley’s
theorem for semigroups: any semigroup is isomorphic to a transformation semigroup.

Based on permutations and transformations (for example, full transformations, order-
preserving transformations, order-decreasing transformations), several kinds of terms and
of generalized terms (such as strongly full terms, full terms, order-preserving full terms,
order-decreasing full terms, and generalized full terms) are introduced and studied. Menger
algebras and unitary Menger algebras of particular terms have been extensively studied.
According to the account provided in the reference, Denecke [2] studied Menger algebras
and clone of terms of an arbitrary type. Since then several kinds of Menger algebras of par-
ticular terms have been investigated. Denecke and Freiberg [3] examined Menger algebras
of strongly full terms defined using permutations. Denecke and Jampachon [4] introduced
and studied Menger algebras of full terms, such terms are defined by full transformations.
By order-decreasing transformations, Wattanatripop and Changphas [5, 6] introduced and
investigated Menger algebras of order-decresing full terms. Puapong and Leeratanawalee
[7] explored Menger algebras of generalized full terms. Denecke and Hounnon [8] (also
Lekkoksung and Lekkoksung [9]) studied partial Menger algebras of linear terms and of
r-terms; some algebraic properties such as generating systems, homomorphic images and
freeness are investigated. Recently, Punigool, Phuapong and Chansuriya [10] introduced
and studied Menger algebras of terms defined based on transformations with restricted
range.

Definition 2. A type (or language) of algebras is a nonempty indexed sequence T = (n;)ier
of nonnegative integers n; such that for each n; is assigned to a symbol f;. This integer is
called the arity (or rank) of fi, and f; is called an n;-ary operation (or function) symbol.

In particular, let 7,, = (n;);cr denote a type of algebras such that n; = n for all i € 1.

Drawing inspiration from research results mentioned above, this paper aims to intro-
duce n-ary alternating terms of type 7,, based on the alternating group Alt(n) of degree
n. Firstly, we demonstrate that the set of all n-ary alternating terms of type 7, forms
a Menger algebra of rank n; we denote this algebra by Wélt(n)(Qn). We prove that the
algebra W;ilt(n)(Qn) is free with respect to the variety Visenger of Menger algebras of rank
n, and it is freely generated by the set {w(; ») : 7 € I,0 € Alt(n)}. Secondly, we introduce
alternating hypersubstitutions of type 7, and prove that the extension of an alternating
hypersubstitution of type 7, acts as an endomorphism on ;ilt(n)(Qn). Furthermore, we
have that the set of all alternating hypersubstitutions of type 7,, forms a monoid, denoted
by HypAt™) (7). Finally, we establish that the set of all identities s ~ ¢ of a variety V
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of type 7,, where s and t are n-ary alternating terms of type 7,, constitutes a congru-

ence on Wélt(n)(ﬁn). According to the monoid HypA®™(

hyperidentities and alternating closed vareities.

Tn), We investigate alternating

2. Alternating Terms

Using Alt(n) the alternating group of degree n (see [11]), which is a subgroup of the
symmetric group S, on the set {1,2,...,n}, n-ary alternating terms (alt-terms) of type
7, are defined as follows:

Definition 3. Let Q,, = {w1,ws,...,wy} denote a set of finite alphabet wy,wa, ..., wy,
called variables. Let (f;)icr be an indezed sequence of n-ary operation symbols according
to a type T, = (n;)icr; this set is disjoint to the set Q. For anyi € I and o € Alt(n),

(1) fi(Wo(1)s W (2)s - - - »We(n)) 5 an n-ary alt-term;

(2) If 61,04, ...,0, are n-ary alt-terms, then f;(01,02,...,0,) is an n-ary alt-term.

Let Wélt(n) (€2,) represent the smallest set of n-ary alt-terms of type 7, which is closed

under finite application of (2).

Example 1. For the symmetric group Ss = {(1), (12), (13), (23), (123), (132)}, the alter-
nating group Alt(3) = {(1), (123),(132)}. Consider T3 = (3) with 3-ary operation symbol g.
Then g(w1,ws,ws), g(wa, w3, w1), g(ws,wr,wa), g(g(wr,ws,ws), g(w2,ws, w1), g(ws, w1, w2))
are 3-ary alt-terms, where as w1, w2, ws, g(wa,w1,ws), g(ws, w2, w1), glwi,ws,ws),
g(w1,wa, g(ws, w1, ws2)) are not 3-ary alt-terms.

Example 2. Consider the symmetric group Sy. For 14 = (4) with 4-ary operation symbol
fy flwi,wa,ws,wy), flwa,wr,ws,ws), f(ws,ws,wr,ws), flwg,ws,we,wi), flws,ws,wr,ws),
f(CU1,W4,W2,W3), f(wl,wl,wg,wg), f(W3,CU2,W4,w1), f(wg,wl,wg,(,u4), f(w4,(.u2,w1,w3),
f(wl,wg,w4,wQ), f(wg,w4,w3,w1) S Wélt(4)(ﬂ4). C’learly, w1, wWo,wWs, W4 Qé Wélt(4)(94);
hence f(wi,ws,ws, f(w1,ws, w3, ws)), flwi, flws, ws, w3, wr),ws, f(wr,ws, ws,wy)) ¢
Wélt(4)(Q4), as well.

Example 3. Let us consider the symmetric group Sy again, but 74 = (4,4,4) with 4-ary
operation symbols f7 g and h. We have f(wla w2, w3, L{)4), g(WQ, W1, W4, W3), f(WS) Wq, Wi, Wz);
h(wg, ws, wa,w1) are 4-ary alternating terms of type 14; then

g(f(wla WQ,Wg,CU4),g(W2,wl, w4, W3), f(bdg, w4, w17w2)7 h(w47w3vw27w1))

and
h(h(wa, w3, w2, w1), g(wa, w1, ws, w3), f(ws,ws, wi,wa), fwr,ws, ws,ws))

are 4-ary alternating terms of type 74.
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Alt

On W5, () (Q,), define

g - (Wélt(n)(ﬁn))n—ﬂ N WAlt(n)(Qn)

to be (n 4 1)-ary operation by:

(1) S™(fiWo(1), Wa(2)s - -+ Wa(n))s V1, -+ 9n) = fi(Ua(1)s Vo2)s - -+ > Vom));

(2) S™(fi(01, .., 00), 01, ... 0n) = F:(S™ (01,01, -, 0n), s S (Ony D1, -+ D))
for any fi, o € Alt(n), 01,...,0n,91, ..., 9, € WA (Q,).

Theorem 1.
W;ilt(n) (Qn) _ (Wélt(n)(gn)’ Sn)

is an algebra of type (n + 1).

Proof. We claim that for any 6,6,,60s,...,60, € Wélt(n)(ﬁn), S™(0,01,04,...,0,) €

Wélt(n)(ﬂn), which can be proved by induction on the number of occurrence of oper-

ation symbols in 0. Assume 0 = fi(wWy(1);Wo(2),--->Wo(n)) for some o € Alt(n). By
01,0o,...,0, € WA (Q,),

Sn(a’ ‘91’ 927 ceey gn) = Sn(fi(wa(1)7wa(2)7 ce awa(n))v 913 925 o aen)
= fi(0s1): Os(2)s - - - » O (n))
e WAM(Q,).
Assume 6 = f;(V1,92,...,9,) and
S™(91,01, 09, ..., 0n), S™(92,01,09, ... 00n), .., S (90, 01,0, ...,0,) € WA)(Q,).
Then
570,01, 0, ..., 0,)
— S(f;(91, 02, .., ), 01,09, .., 60n)
— [i(S™ (91,601,609, ..., 0n), 5™ (9, 01,09, -, On), -+ S (D, 01,0, ., 6))
e WA ().

So we have the claim.

Furthermore, we have

Theorem 2. The algebra Wélt(n) (Xn) is a Menger algebra of rank n.

Proof. Let 0,01, ...,0n,01,...,09, € WAY

some o € Alt(n). Then

(n)(Qn). Suppose 6 = fi(Wy(1); - - - »Wa(n)) for

S™(S™(6,01,...,0,),01,...,0,)



T. Changphas / Eur. J. Pure Appl. Math, 18 (4) (2025), 6679 5 of 15

— S (S(f ( e @)y Oy O, 1, )
n(fl( 9 (n))?ﬁla---vﬁn)
:fl(sn( o(1)» 1917"- Y )7"')5’”(‘90(71)’1917---719n))

n(fl( o’( ))7Sn(9171917 cee 71977,)7 ce. 7Sn(9n)1917 o 71971))
. S”(@ S"(61,191,...,ﬁn),...,S"(en,ﬁl,...,ﬂn)).

Let 0 = f;(01,...,0.) be such that
S0, 01, . 0n), D1, Fn) = SO SO0, V1, ),y S (O, D1, D))

for any 1 < j < n. Then, by induction hypothesis, we have

S"(S™0,01,...,0,),01,...,0,)
= S™(S™(Fi(0),...,0.),01,...,0,),91,....0n)
= SM(£i(S™O),01,...,0,),...,8™(0,,01,...,0,)),91,....,0 )
= Fi(S™(S™O), 61, .. ,00), 91, ..., n), ..., S(S™(O,, 01, .., 00), 01, .., 00))
= £i(S™(0}, 5™(01,91,...,0), . S”(Hn,ﬁl,...,ﬂn)),...,
S0, 801,91, ..., 0n),. S”(Gn,ﬁl,... 9n)))

( ,
”(f( ..., 0), 8" (91,191,..., sy S (O, 01, .., 0))
S™(0, S™(61,91, ..., n),...,S" (en,m,...,ﬁn)).

The proof is complete.

3. Freeness

Let Vifenger denote the variety of all Menger algebras of rank n + 1, and let

’FV]\/Ienger (E) = (FV]\/[enge'r (5)7 Sn)

be the free algebra with respect to Vasenger, freely generated by an indexed set of alphabet

of variables
== {w(w) : (i,O’) el x Alt(n)}

Theorem 3. The Menger algebra Wf:ft(n)(Qn) is free with respect to the variety Virenger,

freely generated by =.

Proof. To prove the assertion we show that WAlt(n)(Qn) is isomorphic to the algebra
fVMengm( ) Deﬁne a mapplng

(O3 W,;:lt(n) (Qn) — FV,Menger (E)
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(1) q)(fi(wa(l)v s >wa(n)>) = W(io)>
(2) DS (fi(Waiys- - @ty 011 0n)) = S (W(i.0, ®(O1), -, B(6))

for any (i,0) € I x Alt(n) and 61,...,60, € W;ilt( )(Qn)
The mapping ¢ is a homomorphlsm ie.,

B(S™(0,61,...,0,)) = S™(D(O), B(61),...,B(6,))

for all 6,64,...,6, € W;ilt(")(Qn). Suppose € = fi(We(1),- - -, We(n)) for some i € I and
o € Alt(n). Then

O(S™(0,01,...,60,))
(

= ®(S"(fiWo(1) -+ Wo(n))s 01,5 0n))

= "W (91) ®(6,))

= 5™((f. ( a(n)))ﬂ)(&), , ®(0n))
= 5"(2(0), ( ) -5 (6))-

Let 6 = fi(61,...,0.,) such that, for 1 <k < n,

B(S™(0), 01, ...,0,)) = SH(D(B)), D(6)),...,B(0,)).

From

B(fi(0), -, 61)) = S (W(id ) D(61), -, D(6),))
forall 0],...,0] € WAlt(n)(Qn) where id,, is the identity map in Alt(n), we then have that

B(S™(6,04,...,6,))
= O(S™(fi(0),....0.),01,....6,))
= ®(f;(S™O),01,...,00),...,5™(0.,01,...,0,)))
= 5™ (Wiidy)s P(S™ (07,01, ., 0n)), ..., D(S™(O], 01, ....0,)))
= 5™(Wiidn)s S"(R(07), B(61), .., B(6n)),- .., S (D(E,), ©(61),. .., D(6,)))
= S™(S™(Y(iidy) (07), -, D(0L)), @(61),...,2(6y))
= 5™(®(0), ®(61),...,D(0,)).

The mapping & is bijective: Assume

D(fi(Wo(1),--+rWa(n))) = P(f(Wp1) -+ Won)))
for some o, p € Alt(n). Then
W(i,o) = W(h,p)-
This means
(i,0) = (4, p)-
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So
filwo(1ys s Wan)) = Fi(Wp(1)s -+ s Wp(n))-
If w;») € E, then
Q(fi(Wo(1)s- > Wo(n))) = W)

Hence @ is an isomorphism, and the proof is completed.

4. Alternating Hypersubstitutions

We begin this section with introducing alternating hypersubstitutions; hypersubstitu-
tions are important notion for studying hyperidentities and solid vareities (see [12]).

Definition 4. A mapping
a:{firiel} — WAt (Q,)
is called an alternating hypersubstitution (or alt-hypersubstitution) of type 7,.

To define the extension of an alternating hypersubstitution of type 7, to the set
Wélt(n)(ﬂn% for any 6 € W;:lt(n) (Q,) and p € Alt(n), let

(1) (0)p = filwp(o(1)), Wp(e(2))s - - s Wp(o(n))) I 0 = fi(Wo(1), W (2)s - - - s Wo(n)) for some i €
I,0 € Alt(n);

(2) (0)p = fi((61)p,(02)p,-- -, (On)p)if O = fi(01,02,...,6,) forsomei € I,61,0s,...,60, €

It is observed that

(6), € Wat(@,)

Alt

for any p € Alt(n) and 6 € W7, (n)(Qn). Moreover,

((0)p)s = (0)op
and

S0, (01)os - -+ (0n)o)) = (S™(6,01, ..., 0n))s

for any 0,61,...,0, € Wi ™(Q,) and o, p € Alt(n).

Using notation introduced above, an alternating hypersubstitution o : {f; : i € I} —
Wélt(n)(ﬂn) of type 7, can be extended to a mapping

& WA (Q,,) — WA (q,,)
by:

(1> &[fi(wa(1)7w0'(2)7 s 7wa(n))] - (a(fi))a;
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(2) 4L (01,05, 0)] = S™(a( ), Gl01], 4105), .- 6]
Lemma 1. Let a be an alt-hypersubstitution of type 7,. For0,61,0s,...,0, € WAlt(n)(Qn)
and p € Alt(n),

Sn(g, d[gp(l)L SR d[gp(n)]) = Sn((e)m d[gl]a s 7&[071])

Proof. Let 0,04,...,0, € Wélt( )( Xp)and p € Alt(n). Suppose 0 = fi(We(1), - - Wo(n))
for some o € Alt(n). Then

S™MO, &[0, - - al0pm)]) = 5™ (fiws s Wo(m))s Q0] - -5 Gl p(m)])
(&l0,(0(1)) ] -3 Q0 p((n))))

"(filWpa(1))s - - s Wp(a(n))), AlO1]5 - - -, &[0])
"((0)p, [ ] -, afb]).

Let 6 = fi(01,...,0],) and assume that, for 1 < k <n,

Sn(egc’ d[ep(l)]’ RS d[ep(n)]) = Sn((ellf)p’ d[al]a R aé‘[en])'

fi
~5
s

Then

= S"(fi(0 Ly s @lfpm))

= fi(S™(0], alf,myls - all,ml), - - , S0, alf,yls -5 &lf,m)l))
= fi(S"((01)p, &[0], - ., &[On)), - -, S™((07)p, B[01], - - ., G[6n]))
(AT AR A BN )

= S”((Q)p’@ 91]7 76‘[9n])'

Hence, the proof is complete.

Theorem 4. For any a € Hyp(™ (1), the extension & : W{-:lt( )(Q ) — WAlt(n)(Qn)
is an endomorphism on the Menger algebra Wflt( )(Qn)

Proof. Let o € Hyp**("™ (7,,). We have to show that, for any 6y, 61, ...,60, € Wélt( )(Qn),
&[S" (0o, b1, ...,0,)] = S™(albo], &[01], ..., &[0y]).

Let 6g,01,...,0, € W;:lt( )(Qn) Suppose 0y = fi(Wy(1)s -+ sWo(n)) for some i € I,0 €
Alt(n). By Lemma 1,

d[S”(GO, 01, ey tgn)] =& Sn(fi(wa(l), cee ,wg(n)), 91, cee ,Qn)]
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Let 6y = fi(07,...,0,,), and assume, for 1 < k < n, that
a[S™(0, 01, .. .,0,)] = S™(al0y], alb1], - .., al0n]).

From Theorem 3,

d[S”(00,91,..-, )]
= &[S™(f;(0,,...,0.),01,...,60)]
= GQ[fi(S™MO,01,....0,),....5™(0,61,...,00))]
= "

(a(fi), &[S (61,01, .. )], .., &[S (0, 61, -, On)])
S"(a(fi), S™(al61), alu], . .., [n]) 5"(07[9 ] afbn], . .., &[0n]))
S™(S™(a(fi), al6h), ..., al6,]), 6161], .., &[On])

(

(@

>

n

I
N

[fz(ella )]a [01] & [en])

= S"(albo], albh], ..., albn])-

Hence

a[S™ (0o, 01, .. .,0,)] = S™(&[6o], al01], - .., &[0y]).
Define an operation o, on HypA*™ (z,) by, for any a1, ay € HypA*™(7,),
(a1 on a)(fi) = dafaa(fi)]
for all i € I.
Lemma 2. For any ay, o0 € HypA* ™ (1), (a1 o o) = &1 0 ép.

Proof. At first, we prove that for any a € HypA*™(7,,), &[(0)s] = (&[6]), for any 6 €
Wélt( )(Qn) and o € Alt(n). Suppose 0 = fi(wy1),---,Wp(n)) for some i € I, p € Alt(n).
Then ( ) fz( (p(1) ),...,.%‘0(/,(”))); SO

d[(e)ﬂ] = Sn(a(fl)v Wo(p(1))s - - awa(p(n)))
fz))ap7W17 ce 7(“)71))

Also,
(@[0))o = ((a(fi))rho)s = (@ fi))op-

Let 0 = fi(61,...,6,) and assume &[(0)s] = (&[0k])s for any 1 < k <n. So
(0)0 = fi(wl)m cee (en)a)-
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Thus

Now, let a1, ap € HypA*(™(7,), and let 6 € W.;ilt( )(Qn) If 0 = fi(Wo1),- -+ sWo(n))
for some i € I,0 € Alt(n), then

(a1 op 2)[0] = (o1 on a2)[fi(Wo(1)s - - - Wo(m))] = (1 0n a2)(fi))o = ((Gaa2(fi)])s

and

(G1062)[0] = (61 062)[fi(Wo(1)s - - - » Wo(n))] = d1(G2[fi(Wo1)s - - - s Wo(n))]) = da((2(fi))s)-

Thus (a1 op agﬂe] = 6[1 @) dg [9]
Let 0 = fi(61,...,0,), and assume (a; o, ao)[0k] = (d1 0 G42)[fk] for any 1 < k < n.
Then

(o1 op a2)l0] = (a1 op o) fi(b1, ..., 0n)]
S™((a1 o, a2)(fi), (al on 042)191] , (a1 op aa)[by])
S™((qafaz(fi)]; dalbelbn]l, ..., dada[6y]])
071(5 (a2(fi), & [91]7---@2[%]))
an[ao[fi(01,. .., 00)]]
10a&9)[0)].

:(@

Therefore the assertion holds.

The mapping a;q: {fi:i €1} — Wélt

a’id(f’i> = fi(wh' .. awn)

") (Q),,) which is defined by, for all i € I,

is an alt-hypersubstitution of type 7,.
Theorem 5. Hyp " (7,,) = (Hyp ™™ (1,), on, aiq) forms a monoid.

Proof. Let ay, as € Hyp* (™ (7,,). Then, for any f;, we have (o opa0)(fi) = diaz(fi)].
Since ap € Hyp2*™(7,), aa(fi) € WAlt(n)(Qn). If aa(fi) = filwe(1), - - > Wo(n)) for some
o € Alt(n), then by aq(fi) € W;-:lt( )(Qn), we have

(a1 oy, a2)(fi) = drfaz(f)] = (a1(fi)e € Wi ().
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Alt

Let as(fi) = fi(61,...,0,) and assume a1[01],...,a1[0,] € W5, (n)(Qn). By

021 [fz(Ql, ey Gn)] = S”(oq(fi), 021 [91], ey 021 [Hn])

and a1(f;) € W;:lt(n)(Qn), it follows that aj[aa(fi)] € Wéh(n)(Qn). The associativity of

oy, follows by Lemma 2.

Lemma 3. The Menger algebra Wélt(n)((ln) of rank n is generated by
FWé?ft(n)(Qn) = {fi<w0'(l)7 .. ,wg(n)) c1€ 1,0 € Alt(n)}.

Proof. Clearly, fi(wo(1);---Wom)) € W;ilt(n)(Qn) for any ¢ € I,0 € Alt(n). Let
0 = fi(01,02,....0,) € W' (Q,) such that F aue

have

(@) generates 01,60o,...,0,. We

S”(fi(wl, N ,wn), 01, ey Gn) = fi(ely ceey Gn) =0.
Since the Menger algebra W}ilt(n)(fln) is generated by the set

FWTAnu(n)(Qn) = {fi(wa(l)v .. ,wg(n)) ci€l,oe€ Alt(n)}
SO any mapping o
n: FWQL”(")(Qn) — WTn t(n)(Qn)

can be uniquely extended to an endomorphism
7 WA (Q,) — WA Q).

Such mappings are called alternating substitutions (alt-substitutions). The set of all alt-
substitutions will be denoted by Subst gp(n)(7n)-
For n1,m2 € Subst o14(n)(Tn), define

N OnN2 =n10n2

where o is the usual composition. The identity map idg Alt(n) is an identity element
W, ()

with respect to ®. It turns out that

Subst iy(n) (Tn) = (Subst ary(n) (Tn), @5 1dF 41y )

(Sn)

forms a monoid. Let o € HypA*™(7,). Since & : Wélt(n)(ﬁn) — Wélt(n)(ﬁn) is an
endomorphism and Fwézt(n)(gn) is a generating system of T/}ft(n)(Qn), SO &|Fw:‘,jt(”>(nn> is

an alt-substitution such that
= .

olr
wAlt ™) q,)
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Define 1 : HypA*(™(7,,) — Subst () (Tn) Dy
w(a) = a’FW::th(n)(Qn)

for any o € HypA*(")(7,,). Let a1, ap € Hyp(™ (7). Then

1p(a1 op, 042) = (al Oh a2)‘FW;4nlt(n)(Qn)

— (éél o d2)|FW£ﬂlt<n)(Qn)

= a1|F oa|F
| wAlt™ () | wAlt ™) g,

Y(a1) o Yp(ag)
= Y(a1) © P(az).

We have v is a homomorphism. Clearly, v is injective. We conclude the result as follows.

Alt(n)(

Theorem 6. The monoid Hyp Tn) can be embedded into the monoid Subst y(n)(Tn)-

5. Alternating Hyperidentities

In this section let V' be a variety of type 7,. The set of all identities of V' will be
represented by Id(V); this is a congruence on the free algebra F. (£,) (see [13]). Let

IdA™™) (V') denote the set of all identities  ~ ¥ of V such that 6,9 € Wéh(n)(ﬁn), ie.,
1AM (V) = (WA (Q,,))? N Td(V).

dA (V) is a congruence on the Menger algebra Wélt(n)(ﬂn).

Lemma 4. |
Proof. Let 6 = 9,0, =~ V1,...,0, =0, € Id**") (V). At first, we have
S7(0,01,...,0,) ~ S"(0,01,...,0,) € IdA™) (V).

To see this, suppose 6 = f;(Wo(1); - -+ Wo(n)) for some i € I,0 € Alt(n). By the compati-
bility of Id(V') with the operations f; of the absolutely free algebra F,, (£2,),

fz‘(ea(l), . ,(90(”)) ~ fi(ﬁg(l), . ,190(”)) S IdAlt(n)(V).
Thus
Sn(fi(wg(l), e ,wa(n)), 01,..., Gn) ~ Sn(fi(wa(l), e ,wg(n)), d1,. .. ,ﬂn) S IdAlt(n)(V).

Hence
S7(6,61,...,0,) ~ S™(0,01,...,0,) € IdMI(V).

Let 6 = fi(v1,...,v,) and assume, for all 1 < k <n,

S (g, 01, ..., 0p) &= S™ (g, D1, ..., U) € T (V).
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Then
FilS™ (1,01, ..., 00), ..., 5™ (U, 01, ..., 0,))
~ fi(S™(1, 01, 0n), e S (s V1, - 0)) € TdA) (V).
So
S™(fi(1s - vn), 01, 00) = S™(fi(v1, . vn), O, ... ) € TdAH (V).
Hence
5™(6,61,...,0,) ~ S™(0,01,...,0,) € IdH (V).
Now, from

S0, 01, ...,0n) = S™(9,91,...,9,) € IdAH (V)
it follows that

S™(6,61,...,0,) ~ S™(0,01,...,0,) = SV, V1,...,0,) € IdAM (V).

Therefore the assertion holds.

Definition 5. V is said to be alternating closed (alt-closed) if
alf] ~ a[v] e 1dA* (V)

for all 0 =~ 9 € IdA* ™) (V) and for all o € Hyp*™ (1,).

Definition 6. A congruence IdA* ™ (V) on the Menger algebra Wf}ft(")(ﬂn) is said to

be alternative fully invariant (alt-fully invariant) if Id** (V) is compatible with all

endomorphisms & on Wf}ft(n) ().

Theorem 7. If IdA*"") (V) is alt-fully invariant, then V is alt-closed.

Proof. Assume IdA"(") (V) is alt-fully invariant. Let § ~ ¢ € IdA*") (V) and o €
HypA*(™)(7,)). By Theorem 4, & is an endomorphism on Wélt(n)(Qn). Hence alf] ~
a[¥) € 1dA ™) (1,.), so V is alt-closed.

We have shown Id4*(™) (V) is a congruence on Wélt

algebra

(n)(Qn). Consequently, quotient
Wélt(n) (Qn)/IdAlt(n) (V)
belongs to Visenger- Note that
nat gane vy : WA Q) — WA (@) /1a41HM (V)
is a homomorphism with
nat rgaim vy (0) = (0] fganm ovy-

Definition 7. An identity § ~ ¥ € Id**™(V) is an alternative hyperidentity (alt-
hyperidentity) if
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alf)] = a[v] € 1dA)(v)
for all o € Hyp(™) (1),

Theorem 8. Let 0 ~ 0 € IdA™ (V). If 0 ~ 0 is an identity in Wi"™ (Q,)/IdA0) (1),
then 0 =~ ¥ is an alt-hyperidentity of V.

Proof. Assume 6 ~ 9 is an identity in W;?th(n) (Q,)/1dA ™) (V) and let a € HypAt™(7,,).
By
& WA Q) — WA (Q,)

is an endomorphism, we have
K Wélt(n)(gn)/IdAlt(n)(V) N Wélt(n)(ﬂn)/IdAlt(n)(V)

defined by
K([0] pqareen (vy) = [E10]] rganen vy

Alt

for all [0];jaum) vy € Wi, (n)(Qn) JIdA™M™) (V) is an endomorphism. By assumption,

[Q]IdA”(”)(V) — [lﬂldmt(n)(v)-

Then

H([G]Idmt(n)(V)) = H([ﬁ]ld*‘”t(")(v))'
Thus

[@[Q]hdmt(n)(v) = [OA‘WHMAIM)(V)‘
Therefore

alo) ~ afv] e Id (V).
Hence 6 ~ ¥ is an alt-hyperidentity of V.
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