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Abstract. The basic purpose of this article is to introduce a generalized version of pseudo-
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1. Introduction

Variational inequalities originated in the beginning of 1960s through the revolutionary
work of the Italian mathematician Guido Stampacchia [1], who analyse free boundary
problems occuring in elasticity theory and mechanics by using the variational inequality
as an analytic tool. From 1960-1975 many foundational articles presented in the literature
emphasizing the association between the complementarity problems and the variational
inequalities. For the early advancement on variational inequalities readers are referred to
[2-6].
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A large number of articles, proposed in second half of 1990s, was dedicated to the
reformulation of the nonlinear complementarity problem in terms of the algorithms pro-
duced through a globally convergent Newton method. After that, many iterative schemes
have been formulated for finding the solutions of variational inequalities and their relevant
optimization problems (see [7, 8] and literature cited in).

One of the numerical methods for solving variational inequality problems (VIP’s) is
known as projection method [9-11] which is further expanded to gradient, extragradient
and subgradient methods (see, e.g., [12-25] and the references therein).

Extragradient method is not practically useful for the solution of variational inequali-
ties having non-Lipschitz mapping. In case of extragradient method, the reforms regarding
[26, 27] mentioned in [28, 29] ensured the convergence without Lipschitz continuity. In
[30], the authors discussed strong and weak convergence results for a VIP in the context
of a pseudo-monotone, classical non-Lipschitzian, continuous mapping in Hilbert spaces
over R.

Korpelevich [11], introduced an extragradient method in finite dimensional Euclidean
space to obtain solution of variational inequality problem under the mapping of mono-
tone and Lipschitz continuous. The extragradient method has been further extended in
infinite dimensional spaces by many researchers (see [12-15, 22-25] and the refferences
therein). The modification in [28, 29], enables convergence in finite dimensional Euclidean
space without Lipschitz continuity of the mappings associated variational inequality. in
[30], the extragradient method has been expanded in infinite dimensional space to get
weak and strong convergence results for VIP under the condition of classical non-lipschitz,
pseudo-monotone and continuous mapping.

The following article is dedicated to the analysis of a pseudo-monotone VIP in the setting
of CAT(0) space, which gives a clear modification of extragradient algorithm for strong
and A-convergence.

CAT(0) spaces, established by Alexandrov in the 1950’s, were given recognition by M.
Gromov, who displayed that a great deal of the theory of manifolds of non-positive sec-
tional curvature could be designed without using much more than the CA7(0) condition.
Gromov described the key aspects of the global geometry of manifolds of non-positive
curvature, primarily relying on the CA7 (0) inequality(see [31]).

Let (), 0) be a metric space. A geodesic segment connecting u; € ) to ugs € Y is a
mapping T : [0, o(u1,u2)] — Y such that Y(0) = u1, Y (o(u1,u2)) = uz and

o(Y(g1), T(g2) = |91 — g2), Vg1, 92 € [0, o(u1, u2)].

A geodesic segment linking any two different points ui,ue € ) is an isometry with
T(0) = up, Y(ur,u2) = ug. A unique geodesic segment is expressed by [u1,ugz]. The
metric space (Y, 0) is known as a geodesic metric space if any two points are joined by
a geodesic segment and the metric (), ¢) is a uniquely geodesic if there is exactly one
geodesic segment to link them. A subset £ C Y is called convex if any two points in Y
can be joined by a geodesic and the image of every such geodesic is lying in L.

Suppose (Y, o) be the geodesic metric space. In a geodesic metric space, a geodesic triangle
has three corners uy, ug, ug € Y and three geodesic segments ([uy, us], [ug, usl, [ug, u1]) join-
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ing them. For this triangle there exist a comparison (Alexandrov) triangle A(u1,ug,u3) C
R? such that
* Q(ma @) = Q(ulaUQ)v
*  o(ug,u3) = o(ug,us),
*  o(uz,ur) = o(us, u1).
When all geodesic triangles in a geodesic metric space satisfy the following C.AT (0) com-
parison axiom then geodesic metric space is known as CA7T (0) space (this term is due to
M.Gromov [32]) if . Let A and A be a geodesic and comparison triangle in Z, respec-
tively. If the following inequality is satisfied for all ui,us € A and all comparison points
ur, Uz € A,

o(u1,u2) < o(u1, uz),

then A is said to satisify CAT(0) inequality.

The motivation for the conversion thus stems from the need to improve robustness and
applicability of results. By transiting to CAT(0) spaces, researchers can better handle
nonlinearities, ensuring more meaningful and reliable insights across a broad range of
applications. We introduce two algorithms in Hadamard spaces that does not require to
have previous knowledge of Lipschitz- like constants. Our proposed algorithms converges
to a solution of VIP. Moreover, we present a numerical example in a Hadamard space to
demonstrate the performance of our method.

Question 1. Can we obtain convergence results for VIP using an Extragradient algorithm
in Hadamard space under the condition of pseudo-monotone.

our contributions in this paper are briefly highlighted as:

1. Our work extends algorithm of extragradient for pseudomonotone from linear spaces to
nonlinear spaces.

2. Our algorithm not depends on the Lipschitz constant.

2. Preliminaries

In this section, we display some notations, familiar definitions, and relevent results
that will be required in the proof of our main results.

Definition 1. A geodesically connected metric space Y is known as CAT(0) space and
every geodesic triangle in Y is at least as ’thin’ as its comparison triangle in the Fuclidean
plane. For a systematic study of geodesic spaces and CAT (0) spaces the readers are referred

to [31].
According to Bruhat and Tits [33], the (CN) inequality is defined as follows:

Definition 2. If u,ui,us € CAT(0) space and if ug € [u1,uz] be the middle point of the
segment, then the CAT (0) inequality yields

1 1
o(u,u0)? < ~o(u,u1)* + = o(u, ug)* — ZQ(ULUQ)Q.

2

N
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In recent past, CAT (0) spaces have appealed many mathematicians, due to their geo-
metrical relevance in multiple directions. Hadamard spaces [34] are originally the complete
CAT(0) spaces.

In 2008, the notion of quasilinearization was initiated by Berg and Nikolaev [35], given as
follows:

%
Definition 3. Denoting a vector as a pair (§,n) € Y x Y by &n, the quasilinearization is
defined as a mapping (.,.) : (¥ x V) x (¥ x V) — R satisfying

%

(E1,78) = = [0%(6,0) + & (n,7) — &X(&,7) — *(n,9)] ,

N

where £,1n,7v,6 € V.

Remark 1. [t can easily verify that for all £,n,v,6,( € Y,
s — =
(i) (€n,v0) = {(v0,&n),
(ii) (En,38) = — (. 7).

(iii) (EC,70) + (C1.70) = (En.70),
(iv) Y satisfies the Cauchy-Schwarz inequality if

(€0,78) < o(&,m)o(7, 0)-

Remark 2. A geodesically connected metric space is a CAT(0) space if and only if it
satisfies the Cauchy-Schwarz inequality ([35], Corollary 3).

In 2010 Kakavandi and Amini[36] develop dual space of Hadamard space Z by using
the concept of quasilinearization and by initiating the concept of pseudometric space.

Definition 4. To explain the conjugate space of Hadamard space Z, consider the map
®:Rx ZxZ— H(Z,R) defined by

B(t,E,m) = tENE0) (tEREn,y € Z) (1)

where H(Z,R) is the space of all continuous real-valued functions on Z. Then the Cauchy-
Schwartz inequality implies that ®(t,&,n) is a Lipschitz function with Lipschitz semi-norm

H(D(t,€,m)) = to(&,m), for allt € R and &, € Z, where H(V) = sup{S=: ¢ €

Z.& #n} is the Lipschitz semi-norm, for any function ¥ : Z — R. Now, we present the
pseudometric D on R x Z x Z by

D((t7€7 77)7 (8777 6)) = H(®<t7 §7 77) - @(87’}/’ 5)) (t7 S E R’é-? /)7777 5 e Z)' (2)
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Lemma 1. [36] D((t,€,1), (s,7,9)) = 0 if and only if t(€n, eF) = s(+d, ef), for alle,r € Z.
Proof. By (1) and (2) and formulation of Lipschitz semi-norm, D((t,&,n), (s,v,d)) =0
+

if and only if there exist a constant k € R such that t(€n, &e) = s(7d ,%) K, foralle € Z.
Therefore, for all e,r € Z

t{En, &) = t(En, &) — t(En, &) = (33, 72) — (73, 72) = 5(30, &),
Conversely if t{&n, ?) = s(vd, 3), for all e, € Z, then
D(t,&,m)(e) = t{&n, Ee) = 5(70,&e) = (s,7,0)(e) — 5(70,7E),
for all e € Z, which yields D((t,&,n), (s,7,9)) = 0.

Definition 5. For a Hadamard space (Z, ), the pseudometric space (R x Z x Z,D) can
be considered as a subspace of the pseudometric space (Lip(Z,R),H) of all real-valued
Lipschitz functions. Also, D explain an equivalence relation on R x Z x Z, where the
equivalence class of (t,&,n) is

[ten] = {570; 1(En,10) = (30,78 (1,6 € Z)}

_>
The set Y* = {t&n; (t,7,0) € R x Z x Z} is a metric space with metric D, which is called
the dual metric space of (Z,0).

n [37], Theorem 2.3, the projection operator is utilized for the existence of solution
of the respective variational inequality in a Hilbert space over R. By using the concept of
quasilinearization, authors in [38] extended the above mentioned result in CAT (0) space
that is as follows:

Theorem 1. [38] Let (Z, ) be a complete CAT (0) space and ) # L C Z is convex. Then
w=Prwy & (W,w—w%> >0, YwieL,up€Z,
and w € L.

In the following, (), 0) and (Z, o) will represent CAT (0) space and complete CAT (0)
space respectively.
These are some lemma’s taken from literature which are helpful in our main results.

Lemma 2. [39] Let ui,ug,u € Y and 7 € [0,1]. Then

(i) o(tur ® (1 — T)ug,u) < 7o(ur,u) + (1 — 7)o(ug,u),

(ii) 0*(tur ® (1 — T)ug,u) < 702 (ur,u) + (1 — 7)0%(uz,u) — 7(1 — 7) 0% (u1, uz).
Lemma 3. [39] Let uy,ug,u € Y and 7 € [0,1]. Then

(i) o(Tur © (1 = T)uz, yur @ (1 = Y)uz) = |7 = vle(u, u2),
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(7i) o(tur ® (1 — T)ug, 7ur & (1 — 7)q) < (1 — 7)o(uz,u).

Lemma 4. [/0] In (Z,0) space, every bounded sequence always has a A-convergent sub-
sequence.

Lemma 5. [41] Assume {X,,}, {Sn}, {cn} and {0} be nonnegative sequences such that
N1 < (1 —0p,)R, + 0,8 + ¢y, n>0
with {on} C [0,1], 252 oy = 00, limy 00 Sp, = 0 and 072 ycn, < 00. Then limy, oo Ny, = 0.
Lemma 6. [42] For (Z,0), the inequality stated below holds
0 (u, w) < o*(r,w) + 2<17,7I@), YV u,r,we Z.
Lemma 7. [42] For any ¢ € (0,1) and s,t € ), assume
so=1Ls® (1— ).
Then, for all u,v € Y,
(i) (52, 50) < £(50, 520) + (1 — €) (T, 520)

(i) (s¢th, 58) < £(50, 50) + (

Lemma 8. [43] Assume a non-negative sequence {b,} of real numbers, such that there
exist a subsequence {by,} of the sequence {b,} satisfying b,, < by, ,, for alll € N. So
there is a non-decreasing sequence {ax} of natural numbers in such a way that ap — oo as
k — oo, and for all k € N satisfy the conditions stated below:

be, <0 and b <b

Af+1 Af+1°

Indeed, aj, = max{l <k :b; <bj41}.

Lemma 9. [44] Consider a sequence {b,} € Z and if a nonempty subset L C Z satisfying
the following conditions:

(i) for every w € L,limy, o0 0(by,w) exists;
(i) if {bn,} is a subsequence of {b,} which is A-convergent to v, then v € L.

Then {b,} A-converges to an element of L.
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3. Variational Inequality and Some Crucial Lemmas

In this section we introduce variational inequality and several lemmas which are es-
sential for our main results.
Consider a closed, convex subset £ C Z, and define a map Ay : L — Z* , Ay : Z2*¥ — L
and A: L — L. Finding a point w* € £ such that

R
(wWAw™, ww*) >0, forallwe L. (3)

Problem (3) is referred as variational inequality and denoted by VI(L, A).

Definition 6. The map A : L — L is known as

(i) monotone if
(AwlAwg,w1w2> >0, Vw,ws € L.

(ii) pseudo-monotone if

T _
(w1 Aw, wiwy) > 0= (wjAw, wijwy) >0, Y wy,w € L.

Definition 7. Consider the space (Z,9). For o > 0, map A is known as a—strongly
pseudo-monotone if

— ,
<Aw1Aw2,w1w2> > agz(wl,wg), v wi, Wy € L.
The convergence of the approaches is assumed to meet the following conditions.

Condition 1. The subset L of a Hadamard space (Z,0) is nonempty, closed and convez.

Condition 2. The mapping A : L — L is a pseudo-monotone, uniformly continuous on

L.
Condition 3. The solution set of VI(3) is non-empty, that is VI(L, A) # ¢.

Condition 4. Let w : L — Z be a contraction map. Let’s say there’s a sequence {&,} of
real numbers in an open interval (0,1) in such a way that

n—oo

Now we will discuss some lemmas which are crucial for our main results.
These lemmas has been established by authors in the framework of Hilbert space. Here,
we explain these lemmas in a complete C.AT (0) space setting and provide the proof.
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Lemma 10. Let u; € Z. Then
0*(Prur,ug) < 0 (ur, ug) — 0*(uy, Prus),  for all uy € L.
Proof. Consider

(wrug, wiug) = (ui1Pruy,uiug) + (Prujug, ugus),

= {(uy Pruy,u1 Pruy) + (u1 Pruy, Prugug) + (Prujug, ug Prug)

+<P£U1U2, P£U1U2>,

= (wPgug, w1 Prug) + (Prujug, Pruiug) + 2(ui Prut, Prujus),

= <U1PLU1, U1PEU1> + <PLU1’LL2, Pgul'LLQ} + 2<u2PLu1, Pgu1u1>.

By Theorem 1, we have (uaPruy, Prujui) > 0. We have

(wrug, wiug) > (uPrur,ui Prut) + (Prujug, Prujus),
0*(u1,u2) > 0*(uy, Pruy) + 0*(u2, Pruy),
<

0*(ug, Pruy) 0% (u1,uz) — 0*(u1, Pruy).

Lemma 11. Consider a closed, convex subset L C Z and defined C := {u € Z : ¢(u) < 0}.
If L is nonempty and a real valued function v is Lipschitz continuous on Z with modulus
© > 0, then

o(u,C) > O ' max{¢(u),0}, forallu € L, (4)

the distance from u to C is denoted by d(u,C).

Proof. Clearly (4) holds for all w € C and we are left to proof that (4) holds for every
u e L/C. Assume u & C but uw € L. Since C is closed, there exist w(u) € C such that
o(u,w) = o(u,C). Since v is Lipschitz continuous, we have

Since u ¢ C and w(u) € L, we have Y(u) > 0 and P(y(u)) < 0. Then

P(u) < (u) = Plwu)) <[u) —Plw(w)l,
o((u), P(w(u))) < Bo(u, C).

Lemma 12. Let £ be a nonempty, closed and convex subset of a complete CAT (0) space
Z and A be a pseudo-monotone map. If

(wAv,ua®) >0, YueL (5)

Then u* is the solution of VI(L, A).
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Proof. Suppose @Eﬁ,ﬁ) > 0 holds for all w € L. Thus

(up*Aupy* upy*u®y > 0, wup *erL
YR

(un*u*, uy*Auy*) > 0.

By using Lemma 7 and applying limit, we obtain

(uut Y (1= ) uy Ay ).

—
(ux™u®, uy"Auy™)

< Muu®, up*Auy®) + wru®,
= Muu®,uy"Auy™) < (up"Auy™, uu™),
ey —
< MuAuy ,zﬁ> + (1 = N {(u*Auy™, uu™),
— AuAE udt) + (1= N (@A, ud),
—_— — —
= MuAu®,uu®) + (1 — N {(u*u,uu”) + (1 — N)(uAu™, uu™),
— —
= (uAu™,uu*y + (1 — A)(u*u,m),
Tt 3 2 *
< (AU uu™) + (1 — N)o*(u,u
This implies
(vAu",uu™)y >0

Thus u* is a solution of (5).

Now, we introduce our algorithm as follows:

Algorithm 1. Initialization: Given p,v,s € (0,1). Let by € L be arbitrary
Iterative Steps: For the given iteration by, we first calculate by y1 as stated below:
Step 1. Compute

Sp = Pﬁ(fnbn @ (1 - fn)Abn)y

where &, 1= v with m,, is the minimal nonnegative integer satisfying
——
(Abp Asp, bysy) < ,LLQ2(bn, Sn)-

If Asy, =0 or b, = s, holds then algorithm stops and s, is a solution of VI. Else
Step 2. Calculate

where
Ly:={L€ Z:hy) <0}

and

i (B) = (b, (Enbm @ (1 — En) Abp) Aby). (6)

Place n :=n + 1 and repeat the Step 1.
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Lemma 13. Suppose that Conditions 1-3 hold. Let b* be a solution of VI(L, A) and the
function h,, be defined by (6). Then h,(b*) <0 and hy(by) > (1 — 1) 0*(bn, sn)-
Proof. Since b* € VI(L, A), we have

(5mAD* b7 5) < 0. (7)

It is implied from Lemma 7 and (7) that

hn(b*) = (b"sp, (§nbn @ (1 — &) Aby,) Aby),
— —
< & (b s, b Aby) + (1 — &,) (b sy, Aby Aby),
— —
< & <b*5m bn5n> + (b*Sn, SnAb*> + £n<b*3na Ab*Abn>a
by taking limit, we get
hn(0*) < 0.

Thus Claim 1 of Lemma 18 holds. Now, To prove Claim 2, from (6), we have

hn(bn) = <bn3n7 SnAbn> = <bn37;7 Snb72> + <bn3n7 bnA3n> +
<bn—5>n7 ASnAbn>

s
As (bpsp,bpAsy) > 0, we have

hn(bn) <bn3n7 Snbn> + (bnsna ASnAbn>7
_QQ(bna Sn) - Ngz(bna Sn)7

(=1- M)QQ(bm Sn)-

AVANAY]

Lemma 14. Consider a nonempty, closed and conver subset of a Hadamard space Z
be L. The map A is uniformly continuous and pseudo-monotone on L. The solution
set of the VI(L,A) is nonempty and suppose a sequence produced by Algorithm 1 is
{bn}. If there is a subsequence {by, } of {bn} such that {b,, } A-converges to z € Z and
limy 00 0(bn, , Sny,) = 0, then z € VI(L, A).

Proof. From A —limy,_,o by, = 2,limy_,o0 0(bn,, Sn),) =0, and s, C L, we have z € L
and sp, = Pr(&n,bn, ® (1 —&p, )Aby, ) thus,

0 < (bSny» Sny (Engbny @ (1 — Eny)Aby,)), Vb e L.

By Lemma 7 and Remark 1, we get

<(€nkbnk ©(1- énk)Abnk)Snk’ 5%6> < gmc bnksnk7 ﬁ (1- fnk (Abnk Sngs ‘ﬂ
gnk bnksnk7 m 1 - &nk tﬁa bsnk

—_— —>
(1 - fme)<bAbnk’ bsnk>’
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= fnk <bnk3nka *;Lk_g> + (1 - gnk)(‘;k%7 I;TZ> +

— — —_—
(1 fnk)<bAbnkabbnk> (1 = &y )(bAbn,,, by sny,) s

< bnksnk, 5eb) = 0 (301 b) + (bAbpy by ) + (bAbpy
b )
This implies that
(b Snps S0 b) + (DAbp, , bby ) + (DAby, by, 50, ) >0, Vb€ L. (8)
Now, we will prove N
lim inf (bAb,, , bby, ) > 0. 9)
Taking k — oo in (8), we get
"
lim inf (bAb,, , bby, ) > 0.

Since A is uniformly continuous map, thus we have
0(Aby, , Asy, ) — 0 as k — . (10)

On the other, hand we have

— —
(bAsp,,bsp,) = (bAby,,bsp,) + (Aby, Asp,,bsn, )

— —
= (bAby, ,bbp, ) + (bAby,, , by, $nr) + (Aby, Asp, , bsn, ),

which together with (9) and (10) gives
— —
liminf(bAsy, , bsp,) > 0.

Now, we have to prove that v € VI(L,A). Since A is pseudo-monotone, so we get

n% hm (Sn, A Z(ﬁk@ = hm inf(sp, A Zm

Using Lemma 12, we get v € VI(L, A) and the proof is finished.

4. convergence results

In this section we prove the results of strong and A-convergence.

Theorem 2. Consider a nonempty, closed and convex subset of a Hadamard space Z be L.
The map A : L — L is a pseudo-monotone, uniformly continuous on L. The solution set
of the VI(L, A) is nonempty, that is VI(L, A) # ¢. Then any sequence {b,} A-convergent
in VI(L,A).
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Proof. Claim 1. The sequence {b,} is a bounded. To proof the claim, assume
veVI(L,A), we have

QQ(anrlaU) = QQ(PLnbna U) < QQ(bna U) - QQ(PCnbna bn)a (11)
Q2(bn+1vv) S Q2(bn7v) - 2(bn7£n)
This implies that
Q(bn—l—lav) S Q(bn7’l})

Thus lim,, o 0(bn, v) exists. Therefore, the sequence {b,} is bounded and implies that
the sequence {s,} is also bounded.
Claim 2.

1 2
M(l—u)gﬂ(bn,sn)] < (bn,0) — P(bus1,v),  for some M > 0.

Indeed, the bounded sequences {b,}, {s,} implies that {Ab,},{As,} are also bounded, so
for all n there exists M > 0 such that &,d(b,, Ab,) < M. Therefore, for all u,q € Z, we
have

Q(hn(u)a hn(Q)) = ’hn(u) - hn(Q)| y
= |(@7 (€ubu ® (1 — €:)Aby) Aby)

_<(EL>7 (fnbn @ (1 - fn)Abn)Abn>

By using Remark 1, we have

(1), hn(g)) = | (@, (€ub & (1= &) Aby) Aby)

By Lemma 7 and Cauchy schwartz inequality, we get

(@l (Enbn ® (1= €0)Abu) Aby) < uil, budby) + [(1 - &)
(i), Aby Aby) |
= &l buAby) < End(u, q)d(bn, Aby),
< Mo(u,q).
Thus we have h,,(.) is M-Lipschitz continuous on Z and by Lemma 11, we get

1

o(bn, L) > Mhn(bn)v (12)

which, together with Lemma 13, we get
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Combining (11) and (12),

1 2
QQ(bn—&—lav) S QQ(bn,’U) - ﬂ(_l - M)QQ(bnasn)

Thus, Claim 2 is proven.
Claim 3 The sequence {b,} A-converges in VI(L, A). Indeed, by Lemma 4, there exists
the subsequence {b,, } of bounded sequence {b,} such that the subsequence {b,,} A-
converges to v € Z.
Using Claim 2, we can find

lim o(by, sn) = 0.

n—o0

It is implied from Lemma 14 that v € VI(L, A).
Therefore, we proved that:

(i) limy—oo 0(bn,v) exists, for every v € V(L, A);
(ii) Each A-limit of the sequence {b,} € VI(L, A).
Thus, by Lemma 9, the sequence {b,} is A-convergent in VI(L, A).
Now we introduce an algorithm for strong convergence:

Algorithm 2. Initialization: Given p,v,¢ € (0,1). Let by be the arbitrary element of
L.
Iterative Steps: For the given iteration by, first calculate by41 as stated below:
Step 1. Compute
Sp = Pﬁ(fnbn S (1 - fn)Abn)a

where &, := v, with m,, is the minimal nonnegative integer satisfying
——
(AbnAsna bn5n> < ﬂQQ(bn; Sn)-

If b, = sy, or As, = 0 then algorithm stops and s, is a solution of VI. Otherwise
Step 2. Calculate
bp+1 = &w(bn) © (1 — &) Pr,, (bn),
where
L, :={be€ Z:hy(b) <0}

and

hn(b) = (b5,

Place n:=n+1 and move to Step 1.

(&nbp, @ (1 — &) Aby) Aby,).

Theorem 3. Consider a nonempty, closed and convexr subset of a Hadamard space Z be
L. The mapping A : L — L is a pseudo-monotone, uniformly continuous on Z. The
solution set of VI is nonempty, that is VI(L,A) # 0. Let {&,} be the sequences of real
numbers in (0,1) such that

lim &, = 0,5 &, = cc.
n—oo

Then any sequence {b,} converges strongly to v € VI(L, A), where v = Py ay@(v).
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Proof.

Claim 1. The sequence {b,} is bounded. To prove the claim, assume z, = Pr, (by), using
Lemma 10, we have

0*(zn,v) = 0*(Pr,bu,v) < 0*(bn,v) = ¢*(Pr,bn, bn),
according to Claim 1 in Theorem 1, we get
2

1
Qz(znav) = QQ(PLnme) < QQ(bnaU) - ﬂ(_l - H)Q2(bm3n)

This implies that
o(zn,v) < 0(bn,v). (13)
Consider 0(bp+1,v) = 0(§nw(bn) ® (1 — &) Pr,, (bn),v) and by using Lemma 2-(i),we get
0(€n@(bn) (1 — &n) Pr,, (bn), v)
< &no(@(bn),v) + (1 = &n)o(Pr, bn, v),
< ulo(w(bn), @(v) + o (0), ) + [(1 = &)o(Pz, bn,v)]
< €u0(w(b), @) + Euo(@(©),v) + [ (1= &)e(Pe, bu,v)]

< &npo(bn, v) + &no(w(v),v) + (1 — &n)o(2n, v)
< &npo(bn,v) + &no(w(v),v) + (1 — &) o(bn, v)
= (&np + (1 = &n))o(bn, v) + &no(w(v), v),

o(w(v),v)

)
)

= (1 =& —p))eo(bn,v) + & (1 — p) 1-p)
(= (v).v)

< {0 S5 .
(= (v). )

< et 0) SEE

for 0 < &,(1—p) < 1. Thus we proved the Claim 1.

Claim 2. To prove

— —
QQ(Zm bn) < QQ(bm U) - QQ(bn—i-h U) + 2¢, <w(bn)va bn+1U>-

Let s, = &v @ (1 — &)z It follows from Lemmas 6 and 7 that

92(bn+17 U) = 92(§nw(bn) D (1 - gn)znv v) S Q2(8m U) + 2<bn+15nv bn+1v>a
= [o(§nv+ (1 — gn)ZmU)F
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+2((€n(bn) ® (1 = &n)2n))sn, brnt1v),

Pbui1,0) < [end(v,0) + (1= €)0(z0, V)] + 200 (3 (ba)sm, brs10)

+(1 = &) sy bara0)],

= (1= £2)20% (20, 0) + 20 (@ (bn) (En0 & (1 — €) 700 bs 1)
+(1 = &) {Zn(En0 @ (1= &) 2n)s b 0)],
(1= €6 (n, 0) + 2[€2(@ (b)), brsrv) + {€(1 — &)
X (@ (bn) 2, bus10) | + €n(L — £n)(En bur) + { (1~ €0)?
x(ZZn, bur10) .
= (1= )20 (20, ) + 262 (), by 10)
+260(1 = €0) (@ (B0, barad),

= (1= £0)20% (20, ) + 2€2( ()0, by 10)
+260( (b0, b1} — 262 (@ (B)0, bus10),
(1= 0)20% (20, v) + 260 (@ (b) 0, bus10).

Plbus1,v) < (1= &) d(zn,v) + 260 (@ (ba)0, by 10)

Pbni1,0) < 02z ) + 260(@(b0)0, by (14)
On the other hand, we have

QZ(vaU) < 92(bn’v)_92(znabn)a

by putting above in (4.3), we have

IN

_—
QQ(bn—H, U) < QZ(bna U) - QQ(bna Z’n) + 2£n<w(bn)vv bn—f—lU)a
_—
92(bn7 Zn) § QQ(bna U) - Qg(anrla U) + 2£n<w(bn)va bn+1U>'

Claim 3. To prove

2
(1—=&n) %fn(_l - N)QZ(bm sn)| < QQ(bm v) — QQ(bn—I—l?U) + {ngz(w(bn),v).

Consider 0*(bpt1,v) = 0*(€nw(bn) © (1 — &,)zn,v) and by using Lemma 2-(ii), we have

QQ(anrlvv) < 5n92(w(bn)a v) + (1 - gn)92(2nv7})
_gn(l - én)g2(w(bn)’ Zn)’
00 (@ (bn),v) + (1 = 1) 0% (20, 0).

IN

By using (13), we obtain

92(bn+1,v) < anQ(w(bn)7U> +(1— gn)QQ(me)
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2
—(1-¢&) [Al/l(—l - N)QQ(bn,Sn)] ,
< anz(w(bn)7U) + QQ(me) —(1=¢&n)

This implies that

2
(1—5&) ( 1—p) Z(bna Sn)] < fn92<w(bn)a v) + QQ(bna v) — QQ(bn—i—la v).

Claim 4. To prove

2 (1-(1=p)) o S v A a—
bnt1,v) £ ————————0"(by, s bp1v).
P (bus1.0) € S g b) + T (00 o)
Consider
—_— ——»
QQ(bn—Ha v) < (1- fn)02(2n; v) + 26 (@ (bn)v, by 410). (15)
By Cauchy schwartz inequality, we have
% —> \
(@(bn)v, bp1v) = @(v), bt10) )U bn+10),

< d(w(bn>,w<v>> <nH, > (= (0)0, b 10),
< pd(by, )d(bpir, ) + (@ ()0 Eﬁ_}
< 2[ (bnﬂv)+g(n+17 )]+< ( ) 7bn+lv>7

by putting above in (15), we have

0% (bps1,v) < (1= &)0% (20, v) + &npo® (by, v)
- E0p02(bus1,0) + 260 (B(0)0, ba1 ),
0% (bpt1,0) — &np0* (bni1,v) < (1 — & + &up)0° (bn, v)
+ 260 ((0)0, b1
(1= &up)e2(bus1,0) < (1= (1= p)&n)0*(bn,v) + 260 (3 (0)0, bur 1),

QZ(bn-i-l? U) < MQZU)W U)

1—&np
260, ——— ——
o (@), bt

Claim 5. The sequence 0*(bn,v) converges to zero. There are two scenarios for the proof
of convergence of sequence {0*(bn,v)}.
Case 1. There exist a natural number N such that 0*(by11,v) < 0°(by,v) for all n > N.
This implies that lim,, o0 0%(bpn,v) exist. From Claim 2, we have

lim 0%(by, z,) = 0.

n—oo
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Now, according to Claim 3,
lim 0%(by,s,) = 0.

n—o0

Since the sequence {b,} is bounded. It is implied by Lemma 4, that every bounded sequence
in (Z,0) always has a A-convergent subsequence, say by, A-converges to z such that

nh_)rgo sup(w(v)v,b,?v) = lim (@w(v)v, by, v) = (w(v)t),z?) (16)

n—oo
Since by, A-converges to z and o(by, $p) = 0, it implies from Lemmals that z € VI(L, A).
On the other hand,
0(bnt1,2n) = 0(&n@(bn) & (1 — &n)zn, 20)

Eno(w(bn), zn) + (1 — &n)0(2n, 2n)
&no(w(by),zn) > 0 asn — oo.

IN

Thus,
0(bny1,bn) < 0(bny1, 2n) + 0(2n,bn) = 0 asn — oco.

Since v = Py a@w(v) and by, A-converges to z € VI(L, A), using (16), we get
_—— s —
li_)m sup(w(v)v, byv) = (w(v)v, 20) < 0.

This implies that

lim_sup (e (v)v, bp41v) < lim sup(w(v)v, bps1bn) + lim sup(w(v)vjbn—q)» < 0.
From Claim 4
2 (fn _ 2571[7) 2 28n, — —
0" (bpy1,v) < 1— —=2—F—20"(by,v) + @ (v)v, bp1v
(bns1,v) ) 2 (h,0) + g (000 )
(1—2p)&n 1-20)6  —— —
= 1——=>0%(bp,v)+2 w(v)v, bpa1v).
1—-&up ( ) (l—fnp)(l—Qp)< (v) +10)
Now, taking
\, = (1= 2p)6 S — 2(@(v)v, bps1v)
n 1 _ é.np 9 n 1 — 2[0 5

by Lemma 5, we can conclude that
QQ(bna v) =0.

= b, =V asn — 0.

Case 2. There exist a subsequence {0 (by,,v)} of {0*(bn,v)} such that ¢*(bn;,v) <
Qz(bnj+1,v), for all j € N. In this case, from Lemma 8 that there exist a nondecreasing
sequence of natural numbers {a} such that

lim aj = oo,
k—o00

and the inequalities stated below holds for all values of k € N:
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(Z) QQ(bak,’L)) S 92(bak+1 9 U)z
(7’7’) 92(b/€7v) < Qz(bak-o-pq})'
According to Claim 2, we have
92(bak’v> - QQ(bakH ,v) + 28, <w(bak)vv bak+lv>7
ey
QQ(bak+1 ) U) - QQ(bak+1 ) U) + 2§ak <w(bak)v7 b(lk+1v>7

—_— —
gak <W(bak)’(), bak+1v>7
gakQ(w(bak),'U)Q(bakJrl,’U) -0 ask — 0.

IN

Q2(Zak, bak)

IN

VANVAN

According to Claim 3, we have
1 ) 2

ﬂén(_l - ﬂ)@ (baka Sak)
< QQ(bakvv) - Q2<bak+17v) + fak QQ(W(bak)ﬂ U)v
S 92(b0k+1 ) U) - 92(bak+1 ) U) =+ Eade(w(bak)v U)?
< fakQQ(w(bak),v) —0 ask— oo.

(1 - gak)

Using the same argument as in the proof of Case 1, we obtain

Q(bakJrl’bak) =0

and

lim sup (w(v)v, bgy1v) < 0.
k—o0

From Claim /

2 (1= =pn) o 28y, A a—
by ,v) < by, s — s bm, ;
b0 T2 20 0) + L0 )
since 0% (b, v) < QQ(bmkH,v), we have
2 (1= (1= p)my) o 2,
0*(bme.v) < T ) (@00 b ),

_— —
fmk (1 - 2p)92(bmk+17v> < 2§mk (w(v)v, bmk+1v>7

Q2(bk, v) < 22p (w(v)v,b v).

1— ) VM4

Therefore,
lim sup ¢*(bg,v) <0,
k—o0

that is, b — v.
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5. Some consequences and numerical illustrations

In this section, we first derive 1 and 2 corollaries of Theorem 2 and 3 respectively. We
then illustrate a numerical experiment to demonstrate the performance of our method.

Corollary 1. Consider a nonempty, closed and convex subset of a Hadamard space Z be
L. Let Z* be a metric space and As : L — Z*, A1 : Z* — L. The map As is a uniformly
continuous on L and Ay is uniformly continuous on As(L), A is a pseudo-monotone on L.
The solution set of the VI(L, A) is nonempty, that is VI(L, A) # ¢. Then any sequence
by, is A-convergent in VI(L, A).

Corollary 2. Let L be a nonempty, closed and convexr subset of a Hadamard space Z.
Consider the mappings A1 : L — L and As : L — L such that AjoAy = A. The mapping
A is a pseudo-monotone, uniformly continuous on Z. The solution set of VI is nonempty,
that is VI(L, A) # 0. Let {£,} be the sequences of real numbers in (0,1) such that

lim &, = 0,55 ,&, = cc.
n—oo

Then the sequence {b,} converges strongly to v € VI(L, A), where v = Py ay@(v).

Example 1. Let Z = R?. L = {u € R? : -1 < u; < 1,i = 1,2}. Define the maps
A L — (R?*, and Ay : (R®)* — L such that A1(b) = f, § € (R?)*, Ay(b) = &
respectively. Let by = (0.1,0.2) € L be arbitrary and define g; : R* — R such that
g1(b1,b2) = cos(b1), g2(b1,ba) = cos(bg). Then we have

Ab, = (cos(b1) —;—cos(bg)’ cos(by) ; cos(bg)>
B (cos(().l) + c0s(0.2) cos(0.1) — cos(0.2)>
= : 7 .

(0.98754,0.00747) .

Step 1
Forn=1, and & = 0.2,

s1 = Pr(&ibi @ (1—-&)Ab)
— P((0.2)(0.1,0.2) & (1 — 0.2)(0.98754, 0.00747))
—  P£((0.02,0.04) @ (0.790032, 0.005976))
= Pr(0.810032,0.045976).

As (0.810032,0.045976) € L, So it’s unique nearest point in L is (0.810032,0.045976)
implies s1 = (0.810032,0.045976).

A81 =

0.68948 + 0.99894 0.68948 — 0.99894
2 ’ 2
= (0.84421,—0.15473).
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Now to prove N
<Ab1A81, 1)181> S ,u,QQ(bl, Sl). (17)

Consider left hand side of (17),

— —> 1
<Ab1A81, b131> = 5 [Qz(Abl, 81) + QQ(ASL bl) — QQ(Abl, bl)
—0*(I1Ay1,11)]
= —0.0932945
and
0*(b1,s1) = (0.1 —0.810032)% + (0.2 — 0.045976)>
= 0.527873
po*(bi,s1) = 0.2(0.527873) = 0.1055746

Thus, we have
— —
(AbyAsy,bis1) < po*(bi, s1).

Step 2
Now, forbs = Pr, (b1), hn(b) =

b5, (Enbm @ (1 — &) Abp) Aby) and L = {b € Z : hn(b) <

0}. Let b= (u1,p2), h1(b) =0. Then
N
hl(b) = <b$1, (flbl D (1 — fl)Abl)Alh) = 0
1 [ d?(b, Aby) + d?(s1,&1b1 @ (1 — £1)Aby) 0
2 —d2(b,§1b1 D (1 —gl)Abl) —dz(sl,Abl)
—0.355016p1 + 0.77012u9 4 0.2845414 = 0. (18)

From (18), we have pp = 0.21993u9+0.801164. If uy = 0, then po = 3.6428 and if uy = 0,
then p; = 0.801164. Since by = {s’ € L1 : o(b1, ") = (b1, L1)} and

—0.355016(0.1) + 0.77012(0.2) + 0.2845414

{/(—-0.355016)2 + (0.77012)2
= 0.727949

0((0.1,0.2),£1) =

Let 8'(u1, u2)t. Then s’ is point of intersection of line L1 with the perpendicular line. The
equation of perpendicular line is

B = 1o +0.801164 (19)

©0.21993
If p1 = 0, then po = 0.176199 and if pe = 0, then pp = 0.801164. To find point of
intersection, subtracting (18) and (19), we get po = 0, pp = 0.801164 and s’ = by =
(0.801164, 0).
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Example 2. Let
L={(21,0,0,...)€?:0<z; <1},
which is convex (if x = (21,0,...), y = (y1,0,...) € L and X € [0,1], then

Az 4+ (1= Ny = (Az1+ (1= N)y1,0,...) € L.

For a concrete test, we work with a simple diagonal operator Ay : L — (2 given by

1
n+1
and As(y) = Pr(y). Choose &, = £ = 0.2 and an initial vector by € L with first coordinate
xr1 = 0.8.

The orthogonal projection Py onto set L can be described explicitly

Pr(v) = (7p0,1)(v1),0,0,...),

so the Algorithm 1 update s, = Pr(&by, + (1 — £)Aby,), the entire iteration is governed
solely by the first coordinate, leading to a simple one-dimensional recurrence relation.

For the purpose of demonstration we will take the simplified update byy1 = s,, where
S = Pr(&bn + (1 — &) Aby,). With £ =0.2 and oy = 1/2 one gets

Ai(x) = (anxn), oy = (so a; = %),

Tn+1 = 0.6 2y, z1 = 0.8,

hence z, = 0.6" " 'z1 and b, = (2,,0,0,...) — 0 strongly in £2. This worked-out example
provides a straightforward demonstration in the infinite-dimensional framework (imple-
mented by truncation for computations) validating the convergence behaviour asserted in
Theorem 2.

Conclusion 1. The variational inequality is defined for asymptotically nonexpansive map-
ping in CAT(0) spaces. We acquire strong and A-convergence of two projection type
methods for variational inequality problem using pseudo-monotone mapping. Numerical
experiment performed for our perposed algorithm.
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