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Abstract. In this article, we proposed a comprehensive pest control model that integrated both
delay differential equations (DDEs) and stochastic processes to mitigate the spread of whiteflies in
coconut plantations. The delay model introduced a time lag in the implementation of awareness
programs and investigated its impact on the system’s equilibrium stability. Numerical simulations
validated the model’s effectiveness in enhancing pest management. A stochastic component,
formulated using a Wiener process within a system of non-linear ordinary differential equations
(ODEs), was used to estimate the probability of disease elimination under environmental fluctuations.
The study was novel in combining both deterministic delays and stochastic effects in a unified
framework, offering deeper insights into timing and control efficiency. Although focused on coconut
farming, the modeling approach and techniques had broader applicability in agricultural pest
control scenarios. The findings enhanced our understanding of pest dynamics under uncertainty
and delay, providing a foundation for more informed and effective control interventions in agricultural
ecosystems.
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1. Introduction

Cocos nucifera, the coconut tree, is a vital crop with diverse benefits, from its nutrient-rich
fruit to its versatile coir [1]. Coconut diseases impacted livelihoods, despite its antiviral
properties; key components included endosperm (kernel), endocarp (shell), and mesocarp
(coir) [2]. India, the third-largest producer, relied heavily on coconut-based industries,
with products ranging from food and cosmetics to artistic crafts and eco-friendly materials
[3]. This resilient palm provided antiviral properties, essential minerals, and economic
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sustainability [4]—[6]. Celebrated on World Coconut Day (September 2) [7], intercropping
with floriculture enhanced farming efficiency [8], [9]. With applications in ropes, mats,
insulation, and even rehydration therapy, the coconut truly embodied a functional, life-enriching
resource [10]—[14].

The rugose spiraling whitefly (RSW), Aleurodicus rugioperculatus, first appeared in scientific
literature in 2004 when Martin identified it and initially named it the gumbo limbo
spiraling whitefly [15]. Highly polyphagous, it fed on over 118 hosts across 43 plant
families. It was first detected in Tamil Nadu and Kerala in 2016 [16], RSW damaged
coconut plantations by extracting nutrients, excreting honeydew, and promoting sooty
mold growth, thereby reducing photosynthesis [17]. Infestation signs included egg spirals,
white wax deposits, sticky honeydew, and black sooty mold [18]—[20]. Escalating infestations
threatened coconut trees, emphasizing the need for farmer awareness to sustain production.
Mathematical models helped analyze interacting populations, particularly in epidemiology,
by revealing interactions and parameter impacts [21]. These models aided in understanding
epidemic dynamics and control strategies [22], [23]. Studies on RSW infestations in
coconut trees suggested that reducing the contact rate effectively controlled infection [24].
Awareness programs played a crucial role in promoting knowledge and understanding
among farmers, leading to the adoption of improved agricultural practices, increasing
productivity, and providing significant economic and social benefits to farming communities
[25]. Research has explored media-driven vaccination awareness, farming awareness in pest
control [26], [27]. The reproduction number, analyzed via the next-generation matrix, was
found to be crucial in epidemiology [28].

A mathematical model represents real-world systems using variables, equations, and parameters
to describe relationships and predict behavior under different conditions. Equilibrium
points help analyze long-term dynamics [29]—[31]. DDEs incorporate time lags, making
them suitable for systems where current changes depend on past states [32], [33]. Stochastic
differential equations (SDEs) introduce randomness, accounting for uncertainty in system
behavior [34]—[37]. Our study integrated DDEs and SDEs to model RSW infestations and
awareness programs. Inspired by [38], [39], we extended the model in [40] with DDEs and
SDEs to control RSW infestations and safeguard coconut populations through awareness
programs. Our research is focused specifically on the Pollachi locality of Tamil Nadu.
Thus, the parameter values were selected based on the same zone.

Section 2 begins with the development of the mathematical model, incorporating DDEs.
It explores key properties such as positive invariance, boundedness, the basic reproduction
number, and equilibrium analysis. The equilibrium analysis includes subsections on the
tree-pest free equilibrium, pest-free equilibrium, and coexistence equilibrium, along with
stability assessments under delay conditions. Section 3 introduces the SDE model, while
Section 4 investigates parameter sensitivity. Section 5 presents results and discussion
to validate the theoretical findings. Finally, Section 6 summarizes the key results and
conclusions of the study.
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2. Mathematical formulation of the problem

In [40], G. Suganya and R. Senthamarai studied the impact of awareness on the
dynamics of pest control in coconut trees. Here, we have extended the ODE model to
both DDE and SDE model. The tree population is classified into healthy trees H and
infected trees E to evaluate the whitefly’s effect on coconut trees. L refers to the population
of whiteflies, and A indicates the number of awareness programs carried out over the time
period t.

2.1. DDE model

We have added a time delay in the awareness programs within the system of equations,
which impacts the infected tree density and whitefly density in efforts to control infectious
diseases. The delayed model is given by:

The population of healthy coconut trees H(t) grows logistically, reduced by infection from
whiteflies with a Holling type II functional response. The logistic term accounts for total
tree density (healthy plus infected) competing for site resources; specifically, parameter
s denotes the plantation’s tree density (see Table 1) and represents the total available
resources (space, nutrients and light). Since infected trees, although reduced in health
and productivity, remain physically present and continue to occupy space and consume
resources, their presence contributes to the density-dependent limitation on healthy tree
growth.

dH (t) H(t)+ E(t) ®H (t)L(t)
Tdat rH(t) <1 B 5 ) 1 4AL(t) (1)

The population of infected trees E(t) increases by infections of healthy trees by whiteflies,
modeled using a Holling type II functional response, and decreases due to natural mortality
at rate k and awareness-driven control measures (with delay 7) at rate bA(t —7)E(t). The
awareness term bA(t — 7)E(t) represents the removal or recovery of infected trees through
interventions such as roguing and replacement, which specifically target infected trees
and not the vector population. In contrast, the whitefly population in Eq.(3) is affected
by awareness through a separate term vA(t — 7)L(t), representing vector-specific control
measures (e.g., pesticide application, biological control). Therefore, bA(t —7)E(t) appears
only in Eq.(2), while Eq.(3) includes its own awareness-related removal mechanism. Hence,

dE(t)  ¢H(t)L(t)
dt  1+~L()

— kE(t) — bA(t — T)E(t). 2)

The whitefly population L(t) is generated from infected trees at a per capita rate «, and
declines through natural mortality at rate y and awareness-mediated control actions that
increase whitefly mortality after a delay. The term vA(t — 7)L(t) represents the reduction
of the whitefly population due to awareness-driven interventions. Increased awareness
(from A(t — 7)) can lead to timely implementation of control strategies such as targeted
pesticide application, release of natural predators, or improved sanitation of infested areas.
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These measures directly reduce whitefly numbers rather than only indirectly affecting them
through host removal; hence, the term is modeled as a direct mortality rate proportional
to both A(t — 7) and the current whitefly density L(t¢). Therefore,

dL(t)

— = aB(t) — pL(t) —vA(t - 7)L(t). (3)

The awareness variable A(t) increases due to a baseline implementation of awareness
programs and local reporting of infected trees, and decays over time in the absence of
reinforcement. This dynamics is described by

PO _ 5+ p8(1) - €A(). 0
With the initial values
H®)=1l, E@)=m, L®)=n, Al)=gq, 60€[-7,0]. (5)

We assumed that [ > 0, m > 0, n > 0, and ¢ > 0 as these represent the initial positive
population densities of healthy trees, infected trees, whiteflies, and the awareness level,
respectively. This assumption ensured both the biological realism and the mathematical
feasibility of the model. The same constant values [, m,n,q were assigned for § € [—7,0]
to represent a steady, uniform initial history before ¢ = 0, implying no changes in the state
variables during the delay period. This common assumption in delay differential equation
models isolates the effect of the delay from additional variability in the initial conditions.
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Figure 1: Schematic diagram
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2.2. Positive invariance
The Eqgs.(1) — (4) can be represented compactly as follows:

dU

2= ww). (©
Here, let U(0) = (H(9), E(9), L(6), A(9))" € C, where C = C ([-7,0],R}) represents the
Banach space of continuous functions. The function ¥ = (¥, Wy, U3, \114)T denotes the
the right-hand terms in the system of Eqgs.(1)—(4). Based on the fundamental theory of
functional differential equations [41], a unique solution (H(t), E(t), L(t), A(t)) exists for
the system described by Eqgs.(1)—(4) given the initial conditions specified in Eq.(5).

Theorem 1. All the solutions of Eqs.(1)—(4) with initial conditions Eq.(5) are positive.

Proof. This theorem was validated by the method described in [42] and [43]. Indeed, it
is straightforward to verify in Eqs.(1) — (4) that anytime determining H(6) € R with
H=0,E=0,L=0, A=0. Then

Vi(U) ly,=o0,vers = 0-

Using Lemma 2 from [43] and Theorem 1.1 from [42], any solution z(t) = z(t,z(0)) of
Egs.(1) — (4) with () € C is such that U(t) € R% for all ¢ > 0. Since all solutions to
Eqgs. (1) — (4) are non - negative for any ¢ > 0, we can deduce that the solution lies in
the region Ri. Consequently, the positive cone Ri serves as an invariant region.

2.3. Boundedness

Boundedness in a system reflects its proper behavior, as it guarantees that none of the
interacting sub populations can rise to infinity in a finite amount of time.
If we define N = H + E to be the total plant biomass at any time ¢, then combining the
Egs.(1) and (2) results in:

dN

H+FE
:rE[l— i

}—kE—bA(t—T)ESTN<1—N>,

dt

S

thus, it follows
lim sup N < M := max{N(0), s}.
t—r00

Similarly, taking into account the aware population, we get

5+ BE A<+ BB A,

giving again an upper bound

0
lim sup A < +BS.
n

t—o00
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Again,

dL
= =aF — puL —vA(t — 1)L < as — pL,
and it follows

. as
lim sup L < —.
t—o00

Thus, the set determines the region of attraction

5
D:{(H,E,L,A)eRi:ogH+E§M,ongO‘s,ogAg +53},
7

Ui

which attracts all solutions from the positive cone’s interior and is positively invariant.

2.4. Reproduction number

At pest-free equilibrium, when 7 = 0, the disease class Eqs.(2) and (3) characterize the
population inputs in terms of the population size and the initial number of infections. The
reproduction number is derived using the next-generation matrix approach introduced by
Diekmann et al. [44].

psag?
(Ek + b8) (HE + v0)

The product ¢sa in the numerator captures the combined effects of transmission from
whiteflies to healthy trees (¢s) and the production of new whiteflies by infected trees
(a). The factor £2 arises from substituting the pest-free awareness level A* = §/¢ into the
next-generation matrix formulation, reflecting the role of awareness decay in both host and
vector components. The denominator (£k + bd)(u& + vd) represents the effective removal
rates of infected trees and whiteflies, combining natural mortality with awareness-driven
control actions.

Ry =

2.5. Equilibria and stability assessment of delayed system
The following matrix form represents the linearization of the system defined by Eqs.(1)—(4):

H(t) H(t) H(t—7)
d | E(t) E(t) E(t—r1)
el - F
at | L(t) | T - |
A(t) A(t) At —T)
where I’ and G are,
r(2H+E) oL rH oH
- S¢H T 1L s _(H_I}/L)Q 0 0 00 O
F= T++L &k wepr O , G= R (7)
0 o —u 0 0 0 0 —vL
000 O
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Table 1: Model parameters and their corresponding values.

Symbol | Meaning Unit Value used for analysis [40] | Range [40]
S Tree density acre”! 70 60 — 70
r Replanting rate day~! 0.0005 0 — 0.003
k Mortality rate of tree day—! 0.0002 0 — 0.002
1) Contact rate pesttday ! 0.0002 0 — 0.002
« Whitefly birth rate day—! 0.2 0.1 — 0.3
1 Death rate of whitefly day~! 0.06 0.06 — 0.1
ol Saturation constant - 0.2 0.2
b Maximum activity rate day~! 0.0001 0 — 0.0001
v Death rate of whitefly day™! 0.005 0.005
due to awareness
1) Rate of  awareness day~! 0.03 0.03
programs
B8 Rate of local awareness day~! 0.025 0.025
£ Fading rate of day—! 0.015 0.015
awareness
The characteristic equation of the system can be written as
Y(o)=|ocl —F—¢ "G |=0. (8)
The system’s equilibrium points can be represented as:
(i) Tree—pest free equilibrium: Ey = (0,0,0, g),
(ii) Pest—free equilibrium: E; = (s,0,0, g),
(iii) Coexistence equilibrium: E = (H*, E*, L*, A*),
where,
4+ vA*) + ya(EA* — 90 A*—§ a(EA* =9
$Ba 8 B(ut uA®)

The coexistence equilibrium is determined by the positive root A* of the cubic equation
p3A® + pa A% + prA+po =0, (9)
where the coefficients p; are algebraic combinations of model parameters:

p3 = rbuyuf + rby*E%,
p2 = rkfyév + rky?a? + rbBPup + rouéy B — rbuydBu + rydac? + rbvéap,
p1 = rkpuyEB + rkB?v + rkyal B + rbuB? + roy?ad? + Er¢Ba — rspaly
— rkB20y8 — 2rky2 ks — rbudy B — rbyad B — Ergayd — réagyE,
po = rs¢Baryd + rkuB? — rkuyd B — rspBa — rkyad B + rky*ad’
— rk¢Ba + ré*yoa + sé¢*Ba.



B. Dhivyadharshini, R. Senthamarai / Eur. J. Pure Appl. Math, 18 (4) (2025), 6691 8 of 28

The biologically admissible root must satisfy

)
AF > =,
§

so that £* > 0. Among the real roots, we selected the unique value fulfilling this condition
as the biologically meaningful equilibrium for subsequent stability and simulation analyses.

2.5.1. Stability analysis at the tree—pest free equilibrium: Fy = (0, 0,0, g)

Lemma 1. The tree—pest free equilibrium Ej is always unstable [24].

Proof. At Ey, the Jacobian matrix of the system has at least one eigenvalue with a
positive real part for all biologically admissible parameter values. This implies that any
small perturbation from FEj, such as the introduction of a small number of whiteflies or
infected trees, will grow over time. Biologically, in the absence of healthy and infected trees
as well as pests, the introduction of pests leads to growth due to the lack of competition
and absence of control measures. Hence, Fy is unstable for all parameter values.

2.5.2. Stability analysis at the pest—free equilibrium: F; = <s,0,0, g)

By substituting the equilibrium point into the matrices presented in Eq.(7), we can derive
F and G:

—r —r —¢s 0 00 0O
_|os =k ¢s O (00 0 0
F= 0 o —pu 0] G = 0000 (10)
o 5 0 =¢ 0000
n

Substituting F' and G in Eq.(8), the transcendental equation derived from the matrix is

V(o,7) =0 + A10% + Ayo?® + Aso + Ay = 0, (11)

with coefficients:

Ar=k+p+r+§,
Ao =k —aps +kr+ pr+ ors + kE +Ep +ré,
Az = a¢?s® — agrs + kur + pdrs — agsé + kué + kré + pré + ¢rsé,
Ay = a¢® —agrsE+kpuré+ugrse.

Theorem 2. The pest free equilibrium Ey is locally asymptotically stable (LAS) for Ry < 1
and unstable otherwise.

Proof. At E1, the system is locally asymptotically stable if it satisfies the Routh—Hurwitz
conditions:

Ay >0, AjAy—A3>0, and (A1Ay — A3)As — A2A, > 0.

These inequalities hold precisely when Ry < 1, ensuring Fj is locally asymptotically stable;
otherwise, it is unstable.
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2.5.3. Stability analysis at the Coexistence equilibrium: £ = (H*, E*, L* A*)

When we substitute the equilibrium point into the matrices from Eq.(7), we obtain F' and

G:

r—- o - - R 0 000 0

* * *

F= T 7 -k aore Cog= |00 0 —bE
0 N o 0 000 —vL

0 5 0 ¢ 000 0

(12)
Substituting F' and G in Eq.(8), the transcendental equation derived from the matrix is,

Yo, 1) = ot + A1o® + Aso® + Ao+ Ay + e_(”[Bla2 + Byo + B3] =0, (13)

with coefficients:

2H* 4+ E*
A1:£+u+k—r+r(8>,
oH*a r(2H* + E*)¢  r(2H* + Ex)p
O™ e ru—rk
Ty PR *
2OH* ENk HQ* 2H2*
JTRH B el g
s s(L+~L*)  (1+~L*)
oH*af  ¢H*BuL*
As = pké— - —rp —rké—rk
3 = k¢ A+ L2 (1AL )2 rp§ —rkE —rkp+

OH* + E* 2L + E¥)k O + E¥)k
+7’( + )u€+r( + )§+7’( + E*)kp

Ag = p&+kE+kp—

S S

roH*«
(1 +~L*)?

s s s
_r(2H* + E*)(¢H" ) rH> ¢ rH>op PH™E
s(1+~L*)? s(1+~L*)  s(1+~L*)  14+yW*’
orH*af r(2H* + E*)pH*af r(2H* + E*)¢pH* o
Ag= IO ke .
(1+~L*)? s(1+~yL*)? s(1+~yL*)?
rH* opg
s(1+~L*)’
By = —bE*j,

2H* + E*)bE*B

By = rbE*ﬁ—bE*ﬁu—r(
S
orH*BuL* r(2H* + E*)bE*Bu  pH*BuL*

Ba = — )
7 (14 L*) + rbE*Bu s (1+~L")

(14)

In the presence of 7, determining root signs was challenging. We knew that E was locally
asymptotically stable if all its characteristic equation roots had negative real parts. When
a root had a positive real part, the system became unstable. If all roots were imaginary,
stability switches occurred. The transcendental Eq. (13) possessed an infinite number of
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complex roots, in which the coefficients By, Bs, and Bs arose from the delay-dependent
part of the characteristic equation and were multiplied by the exponential term e=°7,
explicitly capturing how 7 influenced stability through delayed reproduction, mortality,
and maturation effects. Biologically, B; reflected the influence of delayed reproduction
on system inertia, Bo described how delayed feedback altered mortality and transition
rates, and Bjs captured the direct impact of delayed maturation and reproduction on
growth dynamics. Large absolute values of these coefficients indicated greater sensitivity of
the coexistence equilibrium to delays, potentially leading to destabilization and sustained
oscillations when 7 exceeded critical thresholds. To handle the infinite number of roots
arising from the exponential terms, we followed the standard approach for delay differential
equations: we first set the delay to zero to establish baseline stability, then considered
purely imaginary roots (0 = iw) by separating the real and imaginary parts of Eq.(13)
to solve for w and 7. This allowed us to determine the critical delay values at which a
pair of complex conjugate roots crossed the imaginary axis, indicating a Hopf bifurcation,
and to deduce stability for 7 below and above these thresholds without computing the full
infinite spectrum.

Case I: when 7 =0

Theorem 3. The coexistence equilibrium point E is stable if the following conditions are
satisfied, where the relevant quantities are defined in the proof below:

Ayq > O,AlAQ — Az > 0, (A1A2 — Ag)Ag — A%A4 > 0. (15)
Proof.

Without the delay, the characteristic Eq.(13) simplifies to:
0'4+A10'3+(AQ+Bl)0'2+(A3+BQ)O'+(A4+Bg):0. (16)

Eq.(16) with coefficients in Eq.(14) has negative or imaginary roots with negative real
parts, provided the Routh-Hurwitz conditions in Eq.(15) are satisfied, making the system
stable.

Case II: when 7 > 0
In this case, Eq.(13) possesses infinitely many roots. Stability requires roots of the
characteristic Eq.(13) with negative real parts. Stability changes of E happens when the
characteristic Eq.(13) possesses purely imaginary solutions. Consider a root of Eq.(13) to
be iw. So we get
w! — Apw? + Ay = [~w? By — B3] coswr — [wBy]sinwr, (17)
Ajw?® — Asw = [—w2Bl — Bs] sinwr — [wBs)] coswr. (18)

Squaring and adding the two above mentioned equations

w® + Qb + Gw? + Gw? + G = 0. (19)
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Substituting w? = ¢ in Eq.(19), introduced to simplify the stability analysis with
respect to the delay parameter 7. This transformation reduces the degree of the characteristic
equation from being in terms of w® (Eq. (19)) to a quartic equation in ¢ (Eq. (20)). A
quartic form is easier to handle analytically and allows direct application of the Routh—Hurwitz
criterion to determine stability. Additionally, since w? is always non-negative for real w,
working with ¢ eliminates the need to separately track positive and negative frequency
roots, making it straightforward to assess stability changes and detect the onset of purely
imaginary roots.

O AL Xl + N3l + Ay =0, (20)

where
A= A% —2As, Ao = A% + 244 —2A1 A3 — 2B%,

A3 = A2 — 2A3A4 — 4B B3 — 2B3, \y = A% 4 2B2.
Eq.(20) exhibits roots with negative real parts if and only if the Routh-Hurwitz condition
in Eq.(21) holds true. In this case, for the roots we find w,% = {;, < 0, implying that the

roots of Eq.(13) are real, iwy, = F+/lk, rather than purely imaginary. In summary, we
have the theorem and it is stated as follows.

Theorem 4. In case of the delayed model Eq.(13), the endemic steady-state E is locally
asymptotically stable for all T > 0, if the following conditions are satisfied:

M >0, A>0, Mda—A3>0, (Ada—A3) A3 — AP\ > 0. (21)

Proof.

Instead, if Ay < 0, Eq.(20) has at least one positive root wy > 0. We find that 4i,/wg
is a root of Eq.(13) for the delay 7*. By Butler’s lemma given in [45], the endemic
equilibrium E is stable when 7 < 7%, which is a critical delay value for the delayed system
of Egs.(1)-(4) remains stable. Using Eq.(17), we can determine

D1w4 — A2w2 + Ay —wBsy

1
coswT = Z ‘ A1w3 - Agw —w2B1 - B3 ’

= —WGBl — W4Bg + A2w4Bl + A2ng2 — OJ2A4Bl — AyB3

+¢*ByAy — w?A3By, (22)
where
. —Bl BQW
o= ng Bl ’

= B? + B2w? > 0.

w231 — B3 wt — AQC‘)Z + Ay

. 1 |-
ST = Z ’ —w32 A1w3 — Agw ’

= —w5BlA1 + w?’BlAg — B3A1w3 + A3 Bsw + w5BQ
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—A2B2w3 + wBy Ay, (23)
where
A~ ~w?B; — B3 ~wBsy
—UJBQ —w231 — Bg ’
= [w?B; + B3)* — w?Bj. (24)
. 1 (Nc(wo)> 27mn
7F = — CcoSs —+ R n:0,1,2,... 25
wo A(wo) wo (25)
where,

Alw) = [OJ2B1 + 33]2 —Ww’B2,

Nc(w) = —w6Bl — w4B3 + A2w431 + A2B3w2 — w2A4Bl — A4B3
+ ¢4B2A1 — w2A3B2.

The set of ordered pair is (wp,7*). Additionally, we can confirm that the following
transversality requirement:

d d
ZReA (D] r—re = =

g n (1) > 0. (26)

T=T7%

This condition is satisfied. Owing to continuity, the real part of A (7) becomes positive
once 7 > 7* resulting in an unstable steady state. This indicates a bifurcation occurring
at 7 = 7%, as demonstrated by Eqgs.(1)—(4).

700 50
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600 Decreases % a5
—_ = r =0.0001, 0.0002, 0.0003, 0.0004, 0.001
=500 2
: a 40 L
8 L =
Q 400 (="
= o
I ~ 35
Z300f ot
:& ¢ =0.0001, 0.0002, 0.0003, 0.0005, 0.001 ; 0
T 200 z
3
100} = 25T
0 . . . . 20 N N L L
0 200 400 600 800 1000 0 200 400 600 800
Time(t) days Time(t) days
(a) (b)

Figure 2: Healthy tree profile H(t) versus time (1000 days) in the presence of a time delay
7 = 0.5 (a) for various values of contact rate ¢ (b) for various values of replanting rate r
with other parameters held at their fixed values.

1000
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Figure 3: Infected tree profile E(t) versus time (1000 days) in the presence of a time delay
7 = 0.5 (a) for various values of contact rate ¢, (b) for various values of death rate of
whitefly u with other parameters held at their fixed values.
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Figure 4: Infected tree profile E(t) versus time (1000 days) in the presence of a time delay
7 = 0.5 (a) for various values of time delay parameter 7 with other parameters held at

their fixed values.
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Figure 5: Whitefly profile L(¢) versus time (1000 days) in the presence of a time delay
7 = 0.5 (a) for various values of its birth rate «, (b) for various values of death rate ,
(c) for various values of time delay parameter T with other parameters held at their fixed
values.
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Figure 6: Awareness programs profile A(t) versus time (1000 days) in the presence of a
time delay 7 = 0.5 (a) for various values of its local awareness rate (3, (b) for various values

of fading away rate &, (c) for various values of time parameter 7 with other parameters
held at their fixed values.

3. SDE model

ODE models have limitations, as real biological systems are often influenced by factors
that are difficult to predict or quantify. Therefore, it is necessary to enhance these
models to include more complex models that can capture the variability in biological
dynamics. Consequently, understanding randomness as a key factor in the evolution of
biological systems under stochastic influences is crucial. Here, we built an SDE model by
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expanding the ODE model with the addition of stochastic processes to the derived system
equations.The text below outlines our approach to deriving an SDE model from the ODE
model, using the method introduced by Yuvan et al. [46].

Let X (t) = (X1(t), Xa(t), X3(t), X4(t))T be a continuous random variable corresponding
to (H(t), E(t), L(t), A(t))T, where T denotes the transpose of a matrix. Additionally, let
represent the random vector capturing the changes in the random variables over the time
interval At. Every possible change between states in the SDE model is represented by
the transition map. Based on ODE model in [40], there are 13 possible state changes
that can occur within a small time interval At. Table 2 provides an overview of the state
changes along with their associated probabilities. As an example, if one tree gets infected
by whiteflies, the corresponding state change AX is expressed as AX = (—1,1,0,0) and
the probability of this change can be calculated using Table 2. AX = X (t+At) — X (t) =

Table 2: Possible state changes and their corresponding probabilities.

Possible State Change

Probability of State Change

(AX)1 = (—1,1,0,0)T: Healthy trees interact with
whiteflies and turn into infected trees

Py = X1 X3At + o(At)

(AX)2 = (0,—1,0,0)T: Natural death of infected
trees

Py = kXAt + O(At)

(AX)s = (0,0,1,0)7:
infected trees

Spread of whiteflies from

Py = aXs /At + O(At)

(AX)4 = (0,-1,0,0)T: Eradication of infected trees

by awareness programs

Py = bX4XoAt + o(At)

(AX)5 = (-1,0,0,0)T:
by awareness programs

Eradication of healthy trees

Ps = yX1X2At + o(At)

(AX)s = (0,0,0,1)T: Awareness programs initiated
by uninfected trees

Ps = 0Nt + O(At)

(AX)7 = (0,0,0,1)T: Awareness programs initiated
by infected trees

P; = BX2 At + o(At)

(AX)s = (0,0,—1,0)T: Natural death of whiteflies

Ps = pX3At + O(At)

(AX)g = (0,0,0,—1)T: Awareness programs fade over
time

Py = £EX4 At + o(At)

(AX)w0 = (1,0,0,0)T:
(logistic model)

Growth of healthy trees

Pig =r X1 At + O(At)

(AX)11 = (~1,0,0,0):
(logistic model)

Death of healthy trees

Py = (X A4 o(A)

(AX)12 = (1,0,0,—1)T: Death of whiteflies due to
awareness programs

Pia = pX3At + O(At)

(AX)13 = (0,0,0,0)T: No change in state

Pis=1-Y12, P; + o(At)

(AX1, AXy, AX3, AXy) Prob{ (AX1, AXa, AXs, AXy) =(-1,1,0,0)| (X1, X2, X3, X4)
}=Pi=¢ HWA t+o(A t).

Based on the stochastic modeling technique introduced by Allen et al. [47], the system of
stochastic model equations is derived and given by the following expressions.

dX = fl(t,
= [

X(0)

X (t))dt + B(t, X(t))dVT/(t)}
X1(0), Xa(0), X3(0), X4(0))7 |
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Here we define the drift vector as
F=>Y P (27)

Here, Xj represents the random changes, and P; denotes the corresponding transition
probabilities (refer to Table 2).
The drift vector f is given by

f'=Pixi + PaXo + P3Xs + PiXa + PsXs + Pshg + PrXr + Pshs + PyXg + PioAio

+ Piidin + PaXia,

(28)
(1 B2 - g
R X1 X3 _
Fo| e -ex (29)
OéXl — MXg — UX4X3
o+ BX1 —EXy
We shall derive the covariance matrix which is defined as
Vii Viz 0 Viu
= Vor Voo 0 O
B =
Vo, 0 0 Vi
where,
Xi(X1+X
Vit =P+ Ps+Pig+ Pi1 + Py = X1 X3 + v X1 X3 +rX; + Tl(;Q) + pnXs,

Voo =P+ Py + Py = ¢ X1 X35+ kX + Xy Xo,
Vag = P3 + Py = aXsy + uXs,

Via = Fs+ Pr+ Py =6 + X2 + £ Xy,
Vig=Vo1 = =P = —¢ X1 X3,

Vig =V = —FR = —puXs.

The square root of this covariance matrix must be computed. However, for an n x n
positive semi - definite matrix with order greater than two, there is no explicit formula for
calculating its square root. Therefore, in order to proceed, we will implement the second
modeling procedure, which generates a diffusion matrix for which a square root may not
be required. Following the second modeling approach developed by Allen et al. [47], the
corresponding stochastic model is presented as follows.

—

dX = f(t, X (t)dt + G(t, X (t))dW (t), (31)
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X(0) = [X1(0), X2(0), X5(0), X4(0)]". (32)

The drift vector f is the same as that obtained in the first modeling procedure.
The diffusion matrix G is defined by

1/2
G = )\Z,]Pj , =12 ... 12, 1=1,2,...... , 4 (33)
. X1 (X1 + X
_JEXiX; 0 0 0 —VAXiXE 00 0 D ey LSt f )i
Go | VEXiXs —VEX; 0 —V/BXiX; 0 0 0 0 0 0 0 0
0 0 aX; 0 0 0 0 —ViXs 0 0 0 0
0 0 0 0 0 Vo BX: 0 —V&X; 0 0 —ViXs3

In the SDE formulation, the diffusion matrix G encodes the stochastic fluctuations associated
with each biological transition in the system. Each column of G corresponds to a specific
reaction or event (e.g., infection, recovery, natural death, recruitment), while the non-zero
entries indicate how that event changes the state variables. The square-root terms arise
from the standard deviation of the Poisson process governing each transition rate. For
example, the term —+/¢ X7 X3 in the first row represents the random decrease in susceptibles
due to infection, while the corresponding ++/¢X1 X3 in the second row represents the
simultaneous stochastic increase in exposed individuals from the same event. In this way,
G directly links the random noise terms to the underlying biological processes.

Therefore, the Itd stochastic differential model is expressed in the following way:
dX(t) = f(X1, Xo, X3, X4) dt + GdW (t), (34)
which can also be written as
dX(t) = f(t,X(t))dt + B(t, X(t)) dW (),
with initial conditions
X(0) = (¥:(0), X2(0), X3(0), X4(0)) "

and
T
W(t) = (Wi(t), Wa(t), Wa(t), Wa(t))
is denoting a vector of independent Wiener processes (standard Brownian motions) representing
stochastic fluctuations. B(t, X (t)) is the diffusion matrix describing how these stochastic

effects influence the state variables.
Therefore, the SDE model is subsequently constructed as follows:

H+E SHL
H=|rH(1- - —voX1 X — /X1 X2
d (’l“ < S > 1+7L> dt d) 1 3dW1 YA1 3dW5

+ \/ T'deWm — \/(TXl(Xl + XQ)/S)dWH — \/,U,ngwlg, (35)
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HL J/
E= <1¢+ ke bAE) dt+/ X1 X3d W — \/kX2d Wy — /X4 Xod Wi,

(36)
dL = (aE — pL — vAL) dt++/adW3—+/uX3dWs, (37)
dA = (6 4 BE — €A) dt+V6dWe+V3dWr —\/EX4dWo—/uX3dWhs. (38)
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Figure 7: The plot illustrates the variation that investigates the difference between DDE
and SDE of (a) healthy tree population, (b) infected tree population.
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Figure 8: The plot illustrates the variation that investigates the difference between DDE
and SDE of (a) whitefly population, (b) awareness programs.
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4. Sensitivity analysis

This Section discusses the impact of varying parameter values on the functional value
of the reproduction number Ry. Since the critical parameter may act as a critical threshold
for illness therapy, it must be determined [48]. The sensitivity indices of Ry with respect
to the parameters ¢, s, v, &, k, b, §, u, v are represented algebraically as follows:

ORy sa? ORy pak?
O (Ek+b0) (u€ +vd)” s (€k + b0) (u€ + vd)’
ORy ps&?
O (Ek+bd) (u€ +vo)’
ORy 2¢sal psal’k psal?pu
D€ ~ (Ek+b0) (€ +v8)  (¢k 1 b0)2 (i€ +08)  (Ek + ) (i€ + v6)2
ORy —psal? ORy —psal?s
Ok (¢k+b0)° (s +vd) b (&k +b0)* (€ +vd)’
ORy —psak?b bsa?v
95 (€ +6) (i€ + v8)  (Ek + b) (ié + v0)®
ORy —psal? ORy —psal?s

O (k4 b0) (ué +v8)2 v (Ek+b) (€ + v5)?

The analysis concludes that certain partial derivatives are positive, and that increasing
any of the positive parameters ¢, s, o, causes an increase in the basic reproductive
number Ry. Elasticity is estimated by assessing the proportional response to proportional
perturbations. We’ve

g _ ¢ Ry _ <¢(§k+b5)(u£+v5)> < sag? > .
" Ry 09 psac? (€k +b6) (ué +vo)) —

B s ORy _ (s(fk‘+b5)(ﬂf+v5)> ( pag? > _
Ry 0s psag? (Ek +06) (u +vo) )
B @ ORy <a(5k+bé)(u£+v6)> ( BsE? ) .
“ Ry Oa psa? (€k +b0) (u€ +vd)) 7
_ £ 0Ry
T Ry ¢
_ &(€K + b0) (€ + v3) gsag (2 ke )
psal? (€k + bd) (€ + vd) Ek+b5  pé+vd
= 0.6428.

Ey4, Es, Eo, and E¢ are all positive, as evidenced by the above expressions. This indicates
that an increase in the values of the parameters ¢,s,a,£ leads to an increase in the
basic reproduction number Ry. The fundamental reproduction number can experience
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significant variation from even the smallest alterations in these parameters. It is essential

to precisely calculate sensitive parameters, as minor changes can cause major quantitative
changes in the system.

Figure 9: Coconut trees
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Figure 10: Life cycle of Rugose Spiralling Whitefly
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Figure 11: The plot illustrates reproduction number corresponding to the sensitive
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Figure 13: Surface plot illustrating the reproduction number Ry in relation to (a) £ and
a, (b) s and ¢.

5. Results and discussion

We have selected the values in a manner that allows numerical analysis to be performed
using a reference point for each parameter. We consider an initial population of 50 healthy
trees, 5 infected trees, 10 whiteflies per tree, and 10 awareness programs. So, we start with
the following initial values for H(0) = 50, E(0) = 5, L(0) = 10, and A(0) = 10. Figure 1
displays the schematic diagram of our model.

Figure 2a shows the variation of H(t) with different contact rates ¢ while keeping 7 = 0.5
fixed. As ¢ increased, the rate at which healthy trees became infected, leading to a more
rapid decline in the healthy tree population. Figure 2b depicts the variation of H(t) with
different replanting rates r. Higher values of r counteracted the loss of healthy trees
by replacing infected ones, resulting in a slower decline in H(t). Figure 3a shows the
effect of varying the contact rate ¢ on F(t). An increase in ¢ accelerated the infection
process, causing E(t) to rise to higher peak values before stabilizing. Figure 3b shows the
influence of the whitefly death rate u on E(t). Larger pu values reduced the number of
vectors, thereby lowering the infected tree population over time. Figure 4a demonstrates
the effect of changing the time delay 7 on E(t). Increasing 7 slightly delayed the peak of
infection, with larger delays associated with a marginally higher infected tree population
during the peak period. Figure 5a shows the variation in L(t) for different whitefly
birth rates a. Higher a values led to more rapid growth of the whitefly population and
larger peak values. Figure 5b illustrates the effect of increasing the whitefly death rate
u. Larger p values reduced both the peak and steady-state levels of L(t). Figure 5c¢
examines the influence of time delay 7, showing that longer delays caused higher peaks
in L(t) before reaching equilibrium. Figure 6a shows the impact of increasing the local
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awareness rate 8. Larger 8 values led to faster and higher growth of awareness programs.
Figure 6b depicts the effect of the fading rate £&. Higher & values decreased the maximum
awareness level and accelerated its decline over time. Figure 6¢ presents the variation
with different time delays 7, showing that increasing 7 resulted in higher peaks in A(t)
before settling. Figure 7a compares H (t) for DDE and SDE models. Both showed similar
overall trends, but the SDE model captured small stochastic fluctuations around the
deterministic trajectory. Figure 7b compares E(t) under DDE and SDE, where the SDE
results exhibited higher variability due to random effects. Figure 8a shows L(t) for both
models, with stochastic variation being more pronounced compared to H(t) and E(t).
Figure 8b compares A(t) between DDE and SDE, revealing noticeable fluctuations in
the stochastic case. The benefit of comparing the DDE and SDE formulations was that
it highlighted how stochastic fluctuations influenced system dynamics, providing deeper
insights into variability, uncertainty, and the robustness of the model predictions. Figure
9 displays the picture of coconut trees taken in a coconut plantation near Pollachi, Tamil
Nadu. Figure 10 displays the life cycle of rugose spiralling whitefly.

In Figure 11a, illustrates when ¢ increases, the reproduction number grows proportionally,
indicating that higher contact rates between trees and whiteflies result in greater potential
for whitefly infestation spread, 11b illustrates the density of trees s increases, the reproduction
number also rises, indicating that higher tree densities facilitate the spread of whitefly
infestations. Figure 12a it is inferred that the whitefly birth rate « rises, the basic
reproduction number grows significantly, highlighting the strong influence of whitefly
reproduction on the potential for infestation spread, 12b displays the higher fading rate
of awareness ¢ significantly influences the potential for disease or infestation spread, as a
greater Ry indicates a stronger possibility of an outbreak or epidemic. The graph shows
the critical role of awareness decay in controlling the spread within a population.

Figure 13a shows that Ry increases with both higher contact rates ¢ and greater tree
density s, indicating that a higher density of trees, combined with more frequent interactions,
can lead to an increase in the spread of an infestation. The color bar on the right represents
the corresponding values of Ry, with warmer colors (yellow and green) denoting higher
reproduction numbers. This emphasizes the role of environmental and contact factors
in influencing potential outbreak dynamics. Figure 13b shows that as « increases, Ry
also rises, particularly when £ is small. This indicates that a higher whitefly birth rate «
can significantly contribute to the spread of an infestation. However, when £ increases,
representing a higher rate of awareness or intervention, the value of Ry is mitigated,
underscoring the importance of awareness in controlling the spread. The color bar on the
right highlights the value of Ry, with warmer colors (yellow and green) signifying higher
reproduction numbers. Table 1 shows the parameter values used for the analysis and
Table 2 shows the various state changes along with their respective probabilities.

6. Conclusion

This study developed a comprehensive mathematical model using both DDEs and
SDEs to analyze the complex dynamics of whitefly infestations in coconut farming. The
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DDE model captured the delayed effects of awareness programs and, through equilibrium
and stability analysis, demonstrated that the time delay parameter 7 played a critical role
in determining whether the infestation persisted or was eliminated. Numerical simulations
and sensitivity analyses further showed that even moderate delays in implementing awareness
programs significantly affected outbreak control. The inclusion of the SDE model addressed
environmental and demographic variability, offering a more realistic representation of
the system’s behavior under uncertainty. This integrated approach strengthened the
predictive capabilities of the model and supported the development of more resilient pest
management strategies. By bridging mathematical analysis with ecological dynamics and
farming interventions, this work offered detailed insights into the timing and effectiveness
of awareness-based controls for pest outbreaks. By capturing both delayed responses and
environmental variability, the study paved the way for more resilient and adaptive pest
management.

Future research can extend this model by incorporating spatial dynamics to capture the
geographical spread of infestations across plantations, as well as economic factors to
optimize resource allocation for control strategies. Coupling the model with economic
optimization could support cost-effective intervention planning. The inclusion of multiple
pest species and natural predator—prey interactions would improve the biological realism
of the framework. Furthermore, integrating real-time field data through data assimilation
techniques could allow the development of adaptive, evidence-based policies that respond
dynamically to emerging infestations. Such advancements would enhance the model’s
applicability for decision-making in sustainable agricultural pest management.
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