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Abstract. In this paper, we define the idea of Herz-Morrey-Hardy spaces by using variable Herz-
Morrey spaces and Hardy spaces. Then we give the atomic characterization of these spaces by
using the grand maximal function. Then our main objective is to prove the boundedness of higher
order commutators of variable Marcinkiewicz fractional integral operator on Herz-Morrey-Hardy
spaces where the exponents defining these spaces are variable. These results also hold for variable
Herz-Hardy spaces. The higher order commutators of variable Marcinkiewicz fractional integral
operator is the generalization of Marcinkiewicz integral operators, variable Marcinkiewicz fractional
integral operator and commutators on Marcinkiewicz fractional integral operators, so these proofs
generalize some previous results.
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1. Introduction and preliminaries

Let E be an open set in R"™, consider a measurable function p(-) : E — [1,00). The
conjugate exponent denoted by p'(-), is defined as p'(-) = p(-)/(p(-) — 1).
The set P(E) comprises all functions p(-) : E — [1,00). We suppose that

1<p™(B) < p(x) < p"(E) < o0, (1.1)
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such that

pT = essinf{p(m) cxr € E} > 1,
pt = ess sup{p(:v) tT € E} < 00.

We use the notation Lp(')(E) to represent the space of all measurable functions f

p(y)
defined on FE, such that, for a certain n > 0, fE (W) dy < oo. Its norm is given as

p(y)
1l vy () :inf{ﬁ>01/E<’f§7y)’> dy < 1}.

Herz spaces with variable exponents have emerged as a generalization of Lebesgue
spaces with variable exponents. Boundedness of sublinear operators on Herz spaces with
variable exponents, I.(;‘(’g and K a’g, was shown by Tzuki in [I] in 2010. Boundedness results
for a wide class of classical operators on Herz spaces were later developed by Almeida and
Drihem in 2012 [2]. These spaces were represented as K;((.')q and K;l(")’q. Grand variable
Herz spaces are the generalization of Herz spaces, for boundedness results in these spaces
see [3H8]. For more results in variable exponent function spaces see [9-27]. In [28], the
authors introduced Herz-Morrey-Hardy spaces with variable exponents and established
the characterization of these spaces in terms of atom. The authors were able to determine
the boundedness of certain singular integral operators on these spaces by applying the
characterization. In this paper, we define the idea of variable Herz-Morrey-Hardy spaces
and using the characterization we obtain boundedness results for some new operator in
these spaces.

Many classical function spaces, alongside Hardy-type spaces linked with operators,
exhibit atomic and molecular decompositions. These decompositions simplify the action
of linear operators on these spaces significantly; see [29H31].

Let S*~! is denoting the unit sphere in R™ (n > 2) with the normalized Lebesgue
measure. Let ® € L"(S"™1) be a homogeneous function of degree zero such that

[ o) o, (1.2
Sn—1
where 3 = y/|y| and y is not zero. The Marcinkiewicz integral is define as

po(@)e) = | [ IReuto)PS |
0

where

P(z1 — 2
R s(9)(21) = / 21 _(221|n,8(2z)1)1 g(22)dzs.
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Let h € BMO (R™), then the commutators on variable Marcinkiewicz fractional integral
operator are given as

1
2 2

/ D(z1 — z9)[h(z1) — h(z2)]™ ds

|21 — 2P 1=A(1) 9(22)dz 3

[ ] (9)(21) = /
0

z1—22|<s

Assume g € Ll _(R"), the definition of the Hardy-Littlewood maximal operator is
expressed as

1
Mg(z1) = sup ;o 9(22)| dz2,
b 1B Joy o)
where B, (z1) = {22 € R" : |21 — 22| < r}.
The set B(R™) is comprised of p(-) € P(R™) that fulfill the requirement that M is
bounded on LPC)(R™).
Now we will define the well known log-condition

C(p)

1
hi) —plho)| < —————————, |h1 —ho| < =, hi,h E 1.3
Ip(h1) — p(h2)| < T lhn — o] b1 —hal < 5, i he € E, (1.3)

where C'(p) > 0. And the decay condition: there exists a number p, € (1,00), such that

h) = Poo| L ——, 1.4
p(h) =Pl < o (14)
and also decay condition
C 1
h) — < —— |k < = 1.
) ol < g 1 < 5. (15)

holds for some pg € (1,00). We use these notations in this article:
(i) The set P(FE) consists of all measurable functions p(-) satisfying p~ > 1 and p* < oo.
(ii) P8 = Plo8(E) consists of all functions p € P(E) satisfying (T.1)) and (T.3)).

(iii) Poo(E) and Py, (E) are the subsets of P(E) and values of these subsets lies in [1, 00)
which satisfy the condition (1.4) and both conditions (1.4) and (1.5)) respectively.

Xi = XF;» Fz = Bi\Bz’—la Bz = B(O,Ql) = {J} cR": ’JJ‘ < 21}
for all i € Z.

(v) Let E be a measurable subset in R™, then |E| denotes the Lebesgue measure and
X E is the characteristic function.
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(vi) Let 8= (B1, B2, ,0n) then |B| is defined as |3]| = 51,62 + - - - + On.

(vii) The symbol Ny denotes the set of all nonnegative integers. For m € Ny, we denote
Xm = XF,, if m > 1 and xo := xB,-

(viii) C' is a positive constant.
(ix) By a < b, we mean a < Cb.

Lemma 1. [32] Let D > 1 and p € Py oo(R™). Then

1 n_
0 < X,y < 7007, for0 <o <1 (1.6)
/’a k) o
and 1
——ov <|IXF, p,|lp() < Toec0P, foro>1, (1.7)
Tm ) o

respectively, where ro > 1 and roo > 1 and depending on D but independent of o.

Lemma 2. [35]
Let p(-) be a function within the class B(R™). For any ball B in R", there exists a
positive constant C such that the inequality

1
@HXBH;DC)HXBHP,(') <G,

holds.

Lemma 3. 35/

Assuming that p(-) is a function in the class B(R™), there exists a positive constant C
such that, for every ball B in R™ and every measurable subset S within B, the following
mequalities hold:

[ [
IxBlp() <clBl sy < C(|s|> : sl . (J<S|> :
Ixslpe) 1SI7 xBllpe |B| IxBlly ) |B|

where §1 and do are constants satisfying 0 < 41,09 < 1.
Lemma 4. [3]] Let f € LPV)(E), g € L1)(E) where E CR", and 1 < p_(E) < py(FE) <
00. Then

1£9llr¢y < 17y llgllgc

R N O
where @) T e T ae)

Definition 5 (BMO space). Let h is a locally integrable function then a BMO function is
consist of those functions whose mean oscillation given by ﬁ [ |h(i) — hp|di is bounded.
A Mathematically,

1 . .
|l Bro = sup —: / \h(i) — hp|di < .
B |B| J
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Lemma 6. [33] Let j,i € Z for i < {, and h € BMO(R"), then

1
—||h||% < sup h—he)"xB|.. 1.8
C” HBMO Beboll HXBHp()H( ) X Hp() ( )
<C|hlErmo; (1.9)
10— b)) < O — Pl Basollxe b (1.10)

Lemma 7 ([35]). Ifa >0, s€[l,00], 0<d <s and —m + (m — 1)ds < u < oo, then
1/d
|20 "|B(21 = 22)| %z | < [z D] gy -
z2|<alz1|

Definition 8. Let 0 < p < o0, ¢ € P(R"), a : R" — R with «a(-) € L*°(R™). The

inhomogeneous Herz space K;E]'()')(R") consists of all f € quo((;) (R™\ {0}) such that

1/p

2a(')kaHZ(') < 00.

1 0o gy = I xB s + | |
p,q(+) k>1

The homogeneous Herz space K;g().)(R”) consists of all f € Lfo(g (R™\ {0}) such that

» 1/p
) ey = (kz o0 kaHq<.)> <o

Next we give the definition of variable Herz-Morrey spaces.
Definition 9. Let p : R" — [1,00), a(:) € L®(R"), u € [1,00), and 0 < I' < co. The
norm of variable Herz-Morrey spaces are defined as:
MEFS @) = {o € HOEVOD ol ey < -
where

mo u
I90lps oty emy = SUP 2’”0F< > !!2k“(')gxk\;f(.)) :

moEZ M
For " = 0, variable Herz-Morrey spaces becomes variable Herz spaces.
The next proposition is the generalization of variable exponents Herz spaces in [2].
Proposition 10. Let o, u,p are as defined in definition 9, then

1
mo w
11y sy = S0 277 ( 3 rrzka<'>kau;f<.>)

mo€EZ k——o00
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1
-1 w
~max sup 27 mol ( Z 2ka(0)u”ka’Z(.)> )

mo<0,mo€EZ ke —oo

1
—1 w
sup 27T ( ) 2’m<0>“uka||;(.)>

mo>0,mo€Z oo

mo
+osup 27l <Z2’“’°°“||f><k|;f(.)>
k=0

u

mo>0,moEZ

2. The Atomic Characterization

Let S (R™) denotes the Schwartz space of all rapidly decreasing infinitely differentiable
functions on R", and &’ (R") denotes the dual space of S (R™). Let Gxg be the grand
maximal function of g defined by

Gng(z) :== sup [¢5(9)(z)|, z€R”
peAN

|oel,| BI< N VzeR™
the nontangential maximal operator defined by

where Ay :=<¢¢d € S(R"): sup ‘:L‘O‘Dﬁqﬁ(x)‘ < 1} and N > n+1 and ¢y is

oy (9)(z) == sup | *g(y),

ly—z|<t
with ¢ (x) = "¢ (%).

Definition 11. Let a(:) € L™ (R"),0 < ¢ < o0,p(:) € P(R"),0 <T < oo,and N > n+1.
The Herz-Morrey-Hardy space with variable exponents H M K? (p)(;L(]R”) is defined by

HMECO™Rn ::{ eS (R"): o) = ||G o) <<>0}'
) 9 € 8" R") <191y gy = NGNGyy gy

Definition 12. Let p(-) € P (R") and «a(-) € L (R™) be log-Hélder continuous both at
the origin and infinity, and nonnegative integer s > [a, — nds|; here o, = «(0), if r < 1,
and o, = Qo if 7 > 1,109 < o < 00 and 9 as in Lemma, 3.

(i) A function a on R"™ is called a central (a(-),p(-)) atom, if it satisfies

(1) supp a C B(0,r),
2) lally) < 1B, 7)o/,

(3) Jfena(z)zPdz =0,|8] < s.
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(ii) A function a on R" is called a central (a(-),p(:))-atom of restricted type, if it
satisfies 2,3 and condition given below

(a) supp a C B(0,r), r > 1.

Theorem 13. [28]

Let 0 < u < o0,p(-) € B(R"),0<T < o0, and a(-) € L>® (R™) be log-Hélder continu-
ous both at the origin and infinity, 2X < a(-),ndy < a(0), s < 00, and o2 as in Lemma
3. Then

fe HMK?;zf;L(R") iff f="3 00 Akag in the sense of S’ (R™), where each ay, is a

central (a(-),p(+))-atom with support contained in By and sup sup 2708 Y0 A" <
9>0 moEZ
00. Moreover,

mo 1/u
Fllyag oty gy 2~ inf | sup 278 Al
|| ”HMKFJ,(.) (R™) mo€EZ kz—:oo ’ |

Theorem 14. Let 0 < T < 00, 0 < u < o0, , qi(-) € B(R™), and a(-) € L* (R™) be
log-Holder continuous both at the origin and infinity. Let o be such that :

()~ —v =2 <a(0) < gy —v -2

- n n n n
(i1) g VT <Ao< g-—v- L

Then

|

a-),u
for f € HMKqu(')(R”) .

—X(z1) m H < .
<|Z1| + 1) [bu M‘P]B f MEeO ®") ~ C ||f||HMK?,(qi’(u)(Rn) )

T,q2(-)

Proof.

Suppose that f € HMKI?‘(qi(u) (R™). By using Theorem 13, f =>"° __ \;b; converges

in &’ (R™), where each b; is a central (a(-), ¢1(+))-atom with support contained in B; and

mo 1
Il g gy inf | sup 27T ( | w)
T,q1(-) )

mo€EZ i——o00

mo
1=—00

To keep things simple, we denote A = sup,, <z 2" """ >
10, we have

|Ai|“. By Proposition

P +1 7)\(,21) b, m Hu .
[l 07 ol 7]
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mo u
~ max sup 9—mol'u 2ka(0)u ,
{ kz—:oo q2(+)

(=l + D7 by ol )

mo<0,mo€EZ

u

q2(+)

-1
sup 2’”““( > 2O (1] + 1)) b, a5 £ )

mo>0,moEZ
u
q2()

mo
+ Z 2kaoou
k=0
Smax{[l,I]+1II}.
We will find the estimated for I and I1] and estimate of 11 can be obtained similarly.
We just need to demonstrate that there is a positive constant C' such that I, 11,111 <
CA in order to finish our proof.
u
a2(-)

k=—00

(1 + )7 o o3 £)

Firstly, we will find the estimate of I :

(=1 + D7 b, aly )

mo<0,moEZ

mo
I = sup 2—moFu ( Z Qka(O)u
k=—oc0

mo 00 u
S sup 9—mol'u Qka(O)u i ‘ 21| +1 —A(z1) b, i mb@ Xk‘H
I A ) > I (a1 D7 Bopaly o) |

mo k—1 ’
n sup 2—m0Fu Z QkQ(O)u < Z |)\z‘ ‘<(|Zl| + 1)_>\(Zl) [b’ /J(I)]gl bz) Xk qz(‘))

mo<0,mo€EZ ke — oo

=11 + I>.

Let k € Z and ¢ < k and a.e. z1 € Fy, 2o € F;, it is easy to check that |z; — 23| =~
‘Zl| ~ 2k,

1] 2 1/2
m P (21 — 22) [b(21) — b(22)]™ dt
. < ) -
(bualzs) < | [| ] e
o 217Z2|§t
2 1/2
T ®(21 — 2) [b(z1) — b(z)]™ dt
1— 22 —
* / / |21 — 2P A biz2)dz 3
z1| |z1—22|<t
=: 111 + I1s.
Mean value theorem yields
1 1 z
2 2'§ i 3" (2-1)
|21 — 22" |2 |21 — 2]
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For 11, we get

o 1/2
|®(21 — 22)| [b(21) — b(22)]™ dt
I </ — ’bl(22)| — dzo
21— 29| B(z1) L 13
/\@ z1 — 22)| [b(21) — b(22)]™ i(22) 11 1/2d22

|21 — 2o 7AG) |21 — 20> |zf?

/ |(I) Z1 — 22 ( ) - b( )]m |b(22)| |22 1/2 dZ2
|21 — 2o OG0 |21 — 2/

2l/2

/ (21 — 22)] [B(z1) — b(za)]"™ [bi(22) 2

_’21|n+, ’21| ﬁzl
<2(i=k)/29=kn | 1B( zl) 19ll g ¢y 12 (21 = )xa (Dl -

<2(i=k)/29=kn \zuﬁ‘m{ |b(21) — b, | / B (21 — 22)| [bi(22)] d2a
+ [ bz2) = b " a1 — ) ) sz}
F.

<2R27R 2 P 1y (29) g,y (1B021) = b ™ 1921 = x5
) = bB)™ (@21 = g ) -

Similarly, we can consider I, we have

1/2

B(z — 1 — 25)| T dt
s < \21 _22|n 1=B(=1) |bi(22)| 3 dzo

z1]

‘(I) zZ1 — ’
/ P sy [bi(z2)] deo
1—

<[ [P / B(z1 — 22)] |Bi(22)) 2
F;
<278 |2y P (el ) {1C1) = B ™ 11— DOl + 100) — B)™ (@1 = Ol -

We define ¢;(-) by the relation q&x) = 1%@ + % By using Lemma and generalized
Hoélder’s inequality we have

1@z = Ixi(llgy ) <Nz = )Xl pssn-1y i) llgr )
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1/s
<l [ e Pl | el
=1 |29|<20
<2 k() 1l s (sn-1y IXB:llg,
Similarly, by using Lemma @ we have

1B = b)™ (@ (21 = )i (g () SHRCz1 = Dl 1 BC) = ) ™36 Ol
<C o B llg0 12(21 = x4
<C I f1Bar0 2 2D pogny IXB: gy )

It is known, see e.g. [36] that
PO ((b(z1) = bp,)"xB,) (21) = 170 (x,) (21)-(x, ) (1)
b —bp,|™
= / L@B;J_ndZZ.XBk(Zl)
B

k|21 — zz\ﬁ
> C|b(z1) — bg,[™ |21]7*) xp, (21)
> C'[b(21) — bg,|™ [21]°) xi(21).-

Consequently, by using weighted Sobolev estimates [37] we have

[®z0) = b 21176 o)1 4 21~

a2(+)
H L+ [21) A (TP (b(21) = bB,) " xB, ) (21))

< H( (2’1) — bBi) XBk)(Zl)”ql(‘)'

q2()

Thus we have

1+ 2™ ol

2—11} 2k v—l—

112(')}

< C2 byl {( = 0" 171 Bn0 xmllg ) 2722 1@l ooy Il

< c27h Hbz-nql(.){ |(bz1) = B, )™ 121751 (1) (L [z )

MNPl sy X8y

+ (| F B0 2725 F Hq)HLé sn-1y IXB; ll gy ) H'Zl,ﬁ D xp(21) (L + |z ]) A

+ 1 F a0 27 25T N @ Logn1y IxB: gy X8 lar )
( ) q1(-)

< 027 [lbill gy o (k= ™ 1 s Il gy 272504 @) gy Il
< Ok — i)™ 9] ooy 1 mar0 227254 I o Il o Wbl -
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Therefore, when 0 < v < 1 and v1 = n/q}(0) —v — 2 — «(0), we get

S

mo e’}
L= sup 270 3 2ka<0>u<
k i—k

mo<0,moEZ S

(114 D76 ol 1) X’“H%(_)> "

oo u
SISl sup 2 37 (sz—w—ww A oY oA <k—z‘>’”2_ml>

m0<0,m0 k=—o0 i—k

SIMo  sup _2omre 3 gk

mo<0,mo€EZ e oo

-1

i=k

+ Z |/\Z|u 2_aooiu2_Ui(n/qloo+U+%)+Uk(7’b/q1 (0)+v+%)(k, N Z)mu)

=0
mo —1
SUFIBwo  sup  27mol 37 N a2 R (g — gy
mo<0,moEZ k=—oc0 i=k
mo 00 ‘
+ ||f||gMO sup 2—m0F’LL Z 2(04(0)+(n/‘11(0)+’u+%))ku Z |)\Z|u 2((n/q1m+v+%)—aoo)zu(k, _ Z)mu
mo<0,moEZ e oo o

SIAIEvme  sup 2’”0F“Z|A| Z Ui (=k)u (g, _ jymu

mo<0,mo€EZ =0 e oo

+||f||7§MO sup 2 moFuZ Z |)\| 2(_7“ n/q1oo+v+ +Oloo))(k_2')mu

mo<0,moEZ =0 j——o0

(e.)
SIlo  sup 2TE S A A sup | gomeeYplwinm vt ey
mo<0,mo€EZ mo<0,mo€EZ i—0

S Baro A

Now we will the estimate for the second case when 1 < u < oo. Let % + % =1, we
obtain

1=—00

mo [e'e)
L= sup 27m™M M 2ka(0)u<

mo<0,mo€EZ e —oo

(a4 0726 ool i) ]| (,))u

00 u
<o s 2 S g0 (Z\Aizknzwz’“”w IxBelly, ¢ Il ) (k= ™2 )

mo<0,moEZ e —oo i—k
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SlfEro  sup  27met
mo<0,moEZ
mo —1
% Z 2ko¢(0)u (Z ’)\l’u 2—a(O)iu2u(i—k)(n/q'1(O)—fu—%)(k - Z)mu

k=—o00 i=k

+ Z |/\Z|u Q—Qwiuz—ui(n/qlw—l—v—‘r%)+uk(n/q1 (0)+U+%)(k, _ Z)mu)
=0

mo -1 -1 u/u’
< m su 9—mol'u \; u gu1 (i—k)u/2 « 2&(0)(k—i)u//2 k— i mu’/2
S 1 iBaro P > (E [Ail ;:k (k —1)

mp<0,mo€ k——00 \i=k

mo [e'e)
+ osup 27w S glOn/a O ke ke (Zwl“ziu(aoo+"/qloo+v+;‘>u/2>

mo<0,moEZ ke —oo i—0

/

00 u/u
x (Z 2—iu(aoo+n/qloo+v+%)u’/2(k o i)mu’/2>
1=0

mo —1
S Bwo 1 Bro  sup 2770 Y- (Z\Az‘\“2“1“_““/2>

mop<0,mo€EZ ke —o0 \i—k

mo [ele]
+fImye  sup 9—mol'u Z 9(@(0)n/q1(0) v+ )ku (Z |Aql® Q—ZU(aoo+n/qloo+v+Z)u/2)

mo<0,moEZ ke —oo i—0

-1 i
S Emo — sup Z2’m°“ Dl Y antimh2

mo<0,mp€

1=—00 k=—o00
) .
o sup 2 (Z \wzw<%o+"/q1°°+”+s>“/2)
mo<0,mo€EZ i—0
-1 7 ‘
SIMuo  sup 27T S0y S antihue
mo<0,mo€EZ oo e — oo
00 % .
T Bwo | sup  277OTY ] D [t e e
mo<0,mo€EZ i—0 j——o0
mo o0 '
S IBmo  sup 2700 3 N+ ([fllgyo A sup 27mol )y olmuin/metuairas))z
mo<0,mo€EZ i=—o0 mo<0,mo€EZ i—0

S 1 IiBr0 A

Second, we estimate Is. Therefore, when 0 < u < 1, we get

mo k—1 u
L= sup 2mlu J gkan ( > ]| (=1 + 1) ol 1) x| ()>

mo<0,moEZ ke —oco
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m0<07m0 €L

k—1 u
L e “(Z il 272D I | sl (8 = 872 )

k=—o00 i=—o00

mo
SIfluo | swp 27 3 2 U(Z A 2o @uguti= ><n/q1<0>—v—s><k—¢>mu>

m0<07m0 €

k=—o00 i=—o00

mo
§||f||gMo sup g—mol'u Z Z |)\| gu1 (i— k)u( §)me

mo<0,mo€EZ b0 oo

S0 s 2 S S 2

mo<0,moEZ oo Pt

S Byo  sup 27 mobw Z A

mo<0,mp€EZ i=—oco
S Bao A
Now we will the estimate for the second case when 1 < u < oco. Let % + % =1, we

obtain

Iy= sup 27" Z gha O ( ( 2] 4+ 1)) (b, pg ] bz‘) kaqQ(')>
k=

mo<0,mo€EZ e =

mo<0,moEZ P =

k—1 “
Slwo, s 2 3 “(Z D Rl [ WY I <k—i>m2‘“”>

~1
§||f||gMo sup 2= mol'u Z 2ka u (Zp\‘ —af zu2u(z )(n/qi(o)_v_Z)(k:_i)mu>

mo<0,moEZ oo prd

’

mo<0,mo€EZ

-1 u/u
Ul s 2 S (Zw 2t “”) x(Zzammi)uw(k_z-)muf/z)
i=k

k=—oc0 \i=k
SIBmo  sup 270t Z Z\)\] ou1(i—k)u/2
mo<0,mo€EZ oo ik

§||f||gMO sup 2- molu Z |)‘| Z 21}1(2 k)u/2

mo<0,moEZ oo anlt

—1
SIAIEwe  sup ZTT”OM > Il Z Qur(i—k)u/2

mo<0,mp€ oo Pt

Sy  sup 27l Z E

mo<0,moEZ oo



B. Sultan et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6732 14 of 20

S Baro A

Finally, we estimate I11 :

u

a2(°)

mo
IIT= sup 27molwy " ghacu ((Izl\ + 1) b, g f) Xk
k_

mo>0,mpEZ

qz('))

(] + 17 o sl )

mo oo
S sup 2—m0Fu Z 2kaoou
k=0 i=k

mo>0,moEZ

mo k—1 u
+ sup 2 molu gkaosu ( 21| + 1)) b, e mb-) ka
mp>0,mo€Z kZ:O i;oo (Iz1] 2 | ]6 ' a2()
=11+ I11,.

IfkcZandi>k+1andae. 2z € Fy, 20 € F}, then |21 — 23| & |22| = 2F,

|22 2 1/2
d Z1 — 22) dt
e (bi)(21)] < / / X (Z |n7175(z1)bi(z2)dz2 3
o Z172’2|§t ! 2
2 1/2
r P(21 — 22) dt
* / / |21 — 22!"7175(“)bi(ZQ)alZ2 3

22‘ Zl—zz‘gt

=: I31 + I3o.
It is easy to find that
Iy <2029 =P (), (1661) = bs ™ [ 81— DOl
1 b) = bE)™ (@21 = g ) -
Similarly we have

I3y <277 2175 ||by(22) {15(21) — b " 19 (21 = )xia()ll gy ) + N(0() = bB,)™ ((21 — -)Xi(')\lqg(.)}-

et 12D sl (00|

<o \biuqlo{ 620 = ) 1P o)1+ 1)

H(I)HLS(S"—l) HXBinl(.)

qz(')}

2—iU2k‘(’U+%)
2(+)

11 Bar0 2725 ] gy Il [[ 121175 xaer) (1 2 ]) 20



B. Sultan et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6732 15 of 20
i k(v
<con |bz-||q1<.){< B0 Il ) 22D 1D ey Il

10 22D @) oty | sl I o }

< C27 ™ billgy(y b = ™ 1 1Bar0 1xBe Nl gy ) 22T o gnry X8,
) a() 5( )
< Clk =)™ 19l g gn1y 1 B0 272725 x4y 0 Bl 0 10l

Therefore, when 0 < u < 1 and vy = v+ § + = + Qoo, We get

mo e e] u
ITI = sup 2 7molwy " ghoecu <(|21|+1)_A(21) [, ol bi) Xk
mo>0,mo€EZ P —h a2(")
mo o0 ) . “
S lpao  sup 27w S s (373 2 kgt g ||yl Gk — )20
mo>0,mo€Z o Py
mo oo
SIABwo  sup 2700 Y 7N |t 2o (g — gy
mo20,mo€Z k=0 i=k

%
S ||f||TgMO sup Z27m01"u Z ‘)\z|u Z 2”2(k7i)u(k _ Z)mu
=0 =

mo>0,mp€E
SIBao A

Now we will the estimate for the second case when 1 < u < oco. Let % + % =1, we

obtain
qz('))

mo o0 u
SIlEwo  sup 27ty e (Z Al 278272 D g L Xl (= >m2>

mo [e'e]
III = sup 277molw’y " gkacu (
k= =

mo>0,moEZ

(=] + 17 b, sl b:) xa

mo>0,mp€E 0 —
mop o0 '

SWlBwo, swp 270D D N2k =iy

mo>0,moEZ — i

00 u/u’

S lEmo - sup 2 mot Z Z Al gu2(i=k)u/2 ) Z 2“(0)(k—i)u’/2(k _ Z')mu'/Z

mo>0,moEZ —o —
S0  sup 9—mol'u Z Z K gva(i—k)u/2

mo=>0,mo€Z =0

SIBmo  sup 27t Z A" Z gua(i=h)u/2

mo>0,mo€Z i=—00 k=—00



B. Sultan et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6732 16 of 20

S IBwo s Zrmoruzm 22@ s

mo>0,mp€E
S IBao A

Next we have
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Estimate of second term is essentially similar to I11. For IT13, we have
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When 1 < u < oo, we have
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Thus proof of the Theorem is completed.
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