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Abstract. Our aim is to characterize norm attaining and absolutely norm attaining quasi-*-
paranormal operators and class (2, operators defined on a separable Hilbert space. We define
invariant non trivial subspaces for the considered operators and we give a matrix representation
under certain condition. Compactness, reducing subspaces and the normality of such operators
are also established.
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1. Preliminaries and notations

Let H denote an infinite separable complex Hilbert space, and let B(H ) be the Banach
algebra of all bounded linear operators on H. An operator T' € B(H) is said to be norm
attaining, if there exists a unit vector v € H satisfying | Tu|| = ||T||, [1], and T is said to be
absolutely norm attaining, briefly, AN-operator, if its restriction on any closed subspace
of H is norm attaining, [2]. Obviously, AN-operators are norm attaining. Many authors
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studied the structure of some classes of norm attaining non normal operators, see [3, 4]
and [5].

Authors in [5, 6] analyzed the properties of norm attaining and absolutely norm at-
taining operators, and provide a representation for the class of x-paranormal operators
under an orthogonal decomposition of H. Authors in [4] showed that compact (resp. iso-
metric) operators are AN-operators since their restrictions on closed invariant subspaces
remain compact (resp. isometric). Moreover, if T is AN-operator, then 7% may not be
one, see [4, 7] where it’s shown that an isometry U: o — ¢ onto a subspace with infinite
codimension is AN-operator, whereas its adjoint U* is not. However, G. Ramesh in [5]
presented an additional condition for which T™ remains an AN-operator.

An operator T' € B(H) is said to be non-negative and we shall write 7' > 0, if (T'u, u) >
0 for all u € H and A is said to be normal if T*T = TT™*, isometric if T*T = I, where I is
the identity operator on H. If T is isometric and onto, then T is said to be unitary. The
operator T € B(H) is said to be x-paranormal if T*>T2? — 2\TT* + A2 > 0 for each A > 0,
that is, || T*ul|? < || T?ul|||u|| for all w € H [8]. Also, T is said to be quasi-*-paranormal
if T*(T*2T? — 2ATT* + X\*)T > 0 for all A > 0, [9]. Clearly, a *-paranormal operator
is quasi-*-paranormal while the converse is in general false, see [10]. It is known that
quasi-*-paranormal operators are normaloid, that is, 7(T') = ||T||, where r(T") = sup{|\| :
A € o(T)} is the spectral radius of 7. Ample properties of these classes can be found in
[11] and [12]. The operator T in B(H) is said to be quasi-normal of order n for certain
integer n, and we shall write T € Q,,, if TT*"T" = T*"T"*+1. For more information on the
class €, we refer the reader to [13, 14].

For an operator T' € B(H), the range of T', the null space and the modulus of 7" will be
denoted by R(T"), N(T') and |T'| = vVT*T respectively. If T' € B(H), then T'= U|T)| is the
polar decomposition of T', where U is a partial isometry, that is, U | N(A)L is an isometry,
R(U) = R(|T|). According to [15], U is a partial isometry if and only if UU*U = U. The sets
o(T),o0,(T) denote respectively, the spectrum and the set of eigenvalues of T. For a self-
adjoint operator T' € B(H), that is, T = T, the discrete spectrum of 7" is the set 04(7) =
{N € 0,(T): X is isolated and has a finite multiplicity }. The set oess(T) = o(T) \ 04(T) is
said to be the essential spectrum of T, [16]. If dim H < 400, then oess(T) = 0.

The positive real number m(7T') = inf{||Tu||: v € H and ||u|| = 1} is said to be the
minimum modulus of 7' € B(H), and the quantity m.(T") = inf{\: X\ € o(|T])} is said to
be the essential minimum modulus of 7. For more details, reader is referred to [4, 17] and
[16].

In [18], authors gave a characterization of norm attaining and absolutely norm attaining
x-paranormal operators and defined a closed non trivial invariant subspace for this class of
operators. In this article, we generalize these results for a large class of quasi-*-paranormal
operators. We show several spectral properties. We also provide invariant subspaces for
both of classes of quasi-*-paranormal operators and class §2,, operators, and we show that
the given subspaces become reducing under certain conditions. Other properties related
to the compactness, the normality and the matrix representation are also established.
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2. Norm attaining quasi-x-paranormal operators

Definition 1. [19, 20] An operator T' € B(H) is said to be quasi-x-paranormal if
T*(T*T? — 2\TT* + X\*)T > 0

for all A > 0.
The given definition implies that

|1T*Tul? < || Tl || Tull
for allu e H.

Example 1. [11] Let pr = (pin)n>1 be a positive real sequence. Define the weighted shift
Sy on the Hilbert space {2 by

Suen = pneny1, n>1

where (€n)n>1 is the standard basis of €a. Then, S, is quasi-x-paranormal if and only if
the inequality p2 < fini1fins2 holds for any n, n > 1.

[20] The restriction of a quasi-*-paranormal operator on a closed invariant subspace
is also quasi-x-paranormal. [10, Lemma 3.4] For any quasi-x-paranormal operator T €
B(H), and each non-zero complex scalar A\, we've N(T'— A\I) C N(T — \I)*.

Remark 1. Lemma 2 is in general not true for A = 0. A counter-example can be found
in [9].
Definition 2. [}] An operator T € B(H) is said to be norm attaining ( or achieving the

norm) if there exists a unit vector u € H for which ||Tul|| = ||T.

Example 2. [21] Let 6 = (0,)n>1 be a real strictly increasing sequence. The operator Ty
defined on the usual Hilbert space £y by

Tox = (enxn)nZL T = (xn)n21 € 62
18 mot norm attaining.

Example 3. [18] The usual Hilbert space {5 is equipped with its standard orthonormal
basis (en)n>1, and S is the unilateral left shift on ¢y defined by

Se,=¢€e,_1, n>2 and Se; =0

Then, S is norm attaining since ||Ses|| = ||S|| = 1.
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Recall that a closed subspace M C H is said to be invariant for an operator T' € B(H),
if Tuw € M for each u € M, and M is said to be reducing for T if M is invariant for both
T and T™.

As an extension of results given in [18] and [5|, where are provided invariant non
trivial subspaces for both of norm achieving *-paranormal and norm achieving paranormal
operators respectively, we shall define in the following, a non trivial subspace for norm
attaining quasi-k-paranormal operators as a positive answer to the problem of invariant
subspaces for operators on Hilbert spaces that asks if any bounded linear operator acting
on a Hilbert space admits at least, a non trivial invariant subspace.

Theorem 1. Let T € B(H) be a quasi-x-paranormal operator that achieves the norm.
Then, the subspace M = {u € H : ||Tu|| = ||T||||u||} is invariant for T.

Proof. Since T is norm attaining, M = N (T*T — || T||*I) is a non-zero closed subspace
of H. Next, as T is quasi-x-paranormal,

TP lull® = I Tul® = (T*Tu, u) < [T Tul|lul VIIT?ull| Tul[[u]
VT2 Tul? ]
VTP Tul? u]

T
1T

VAN VAN VANRRVANRR VAN

for each u € M. Hence,
T full® = | T*Tull[full = | Tul|?

i.e.,
T Tl = NPl = |1 T*Tull, u e M (1)

Using equality (1), the fact that | T*T|| = ||T||*> and by Cauchy-Schwarz’s inequality,
we get for each vector uw in M,

|1T%ul|* = (T*T?u, Tu) < ||T*T|||Tul® = | T|*||Tu|* = | T*Tul®
That is,
|1 T?ul| < | T*Tu| (2)
for all w € M. On another hand,
IT*Tul® < |1 T%ul| | Tull < Tl T Tull = | T>u[||T*Tul|
Hence, for all u € M,

1T Tul| < [|T%u] (3)
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By (2) and (3),
|7 Tul| = [T Tull = | 72|

for each u € M. This shows that M is invariant for 7.

By a similar way as in [5, Lemma 3.1], we can easily prove the following result For an
operator T € B(H), M = N(|T||*I —TT*) = N(|T*|—||T|/I). Furthermore, if T* is norm
attaining, then M # {0}. [7] Let T' € B(H). The following statements are equivalent

A. T achieves the norm.
b. T™* achieves the norm.
c. |T'| achieves the norm.
d. |T*| achieves the norm.

. |IT|| is an eigenvalue of T.

@)

f. |7 is an eigenvalue of 7.

Corollary 1. Let T € B(H) be a quasi-x-paranormal operator achieving the norm. Then
T is an eigenvalue of |T)|.

Proof. The operator |T*|—||T||I is not one-to-one acoording to Corollary 1 and Lemma
2. Then, the result holds by Lemma 2.

Corollary 2. If both of T and T* are quasi-x-paranormal in B(H), then the subspace
M = N(|T||*I — TT*) reduces T.

Proof. By Corollary 1, M is invariant for T, and M C N(||T||*I — T*T) according to
the proof of Theorem 1. Since T* is also quasi-x-paranormal, N (||T||*I —T*T) C M is an
invariant subspace for T*. Thus, M = N(||T||*I — T*T) is a reducing subspace for T.

Theorem 2. Let T € B(H) be a norm attaining quasi-x-paranormal operator. If M =
N(T*T — ||T||?I) is finite dimensional, then

a. M is a reducing subspace for T.
b. The restriction T|ML of T on M is also quasi-x-paranormal.

Proof. a. By Theorem 1, M is an invariant subspace for 7. Since M is of finite
dimension, the isometry ”Tﬂ is unitary on M. We can then write

(T], S
(" 3)
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under the decomposition H = M @ M*, where S € B(M*, M) and R € B(M*+, M™).
Since T is quasi-*-paranormal,

0 < THT*T? —2XTT* + \))T
_ (T],,)*XT|,, (T],,)"(XS+YR)
(S*X + RYNT|,, (S*X +RY*)S+(S*Y + R*Z)R
for all A > 0, where
X = (T|,)(T),)° = 2M(T |, (T, )F + S + NI
Y =(T],,)*(T|,,S + SR) — 2ASR*
Z =(T|,,S+SR)*(T|,;S+ SR) + R**R* — 2ARR* + \°I
By [22, Theorem 6], we get
(T],,)XT|,, >0

and
(S*X+RY")S+ (S"Y +R*"Z)R >0

Hence,
(T],))°2 (T],,)% = 2M(T |, (T|,,)* + SS*) + A2 > 0

for all A > 0. As the operator HTln(T‘M)* is unitary, we get for A = 1 that §S5* < 0. Hence,
S = 0. This shows that ‘
T 0
T= M
(" 2 )

Thus, the subspace M reduces T

b. The operator R*ZR = R*(R*?R? — 2ARR* + A\?I)R is non-negative for all A > 0.
Thus, the restriction R =T ’ )L 18 also quasi-*-paranormal.
Corollary 3. Let T € B(H) be a compact quasi-x-paranormal operator. Then, the sub-

space M = N(|T||*I — TT*) is reducing for T.

Proof. By the hypothesis, the operator TT* is also compact. Then, M is a nonzero
finite dimensional subspace by Fredholm Alternative. The desired result follows then by
Theorem 2.

3. Absolutely norm attaining quasi-*-paranormal operators

In the sequel, we present certain structure results on the absolutely norm attaining
quasi-*-paranormal operators as an extension of certain results given in [3] and [18].
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Definition 3. [// An operator T € B(H) is said to be absolutely norm attaining, briefly
AN -operator, if the restriction T|V is norm attaining for any closed subspace V. C H, that
is, there exists a unit vector u € V' for which

7]y ull = [ Tull = T, |

Example 4. [7] The operator S defined on the Hilbert space £y by
Se; = %61 and Se, = ey, (n > 2)
1s absolutely norm attaining.

Example 5. In [3], author showed that the operator A € £ ({2 @ la) defined by
T2 X3 In

A = ( YUl Ty Ty ey T
(x,y) (yl x1 273 n

for all x = (xk)k>1,y = (Yk)k>1 € L2, is not absolutely norm attaining on fo & L.

) )7 (y27y37 cos Yno Ynt1,s ))

Theorem 3. Let T € B(H) be an absolutely norm attaining quasi-x-paranormal operator.

If ess(T1) = 1T}, then
r— (175 2
0 C

under the orthogonal decomposition H = M @& M, where
1. S € B(M) is an isometry.
2. B*S =0.
Proof. 1. Let T = U|T| be the polar decomposition of T. Then, for all u € M, we get
Tu=Ul|T|u=|T||Uu

That is,
Ty =IT1U,, =TIl

Since U‘ »s 1s an isometry, the operator S so is.

2. The subspace M is invariant for 7. Hence, on H = M @ M+,

_(ITIs B
("% ¢

Since T is quasi-#-paranormal, we get for all A > 0,

X Y
* (k22 * 2 — >
T*(T**T? — 2\TT* + \2)T (ZW>_0

where
X =||T|2S*(IT||* + A2 — 2A\||T||>SS* — 2ABB*)S > 0

and for some bounded linear operators Y, Z, W. Then, for A\ = ||T||?, and since S is an
isometry, S*BB*S = (B*S)*(B*S) < 0. Thus, B*S = 0 since B*S is a positive operator.
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4. Norm attaining class (2, operators

Definition 4. [13] An operator T € B(H) is said to be quasi-normal of order n for some
integer n, or a class ), operator if TT*"T™ = T*"T"+1,

Example 6. [13] Matrices S = ( (1) 8 ) and B = ( (1) 8 ) are quasi-normal operators
of order 2, i.e., B, S € Qs.
In the following, we provide invaraiant subspaces for operators belonging to class €2,,.

Theorem 4. Let T € B(H) be quasi-normal operator of order 2 such that T? achieves
the norm. Then, the subspace V = {u € H : |T?ul| = || T?||||u||} is invariant for T?.

Proof. Since T € Qy, TT**T? = T*2T3. Then, (T*?*T?)? = T**T*. Hence, for all
u € H, |T**T?u|| = ||T*u|. By Cauchy-Schwarz’s inequality,

IT%ul® = (T%u, T?u) = (T**T%u,u) < | TT?ullull < [Tll]u]
< T[]
< NT2HT?ulllul

That is for all u € V,
T2l < IT%all < 172 ull

since ||T%ul| = || T?||||ul|, u € V. Thus,
1T | = 1T*(T*u) | = |77 |jull = | T2 T2l

for each u € V. This achieves the proof.

Corollary 4. Let T € B(H) a class Qo operator. If T*? achieves the norm, then the
subspace Vi, = {u € H : ||T*?u|| = | T?||||ul|} is invariant under T*2.

5. Conclusion

Structures of norm attaining quasi-x-paranormal operators and class {2, are established
in the present manuscript. It’s shown that elements of these classes of operators admit
at least an invariant non trivial subspace. Some results depending on compactness, and
finite dimension are given too. As perspective works, we ask if a such structure can be
provided for large classes of norm achieving k-quasi-x-paranormal operators, and class
(2, 1, operators defined for certain integer £ as T’ *k (TT"T™ — T TE = 0.
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