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Abstract. This paper investigates the center bifurcation of the smallest bimolecular mass-action
system. A three-dimensional reaction network, consisting of three species and four reactions,
governed by mass-action kinetics with a positive equilibrium point, is considered. In addition to
the stability analysis of the equilibrium point, the dynamic directions of the model in its planes
are examined. It has been previously shown that the equilibrium point is classified as a center
when the reaction rate constants satisfy a specific condition, leading to a vertical Andronov-Hopf
bifurcation. Furthermore, it is demonstrated that only one limit cycle can bifurcate from the center
equilibrium point using a bifurcation technique.
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1. Introduction

Chemical reaction networks are fascinating for both practical and theoretical reasons.
They are essential components of various biological models and significantly impact other
fields of science and engineering. Numerous important findings, both traditional and con-
temporary, provide insights into the dynamics of a chemical reaction network based on its
combinatorial structure [1].

Wilhelm described a bimolecular chemical reaction network with three species and four
reactions, having rank three, that exhibits Hopf bifurcation due to mass action dynamics
[2]. His example demonstrated that the set of bimolecular networks with Hopf bifurcation
is not empty. However, there are, up to isomorphism, 14670 bimolecular networks (with
three species and four reactions of rank three) that permit positive equilibria [3]. The
main question: is how many of these networks allow for Hopf bifurcation due to mass
action dynamics?

To answer this question, a scientific study by Banaji and Boros investigated the smallest
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bimolecular chemical reaction networks with Hopf bifurcation [3]. This means that these
networks have the fewest species and reactions. The results show that the smallest bi-
molecular mass-action network allowing Hopf bifurcation must have at least three species
and at least four reactions. They found that 138 non-isomorphic bimolecular networks
allow for Andronov-Hopf bifurcation. These networks can be dynamically divided into 87
non-equivalent classes. Of these classes, 86 admit non-degenerate Andronov-Hopf bifur-
cations, leading to isolated limit cycles. However, in the remaining class, Andronov-Hopf
bifurcations can only be degenerate. The three-dimensional system corresponding to the
last class of the reaction network is

x'l = CL’l(k‘ll’g — kQZEQ),
I'Q = l‘Q(k‘Q(El — kgCEg). (1)
i3 = —x3(k1x1 + kaxa) + 2ky,

where k;,7 = 1,2, 3,4 are real positive parameters called the reaction rate constants and
x; > 0. System (1) has a unique positive equilibrium point, which is of type center when
the parameters satisfy k1 = ko + k3 [4]. It is proven by finding a constant of motion. They
also proved the existence of a global center manifold that attracts all positive solutions.
To gain information about bimolecular networks with Hopf bifurcation, the reader should
consult the references [5-10].

An important question arises: If we perturb the parameters in system (1), how many
periodic orbits can bifurcate from the positive equilibrium point? To address this, a
technique is applied to system (1) to estimate the cyclicity bifurcating from the center.
This method was first employed in three dimensions by Salih [11]. It has since been utilized
in various scientific studies. Salih demonstrated that four limit cycles can bifurcate from
the center of the 3D Lotka-Volterra system [11]. Additionally, Salih et al. [12] applied the
technique to two differential systems, showing that one and five limit cycles can bifurcate
from the quadratic polynomial system and the Lii system, respectively. Salih et al. [13]
examined a specific type of the Jerk system, revealing that three and four limit cycles can
bifurcate from the center equilibrium point under two different sets of conditions.

This paper is organized as follows: Section 2 focuses on identifying the existence of equi-
librium points in system (1) and studying their stability. The trajectory directions in the
planes are investigated in Section 3. The next section is dedicated to the study of both
Hopf and center bifurcations. Lastly, the conclusions are presented.

2. Equilibrium Point and Its Stability

Equilibrium points are fundamental to understanding various aspects of dynamical
systems. To identify the equilibrium points of system (1), the right-hand sides of the
equations are set to zero. It is found that there is one positive equilibrium point, given

ksk kik kok
by F = 3 4,\/ ! 4,\/ 2. Through simple analysis, one can easily derive the
kiko 'V koks  V kiks

following conclusion.
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Proposition 1. For system (1), the stability of the equilibrium point E is determined as
follows:

i. It is asymptotically stable if and only if k1 > ko + k3.
1. It is a center when k1 = ko + k3.
11. It is unstable when k1 < ko + k3.
Proof. The Jacobian matrix of system (1) at the equilibrium points E is given by
0 _\/k2k3k4 \/k1k3k4
k1 ko
k1k2k4 k1k‘3k‘4 (2)
k1k2k4 k2k3k4 k1k3k4
\/ ks \/ k1 \/ ko

its characteristic equation is

M —T)N -K\-D=0, (3)

where

e T is the trace of (2) and T' = —2\/%‘;’]“4,

e K is the sum of the diagonal minors of (2) and K = k4 (ks — k1 — k),
e D is the determinant of (2) and D = —4ky\/k1kaoksky.

Since D is negative, Eq. (3) has one negative real root and two other roots that have the
same sign. As T is negative, the sign of TK + D is determined by (k1 — k2 — k3). The sign
of (k1 — ko — k3) plays an important role in determining the stability of the equilibrium
point. Thus,

i. When ky > ko + k3, it implies that TK + D > 0. According to the Routh-Hurwitz
criterion, the real parts of the eigenvalues are negative. Therefore, the equilibrium
point E is asymptotically stable if and only if k1 > ko + k3, see Fig.1-a.

ii. When k1 = k2+ k3, Eq. (3) has one real negative root and a pair of purely imaginary
roots. In reference [4], it has been proven that the equilibrium point E is of center
type, see Fig.1-b.

iii. When k; < kg + k3, it implies that TK + D < 0. In this case, Eq. (3) has two roots
with positive real parts, making the equilibrium point F unstable, see Fig.1-c.
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Figure 1: The phase portrait of system (1) is shown and the parameters ko = 3, ks = ka = 1 are fixed. (a)
when ki = 2, E is asymptotically stable. (b) when k1 = 2, E is a center. (c) when k1 = 1, E is unstable.
The green and red balls indicate the equilibrium and initial points, respectively.

3. Trajectories in Planes

This section focuses on the study of the dynamics of system (1) in the planes. To un-
derstand the dynamics of the system, the trajectories and their evolution on the planes are
investigated individually. Two of the planes, namely the x1x3—plane and the zozs—plane,
are invariant, meaning that the trajectories remain confined to them as time approaches
infinity. Moreover, along all three coordinate axes, &3 is always positive.

On the xoxs—plane, &y is always negative. The horizontal isocline, zox3 = %, is used
to determine the sign of 3. A point (x2,x3) is chosen on one side of the isocline. First,

a point on the left side is selected and xox3 = % — €, where ¢ > 0 is set. This implies

that 3 = k3e > 0. However, if a point on the other side is chosen, zox3 = % +¢€ €¢>0,
then #3 = —k3ze < 0. The x3—axis is always invariant and on the xo—axis, ©3 > 0. Now,
sufficient information has been gathered to sketch the trajectory directions of the system,
as depicted in Fig. 2-a.

On the zjx3-plane, &1 is always positive and a horizontal isocline, r1x3 = %, is
present, which determines the sign of &3. It can be easily shown that @3 > 0 on the left
side, while 3 < 0 on the other side of the isocline. The z3-axis is found to be invariant
and &3 is positive on the xi-axis. By combining these observations, sufficient conditions
for sketching the trajectory directions are derived and illustrated in Fig. 2-b.

On the ziz9-plane, it is noted that #; is always negative, while both %2 and %3 are
positive. The relations @1+ 22 = 0 and &3 = 2k, are satisfied, which implies that z1 +x9 =
¢, where ¢ € R, and x3(t) = 2k4t. Since the plane is not invariant, this information
indicates that the trajectories move with a positive slope. However, on each x; and
To-axis, 1 = 9 = 0 and &3 > 0. This indicates that near the axes, the trajectories
move upward toward the xs-axis. This information helps us predict the direction of the
trajectories.
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By integrating the information obtained from Figs. 2-a, 2-b and the xx2-plane, along
with the dynamics at infinity, the complete information in Fig. 3 is derived. This infor-
mation is useful for understanding the trajectory directions around the positive critical
point E, which can be stable, unstable or a center in different cases.

X3 X3

X >0
X3>0

X1

() = (b)

Figure 2: The trajectory directions of system (1) on the planes are shown. (a) trajectory direction on
xows—plane. (b) trajectory direction on z1x3—plane. The dotted lines indicate the isoclines.

X2

\,
Figure 3: Directions of the trajectory of system (1) in the three planes.

4. Bifurcation Analysis

Bifurcations describe significant changes in the behavior of solution curves within a
dynamical system as certain parameter values, called bifurcation values, are varied. This
section examines both Hopf and center bifurcations in system (1), emphasizing the condi-
tions under which they occur.
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4.1. Hopf Bifurcation

Consider the following dynamical system in three dimensions:

X:f(Xmu)v (4)

where X is an element of R3, f is a real analytic function and p belongs to R, serving as
the bifurcation parameter. The essential conditions for the occurrence of a Hopf bifurcation
are now presented. It is assumed that the system possesses an equilibrium point (o, o)
at which the following criteria are satisfied:

i. The Jacobian matrix J = D f(Ep, 19) possesses a unique pair of purely imaginary
eigenvalues A\(ug) and A(up), while the remaining eigenvalues are non-zero.

i, dHelMpol) 4 ¢,

Subsequently, the system defined by (4) experiences a Hopf bifurcation at the equilibrium
point (Ep, uo) [14]. System (4), satisfying the conditions above, can be transformed into
the following canonical form:

iy = —wwy + fi(z1, 72, T3; 1),
B = wrr + fo(x1, T2, 23; 1), (5)
B3 = w3 + fa3(z1, 2, 23; 1),
where w > 0, A # 0 and fi(@1,22,23;0) = > pey fF (21,22, 23;1) for i = 1,2,3 and
f¥(z1, 29, 23; 1) are homogeneous polynomials of degree k.

Proposition 2. For system (1), the Hopf bifurcation occurs at the equilibrium point E
when the parameter ki passes through ki where ki = ko + k3.

[ksk
Proof. By applying the linear transformation x; — x1 + ﬁ,m — T + z;g‘;
1R2

[kok
and x3 — r3+ ﬁ, the equilibrium point F is relocated to the origin, resulting in the
1K3

transformation of system (1) into:

[ksk
T = nsr —+ 21 (—k‘g:ﬂg + k‘lxg) ,

k1ko

[k1k
i,‘g = g + i) (k‘gl‘l — k‘gfl)g) 5 (6)

koks
. k1koky koksky k1 k3ky
r3 = — xr1 — o — 2 r3 — k1$1$3 — kg.%'gxg.

k3 k1 ko

The characteristic equation corresponding to the Jacobian matrix of system (6) evaluated
at the origin is

A3 42, /kl:ik“v — kg (k3 — k1 — ko) A + dkyg\/k1koksks = 0, (7)
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Letting k; = k7, then Eq. (7) can be rewritten as

<)\ + %\/k3k4 (w2 + 2l<:4l<;3)> (A +w?) =0,

where w = /2kgky. Clearly, Eq. (7) has two complex conjugate roots A2 = *+iw and
one real root A3 = —%\/ ksky (w? + 2k4ks). Thus, the initial requirement for the Hopf
bifurcation theorem, which is the first condition, is fulfilled. It is important to note that,
in general, A = A(k;). From Eq. (7), we can then express the relation as follows:

FA(k1), k) = <)\(k1) + %\/k3k4 (w2 + 2k:4k3)> (A2(k1) +w?).
Then, the root A = A\(k1) of Eq. (7) satisfies the following
FA(k1), k1) = 0. (8)

Differentiating Eq. (8) with respect to ky yields

of d\(k)  Of
Nk ki ok

0,
this implies that

kikok
(k) of , of k2k4<)\2+ 1k—§4>\+2k2k4)

R -
dky Oky " OA(k1) Bikoks (3ky\2 + dy/Erkokska A+ koky (ky + ko — k)
(9)
By taking the root A(k}) = A1 2(k]), we find that A\ 2(k]) = +iw. Substituting the value
of A1 into Eq. (9), we obtain:

k4w\/k3k4 (OJQ + 2k3k4)
wt + 4ksky (w2 + 216'3](54)

Thus, the second condition for a Hopf bifurcation is met. Consequently, at E, system (1)
undergoes a Hopf bifurcation when k; = k7.

d
df]ﬁRe(Aw(’fl))lkl:kr =

It is straightforward to determine the Lyapunov coeflicients corresponding to system
(6) at k; = k. Since the equilibrium point is a center, the k—th Lyapunov coefficients
vanish for all k at kf [15]. Therefore, by the Lyapunov theorem, system (1) exhibits a
vertical Andronov-Hopf bifurcation as ki passes through £7.

4.2. Center Bifurcation

Research in bifurcation theory currently focuses on the bifurcation of limit cycles from
critical points. A limit cycle can be achieved by perturbing a focus or center. A widely used
method is center bifurcation, which helps estimate cyclicity and examine the bifurcation
of limit cycles from the center (see [16] and [17]). Here, we consider system (5). The set of
all parameters in f;(x1,x9,x3) for i = 1,2,3 is denoted by A and K is the corresponding
parameter space.
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4.2.1. A Technique to Examine the Cyclicity

This subsection describes a technique used for analyzing cyclicity. As previously noted,
Christopher [18] explored a method for analyzing cyclicity bifurcating from a center in
two-dimensional systems by linearizing the Lyapunov quantities. Salih [11] extended this
approach to three-dimensional systems to estimate the cyclicity of the center, applying
it for the first time to three-dimensional Lotka-Volterra systems. The technique used
to estimate cyclicity in three-dimensional differential systems can be summarized in the
following steps:

(i) Select a point on a center variety.
(ii) Linearize the Lyapunov quantities around this point.

(iii) Determine the codimension of the point. If the codimension of the selected point
on the center variety is r and the first r linear terms of the Lyapunov quantities are
linearly independent, then the cyclicity is » — 1. This means that r — 1 limit cycles
can bifurcate from a small perturbation.

Defining the Lyapunov function and computing its focal values is a traditional approach
to assess the number of limit cycles and their stability. This method involves looking for
a function of the following form:

[e.e]
F(x1,x9,x3) ::E%—Fa:%-i-ZFk(:El,?Cz,st% (10)
k=3

where Fj, = Z?:o Zz':o C;C_Z-,i_mxlf*ix;jxg for system (5) and the coefficients of F}, sat-
isfy

X(F) = Li(22 4 22) + Lo(2? + 23)* + Ly(a? + 23)° + ..., (11)

where L;,i = 1,2, .. are polynomials in the parameters of the system and the L; is called
the i—th Lyapunov constant (focal value). To explain the technique in greater detail, it is
assumed that the center critical point of (5) corresponds to 0 € K, using a perturbation
method in the parameters. This can be written:

X=X +X+X+ ..,
F:Fo—i-Fl—l-FQ—i-..., (12)
L; =L+ Lij1 + Lio+ ..., 1=1,2,...,

where Xy, Fy and L;y are calculated at the unperturbed parameters, X, F; and Lq; are
obtained at a perturbed parameters of first order (they contain the terms of degree one in
A), Xy, F» and Lo, are obtained at a perturbed parameters of second order (they contain
the terms of degree two in A) and so forth. The Lyapunov function F; and the Lyapunov
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quantity L; are both of degree i in terms of parameters. By substituting Eq. (12) into
Eq.(11), we obtain:
XoFy =0, XoFy+ X Fy = Ly (2% + 23) + Lop (23 +23)* + ... |

(13)
XoFy + X1 F) + X Fy = Lu(-ﬁ% + x%) + LQQ(JT% + .7}%)2 —+ ...

and more general,
X()FZ—}—+XZF0:L11($%+ZE%)+L21(JJ%+$%)2+ ,i: 1,2,3,... (14)

The linear terms of the Lyapunov quantities Ly (modulo the L;,i < k) can be obtained
by simultaneously solving the two equations in (13) using linear algebra. Eq. (14) is then
used to derive the higher-order terms of the Lyapunov quantities.

4.2.2. Cyclicities Bifurcated from the Center Equilibrium Point

3 1

To apply the above technique, we choose point (k1, k2, k3, k1) = (3, 5,1, 1) on center variety

and let

3
k‘1=§+a1+a2»

ko = % + b1 + bo,
ks=1+4¢c¢1+c2 and (15)
ks =1+dy +da
are defined where a1, b1, c1,d; and as, ba, c2, dy are parameters introduced by perturbation
in the system of first and second order, respectively. Therefore, the unperturbed vector

field Xy, the first-order perturbed vector field X} and the second-order perturbed vector
field Xy are defined as follows:

1 0 1 0
X:7<233>3— 2 4z —2( 3)—
0 6 \[—i- €1 ( xs .%'2) 911 + 5 (Z’l x3> T2 + \[ s
1 0
— 6 <3\/§ xr1 + 2\/§x2 + 12\/§$3 + 92123 + 6$2$3> 87,
€3
0
X = (eawe + e3x3 — biz1xe + a1x123) — + (€171 — e3x3 + bir1T2 — C1X2X3) —
8.7}1 81‘2
0
+ (e2wo — 2e3x3 — a12123 — C122%3) 5—,
81‘3
0
Xo = (faza + f3w3 + asw123 — box1w2) m— + (fiz1 — f3w3 + baw172 — Co223) —
0.291 3.7}2
0
+ (foza — 2f323 — agx123 — Caxaxy) D’ (16)
€3
where
3 3 3
e = \g (2(11 + 6b1 — 3c1 + 3d1) , €2 = \1/; (2(11 —6b1 — 3c1 — 3d1) , €3 = \6[ (2&1 — 6b1 + 3c1 + 3d1) R
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3
h= 1\21( 462 + 24b1a; — 12a1¢1 + 12a1d; — 36b2 — 36byc + 36bydy + 27¢2 — 18¢1dy
: ﬁ
—9dy + 24as + 72by — 36¢2 + 36d2), f2 = (4%+8hm+4mq+4mm+1%l

-12b1c1-12b1d14—3c§-6c1d1+—3d%+—8a2-24b2-12cQ-12d2) and

3
f3 = \,7/;< 40,1 — 24bia1 + 12a1¢1 + 12a1dy + 108b16 — 36b1c; — 36D1d1 — 96% + 18c1d;

— 9d1 + 24a9 — T2by + 36¢o + 36d2).

The main result regarding the bifurcated limit cycle from the center equilibrium point,
using the technique described above, is the following theorem.

Theorem 1. For system (1), when ki = ko + ks, using first-order perturbation, only a
single limit cycle can bifurcate from the equilibrium point at E.

Proof. Instead of analysing system (1) at E, system (6) is examined at the origin.
Using the linear transformation

-2v3 -2 -1/6
X=PY,P=|2/3 -3 1/4]|, (17)
0 1 5/12

where X = (x1,22,23), Y = (x,y, 2), the linear part of system (6) at the origin can be
written in the real canonical form as

0 —1 0
1 0 0
0 0 —-2v3

and the new system is given by

Vi, 5V VB

i=—y— V32 +ay+ —— 13 +ﬁ +3@z
, 5v/3 3 5 25
= - — — 1
y=x+V3zy+ 5 a:z+13y +26 +624Z’ (18)
180 72 5
35— _9 YR Syr - 2
V3z 4+ —— Yt 3V 5y

The transformation described in Eq. (17) is applied to the first order perturbed vector
field component of system (6), leading to the following results:

3 3 1
T = de; + 15eq) x — £(861 — 45e9 + e3)y — £(8€1 + 45e9 + Se3)z + —

! ( (
13 78 936 13
1 3

+ —156(15611 — 65b1 + 10¢q)xz + \7/8?;(3611 —2¢1)yz — 2V/3b, 22 + \g(al +13b; — cl)y2

3ay + 13by + 2¢1)zy
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+ 18@(5@ 13by + 5eq) 22,

Y= \1/35(561 deg)x + 13(561 + 6eg —e3)y + E(S(il — 6eay — Hes)z + f@al +2¢1)zy
+ 57\8[(3@ + 2¢1)xz —|— (3a1 —2c1)yz + 163(a1 —e)y? + 35@(&1 + o),

e 121\3/3(61 ~Gez)z - %3(1261 +108ez + 60e3)y — 113 (e1 — 9ez + 25e3)z + 241\3/5(%1 — 3c1)zy
+ MQ(M —3c1)zz + 12(20L1 +3c1)yz + — 12 (da1 + 9¢c1 )y + i(4a1 —90y)22

13 13 13 156

(19)

Now, the unperturbed Lyapunov function, Fy, and the first-order perturbed Lyapunov
function, F}, are defined by:

N &k
F = ZZ Dy i—jja™ iy 29 (20)

where N > 3. It is easy to show that the Lyapunov function, Fy, of Eq. (18) is satis-
fied by XpFp = 0. Using the computer algebra package MAPLE, the following linearly
independent terms of Lyapunov quantities are given by Eq. (13):

(i) L1 = —22 (1401 — 54by — 9¢1 — 15d,).

(ii) Lot = 2¥2(2254a1 — 4534b; — 1969¢; — 855d, ).

The origin of system (6) is weak focus of order one if and only if

1
a] = ﬁ(54b1 +9c¢1 + 15dy). (21)

Since the Jacobian of L1 and Loy with respect to a1 and by is non-zero, it indicates that,
by suitable perturbation of the coefficients of the Lyapunov quantities, only one limit cycle
can be bifurcated from the equilibrium point E of system (1) in the neighborhood of that
point.

If we take b1 = ¢; = d; = 0.1 as a numerical example, then from equation (21), w
obtain a; = % and a limit cycle is observed from the first-order perturbation. From F ig.
4, we note that the blue trajectory moves inward toward the equilibrium point, while the
red trajectory moves outward. This predicts that there may be a limit cycle located in
a region between the two initial points, although determining the existence of the limit
cycle is not an easy task.
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30

Figure 4: The phase portrait of system (1) around the positive equilibrium point is shown. The red and green
balls indicate the equilibrium point and the initial points, respectively.

It is also observed that applying the second-order perturbation in Eq. (14) does not
change the outcome regarding the number of perturbed limit cycles, which remains one.

Understanding the uniqueness of the limit cycle in bimolecular mass-action systems has
important implications for chemical reaction dynamics and computational chemistry. This
framework enhances our comprehension of chemical behavior under varying conditions,
aiding in the prediction of real-world reaction outcomes. Additionally, these findings
can improve computational models, enhancing the accuracy of simulations for complex
chemical networks. By connecting theory with practical applications, this research fosters
a deeper understanding of chemical systems and supports future advancements in the field.

5. Conclusions

In this paper, the smallest bimolecular mass-action system exhibiting a center equi-
librium point is studied. It has previously been shown that when a key reaction rate
parameter ki satisfies k1 = ko + k3, the positive equilibrium point was classified as a
center and a vertical Andronov-Hopf bifurcation was observed. The novelty of this re-
search lies in determining how many limit cycles can bifurcate from the center equilibrium
point. Using a perturbation technique, the number of limit cycles bifurcating from the
center equilibrium point is estimated and it is concluded that only one limit cycle can
emerge. These findings enhance the understanding of the dynamics of bimolecular reac-
tion networks and provide a foundation for further research on the bifurcation behavior of
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complex chemical systems. The presence of the limit cycle is important because it offers
valuable insights into the stability and behavior of chemical reaction networks, forming
a foundation for comprehending more complex systems. Future studies could focus on
higher-dimensional mass-action systems, which might display more complex bifurcation
patterns. Furthermore, examining the implications of these results in practical chemical
processes and integrating them into computational models could deepen our understanding
and application of dynamical systems in chemistry.
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