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Abstract. Fuzzy group theory has evolved beyond single-valued memberships to account for dual
polarity and uncertainty. Building on Dib’s fuzzy space and bipolar-valued fuzzy sets, we develop
a unified algebraic theory of bipolar-valued fuzzy (BVF) subgroups, including BVF normal sub-
groups and BVF homomorphisms, via a BVF binary operation (BVFBO) on a BVF-space. We
establish necessary and sufficient subgroup criteria, characterize normality through coset symmetry
in BVF-space, and prove homomorphism properties that align BVF structures with their classical
counterparts through correspondence theorems. The framework clarifies when associativity holds
between subgroup elements and ambient BVF-group elements and provides constructive examples.
This generalization resolves limitations tied to the absence of a bipolar fuzzy universal set and
supports applications in polarity-sensitive decision systems and network analysis.
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1. Introduction

The theory of fuzzy groups, first formulated by Rosenfeld [1], marked a foundational
shift in algebraic systems by incorporating uncertainty into group membership. His sem-
inal work defined fuzzy subgroups using a single-valued membership function ranging
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within the interval [0, 1], laying the groundwork for fuzzy algebraic structures. This con-
cept was later refined by Anthony and Sherwood [2], who introduced triangular norms to
achieve more flexible and expressive formulations.

A major breakthrough came from Dib [3, 4], who proposed the concept of a fuzzy
space (F-space) to replace the classical universal set. Dib’s framework redefined fuzzy
groups through fuzzy binary operations acting on elements of this F-space, effectively
overcoming limitations of earlier models. His fuzzy topological space enabled a more
coherent foundation for defining fuzzy group structures and operations.

In parallel, Salleh [5] initiated work on fuzzy homomorphisms, followed by the devel-
opment of intuitionistic fuzzy groups by Marashdeh and Salleh [6], and their extension
to intuitionistic fuzzy normal subgroups [7]. These models added nuance by capturing
degrees of hesitation in membership but did not fully accommodate negative evaluations
inherent in many real-world systems.

The formal introduction of bipolar-valued fuzzy sets (BVFS) by Lee [8], and later ex-
panded by Lee, Lee, and Cios [9], enabled the representation of both negative and positive
membership grades via a Cartesian domain [—1,0] x [0, 1]. This duality provided the nec-
essary framework to model conflicting or opposing characteristics in algebraic structures.

Expanding these ideas, recent work by Al-Zu’bi et al. [10, 11] introduced bipolar-valued
fuzzy groups (BVF-groups) and formalized bipolar-valued fuzzy Cartesian products, re-
lations, and functions. These advancements, built on Dib’s algebraic philosophy, laid the
groundwork for a more robust bipolar-valued fuzzy universe that supports richer algebraic
properties.

Contemporary research highlights a growing demand for such dual-polarity fuzzy sys-
tems. For instance, Akram et al. [12] proposed multi-criteria decision-making models
based on BVF sets. Al-Quran et al. [13] applied cubic bipolar fuzzy sets in VIKOR and
ELECTRE-II algorithms to optimize logistics in Industry 4.0. Gutiérrez et al. [14] ex-
plored BVF measures for community detection in enriched social networks. Algahtani et
al. [15] advanced hesitant BVF intuitionistic fuzzy graphs for social media analysis, while
Mahmood et al. [16] demonstrated applications of BVF soft sets in pattern recognition
and healthcare.

Further generalizations include bipolar fuzzy subgroups [17], BCK/BCI-algebras [18,
19], g-fuzzy and interval-valued bipolar subgroups [20, 21], fuzzy subsemirings [22], BCH-
algebras [23], and vy-semigroups under BVF frameworks [24]. New structural models such
as m-polar ideals [25], k-folded n-structures [26], and BVF soft sets [27] continue to expand
the field’s boundaries. Notably, Massa’deh et al. [28] have introduced concepts such as anti-
homomorphisms and BVF multi-fuzzy subgroups, bridging theory with complex functional
systems.

In this paper, we extend these developments by proposing a complete theory of bipolar-
valued fuzzy subgroups (BVF-subgroups), and further advancing the structures of BVF-
normal subgroups and BVF-homomorphisms. Our approach preserves classical group
axioms while adapting them to the dual-valued BVF context.

Our contributions are threefold:
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(i) We define and characterize BVF-subgroups using the BVF-space and bipolar-valued
fuzzy binary operation (BVFBO).

(ii) We formulate BVF-normal subgroups and BVF-homomorphisms, demonstrating
consistency with classical and intuitionistic subgroup theory.

(iii) We establish algebraic theorems that validate associativity, structural generalization,
and compatibility with fuzzy group frameworks.

This expanded BVF-subgroup theory is not only mathematically rigorous but also
aligns with complex real-world contexts that involve positive and negative evaluations.
Applications span control systems influenced by conflicting dynamics, decision-making
scenarios with trade-offs, and medical diagnosis where symptoms have both enhancing
and deteriorating effects [12, 16, 27].

Our contribution expands on recent studies that introduced BVF groups and bipolar-
valued fuzzy Cartesian relations, providing a comprehensive algebraic system. We prove
that not every BVF-subgroup is associative and establish theorems connecting BVF-
subgroups to their fuzzy and intuitionistic counterparts. The proposed generalization has
practical relevance for applications in decision-making, intelligent systems, and control
theory, where positive and negative valuations must coexist in algebraic reasoning.

The remainder of this paper presents a comprehensive theoretical formulation of BVF-
subgroups. We begin with the necessary background, proceed with formal definitions and
proofs, and conclude with theoretical discussions and implications that bridge abstract
fuzzy logic and applicable mathematical systems.

1.1. Related Work

The evolution of bipolar-valued fuzzy algebraic structures has been shaped by multiple
foundational studies. Anitha et al. [17] first introduced the concept of bipolar fuzzy
subgroups, laying the groundwork for understanding subgroup properties within a dual-
valued logic framework. Building on this, Saeid [18] and Lee [19] expanded bipolar-valued
fuzzy concepts to BCK/BCl-algebras, enabling algebraic reasoning in more general logical
structures. Similarly, Balasubramanian et al. [20] examined bipolar interval-valued fuzzy
subgroups, which accommodate uncertainty in both positive and negative evaluations.

Further structural generalizations have been introduced by Shanmugapriya and Arju-
nan [22] who investigated bipolar fuzzy subsemirings, and Jun and Song [23] who applied
bipolar fuzzy sets to the closed ideals and subalgebras of BCH-algebras. These efforts
collectively demonstrate the expanding utility of bipolar-valued logic in algebraic systems.
The notion of g-fuzziness was also extended into the bipolar domain by Sahaya et al. [21],
who defined bipolar-valued g-fuzzy subgroups, providing additional flexibility and gener-
alization.

From an application standpoint, recent studies underscore the versatility of bipolar
fuzzy systems. Al-Masarwah et al. [25] introduced m-polar fuzzy ideals in BCK-algebras,
while also developing k-folded n-structures in semigroups [26], enriching the algebraic
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foundation for multipolar decision systems. Alqaraleh et al. [27] proposed applications of
bipolar complex fuzzy soft sets, particularly in decision-making contexts, while Massa’deh
et al. [28] investigated homomorphisms and anti-homomorphisms in multi fuzzy HX-
subgroups, thereby extending functional operations in bipolar fuzzy algebra.

Additional interdisciplinary contributions offer further support for the practical reach
of fuzzy systems. Manavalan et al. [29, 30] and Damrah et al. [31, 32] apply neutrosophic
and fuzzy-set extensions to real-life decision-making, cybersecurity, and epidemiological
modeling. Firouzkouhi et al. [33] employed generalized fuzzy hypergraphs for link predic-
tion and influencer detection in dynamic social networks, demonstrating the power of fuzzy
logic in complex relational environments. Similarly, Damrah et al. [34, 35] explored fuzzy
mathematical modeling in energy-efficient drilling and well design validation, illustrating
how fuzzy algebra can inform industrial and environmental challenges.

Further generalizations include a new structure of hesitant fuzzy relations by Talafha
et al. [36],an investigation into bipolar fuzzy hoop algebras and their applications [37],
and axiomatic analysis of state operators in Sheffer stroke BCK-algebras associated with
algorithmic approaches [38]. Our BVF framework generalizes Rosenfeld’s fuzzy subgroups
via dual polarity and BVF-space semantics; we explain when they coincide (via correspon-
dence) and when BVF adds expressive power.

These contributions collectively demonstrate a vibrant and evolving field that bridges
theory and application. The current study builds upon these insights by advancing a uni-
fied framework for BVF-subgroups, BVF-normal subgroups, and BVF-homomorphisms,
offering both structural clarity and practical applicability across complex, polarity-sensitive
domains.

1.2. Comparative Overview of Previous Studies and Present Work

The following Table 1 summarizes the key distinctions and innovations of the present
study compared to earlier works in the field of bipolar-valued fuzzy algebra.
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Table 1: Comparison of the Current Study with Previous Works

Study Main Con- | Fuzzy Struc- | Mathematical| Advancement
tribution ture Type Focus over Previ-
ous Work
Rosenfeld Introduced Fuzzy set Group theory | Laid the
(1971) [1] fuzzy sub- foundational
groups concept of
fuzzy groups
Dib (1994)[3]; | Proposed Fuzzy space Algebraic Reframed
Dib and | fuzzy space topology, fuzzy  groups
Youssef (F-space), structure on a topologi-
(1991) [4] fuzzy  binary cal space
operations
Lee (2000, | Formalized Bipolar-valued | BVFS  struc- | Expanded
2001) [8, 9] bipolar-valued | fuzzy set ture, compari- | fuzzy = mem-
fuzzy sets son bership to
[—1,0] x [0,1]
Anitha et al. | Studied BVF- | Bipolar-valued | Subgroup the- | First attempt
(2013) [17] subgroups fuzzy set ory to apply BVF
structurally to  subgroup
structure
Current Study | Develops a | Bipolar-valued | Algebraic Unified, topo-
complete the- | fuzzy space structure, ho- | logical, and
ory for BVEF- momorphism, dual-valued
subgroups, generalization | group theory
normal  sub- in one frame-
groups, and work
homomor-
phisms using
BVFBO on
BVF-space.

2. Preliminaries

In this section, we recall some of the fundamental concepts and definitions required in
the sequel.

Definition 1 ([9]). An intuitionistic fuzzy set A in a universe U is defined by a mem-
bership function pa : O — [0,1] and a non-membership function vq : U — [0,1] such
that

0<pa(z)+rva(x) <1 forallxeO.

Definition 2 ([8]). A bipolar-valued fuzzy set A in a universe U is defined by a mem-
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bership function pa : O — [—1,1], which can represent positive and negative membership
degrees:

o pa(x) > 0: The extent to which x is positively part of A.
o pa(x) <0: The degree to which x is negatively part of A.

Remark 1 ([8]). (BFS vs. BVFS). In a bipolar fuzzy set (BFS) one typically models
two components p~ (), ut (z) € [0,1] describing the degree to which x satisfies a property
and its counter-property.

In a bipolar-valued fuzzy set (BVES) a single membership map p(z) € [—1,1] carries
both directions: positive values indicate positive membership and negative values indicate
negative membership.

Our BVF-space adopts the latter representation (with explicit positive/negative chan-
nels when convenient) and the BVFBO acts compatibly on [—1,0] x [0, 1].

Definition 3 ([22]). A bipolar-valued fuzzy set A is called a bipolar-valued fuzzy sub-
semigroup in a semigroup S if
pa(x-y) > min (pa(z), paly)) for allz,y € S.

This guarantees that the characteristics of the subsemigroup are maintained within the
fuzzy framework.

Definition 4 ([1]). Rosenfeld expanded the idea of fuzzy sets to group theory through the
introduction of fuzzy subgroups. A fuzzy subset A in group G is termed a fuzzy subgroup
when:

(i) pa(x-y) 2 min (pa(x), paly)) for all z,y € G,
(ii) pa(e) =1 where e is the identity element of G,
(i4i) pa(z™) = pa(x) for all z € G.
These conditions ensure that the fuzziness respects the group structure.

Definition 5 ([4]). A fuzzy relation R between sets U and Y is a fuzzy set in the Cartesian
product X XY with a membership function ur : 6 xY — [0, 1].

Definition 6 ([4]). A fuzzy function from a fuzzy set A in U to a fuzzy set B in'Y is
a function f : O — Y such that the membership value of f(x) in B is related to the
membership value of © in A.

Definition 7 ([3]). A F-space (U,1 = [0,1]) is the set of all ordered pairs (x,I),z € U,
(0, I) ={(z,I) : x € B} where (x,I) = {(z,r):r € I}. The ordered pair (x,I) is called a
fuzzy element in the F-space (U, I).
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Definition 8 ([3]). A fuzzy group ((U,I),F) is called a commutative or abelian fuzzy
group if (z,I)F (y,I) = (y,1) F (z,I), for all fuzzy elements (x,I) and (y,I) of the F-
space (G,I). 1t is clear that ((O,1),F) is a commutative fuzzy group iff (O, F) is an
ordinary commutative group.

Definition 9 ([6]). An intuitionistic fuzzy binary operation (IFBO) F on an intuitionistic
fuzzy space (IF-space) (U, 1, 1) is an intuitionistic fuzzy function F : (G, 1,1) x (G, I1,1) —
(O, 1,1) with comembership functions Lvy and cononmembership functions f,, satisfying:

(1) pr(T’S) #0iffr #0,5s#0 (md?xy(w,z) #1iffw#1,2+#1.
(2) Lgy and f,, are onto. That is, ixy(I xI)=1 and f,,(I x I) = I, where I = [0,1].

Thus, the intuitionistic fuzzy binary operation F = (F, ixy,fxy) over the IF-space O
is defined by:

(3) (x.1.D)F(y,1,1) = F((x,1,1),(y, 1, 1)) = (F(z,y), [, (Ix]), fo, (Ix])) = (F(,y),1,1)

where (x,1,1), (y,I,I) of the [F-space X are mtmtwmstzc fuzzy elements (IF-element),
and F = (F,Lﬂy fxy) is any IFBO defined on an IF-space U.

An IFBO is identified to be uniform if both pr and fmy are identical. That is, pr =

?my = f for all x,y € V. A left uniform (right uniform) IFBO is IFBO having identical
comembership functions (co-nonmembership functions).

Definition 10 ([6]). The structure of ((G,I,I),F), where IF-space G and I = [0,1],
with IFBO F defined on IF-space G, is called an intuitionistic fuzzy group (IFG) if the
following conditions are fulfilled:

(1) For any IF-element (x,I,1),(y,I,1),(z,1,1)€ ((G,I,I),F),
((, D F(y, I, D)F (2,1, 1) = (x, [, )F((y, I, ) F(z, 1, 1)).
(2) There exists an IF-element (e, I, 1) € (G, I, 1) such that for all (z,I1,1) in ((G,1,1),F):

(e, [,1)F(x,I,I)= (z,I,I)F(e,I,I)=(x,1,1).

(3) For every IF-element (x,1,1) in ((G,1,1),F) there exists an IF-element (x~1,1,1)
n (G,1,I),F such that:

(,I,)F(z~ ', 1,I) = (7, [,1)F(x,I,1) = (e, I, 1).
An IFG ((G,1,1), F) is called an abelian IFG iff for all (x,1,1),(y,1,I) € ((G,I,I),F),

(x, I,T)F(y,I,I) = (y,I,I1)F(x,1,I) is true.
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Definition 11 ([11]). The BVFCP of two ordinary sets U and V, denoted by UXV, is

the collection of all K-BVF subsets of U x V' that is
UxXV = KWUxV),
An element of UXV s then a function M : U xV — K, or
M = {((,0), [(67, %), (9, 9)]) : (w,0) € U x V, [(57,6%), (97, 9)] = M(u,v) > K.

The BVFCP of a BVF subset H = {(u,(67,8"))} of U and a BVF subset T = {(v, (9~,91))}
of V is the K-BVF subset HXT of U x V defined by:

HxT = {((u,v), (H " (u), H (w)), (T~ (v), T"(v))) :uw € Uyw € V} = {((u,v), ((6,67), (97,97)))}-
Therefore, HxT is an element of UxV,VH € WY and VT € WV.

Definition 12 ([11]). A BVFR 8 maps U to V is a subset of the BVFCP UXV . In other
words, B is a member of K-BVF subsets M : U xV — K. A BVFR from U to U is said
to be a BVFR in U.

Definition 13 ([11]). Let 51 and B2 : U — V to V be two BVFRs. We call that B2 is
containing (1, denoted by B1 C B2, if and only if when

((u,0),((07,0%),(97,97))) € H € B,
there exists B € B9 such that

((u,0),((07,07),(97,97))) € T € fo.
If B1 C B2 and B2 C B1, then B1 and By are equal, that is f1 = Pa.

Definition 14 ([11]). Let 3:U — V be a BVFR. The inverse of = 71 : V — U is the
BVFR defined by
Bt={M1t: M e B}

Definition 15 ([11]). Let 5: U — V and v :V — Z be two BVFRs. The composition of
B and 7y, denoted yo B :U — Z, is a BVFR defined by

yoB= ((u,2),((67,0"),(a",am)))eM: M cUXZ.
Where a K-BVF subset M € UXZ is defined by:
((u,2),((67,07),(a",a"))) € M
if and only if
(v, (9~,97)) € V x W such that
((w,0), ((67,07), (97,97))) € A

and

((v,2), (07,97),(a",a"))) € B
for some B and B € ~.
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Definition 16 ([11]). Let 5 be a BVFR in U, i.e., 8 C UxU. Then:

(i) B is called reflexive in U if and only if Vu € U and ¥(6—,0%7) € W, IH € 3 such
that

((u,w), ((67,87),(67,67))) € H € B,
that is, if and only if Ay C B.

(ii) B is called symmetric if and only if whenever
((u,0), ((67,0%),(n",nT))) € H € B,

dH € p such that
((v,u),((n",n"),(67,0%))) € T € B,

that is, if and only if 5~ = f.
(iii) B is called transitive if and only if whenever
((u,0),((67,67),(97,97))) e Hep

and

((0,2), (07, 07), (@, a™))) €T € B,

dC € B such that
((u,2),((67,0%),(a7,a™))) € C € B,

that is, if and only if Bo S C 5.
A BVFR in U is called a BVFER in U if and only if it satisfies all three axioms above.

Definition 17 ([11]). Let U and V' be nonempty sets. A BVF function from U to V can
be described as a function F' from WY to WV characterized by the ordered pair

(FA(ful67), ful(6)) }uev),
where F' : U — V is a function from U to V and {(fu,(67), fu(0T)) }uer is a family of

functions

(ful67)s fu(0F)) : W = W
that satisfy the following conditions:

i. fu(067), fu(6T) are nondecreasing on W, and
i. fu(0-=0)=0= fu(5+ =0), fu(d” =-1)= -1, and fu(5+ =1) =1

Definition 18 ([10]). An bipolar valued fuzzy binary operation F on a BVF-space (U, [—1,0], [0, 1])
is a bipolar valued fuzzy function

F:(U,[-1,0],]0,1]) x (G, [-1,0],[0,1]) — (U, [-1,0],]0, 1])

with negative comembership functions fg, and positive comembership functions f;& satis-
fying:
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(1)
Joy(n7om™) #0 <= n~ #£0, m~ #0

fx_y(w_vz_)?é_l — w #£-1, 2z #-1
fmy(n m)#0<:>n+?éo m+7é0
Pt et £ = wh £1 2T #£1

Ty

(2) ([f‘,;y,]f‘,zj are onto. That is, f.,([-1,0] x [=1,0]) = [~1,0] and f,([0,1] x [0,1]) =
0,1].

Thus, for any two BVF-elements (x,[—1,0],[0,1]), (y,[—1,0],[0,1]) of the BVF-space
U and any BVFBO F = (F, f@,f%) defined on U, the action of the BVFBO F over U is
given by

(z,—1,1) F(y,—1,1) = F((=, [—170],[0 1]) (y,[=1,01,[0,1]))
(F(z,y), [-1 0] [0 1)).

Definition 19 ([10]). (Classical BVF group). A BVF-group ((G,[-1,0],[0,1]), F)
consists of a set G and a BVF binary operation F' on the BVF-space such that:

(i) associativity holds in the BVF sense;
(ii) there exists a BVF identity;
(i7i) each BVF element has a BVF inverse.

This aligns with the classical group axioms under the correspondence between BV F-elements
and their positive/negative components.

Definition 20 ([10]). For all BVF-elements have an inverse, a bipolar valued fuzzy
monoid is called a bipolar valued fuzzy group. Equivalently, a bipolar valued fuzzy groupoid
(G,[-1,0],[0,1], F) is a BVF-group iff the following restrictions hold:

(1) For any BVF-elements
(x7 [_170]7 [07 1])7 (y7 [_170]7 [07 1])7 (Zv [_17 0]’ [07 1]) € (Gv [_17 0]7 [07 1]7 F) :

((l‘, [_17 0]7 [07 1])F(y7 [_1’ 0]7 [07 ”))F(z’ [_1’0]’ [07 1])
= (xv [_17 0]7 [07 1])F((yv [_17 0]? [07 1])F(Za [_170]7 [Ov 1]))
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(2) There exists a BVF-element
(67 [_170}7 [07 1]) S (G7 [_170]7 [07 1])

such that
for all (z,[-1,0],0,1])in(G,[-1,0],[0,1], F) :

(6’, [_170]7 [O’ 1])F($7 [_13 0]7 [07 1]) = ($7 [_170]7 [O’ 1])F(€, [_17 0]> [Oa 1]) = (l‘, [_1’0]7 [07 1])

(8) For every BVF-element
(, [=1,0, [0, 1])in(G, [-1,0], [0, 1], F),
there exists a BVF-element
(™', [-1,0],[0,1])in(G, [-1,0],[0,1], F)

such that:
(.73, [_17 0]7 [07 1])F(.%'71, [—170], [07 1])

= (x717 [_170]7 [07 1])F(‘T7 [_17 0]7 [07 1]) = (ev [_17 0], [07 1])

A BVF-group ((G,[—1,0],]0,1]), F) is named an abelian BVF-group if and only if for
all (l’, [_17 0], [07 1])7 (Z/, [_17 0], [07 1]) € (<G7 [_170]’ [07 1])7 F)7

(x7 [_1’0]7 [07 1])F(ya [_17 0]’ [07 1]) = (y’ [_1)0]7 [0’ 1])F(xv [_17 0]) [07 1])

Identical to the bipolar valued fuzzy groupoid, the following theorem establishes a rela-
tionship between BVF-groups and both ordinary and fuzzy groups.

Theorem 1 ([10]). (1) Associated to each bipolar valued fuzzy group ((G,[—1,0],[0,1]), F)
where F = (F, [, f,) a fuzzy group ((G,[0,1]),F) where F = (F, f,) which is iso-
morphic to the bipolar valued fuzzy group ((G,[—1,0],[0,1]),F) by the correspondence
(z,[-1,0],[0,1]) +> (=,[0,1]).

(2) There is an associated (ordinary) group (G, F) to any bipolar valued fuzzy group
((G,[-1,0],[0,1]), F) that is isomorphic to the bipolar valued fuzzy group via the corre-
sponding (z,[—1,0],]0,1]) <> x.

Corollary 1 ([10]). Let (G,[-1,0],[0,1]) be an BVF-space and let F = (F, f,, f.!,) be an
bipolar valued fuzzy binary operation defined over (U, [—1,0],[0,1]). The algebraic structure
((0,[-1,0],[0,1]), F) defines an BVF-group iff ((G,[0,1]), F) and ((5,[0,1]), F) are both
fuzzy groups, where F= (F, f}) and F = (F, | fayl)-

Theorem 2 ([10]). For any BVF-group ((G,[—1,0],[0,1]), F), the next statements are
true:
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o The identity of element of BVF-group is unique.
e The inverse of each BVF-element (x,[—1,0],[0,1]) € ((G,[-1,0],[0,1]), F') is unique.
()", [=1,0],0,1]) = (2, [~1,0], 0, 1]
For all (z,[-1,0],[0,1)), (y,[-1,0],[0,1]) € ((G,[-1,0],[0,1]), F):

((I‘, [*1,0], [Ov 1])F(ya [*17 0]’ [O’ 1]))_1 = (y_l’ [*170]7 [O’ 1])F($_1a [*1’ 0]7 [Oa 1])

e For all (x, [_170]7 [07 1])7(y7[ 170]7 [07 ”)7(27 [_1’0]7 [07 1]) € ((G’[ 1 O]v[ ]) F)
If (2, [=1,0], [0, 1)) F(y, [-1, 01, [0, 1]) = (2, [=1,0], [0, 1]) ' (y, [1, 0], [0, 1]), then
(Z‘, [_170]7[07 1]) = (Z,[ L, ] [07 ])

If (yv [_170]7[07 1])F($7[ 1 0] [O 1]) ( [ 170]7[07 1])F('Z’ [_170]7[0’ 1])7 then
(.CC, [_170]7 [07 1]) = (2,[ ] [07 ])

3. BIPOLAR VALUED FUZZY SUBGROUPS

In this part, the bipolar valued fuzzy subgroup is introduced and related results are
studied. Also, the bipolar valued fuzzy subgroups are induced by bipolar valued fuzzy
subsets and then a relationship between bipolar valued fuzzy subgroups and classical
fuzzy subgroups in terms of induction is demonstrated.

Definition 21. Let S be a bipolar valued fuzzy subspace of the bipolar valued fuzzy space
(G,[-1,0],[0,1]). The ordered pair (S;F) is called a bipolar valued fuzzy subgroup of the
bipolar valued fuzzy group (G,[—1,0],[0,1]), F'), denoted by

(S; F) < (Gv [_170]’ [07 1])aF)7

if (S; F) states a bipolar valued fuzzy group under the bipolar valued fuzzy binary operation
F.

Clearly, if (S; F') is a bipolar valued fuzzy subgroup of (G,[—1,0],[0,1]), F) and (N; F)
is a bz’polar valued fuzzy subgroup of (S; F'), then (N; F') is a bipolar valued fuzzy subgroup
of (G,[-1,0],10,1]), F). Also, if (G,[—1,0],[0,1]), F') is a BVF group with a BVF identity
(e,[— 1,0],[ ,1]), then both {(e,[-1,0],[0,1])} and (G,[-1,0],[0,1]), F) are trivial bipolar
valued fuzzy subgroups of (G,[—1,0],[0,1]), F).

The next theorem explains exactly when a bipolar-valued fuzzy subgroup exists, giving
both necessary and sufficient conditions.

Theorem 3. Let S = {(z,s;,s]) : & € So} be a bipolar valued fuzzy subspace of the bipolar
valued fuzzy space (G,[—1,0],[0,1]). Then (S;F) is a bipolar valued fuzzy subgroup of the
BVF Group ((G,[-1,0],[0,1]), F) if and only if:

(1) (So; F) is an ordinary subgroup of the group (G, F),
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(2)
f;y(sg,s;) = Sy foySy = 82 Py~ ,and f;&(si,s;) +f;;, si = s, Fy" (1)
forall x,y € S,.

Proof. Suppose (1) and (2) are satisfied, then:
(i) (Closeness condition) The bipolar valued fuzzy subspace S is closed under F: Let
(z,55,8%), (Y, 8, ,5,)) be in S then:

(z,55, 50 F(y, 5, 55) = F((2,57,57), (y,5,,5,))
= (F(x,9), fay(55, 55 ), fay (525 55) (2)
= (xFy, s, Fy ,s.Fyt) € S.

(ii) (S; F) is itself a BVF group:
a) (Associative condition) Let (x, s, ,55), (y, 8,55 ), (2,55 ,5F) be in S then:

((l‘, Sa: ’ SI)F(y7 Sy_7 5;))F(Z> 5 ) j)

= (F(@,9), fay(52:5,), iy (5255 )) F (2,57, 51)
((.CCFy)FZ S(acFy)Fz7 (;rFy)Fz) (3)

_l’_
(Z‘F(yFZ) a:F(sz) xF(sz))
= (2,5, 50)F (45, 5))F (2,57, 57)).
b) (Identity condition) Since (So; F') is an (ordinary) subgroup of the group (G, F') then
So contains the identity e. That is, (e,s, ,st) € S thus:

7676

(w,85,55)F(e,s,,sF)
F(x,€), foe(57:50 ), fae(sy,55))

+
zFe S$Fe’ JZ‘FE)

= (
= (
(eFx,ser, :F.T)
= (

(4)
6’86_7 6) (x’sl”s;)
= (x,5,,55).
In the same way, (e,s, ,sH)F(x,s;,st) = (z,s,,85).

¢) (Inverse condition) Since (So; F) is an (ordinary) subgroup of the group (G F) then
S, contains the inverse element x~* for eachx € S,, (i.e. V(x,s;,sf) € S, a1, s _1,s7,) €
S) then:
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- +
cFx—1 sa:F:cfl)

(
(x_levswflpg:’S:lex) (5)
= (x_l, 5 1 S;F,l)F(a:, s, ,55)
= (67 S¢ 52_)'
In the same way, (xil,3;,1,8;1)F(:U,s;,sj{) = (e,s.,sT).

Therefore, we determine that (S; F') is a BVF subgroup of ((G,[—1,0],[0,1]), F) by (i)
and (ii). Conversely, if (S; F) is a BVF subgroup of ((G,[—1,0],[0,1]), F) then (1) holds

by the associativity theorem. Also, (2) hold as: s fr 5, = [oy(s5 X 8,) = Sypy and
sx faysy = [y (s x s)) = S:ij being onto over the partial ordered sub-lattices s, X s,

and s x s, respectively of the vector lattice [-1,0] x [0, 1].

Example 1. (1) Let ((G = {a},[-1,0],[0,1]),F) be defined as the BVF binary oper-
ation F = (F, f;y,f;g/) over BVF space (G,[—1,0],[0,1]) such that: F(a,a) = a and
foo(n=,m™) =min{n",m~}, ;£ (nT,m") = max{nT, m*}.

Consider the BVFE subspace

S ={(a,[-1,0] U{0}, {0} U [B,1])}

such that =1 < « < 0 < B < 1. Then (S,F) defines a bipolar valued fuzzy subgroup of
((Ga [*1’ 0]7 [Oa 1])7‘7:)'
If we consider

S"={(a,[-1,7]u {0}, {0} U4, 1])}
such that —1 < v <0< d <1 and a # ~, B # 5, then (S, F) defines a bipolar valued
fuzzy subgroup of ((G,[—1,0],[0,1]),F) where S # S’.
That is, a trivial bipolar-valued fuzzy group may admit multiple distinct bipolar-valued
fuzzy subgroups, in contrast to the classical case wherein a trivial group possesses a unique
subgroup—that is, the group itself.

(2) Let ((Zs,[—1,0],[0,1]), F) be defined as the BVF binary operation F = (F, fo,, f,) as
follows: F(x,y) = x +5y, where +5 refers to addition modulo 5, and

f;;/(n"',m"’) =nT-mT, fm_y(n_,m_) =—(n"-m").
Consider the bipolar valued fuzzy subspace
Z = {(O> [_1’ a] U {0}7 {0} U [57 1])a (17 [_17’7] U {O}a {0} U [57 1])}

such that -1 <a <0< f<land —-1<y<0<d<l1.
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Then (Z,F) is not a bipolar valued fuzzy subgroup of ((Zs,[—1,0],[0,1]),F), since Z is
not closed under F. For instance,

(07 [_17 B]v [Cav 1])‘F(17 [_L’Y]’ [5) 1]) = (17 [_1’ —Q- ’ﬂv [ﬁ : 57 1]) ¢ Z,

since the value {0} will not appear in both positive and/or negative membership functions.

Ifa=~v=0and =6 =0, then
Z = {(07 [_17 0]7 [07 1]), (17 [_17 0]7 [07 1])}
together with F defines a bipolar valued fuzzy subgroup of ((Zs,[—1,0],[0,1]), F).

Let B = {(B~(z),B*(x)) : x € Bo} be a bipolar valued fuzzy subset of the set G and let
S1(B), Su(B) and So(B) be bipolar valued fuzzy subspaces induced by the bipolar valued
fuzzy subset B. For these bipolar valued fuzzy spaces, we can re-state Theorem & in the
following manner.

Theorem 4. (S;(B), F), (Sy(B), F) and (S°(B), F) are bipolar valued fuzzy subgroups of
((G7 [_17 0]7 [07 1])7F) Zﬁ ;

(1) xFy € B,, Y,y € Bo, (6)
(2) foy(B~(x), B~ (y)) = B~ (xFy), and
fay(B(z),B*(y)) = B (zFy). (7)

Definition 22. A bipolar valued fuzzy subset B of G is said to induce bipolar valued fuzzy
subgroups of ((G,[—1,0],[0,1]), F) iff (Si(B),F), (Su(B),F), and (So(B),F) are bipolar
valued fuzzy subgroups.

Let ((G,[-1,0,[0,1]), F) with F = (F, f,, fif,) be a uniform bipolar valued fuzzy group
with fr,, fa ((ie, f©=1f7|).), then we have the following theorem.:

Ty’

Theorem 5. (1) Every bipolar valued fuzzy subset B of G which induces bipolar valued
fuzzy subgroups is a classical bipolar valued fuzzy subgroup of (G, F).

(2) If (S, F) is an ordinary subgroup of the group (G,F), then every bipolar valued
fuzzy subset B of G, for which B, = S, induces a bipolar valued fuzzy subgroup
((G,[-1,0],[0,1]), P) where P = {P, py,,pi,} with P = F and p,,pf, are suitable
negative and positive comembership functions respectively.

Proof. (1) If the bipolar valued fuzzy subset B induces bipolar valued fuzzy subgroups
of ((G,[-1,0],[0,1]), F), then by Theorem 4 we have:

fey(B™(2),B™(y)) = B™ (zFy) and [} (B"(z), B'(y)) = BY(zFy),

Ty

for all B~ (z) # —1 # B~ (y) and BT (z) # 1 # B*(y). (8)



F. Al-Zu'bi et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6761 16 of 28

That is, if the bipolar valued fuzzy subset B induces bipolar valued fuzzy subgroups
of ((G,[-1,0],]0,1]), F'), then it satisfies the inequalities:

foy(B™(2),B™(y)) < B™(zFy) and [} (B"(z),B¥(y)) > BY(zFy), Va,y€G.

Therefore, B is a classical bipolar valued fuzzy subgroup.

(2) Let (S, F) be an ordinary subgroup of the group (G, F), and let B be a bipolar
valued fuzzy subset of G for which B, = S and let p;y,p;‘y be given intersection BVF
functions. Define the bipolar valued fuzzy group ((G,[—1,0],[0,1]), P) as follows:

_ — + _
P ={P,py,psy}, where P=F,

and
Poy(n1,ma) = g, (f~ (n1,ma)),  pi, (2, ma) = o, (fF (n2, mz)),

such that:
If f=(B~(x),B™ (y)) = —1, then:

Yy (t) =t forall t € [-1,0].

If f~(B(z),B (y)) # —1, then:

= Ef_((fy) ! ite < f (B (@), B~()
wmy(t) = (:EFy) ) _ _ _
-1+ (t+1) ift> f (B (x),B"(v)).

1+f ( ~(x), B~(y))
If f*(B*(z),B"(y)) =1, then:
Y, (k) =k for all k € [0,1]. 9)

If f*(B*(z),B"(y)) # 1, then:

+ B J}+ngf++(5:g§FBg)+(y)) (D RS B, B,
Uit (k) = Bt o] , (10)
Tk if k> fT(BT(z), BT (y)).

[H(B*(z), B (y))

It is clear that ¢, (n1,m1), @Z);‘y (ng,mg) : x,y € G are continuous negative and positive
comembership functions respectively. Moreover,

w;y(nl,ml) =-1 <<= n=—-1lorm; =—1,

w$y(n2,m2) =1 <= ng=1ormo=1.

Hence, P is a bipolar valued fuzzy binary operation on G.



F. Al-Zu'bi et al. / Eur. J. Pure Appl. Math, 18 (4) (2025), 6761 17 of 28

Now, based on the property of the given intersection BVF functions f~(ny,m1), f*(n2, ms)
and the construction of p;, (n1, ml),pjy(ng, ms), we notice that:

f (B (z),B™ (y)) # —1 whenever both B~ (z), B~ (y) # —1,

and
fH(B*(z),B"(y)) #1 whenever both B*(z), B*(y) # 1.
That is,
Pay(B™(2), B~ (y)) = ¢ (f(B™ (2), B~ (y))) = B™ (zFy), (11)
Py (BT (), B (y)) = ¥, (f(BT(2), B¥ (y))) = B (¢Fy). (12)

Thus, by Theorem 5 and the assumption that (.S, F') is an ordinary subgroup, B induces
a bipolar valued fuzzy subgroup of the bipolar valued fuzzy group ((G,[-1,0],[0,1]), P).

Corollary 2. Every classical bipolar valued fuzzy subgroup B of (G, F) induces bipolar
valued fuzzy subgroups relative to some bipolar valued fuzzy group (G, P).

4. The Normal Bipolar Valued Fuzzy Subgroup

In this section, we introduce the notion of the associated bipolar valued fuzzy subgroup,
then we define the bipolar valued fuzzy normal subgroup based on the associated bipolar
valued fuzzy subgroup to obtain interesting results regarding abelian bipolar valued fuzzy
groups and related bipolar valued fuzzy normal subgroups.

Let ((G,[-1,0],[0,1]), F) be a bipolar valued fuzzy group having the bipolar valued
fuzzy subgroup (U; F'). Similar to the fuzzy and intuitionistic fuzzy case and contrary
to the ordinary case, bipolar valued fuzzy elements of the bipolar valued fuzzy subgroup
(U; F) are not necessarily associative with bipolar valued fuzzy elements of the bipolar
valued fuzzy group ((G,[-1,0],[0,1]), F'). That is:

aF(BFy) # (aFB)Fy (13)

where «, 3, are some bipolar valued fuzzy elements of U or (G,[—1,0], [0, 1]) such that
one or two of these elements belong to U.

Example 2. Let X = {—1,1, —i,i}. Define the bipolar valued fuzzy binary operation F =
(F, foys fay)  on (0,[=1,01,[0,1])  such that F : (U,[-1,0],[0,1])x (T,[-1,0],[0,1])
— (U,[-1,0],[0,1]) is the ordinary multiplication of complex numbers and the (negative

and positive) comembership functions have the following form:

r 5m ifn™-m~ < B2
fra(n=,m™) = = (14)
11 _1+(1+B) (n=-m~ +1) o > 32

1+ B2
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14 (1+a)-(nt-mt+1)
2
Mt m*)y=q o Lo (15)

[0
n ';n if —n~-m~ <af
Pl m) = Fam ) = 0
1 1-1 _1+(1+5) (n”-m~+1) if —n~-m~ > af

1—ap

(1+a) - (nt-mT+1)

fjll(n+’m+) = fltl(n"',m'k) Y nt.mt
3 ifnt-mT < —af

(17)
and the other megative and positive comembership functions are defined by the product
n~-m~ andn-m™, where o, B are given fized real numbers satisfying —1 < 8 <0 < a < 1.
Clearly ((U,[—1,0],[0,1)), F') defines a non-uniform bipolar valued fuzzy group. Also the
bipolar valued fuzzy subspace

U ={(-1,-0.3,0.5),(1,—0.6,0.7)}

together with the bipolar valued fuzzy binary operation F define a bipolar valued fuzzy
subgroup of ((U,[—1,0],[0,1]), F). Let f = —0.3 and o = 0.4 and we need to show that

((1,-0.6,0.7)F(1,-0.6,0.7))F(—1,-0.3,0.5) # (1,—-0.6,0.7) F((1,—-0.6,0.7) F(—1,—0.3,0.5))
So we have,

(0.7)((0.36) + 1)

f11(—0.6,-0.6) = —1 + = -14+0873=-0.126

1+0.09
B (1.4)((0.49) +1) -
f11(0.7,0.7) = =1 + ol6 = lt1798=0798
—m~ —0.6)(—0.3
(1.4)((0.35) + 1)

= —1+41.6875 = 0.6875

f1,(0.5,0.7) = £ (0.7,0.5) = —1 + 11012
(0.7)((0.0378) + 1)

f11,-1(=0.126,-0.3) = =1 + = —1+40.6486 = —0.351

1+0.12
1.4)((0.399) + 1)
(0. 5 =14 — 14 1.7487 = 0.74
f11,-1(0.798,0.5) + 012 + 1.7487 = 0.74875
~0.45)(—0.6
f1i1,1(_0-457 —0.6) = w = —0.675

—-0.4

N L (1La)((0.481) + 1)
F1,4(0.6875,0.7) = —1 4+ == m

=—-1+1.851=0.851
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So,

(((1,-0.6,0.7))F(1,—0.6,0.7))F(—1,-0.3,0.5) = ((LF1)F — 1,—0.351, 0.74875)
£ (((1,-0.6,0.7))F(—1,-0.3,0.5)) F(—1,-0.6,0.7)
= ((1F = 1)F1,—-0.675,0.851)

That is, bipolar valued fuzzy elements of U are not associative with bipolar valued fuzzy
elements of (U,[—1,0],[0,1]).

Definition 23. Definition 4.2 An associative bipolar valued fuzzy subgroup ( U; F ) of
the bipolar valued fuzzy group ( (G,[—1,0],[0,1]), F ) is a bipolar valued fuzzy group (
U;F ) of (G,[-1,0],[0,1]), F) in which bipolar valued fuzzy elements of U are associative
with bipolar valued fuzzy elements of ( G,[—1,0],[0,1] ) for any arbitrary choice of bipolar
valued fuzzy elements of U and (G,[—1,0],[0,1]).

Example 3. Let U = {—1,1,—i,i}. Define the bipolar valued fuzzy binary operation F =
(F, foys ) on (0,[=1,0],[0,1] ) such that F : (G, [-1,0],[0,1])x (U, [-1,0],[0,1]) —
(U,]—1,0],1[0,1]) is the ordinary multiplication of complex numbers and the negative and

positive comembership functions are given respectively for all x,y € U by

Jay (n_,m_) =n~ Vm~ =min (n_, m_) and
f;,z (n+,m+) =nT Am’ =max (n+,m+) (18)

Obuviously the bipolar valued fuzzy subspace

U= {(~1L [~L—4 U0} {0} U [2.1]) . (L [-1.~2] U (0} (0} U [3.1]))

defines an associative bipolar valued fuzzy subgroup of ((U,[—1,0],[0,1]), F) under F.
Building upon the preceding definitions and examples, we now present a significant
result pertaining to associative bipolar-valued fuzzy subgroups.

Theorem 6. Let ((G,[-1,0],[0,1]), F) with F = (F, f~, f*) be a uniform bipolar valued
fuzzy group (i.e., fH=1f"1). If

f_(n_7 _1) = f_(_17n_) =n"  and f+(n+7 1) = f+(17n+) = ’I’L+,

then every bipolar valued fuzzy subgroup of the bipolar valued fuzzy group ((G,[—1,0],[0,1]), F)
is an associative bipolar valued fuzzy subgroup.

Proof. Let (U; F') be a bipolar valued fuzzy subgroup of the bipolar valued fuzzy group
((Ga [_17 0]> [Oa 1])7F)-
Consider the bipolar valued fuzzy elements

T = (xv [_170]7[07 1])7 y= (y, [—1,0],[0, 1])7 Z:(z7 [_170]7[07 1])
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in U or (G,[-1,0],]0,1]), such that one or two of them belong to U.
Using the properties of f~, fT, and the associativity of I, we have:

aF(yFz) = aF ((yFz, [~([-1,0] x [-1,0]), f7([0,1] x [0,1]))
= (@F(yFz), f~([=1,0] x [=1,0]), F7([0,1] x [0,1]))
= ((zFy)Fz,[-1,0],[0,1])
= (xFy)Fz, (19)

which proves the associativity of the bipolar valued fuzzy elements of U with those of
(G,[-1,0],[0,1]) under F.

Corollary 3. Let ((G,[-1,0],[0,1]),F = (F, f~, f1)) be a uniform bipolar valued fuzzy
group. If f~ and f* are intersection of BVF functions, then every bipolar valued fuzzy
subgroup of the bipolar valued fuzzy group ((G,[—1,0],[0,1]), F) is an associative bipolar
valued fuzzy subgroup.

Prior to defining a normal bipolar-valued fuzzy group, we introduce the concepts of
left and right cosets associated with a bipolar-valued fuzzy subgroup.

Definition 24. If (B;F), where B = {(z,b;,b}) | 2 € Bo}, is a bipolar valued fuzzy

subgroup of the bipolar valued fuzzy group ((G,[—1,0],[0,1]), F), then for every bipolar
valued fuzzy element (z,[—1,0],[0,1]) of (G,[—1,0],[0,1]), the fuzzy subspace defined by

(3?, [_170]7 [07 1])B = (ac, [_170]7 [0, 1])'FB = {(xfzafx_z([_LO]vbz)u 3;([07 1]7bz)>} (20)

is called a left coset of the bipolar valued fuzzy subgroup (B; F). A right coset of the bipolar
valued fuzzy subgroup (B; F) is defined by the bipolar valued fuzzy subspace

B('% [_170]7 [O’ 1]) = BF($’ [_1’ 0]7 [Oa ”) = {(ZF$a fz_:E(bZ) [_170])7 f;;:(bz, [07 1]))}

Theorem 7. For any associative bipolar valued fuzzy subgroup (B; F) of the bipolar valued
fuzzy group ((G,[—1,0],[0,1]), F'), the following hold:

(1) (x,[-1,0],0,1))B = (h,[-1,0],,[0,1];")B for every bipolar valued fuzzy element
(h,[-1,0];,[0,1])) € (z,[-1,0],[0,1])B, where [—1,0]; ,[0,1]; denote the possible
negative and positive membership values of h.

(2) There is a one-to-one correspondence between any two left (right) cossets of the
bipolar valued fuzzy subgroup (B; F).

(8) There is a one-to-one correspondence between the family of right cosets and the
family of left cosets of the bipolar valued fuzzy subgroup (B; F).

(4) Any two right cosets (left cosets) of the bipolar valued fuzzy subgroup (B;F') are
either identical or disjoint bipolar valued fuzzy subspaces.
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Proof. (1) Let (h,[—1,0],",[0,1];}) be any bipolar valued fuzzy element in (z, [—1,0], [0, 1]) B,
then
(h, [-1, 0]]:7 [0, 1];) = (2, [-1,0],[0,1])(y, b, b+)

YUy

for some y € B,. If (2,b;,b}) is an arbitrary element of B, then
(2, [=1, 00, [0, 1) ((y, by by ) (™1, b0 b)) (2,07, bF)

(2, O) (. by b)) (" b1, b 1) (2,57, b0)) € (21)
(h> [_17 O]}:> [Oa 1]2)B

(x,[-1,0],[0,1])(2,b;, b))

yYz Yz

(2) Let (z,[—1,0],]0,1])B and (y,[—1,0], [0, 1])B be any two left cosets of the bipolar
valued fuzzy group B, then

(x7 [_L 0]7 [07 1])(2’ b, b+) A (yv [_17 0]7 [07 1])(2’ b, b+) (22)

y Yz 2 Yz 1Yz Y2

is the required one-to-one correspondence between (x, [—1,0], [0, 1]) B and (y, [-1, 0], [0, 1]) B.
For the right cosets, we use the same arrangement.

(3) Let {(x,[-1,0],[0,1))B | x € G} and {B(z,[—1,0],[0,1]) | = € G} denote the
family of left and right cosets respectively of the bipolar valued fuzzy group B, then the
required one-to-one correspondence is defined by:

(z,[-1,0],[0,1])B «<» B(z,[—1,0],[0,1]) (23)

(4) Let (z,[—1,0],[0,1])B and (y,[—1,0],[0,1])B be any two intersecting left cosets of
the bipolar valued fuzzy subgroup B, then there exist «, 8 € B, such that

(:E, [_17 0]7 [07 1])(0&, b;a b;) = (y7 [_1’ OL [07 1])(67 bg, b;) (24)
Choose any bipolar valued fuzzy element (z, [—1,0],[0,1])(z, b ,b}) € (x,[-1,0], [0, 1])B,
then
(z,[-1,0],[0,1])(z, b, bj) = (z,[-1,0], [0, 1])((e, b, bg)(a_la b(;flvb:fl))(z7 b, bj)
= ((x,[=1,0], [0, 1)) (e, by, b)) (1, b0, bE 1) (2,05, b1))
= ((y,[=1,01, [0, 1))(8,b5,b5)) (a1, b, b, ) (2,0, ,b7))
= (y,[=1,01, [0, 1))((8,b5, bF) (a1, b, b1, ) (2,0, b)) €
[

That is, (x,[—1,0],[0,1]))B C (y, [—1,0],[0,1])B. Similarly,
we can show that (y,[—1,0],[0,1))B C (z,[-1,0],[0,1])B. Also, we can show the same
result for the right cosets of B, which proves (4).

Definition 25. A bipolar valued fuzzy subgroup B of the bipolar valued fuzzy group
((G,[-1,0],[0,1]), F) is called a bipolar valued fuzzy normal subgroup if:
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(1) B is associative in ((G,[—1,0],[0,1]), F),
(2) (z,]-1,0],[0,1])B = B(z,[-1,0],[0,1]) such that x € G.

The next theorem gives a necessary and sufficient condition for bipolar valued fuzzy
normal subgroups.

Theorem 8. A bipolar valued fuzzy subgroup (B; F'), where B = {(z,b;,b}) | 2 € Bo}, of

the bipolar valued group ((G,[—1,0],[0,1]), F) is a bipolar valued fuzzy normal subgroup if
and only if:

(1) (Bo, F) is an ordinary normal subgroup of the ordinary group (G, F),

(2)
£2(00,1],07) = £, (b7, [0,1]) (25)
where xFz=7%ZFx, x€X, z,Z2¢€ B..

Proof. Assume B = {(z,b,,b7) | 2 € B,} is a bipolar valued fuzzy normal subgroup
of ((G,[—-1,0],[0,1]), F). From the correspondence theorem, we have that (B, F) is an
ordinary normal subgroup of the ordinary group (G, F).

Using the normality of B, we have:

(z,[-1,0],[0,1])B = B(z,[-1,0],[0,1]), =z €G.
That is:

{(:EFZa fa:_z([_17 O]a bz_)a fa—;([O? 1]? bj)) ‘ KAS BO} = {(Zva fz_.t(bz_v [_1’0])7 fz—;(bja [Oa 1])) | S BO}
(26)

Therefore, for every z € B,, there exists Z € B, such that zFz = ZFx. In other words,

xFB, = BoFz. Hence, B, is an ordinary normal subgroup of the ordinary group (G, F),

which proves (i). Condition (ii) follows directly from the definition.

The other part of the proof is direct.
Theorem 9. Every bipolar valued fuzzy normal subgroup B of ((G,[—1,0],[0,1]),F) de-
0

fines a bipolar valued fuzzy equivalence relation on the bipolar valued fuzzy space (G,[—1,0],[0,1])
given by:

9

(‘737 [_170]7[07 1])R(y7 [_170]7[07 1]) — (x, [—1,0],[0, 1])B:B(ya [_170]7[()’ 1]) (27)

The bipolar valued fuzzy equivalence relation R on the bipolar valued fuzzy space
(G,]-1,0],[0,1]) induces an ordinary equivalence relation on G by the correspondence:

(x,][—1,0],[0,1]) > x.

That s,
(CE, [_17 0]7 [07 ”)R(y? [_17 0]7 [07 1]) — ny (28)

which is equivalent to xB, = Box.
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5. Bipolar Valued Fuzzy Homomorphisms

In this section we introduce the notion of bipolar valued fuzzy homomorphism, bipolar
valued isomorphism and bipolar valued fuzzy kernel. We also study the action of bipolar
valued fuzzy normal subgroups under bipolar valued fuzzy homomorphisms.

Definition 26. Let ((G,[-1,0],[0,1]), F) and ((G',[-1,0],[0,1]), H) be two bipolar val-
ued fuzzy groups. A bipolar valued fuzzy homomorphism ® of ((G,[-1,0],[0,1]), F') into
((G',[-1,0],[0,1]), H) is a bipolar valued fuzzy function having onto negative and positive
comembership functions

¢ = (¢: (P;?(pjc_) : ((G7 [_170}7 [07 1])7F) - ((G/7 [_170]7 [07 1])7H)
such that
(I)((CE, [_17 0]7 [07 ”)F(y? [_170]7 [07 1])) = (I)(xv [_17 0]7 [07 1]) H(I)(ya [_17 0]7 [07 1]) (29)

The bipolar valued fuzzy groups ((G,[—1,0],[0,1]), F) and ((G',[-1,0],[0,1]), H) are called
homomorphic bipolar valued fuzzy groups under the bipolar valued fuzzy homomorphism
.

If® : G — G’ is a bijection (one-to-one and onto) then it is called a bipolar valued fuzzy
isomorphism, and the bipolar valued fuzzy groups ((G,[—1,0],[0,1]), F), ((G’,[-1,0],[0,1]), H)
are said to be isomorphic bipolar valued fuzzy groups and will be denoted by

((Ga [_170]a [Oa 1])7F) = ((G/’ [_170]’ [07 1])7H)'

From the above definition, we can formulate the action of the bipolar valued fuzzy ho-
momorphism ¢ = ((,ZS, Pz s @;) Of((G7 [_170]7 [07 1])7 F) into ((le [_17 0]’ [07 1])7 H) fOT any
two bipolar valued fuzzy elements (x,[—1,0],[0,1]), (y,[—1,0],[0,1]) € (G,[-1,0],[0,1]) as
follows:

(I>((1:7 [_1’ 0]7 [07 1])F(y7 [_17 0]’ [07 1])) = @((a:Fy), [_17 0]7 [07 1]

_ @@H). 10,01, O

Remark 2. The notions bipolar valued fuzzy monomorphism, epimorphism, automor-
phism and endomorphism are defined as obviously as in the ordinary case.

The next theorem is a direct result from the above argument and definition which
relates homomorphic bipolar valued groups with their corresponding ordinary groups in
terms of necessity.

Theorem 10. If ((G,[-1,0],[0,1]), F) and ((G',[-1,0],[0,1]), H) are homomorphic bipo-
lar valued fuzzy groups, then the corresponding ordinary groups (G, F) and (G',H) are
homomorphic.
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Proof. Let ((G,[-1,0],[0,1]),F) and ((G',[-1,0],[0,1]), H) be homomorphic bipo-
lar valued fuzzy groups under the bipolar valued fuzzy homomorphism ® = (¢, o, , ©;)
with corresponding ordinary groups (G, F) and (G’, H). Now using the correspondences
(z,[-1,0],[0,1]) = x and (y,[—1,0],[0,1]) — y and the formulation obtained in Definition
5.1, we have

(zFy) = D(x)HO(y). (31)

Two main properties of bipolar valued fuzzy homomorphisms that coincide with ordi-
nary homomorphisms are given in the next lemma.

Lemma 1. If © = (¢,¢;,¢;) = ((G,[-1,0,[0,1]), F) — ((G¢",[-1
bipolar valued fuzzy homomorphism of bipolar valued fuzzy groups (G
((G',[-1,0],[0,1]), H) having bipolar valued fuzzy identities (e, [—1,0], |
respectively, then the following holds:

(1) (I)((ev [_17 0]’ [07 1])) = (6/7 [_17 0]’ [07 1])’
(2) (I)((x_la [*17 0]7 [0’ 1])) = (‘b(ﬂj, [*170]’ [Ov 1]))_1

Proof. The proof is straightforward using the properties of bipolar valued fuzzy homo-
morphism. Obviously, if ® = (¢, p;, p) is a bipolar valued fuzzy homomorphism between
the bipolar valued fuzzy groups ((G, [-1,0],[0,1]), F) and ((G’, [-1, 0], |0, 1]) H) then the
image of any bipolar valued fuzzy group B = (z,b;,b)) | = € B, of ((G,[-1,0],[0,1]), F)

under @, denoted by ®(B), is a bipolar valued fuzzy subgroup of ((G’, [-1, O] [0,1]), H) if
for all ®(x) = &(2'),

=
=
~—
S -
S
ISH
—~
Q>
|
—
=)
=)
=
~—

or (by) =0, (b)), en () =l bh). (32)

Theorem 11. If ® = (¢, 0, , o) is a bipolar valued fuzzy homomorphism between the
bipolar valued fuzzy groups ((G,[—1,0],[0,1]), F) and ((G',[-1,0],[0,1]), H), then every
associative bipolar valued fuzzy subgroup B = (x,b;,b}) | z € B° of ((G,[-1,0],[0,1]), F)

1
is mapped under ® to an associative bipolar valued fuzzy subgroup ®(B) of ((¢(G),[—1,0],[0,1]), H).

Proof. Let ® = (¢, ¢, , ;) be a bipolar valued fuzzy homomorphism between ((G, [-1,0], [0, 1]), F)
and ((G',[-1,0],10,1]), H) and let {B = (x,b,,b}) | * € B°} be any associative bipolar

y Y s Vg

valued fuzzy subgroup of ((G,[-1,0],[0,1]), F'). Then

(®(z)HO(y)) HP(2) = q’((xFy)FZ)

(zF(yFz))
= ®(z)H(P(y) HP(2)). (33)
If z (or y or z) belongs to (G, [—1,0], [0, 1]), then ®(z) € (¢(G),[-1,0],[0,1]), and if  (or

y or z) belongs to B, then ®(B) is associative in ((¢(G), [—1, 0], [0, 1]),H) whenever B is
associative in ((G,[—1,0],[0,1]), F).
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Conclusion:

This study presents a significant extension to the theory of fuzzy groups by introduc-
ing a complete algebraic framework for bipolar-valued fuzzy subgroups (BVF-subgroups),
along with their corresponding normal subgroups and homomorphisms. Rooted in Dib’s
foundational work on fuzzy spaces [3, 4], our approach leverages the BVF-space, where
membership values span the Cartesian product [—1,0] x [0, 1], thus capturing both neg-
ative and positive evaluations in group theory. By formalizing the bipolar-valued fuzzy
binary operation (BVFBO), this research ensures compatibility with classical group ax-
ioms while enriching the theory to accommodate dual-valued logic. Unlike earlier fuzzy
and intuitionistic fuzzy subgroup models [1-7], our model introduces a topologically and
algebraically complete structure that resolves prior limitations such as the absence of a
bipolar fuzzy universal set. Our comparison with prior literature confirms the original-
ity and depth of this contribution. While earlier efforts — such as those by Lee [8, 9],
Anitha et al. [17], and Mahmood et al. [16, 24] — offered isolated results on bipolar
fuzzy logic or its structural applications, the current work integrates these threads into a
unifying theory that supports associativity, identity, inverse, and homomorphic mappings
within the BVF context. Practically, this generalization has implications across multi-
ple domains, including multi-criteria decision-making [12], intelligent transport systems
[13], community detection in complex networks [14], and social influence modeling [15].
Additionally, interdisciplinary studies such as those on neutrosophic set-based selection
processes [29], IoT-related cyberattack modeling [31], hypergraph-based influencer iden-
tification in dynamic networks [33], and decision-making under neutrosophic uncertainty
[30] further emphasize the urgent need for algebraic systems capable of modeling dual
polarity and imprecision. These applications suggest strong synergies with the proposed
BVF-subgroup theory.

The algebraic extension proposed here also opens promising avenues for defining BVF-
quotient groups, BVF-rings, and BVF-ideals, offering a broader mathematical toolkit for
systems characterized by conflicting, uncertain, or fuzzy information. Future work should
focus on a few different fields. We presented a cohesive algebraic framework for BVF-
subgroups, BVF-normal subgroups, and BVF-homomorphisms on a BVF-space with a
BVFBO. The results unify subgroup criteria, normality via coset behaviour, and homo-
morphic images/kernels while clarifying associativity boundaries between subgroup and
ambient elements. This foundation is well-suited for polarity-aware decision and network
models. Future work includes BVF-quotients, BVF-rings/ideals, and algorithmic imple-
mentations for symbolic and Al inference engines.

These directions will help translate the robust theoretical foundation of BVF-subgroups
into practical tools for addressing ambiguity and dualism in uncertain systems.
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